
 

 

 

 

 

 

 

 

 

 

 

 

 

Now let us use the various definitions of special types of matrices in the following 

problems: 

Q.No.1.: Evaluate B4A3 − , where 






 −
=

715

643
A  and  








=

302

101
B . 

Sol.: Here 






 −
=

715

643
A  and  








=

302

101
B . 

Therefore 






 −
=

21315

18129
A3  and 








=

1208

404
B4  

Now 






 −
=









−−−

−−−−
=−

937

14125

122103815

41801249
B4A3 . Ans. 

Q.No.2.: If 

















=

432

321

210

A ,  

















−

−

−

=

12

01

21

B , form the product of AB.  

                Is BA defined ? 

Sol.: Since the number of columns of A = the number of rows of B (each being = 3). 

∴The product AB defined and  

Some problems on  Some problems on  Some problems on  Some problems on      

1111stststst    & 2& 2& 2& 2ndndndnd    TopicsTopicsTopicsTopics    

MatricesMatricesMatricesMatrices    

Problems on definitions of special types of Matrices 

 

Prepared by:  

 Dr. Sunil 

NIT Hamirpur (HP) 



Matrices: Problems on definitions of special matrices           

                                                                                        Prepared by: Dr. Sunil, NIT Hamirpur 

2

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) 
















−

−

−

=

















−++−+−+

−++−+−+

−++−+−+

=

87

55

23

1.40.32.22.41.31.2

1.30.22.12.31.21.1

1.20.12.02.21.11.0

AB . 

Again, since the number of columns of B ≠  the number of rows of A 

∴The product BA is not possible. 

Q.No.3.: If 

















−=

200

121

031

A ,  

















−

=

211

321

432

B ,  

                   compute AB and BA and show that BAAB ≠ . 

Sol.:  Here 

















−=

200

121

031

A ,  

















−

=

211

321

432

B .  

Now 

( )
( ) ( ) ( ) ( )

( ) 















++++−++

++−++−−++−

++++−++

=

2.23.04.01.22.03.01.21.02.0

2.13.24.11.11.23.11.11.22.1

2.03.34.11.02.33.11.01.32.1

AB

















−

−=

422

421

1395

. 

( )
( )

( ) ( ) ( ) ( ) 















++−++−+−+−

+++++−+

+++++−+

=

2.21.10.10.22.13.10.21.11.1

2.31.20.10.32.23.10.31.21.1

2.41.30.20.42.33.20.41.31.2

BA

















−−

−

−

=

512

871

11121

. 

Hence BAAB ≠ . 

Q.No.4.: Prove that ( ) OI11A3A4A
23 =+−− , where 

















−=

321

102

231

A . 

Sol.: Here 

















−=

321

102

231

A . 

Now

















−×

















−=×=

321

102

231

321

102

231

AAA2
 

              

















+−++++

−+−+−+

+−++++

=

922603341

304206102

632403261

















=

998

141

579

, 
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and 

















−×

















=×=

321

102

231

998

141

579

AAA 23
 

            

















+−++++

+−++++

+−++++

=

27916180249188

342203181

15718100275149

















=

344235

1510

263728

. 

∴ ( )I11A3A4A
23 +−−

















+

















−−

















−

















=

100

010

001

11

321

102

231

3

998

141

579

4

344235

1510

263728

 

O

000

000

000

1193634,063642,033235

0341,110165,06410

062026,092837,1133628

=

















=

















+−−+−−+−−

++−++−−−−

+−−+−−+−−

= . Ans. 

Q. No.5: Which of the following matrices are singular: 

                (i) 

















431

211

321

,  (ii)  

















2593

842

111

,  (iii) 

















−

−−

023

421

1952

. 

Sol.: (i). Here the given matrix is 

















=

431

211

321

A . 

Since, we know that a matrix A is said to be singular if 0A = . 

 

431

211

321

A =∴ ( ) ( ) ( ) 0642133242641 =+−−=−+−−−= . 

Hence, the given matrix A is singular. 

(ii). Here the given matrix is 

















=

2593

842

111

B . 

Now ( ) ( ) ( )1218124501721001

2593

842

111

B −+−−−== 01861628 ≠=+−=  
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Now since 0B ≠ . Hence, the given matrix B is non-singular. 

(iii).  Here the given matrix is 

















−

−−=

023

421

1952

C . 

Now ( ) ( ) ( )62191205802

023

421

1952

C −+−−+=

−

−−= 0766016 =−+=  

Hence, the given matrix C is singular. 

Q.No.6.: For what values of x, the matrix 

















−−−−

−

−

x142

1x42

22x3

 is singular ? 

Sol.: Here the given matrix is 

















−−−−

−

−

=

x142

1x42

22x3

A . 

Now a matrix is said to be singular is 0A = . 

Here 

x142

1x42

22x3

A

−−−−

−

−

=  

              ( ) ( )( )[ ] ( )[ ] ( )[ ]x42822x1224x1x4x3 −+−++−−−+−−−−=  

              ( )( ) ( ) ( )x28822x2224xxx44x3 2 −+−++−−−+++−−−=  

              x4x4xx3x3x9 322 −+−++−= x9x6x 23 −+−= ( )9x6xx 2 −+−=     

              ( )[ ]2
3xx −−= . 

Now ⇒= 0A ( )[ ] 03xx
2

=−− 0x =⇒   and  3x = . Ans. 

Q.No.7.: Find the values of x, y, z and  a , which satisfy the matrix equation  

               






 −
=









−−

++

a23

70

6a41z

xy23x
. 

Sol.: As the given matrices are equal, equating the elements of both the matrices, we get 

03x =+ ;   7xy2 −=+ ;   31z =− ;   a26a4 =− . 
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3a   4,z    2,y   ,3x ==−=−=∴ . Ans. 

Q.No.8.: Find x, y, z and w,  given that: 

               








+

+
+









−
=









3wz

yx4

w21

6x

wz

yx
3 . 

Sol.: Given  










+

+
+









−
=









3wz

yx4

w21

6x

wz

yx
3 









+++−

+++
=








⇒

3w2wz1

6yx4x

w3z3

y3x3
 

Now, both the matrices are equal, equating the elements of both the matrices, we get 

           4xx3 +=                   2x =⇒  

6yxy3 ++=                        4y =⇒  

3w2w3 +=                          3w =⇒  

wz1z3 ++−=                      1z =⇒ . Ans.        

Q.No.9.: Matrix A has x rows and 5x +  columns. Matrix B has y rows and y11−   

               columns. Both AB and BA exist. Find x and y. 

Sol.: Since the order of A is ( )5xx +×  and order of B is ( )y11y −× . 

Since AB exist 5yxy5x −=−⇒=+⇒ .                                                                      (i) 

Also  BA exist 11yxxy11 =+⇒=−⇒ .                                                                     (ii) 

Solving (i) and (ii), we get 

3x6x2 =⇒= . Ans. 

8y =∴ . Ans. 

Q.No.10.: If 






 −
=+

03

11
BA  and 








=−

41

13
BA . Calculate the product AB. 

Sol.: Here given 






 −
=+

03

11
BA .                                                                                   (i) 

and   







=−

41

13
BA .                                                                                                       (ii) 

Adding (i) and (ii), we get            







=⇒








=

22

02
A

44

04
A2 . 

Subtracting (i) and (ii), we get      








−

−−
=⇒









−

−−
=

21

11
B

42

22
B2 . 
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








−−+−

+−+−
=









−

−−








=∴

4222

0202

21

11

22

02
AB  








−=









−

−−
=

30

11
2

60

22
. Ans. 

Q.No.11.: If  

43
5013

2102

4321

A

×
















=   and  

33
101

123

012

B

×
















= ,  

                 find AB or BA, whichever exist. 

Sol.: Here AB does not exist because the number of columns in A is not equal to the 

number of rows in B and BA exist because the number of columns in B is equal to the 

number of rows in A. 

Now 

































=

5013

2102

4321

101

123

012

BA

















++++++++

++++++++

++++++++

=

405003102301

5412028106343

028016004022

 

















=⇒

9334

2111710

10744

BA . Ans. 

Q.No.12.: If  








−
=

32

21
A ,  








=

32

12
B  and  







−
=

02

13
C ,  

                  verify that ( ) )BC(ACAB =   and ACAB)CB(A +=+ . 

Sol.: Now 







=









+−+−

++
=

















−
=

72

76

9264

6142

32

12

32

21
AB . 

( ) 






−
=









++−

++−
=







−








=∴

28

64

02146

061418

02

13

72

76
CAB .                                          (i) 

Now 






−
=









++−

++−
=







−








=

22

24

0266

0226

02

13

32

12
BC . 








−
=









+−+

++−
=







−









−
=∴

28

64

6408

4204

22

24

32

21
)BC(A .                                     (ii) 

From (i) and (ii), we get     ( ) )BC(ACAB = . 

Now 






−
=







−
+








=+

34

21

01

13

32

12
CB  
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







=









+−+

++−
=







−









−
=+∴

514

87

94122

6281

34

21

32

21
)CB(A .                                    (iii) 

Now 








−
=









+−+

++−
=







−









−
=

212

11

0266

0143

02

13

32

21
AC  









=









−
+








=+∴

514

87

212

11

72

76
ACAB .                                                                 (iv) 

From(iii) and (iv), we get    ACAB)CB(A +=+ . 

Hence verified. 

Q.No.13.:Evaluate (i) [ ]
































z

y

x

 

cfg

fbh

gha

 z   y   x , 

                               (ii) 








−
×

















−

−×

















−

−

−

12

35

52

46

13

373

654

112

, 

                              (iii) [ ] [ ]23

5

3

2

254

3

2

1

×

















−××

















− . 

Sol.: (i). [ ]
































z

y

x

 

cfg

fbh

gha

 z   y   x [ ]
















++++++=

z

y

x

 zcfygxfzbyhxgzhyax  

[ ]czfyzgzxfzybyhxygxzhxyax 222 ++++++++=  

[ ]gzx2fyz2hxy2czbyax 222 +++++= . Ans. 

(ii). Now 

22
2333

12

35

52

46

13

373

654

112

×
××










−
×

















−

−×

















−

−

−

 










−
×

















++−−−−

+−−+

−++−

=
12

35

152836429

30204123012

542266

22
23

12

35

4057

1430

12

×
×










−
×

















−

=  
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















−−

=

















+−−−

+−

+−

=

131365

104122

78

4017180285

149028150

16210

. Ans. 

(iii). Now [ ] [ ] 21

13

31

13

23

5

3

2

254

3

2

1

×

×

×

×

×

















−××

















−  

2333
1015

69

46

61512

4108

254

××
















−−×

















−−−=  

















−−=

















+−+−

−+−−+−

+−+−

=

1827

1218

69

6090489013572

406032609048

203016304524

. Ans.    

Q.No.14.: Prove that the product of two matrices 












θθθ

θθθ
2

2

sinsincos

sincoscos
  and  

                 












φφφ

φφφ
2

2

sinsincos

sincoscos
 is a null matrix when θ  and φ  differ by an odd  

                 multiple of 
2

π
. 

Sol.: Here product of two matrices = 












θθθ

θθθ
2

2

sinsincos

sincoscos













φφφ

φφφ
2

2

sinsincos

sincoscos
 













φθ+φθφθφφθ+φφθ

φθθ+φφθφθφθ+φθ
=

2222

2222

sinsinsinsincoscossincossincossincos

sinsincossincoscossinsincoscoscoscos
 

( )[ ] ( )[ ]
( )[ ] ( )[ ]







φ−θφθφ−θθφ

φ−θφθφ−θφθ
=

cossinsincossincos

cossincoscoscoscos
. 

Now if above matrix is a null matrix, then 

( ) ( )
2

1n20cos
π

+=φ−θ⇒=φ−θ ( )
2

1n2
π

++φ=θ⇒ . 

Hence, θ and φ differ by an odd multiple of 
2

π
. 

This is the required result. 
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Q.No.15.: If  

















α

α
−

=

0
2

tan

2
tan0

A , show that 








αα

α−α
−=+

cossin

sincos
 )AI(AI . 

Sol.: Now 

















α

α
−

=
















α

α
−

+







=+

1
2

tan

2
tan1

0
2

tan

2
tan0

10

01
AI .                                 (i) 

and 

















α
−

α

=
















α

α
−

−







=−

1
2

tan

2
tan1

0
2

tan

2
tan0

10

01
AI  



























α
+

α
−

α
+

α

α
+

α
−

α
+

α
−

















α
−

α

=








αα

α−α
−∴

2
tan1

2
tan1

2
tan1

2
tan2

2
tan1

2
tan2

2
tan1

2
tan1

 

1
2

tan

2
tan1

cossin

sincos
 )AI(

2

2

2

22

2

 



























α
+

α
−

+
α

+

α

α
+

α

+
α

+

α
+

α
−

α
+

α
−

α

+
α

+

α
−

α
+

α

+
α

+

α
−

=

2
tan1

2
tan1

2
tan1

2
tan2

2
tan1

2
tan2

2
tan1

2
tan

2
tan

2
tan1

2
tan

2
tan

2
tan1

2
tan2

2
tan1

2
tan2

2
tan1

2
tan1

2

2

2

2

22

3

2

3

22

2

2

2





























α
+

α
+

α
+








 α
+

α

α
+








 α
+

α
−

α
+

α
+

=

2
tan1

2
tan1

2
tan1

2
tan1

2
tan

2
tan1

2
tan1

2
tan

2
tan1

2
tan1

2

2

2

2

2

2

2

2

 

















α

α
−

=

1
2

tan

2
tan1

.                                                                                                               (ii) 

From (i) and (ii), we get    








αα

α−α
−=+

cossin

sincos
 )AI(AI .  

This completes the proof. 

Q.No.16.: If 








−
=

21

13
A , show that OI7A5A2 =+− , where I is a unit matrix of  

                  second order. 

Sol.: Given 








−
=

21

13
A  









−
=









+−−−

+−
=









−








−
=∴

35

58

4123

2319

21

13

21

13
A2 , 
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








−
=

105

515
A5   and  








=

70

07
I  7 . 









=








+









−

−
=








+









−
−









−
=+−∴

00

00

70

07

70

07

70

07

105

515

35

58
I7A5A2 . 

Hence OI7A5A2 =+− .  This completes the proof. 

Q.No.17.: If 

















−

−

−

=

213

132

321

A  and I is the unit matrix of order 3,  

                 evaluate I 9A3A2 +− . 

Sol.: Given 

















−

−

−

=

213

132

321

A . 

















−

−

−

















−

−

−

=∴

213

132

321

213

132

321

A2

















+−−++−+−

−−−+−++

+++−−−−

=

419236623

236194362

623362941

 

         

















−−

−−

=

6117

1411

11512

, 

















−

−

−

=

639

396

963

A3   and  

















=

900

090

009

I 9  

















+

















−

−

−

−

















−−

−−

=+−∴

900

090

009

639

396

963

6117

1411

11512

I 9A3A2
 

                          

















+

















−

−

−

=

900

090

009

1282

455

2115

















−

−

=

382

445

216

 

Hence

















−

−

=+−

382

445

216

I 9A3A2
. Ans. 
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Q.No.18.: If 















 −

=

210

302

121

A  ,  

















−

−

=

234

200

113

B , 

                 verify the result ( ) 222
BABBAABA +++=+ . 

Sol.: Now 

















−

=

















−

−

+















 −

=+

424

502

014

234

200

113

210

302

121

BA  

( )
















−















−

=+∴

424

502

014

 

424

502

014

BA
2

















+−−++−

++−+++

++++++

=

1610080416416

200010022004

0500040216

  

                  

















−

−=

6428

20828

5418

.                                                                                            (i) 

Also 

















++++++

++−++++

−+−−+++

=















 −















 −

=

430200020

602304002

261102041

210

302

121

 

210

302

121

A2

















=

722

472

315

, 

















−

−

















−

−

=

234

200

113

 

234

200

113

B2

















+−−+−++

++−+++

+−−+−++

=

4646048012

400600800

223303409

















−

−

−

=

21020

468

3613

, 

















++−+++

++−+−++

−+++−−+

=

















−

−















 −

=

420600800

6029021206

241301403

234

200

113

 

210

302

121

AB

















−

−

−

=

668

81118

321

, 















 −

















−

−

=

210

302

121

 

234

200

113

BA

















+−−+++−

++++++

+−−+++−

=

494208064

400200000

233106023

















−−

−

=

9102

420

471

, 

















−

−

−

+

















−

−

−

+

















−−

−

+

















=+++∴

21020

468

3613

668

81118

321

9102

420

471

722

472

315

BABBAA 22
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















++−−−+++−

+++−−++++

++−−+++−+

=

269710610220822

48446112781802

3343627113115

 

                                     

















−

−=

6428

20828

5418

 .                                                                        (i) 

From (i) and (ii), we get ( ) 222
BABBAABA +++=+ . 

Hence, the result is verified. 

Q.No.19.: If 

















=

000

100

010

E  and 

















=

010

001

000

F ,  

                 calculate the products EF and FE and show that EEFFE 22 ≠+ . 

Sol.: Now 

































=

010

001

000

 

000

100

010

EF

















++++++

++++++

++++++

=

000000000

000100000

000000010

















=

000

010

001

.  

and 

















=

































=

100

010

000

000

100

010

 

010

001

000

FE . Ans. 

Now 

















=

































=

000

000

100

000

100

010

 

000

100

010

E2
,

















=

































=

000

000

010

010

001

000

 

000

000

100

FE2
, 

















=

































=

001

000

000

010

001

000

 

010

001

000

F2
,  

















=

































=

010

000

000

000

100

010

 

001

000

000

EF2
. 

















=

































=+∴

010

000

010

010

000

000

  

000

000

010

EFFE 22
 

EEFFE 22 ≠+⇒ . 

Q.No.20.: By mathematical induction, prove that if 








−

−
=

94

2511
A , then  
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                 








−

−+
=

n101n4

n25n101
An . 

Sol.: For n = 1,  








−

−
=

94

2511
A1










−−

−+
=

1.1011.4

1.251.101
.  

Thus, the result is true for n = 1. 

Now, let us suppose that the result is true for n = k, then  








−

−+
=

k101k4

k25k101
Ak . 

Now, we have to prove that the result is true for n = k + 1. 

Now 








−

−









−

−+
==+

94

2511
 

k101k4

k25k101
A.AA k1k










−−+

−−+
=

k1094k4

k2525k1011
 

( ) ( )
( ) ( )







+−+

+−++
=+

1k1011k4

1k151k101
A 1k . 

Thus the result is also true for n = k + 1. 

Hence, this proves the result. 

Q.No.21.: If 








αα−

αα
=

cossin

sincos
A , show that 









αα−

αα
=

ncosnsin

nsinncos
An ,  

                 where n is a positive integer. 

Sol.: For n = 1, 








αα−

αα
=

cossin

sincos
A1










αα−

αα
=

1cos1sin

1sin1cos
. 

Thus, the result is true for n = 1. 

Now, let us suppose that the result is true for n = k, then 








αα−

αα
=

kcosksin

ksinkcos
Ak . 

Now, we have to prove that the result is true for n = k + 1. 

Now 








αα−

αα









αα−

αα
==+

cossin

sincos
 

kcosksin

ksinkcos
A.AA k1k  

                  
( ) 









αα+αα−αα+αα−

αα+αααα−αα
=

kcoscossinksinkcossinksincos

cosksinsinkcossinksincoskcos
 

                  
( ) ( )
( ) ( ) 









α+α+−

α+α+
=

1kcos1ksin

1ksin1kcos
. 

Thus, the result is also true for n = k + 1. 
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Hence, this proves the result. 

Q.No.22.: Factorize the matrix 

















−

−

=

473

517

125

A  into LU, where L is lower triangular   

                 matrix and U is the upper triangular matrix. 

Sol.: Let 

















=

333231

2221

11

aaa

0aa

00a

L and  

















=

33

2322

131211

b00

bb0

bbb

U  be the lower triangular matrix 

and upper triangular matrix respectively. 

Now ALU =

















−

−

=

































⇒

473

517

125

b00

bb0

bbb

 

aaa

0aa

00a

33

2322

131211

333231

2221

11

 

















−

−

=

















+++

++⇒

473

517

125

 

babababababa

bababababa

bababa

333323321331223212311131

23221321222212211121

131112111111

 

Equating, we get 

5ba 1111 = ,   2ba 1211 −= ,   1ba 1311 = ,   7ba 1121 = ,   1baba 22221221 =+ ,    

5baba 23221321 −=+ ,   3ba 1131 = ,   7baba 22321231 =+ ,   4bababa 333323321331 =++ . 

Since, we have 9 equations and we have to find 12 unknowns, so we can choose 3 

unknowns arbitrary. 

In other way, we have infinite number of such type of matrices whose product is A. 

Now let us suppose 1aaa 332211 === . 

5b11 =∴ , 2b12 −= , 1b13 = , 
5

7
a21 = , 

5

3
a31 = , 

( ) 1b2
5

7
22 =+−×

5

19

5

14
1b22 =+=⇒ , 

5b11
5

7
23 −=×+×

5

32

5

7
5b23

−
=−−=⇒ , 

( ) 7
5

19
a2

5

7
32 =×+−×

19

41
a

5

41
a

5

19
3232 =⇒=⇒ , 
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4b
5

32

19

41
1

5

3
33 =+

−
×+× 4b

19

251
4b

95

311257
3333 =+

−
⇒=+

−
⇒ , 

19

327
b

19

25176

19

251
4b 3333 =⇒

+
=+=⇒ . 

Thus 























−
−























=

















−

−

19

327
00

5

32

5

19
0

125

 

1
19

41

5

3

01
5

7
001

473

517

125

. 

LUA =⇒ . 

Thus 























=

1
19

41

5

3

01
5

7
001

L    and  























−
−

=

19

327
00

5

32

5

19
0

125

U   be the lower triangular and upper 

triangular matrices, respectively. 

Q.No.23.: Show that 

















−−−

+−+

+−−

4i3i52

i32i47

i52i473

 is a Hermitian matrix. 

Sol.: A given matrix A is said to be Hermitian if θ= AA  or   A'A = . 

Let 

















−−−

+−+

+−−

=

4i3i52

i32i47

i52i473

A . 

















++−

−−−

−−+

=∴

4i3i52

i32i47

i52i473

A . 

Also 

















++−

−−−

−−+

=

4i3i52

i32i47

i52i473

'A . 

A'A =∴ .  

Hence, the given matrix is Hermitian. 



Matrices: Problems on definitions of special matrices           

                                                                                        Prepared by: Dr. Sunil, NIT Hamirpur 

16 

Q.No.24.: If 

















−−

−

−+

=

3i64

i65i23

4i232

A .  

    Then show that A is Hermitian and iA is Skew-Hermitian. 

Sol.: Since, here 

















−−

−

−+

=

3i64

i65i23

4i232

A . 

Therefore 

















−

−+

−−

=

3i64

i65i23

4i232

A and 

2 3 2i 4

A 3 2i 5 6i A

4 6i 3

+ − 
 ′ = − = 
 − − 

. 

Thus A is Hermitian. 

Let 

















−−

+−

−+

==

3i64

i65i23

4i232

iiAB

















−

−+

−+−

=

i36i4

6i5i32

i4i32i2

. 

Therefore 

















−

−−−

−−−

=

i36i4

6i5i32

i4i32i2

B  and 

















−−

+−

−+

=

i36i4

6i5i32

i4i32i2

BT
. 

Thus TBB −= ⇒B is Skew-Hermitian. 

Q.No.25.: If 








−−

+−+
=

i24i5

i313i2
A , shows that AA* is a Hermitian matrix, where A*   

is the conjugate transpose of A. 

Sol.: We have 

















−+−

−+

=′

i24i31

i3

5i2

A  and 

















+−−

−

−−

=

i24i31

i3

5i2

*A . 

















+−−

−

−−










−−

+−−
=∴

i24i31

i3

5i2

i24i5

i313i2
*AA  

            












−+−

+−−−−

−−++−

−++−
=

22

22

i416i25      

i1010i3510

,i1010i3i510

,i919i4
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            








−−

+−
=

46i220

i22024
, which is a Hermitian matrix. 

Q.No.26.: Prove that 








−+

+−+

i1i1

i1i1

2

1
 is a unitary matrix. 

Sol.: A given matrix A is said to be unitary if IAA =θ .       

Let 








−+

+−+
=

i1i1

i1i1

2

1
A . 










+−

−−−
=∴

i1i1

i1i1

2

1
A   and 









+−−

−−
=θ

i1i1

i1i1

2

1
A . 

Now 








+−−

−−









−+

+−+
=θ

i1i1

i1i1

2

1
.

i1i1

i1i1

2

1
AA 









+−

−+
=

2222

2222

4

1

I
10

01

40

04

4

1
=








=








= . 

IAA =∴ θ . 

Hence, the given matrix is unitary. 

Q.No.27.: Given that 








+−

+
=

0i21

i210
A , show that ( )( ) 1

A1A1
−

+−  is a unitary  

                 matrix. 

or 

    If 








+−

+
=

0i21

i210
N , Obtain the matrix ( )( ) 1

NINI
−

+− , and show that it is  

unitary. 

Sol.: 








+−

+
=+

1i21

i211
AI ,  ( ) 6411AI =−−−=+ . 

( ) 6
1i21

i211
AI

1 +








−

−−
=+ −

. Also 








−

−−
=−

1i21

i211
AI  

( )( ) 








−−

−−−
=+









−

−−









−

−−
=+−∴ −

4i42

i424

6

1
6

1i21

i211

1i21

i211
AIAI

1
         (i) 

Its conjugate-transpose  








−+−

+−
=

4i42

i424

6

1
            (ii) 
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∴  Product of (i) and (ii)  I
360

036

36

1

4i42

i424

4i42

i424

36

1
=








=









−+−

+−









−−

−−−
. 

Hence the result. 

Or 

Sol.: Since here 








−

−−
=









+−

+
−








=−

1i21

i211

0i21

i210

10

01
NI . 










+−

+
=









+−

+
+








=+

1i21

i211

0i21

i210

10

01
NI . 

( ) 61i41
1i21

i211
NI 2 =−−=









+−

+
=+ . 

adj (I +N) 








−

−−
=

1i21

i211
. 

( ) ( ) 








−

−−
=+

+
=+

−

1i21

i211

6

1
NIadj

NI

1
NI

1
 

( )( ) 








−

−−









−

−−
=+−∴ −

1i21

i211

6

1

1i21

i211
NINI

1
A

4i42

i424

6

1
=









−−

−−−
=  (say) 










−−−

−−
=′

4i42

i424

6

1
A  

( ) 








−+−

+−
==′

4i42

i424

6

1
*AA  










−−

−−−









−+−

+−
=

4i42

i424

6

1

4i42

i422

6

1
A*A 1

10

01

360

036

36

1
=








=








=  

( )( ) 1
NINIA

−
+−=⇒  is unitary. 

Q.No.28.: If 

















=
2

2

aa1

aa1

111

S , where 3/2iea π= , then show that S
3

1
S 1 =−  . 

Sol.: Now ω=+−=
π

+
π

== π

2

3
i

2

1

3

2
sini

3

2
cosea

3/2i   (cube root of unity). 

22

2

3
i

2

1

3

4
sini

3

4
cosa ω=−−=

π
+

π
=∴  
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 and 3i23/i63 12sini2coseea ω==π+π=== ππ . 

















ωω

ωω=∴
2

2

1

1

111

S . 

Now 























ωω

ωω
=

2

2

11
1

11
1

111

S

















ωω

ωω=⇒
2

2

1

1

111

S .                                                    [ ]13 =ω∵  

Also 
2

2

1

1

111

S

ωω

ωω= ( ) ( ) ( )2224 ω−ω+ω−ω−ω−ω=                       

             ( ) ( ) ( ) ( )2222 3 ω−ω=ω−ω+ω−ω+ω−ω=  

And  Adj S

















−ωω−ω−ω

ω−−ωω−ω

ω−ωω−ωω−ω

=

11

11
22

22

2224

 

∴ ( ) 















−ωω−ω−ω

ω−−ωω−ω

ω−ωω−ωω−ω

ω−ω
==−

11

11
3

1

S

A Adj
S

22

22

2224

2

1
   

          ( ) 















−ωω−ω−ω

ω−−ωω−ω

ω−ωω−ωω−ω

ω−ω
=

11

11
3

1

22

22

222

2























ω

ω+
−

ω

ωω

ω+
−=

11
1

11
1

111

3

1
  

          

















ωω

ωω=
2

2

1

1

111

3

1
                                                  

















ω=
ω

⇒=ω

ω−=ω+⇒=ω+ω+

23

22

1
1    

101∵

 

           S
3

1
= . 

Thus    S
3

1
S 1 =− . 
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Hence, this proves the result. 

Home Assignments 

Q.No.1.: Express A  as the sum of a symmetric and skew-symmetric matrix where 

     

















−−

−

−

=

705

631

324

A  

Ans.: 

















−−−

−

−

=+

1468

663

838

2

1
AA T

 symmetric,  

          

















−

−−=−

062

601

210

2

1
AA T

 skew-symmetric. 

Q.No.2.: Prove that the inverse of a non-singular symmetric matrix A is symmetric. 

Q.No.3.: Write 

















−−

−

−−

=

4133

106

143

A  as the sum of a symmetric R and skew-symmetric 

S. 

Ans.: [ ]
















−−

−

=+=

462

601

213

AA
2

1
R T

, [ ]
















−

−

−

=−=

071

705

150

AA
2

1
S T

. 

Q.No.4.: Prove that the product AB of two symmetric matrices A and B is symmetric if  

               AB = BA. 

Q.No.5.: Determine for what values of numbers a and b, c = aA + bB is Skew-Hermitian 

given that A and B are Skew-Hermitian. 

Ans.: both a and b must be real. 

Q.No.6.: If 








+−

+
=

0i21

i210
A ,  show that ( )( ) 1

A1AI
−

+−  is a unitary matrix. 

Q.No.7.: Show that 








++

+−+
=

icaidb

idbica
A  is unitary matrix if  1dcba 2222 =+++ . 
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***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

Here, we will discuss some more definitions: 

1. Transpose of a matrix and their properties 

2. Conjugate of a matrix and their properties 

3. Transposed conjugate of a matrix and their properties 

4. Symmetric, skew-symmetric matrices and their properties 

Complex Matrices:  

5. Hermitian, skew-Hermitian matrices and their properties 

6. Normal matrix, Orthogonal (orthonormal) matrix and Unitary matrix 

 

Transpose of a matrix: 

Definition: Let ij m n
A a

×
 =   . Then the n m×  matrix obtained from A by changing its rows 

into columns and its columns into rows is called the transpose of A and is 

denoted by the symbol A′  or  TA . 

Symbolically: If ij m n
A a

×
 =    then  ji n m

A b
×

′  =   ,  

                        where ji ijb a= , 

                        i.e., ( )
th

j,   i element of A ' is the ( )
th

i,   j element of A. 

Transposition: The operation of interchanging rows with columns is called    

transposition.  

2222ndndndnd    Topic Topic Topic Topic     

MatricesMatricesMatricesMatrices    

Definitions of special types of Matrices-II 

Prepared by 
 

 
 
 
 

Dr. Sunil 

NIT Hamirpur (HP) 
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Example: The transpose of  3 4×  matrix 

3 4

1 2 3 4

A 2 3 4 1

3 4 2 1
×

 
 

=  
  

 is the 4 3×  matrix  

4 3

1 2 3

2 3 4
A

3 4 2

4 1 1
×

 
 
 ′ =
 
 
 

. 

The first row of A is the first column of A′ .  The second row of A is the second column of A′

. The third row of A is the third column of A′ .  

Properties of the transpose of matrix: 

Theorem: If A′  and B′  be the transposes of A and B respectively, then  

(i) ( )A A
′

′ = , 

(ii) ( )A B A B
′

′ ′+ = + , A and B being of the same size, 

(iii) ( )kA kA
′

′= ,  k being any complex number, 

(iv) ( )AB B A
′

′ ′=  , A and B being comfortable to multiplication. 

Proof: 

(i). Let A be an m n×  matrix.  

Then A ' will be an n m×  matrix.  

Therefore, ( )A '  ' will be an m n×  matrix.  

Thus, the matrices A and ( )A '  '  are the same type. 

Also, the ( )
th

i,   j  element of ( )A '  ' = the ( )
th

j,   i  element of A '  = the ( )
th

i,   j  element of A. 

Hence ( )A A '  '= . 

(ii). Let ij m n
A a

×
 =   and ij m n

B b
×

 =   .  

Then A+B will be a matrix of the type m n×  and consequently ( )A B  '+  will be matrix of 

the type n m× . 

Again, A '  and B'  are both n m×  matrices.  

Therefore, the sum A ' B'+  exist and will also be a matrix of the type n m× . 
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Further, ( )
th

j,   i  element of ( )A B  '+ = the ( )
th

i,   j element of ij ijA B a b+ = +  

= the ( )
th

i,   j  element of A + the ( )
th

i,   j element of B 

= the ( )
th

j,   i  element of A '  + the ( )
th

j,   i  element of B'  

= the ( )
th

j,   i  element of A ' B'+ . 

Thus the matrices ( )A B  '+  and A ' B'+  are the same type and their ( )
th

j,   i elements are 

equal. Hence ( )A B  ' A' B'+ = + . 

(iii). Let ij m n
A a

×
 =   . If k is any complex number, then kA will also be an m n× matrix and 

consequently ( )kA  'will be an n m×  matrix. 

Again A ' will be an n m× matrix and therefore kA ' will also be n m×  matrix .  

Further, the ( )
th

j,   i  element of ( )kA  '= the ( )
th

i,   j  element of ( )
th

kA k. i, j=  element of A 

= ( )
th

k. j,  i  element of A ' = the ( )
th

j,   i  element of kA ' . 

Thus, the matrices ( )kA  '  and kA '  are the same size and their ( )
th

j,   i  elements are equal. 

Hence ( )kA  ' kA'= . 

(iv). Let ij m n
A a

×
 =   and ij m n

B b
×

 =   ,  

then ji n m
A ' c

×
 =   , where ji ijc a=   and kj p n

B' d
×

 =   , where kj jkd b= . 

The matrix AB will be of the type m p× .  

Therefore the matrix ( )AB  ' will be of the type p m× . 

Again the matrix A ' will be of the type n m×  and the matrix B'  will be of the type p n× . 

Therefore, the product B'A 'exists and will be a matrix of the type p m× .  

Thus, the matrices (AB) and ( )
th

k,  i  are of the same type. 

Now the ( )
th

k,  i element of ( )AB  ' = the ( )
th

i,  k  element of 
n

ij jk

j 1

AB a .b
=

=∑  

n n

ji kj kj ji

j 1 j 1

c d d c
= =

= =∑ ∑ = the ( )
th

k,  i  element of B'A ' . 
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Thus, the matrices ( )AB  '  and B'A '  are the same size and their ( )
th

k,  i  element is equal. 

Hence ( )AB  ' B'A'= . 

The above law is called the reversal law for transposes, i.e., the transpose of the product of 

the transposes taken in reverse order. 

Conjugate of a matrix:  

Definition: The matrix obtained from any given matrix A on replacing its elements by the 

corresponding conjugate complex numbers is called the conjugate of A and is 

denoted by A . 

Symbolically: If ij m n
A a

×
 =   , then ij m n

A a
×

 =   ,  

                        where ija  denotes the conjugate complex of ija . 

If A be a matrix over the field of real numbers, then obviously A  coincide with A. 

Example: If  
2 3i 4 7i 8

A
i 6 9 i

+ − 
=  

− + 
,  then 

2 3i 4 7i 8
A

i 6 9 i

− + 
=  

− 
. 

Properties of the conjugate of a matrix: 

Theorem: If A  and B  be the conjugates of A and B respectively, then 

(i) ( )A A= ,                                                     

(ii) ( )A B A B+ = + ,  

(iii) ( )kA k A= , k being any complex number, 

(iv) ( )AB A B= , A and B conformable to multiplication. 

Proof: 

(i). Let ij m n
A a

×
 =   . 

Then ij m n
A a

×
 =   , where ija  is the conjugate complex of ija .  

Obviously, both A and ( )A  are matrices of the same type m n× . 

The ( )
th

i,   j  element of ( )A  = the conjugate complex of ( )
th

i,   j  element of A  

= the conjugate complex of  ija  = ( )ija  = ija  = the ( )
th

i,   j  element of A. 
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Hence ( )A A= . 

(ii). Let ij m n
A a

×
 =   and ij m n

B b
×

 =   . 

Then  ij m n
A a

×
 =   and ij

m n
B b

×
 =   . 

First we see both ( )A B+  and A B+  are m n×  matrices. 

Again the ( )
th

i,   j element of ( )A B+  = the conjugate complex of ( )
th

i,   j  element of A + B 

= the conjugate complex of ij ija b+  = ( )ij ij ij ija b a b+ = +  

= the ( )
th

i,   j  element of A + the ( )
th

i,   j  element of B  

= the ( )
th

i,   j  element of A B+ . 

Hence ( )A B A B+ = + . 

(iii). Let ij m n
A a

×
 =    .  

If k is any complex number, then both ( )kA  and k A will be m n×  matrices. 

The ( )
th

i,   j  element of ( )kA  

= the conjugate complex of the ( )
th

i,   j  element of kA 

= the conjugate complex of ( )ij ij ijka ka k a= =  

k= . the ( )
th

i,   j element of A  = the ( )
th

i,   j element of . 

Hence ( )kA k A= . 

(iv). Let ij m n
A a

×
 =    and jk n p

B b
×

 =    

Then ij m n
A a

×
 =    and jk

n p
B b

×
 =   . 

First we see that both the matrices  and A B  are of the type m p× . 

Again the ( )
th

i,  k element of  

= the conjugate complex of the ( )
th

i,  k element of AB 

A k

( )AB

( )AB
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= the conjugate complex of 
n

ij jk

j 1

a b
=

∑  

n

ij jk

j 1

a b
=

 
=  
 
∑  

n n

ij jk ij jk

j 1 j 1

a b a b
= =

= =∑ ∑  

= the ( )
th

i,  k element of A B . 

Hence ( )AB A B= . Hermitian conjugate, or transjugate 

Transposed conjugate of a matrix or Hermitian conjugate or 

Hermitian transpose or Adjoint matrix or Transjugate : 

Definition: The conjugate transpose, Hermitian transpose, or adjoint matrix of an m-by-

n matrix A with complex entries is the n-by-m matrix A
*
 obtained from A by taking the 

transpose and then taking the complex conjugate of each entry (i.e., negating their imaginary 

parts but not their real parts). 

or 

The transpose of the conjugate of a matrix A is called transposed conjugate of A and is 

denoted by Aθ or by A * . 

Obviously, the conjugate of the transpose of A is the same as the transpose of the conjugate 

of A,  i.e.,  ( ) ( )A ' A  ' Aθ= = . 

Symbolically: If ij m n
A a

×
 =   , then ji n m

A bθ

×
 =   ,  

                        where ji ijb a= ,  

               i.e., ( )
th

j,  i  element of Aθ = the conjugate complex of the ( )
th

i,   j  element of A. 

Example: If  

1 2i 2 3i 3 4i

A 4 5i 5 6i 6 7i

8 7 8i 7

+ − + 
 

= − + − 
 + 

 

then  

1 2i 4 5i 8

A ' 2 3i 5 6i 7 8i

3 4i 6 7i 7

+ − 
 

= − + + 
 + − 

 and ( )

1 2i 4 5i 8

A ' A 2 3i 5 6i 7 8i

3 4i 6 7i 7

θ

− + 
 

= = + − − 
 − + 

. 

Motivation for developing conjugate transpose: 
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The conjugate transpose can be motivated by noting that complex numbers can be usefully 

represented by 2×2 skew-symmetric matrices, obeying matrix addition and multiplication: 

a b
a ib

b a

− 
+ ≡  

 
. 

An m-by-n matrix of complex numbers could therefore equally well be represented by a 2m-

by-2n matrix of real numbers. It therefore arises very naturally that when transposing such a 

matrix which is made up of complex numbers, one may in the process also have to take the 

complex conjugate of each entry. 

 

Properties of transposed conjugate of a matrix: 

Theorem: If Aθ and Bθ be the transposed conjugates of A and B respectively, then 

(i) ( )A A
θ

θ = , 

(ii) ( )A B A B
θ θ θ+ = + , A and B being the same size, 

(iii) ( )kA k A
θ θ= , k being any complex number, 

(iv) ( )AB B A
θ θ θ= , A and B being conformable to multiplication. 

Proof: (i). ( ) ( ){ } ( )A A  '  ' A A
θ  = = =

 
,                                                       

since ( ){ }A  '  ' A= . 

(ii). ( ) ( ){ }A B A B  '
θ

+ = + ( ) ( ) ( )A ' B ' A ' B ' A Bθ θ+ = + = + . 

(iii). ( ) ( ){ } ( ) ( )kA kA  ' kA ' k A ' kA
θ θ= = = = . 

(iv). ( ) ( ){ } ( ) ( )( )AB AB  ' B'A ' B' A ' B A
θ θ θ= = = = . 

Thus, the reversal law holds for the transposed conjugate also. 

 

Symmetric and skew-symmetric matrices: 

 

Symmetric matrix: 

Definition: A symmetric matrix is a square matrix that is equal to its transpose. 
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or 

A square matrix 
ijA a =    is said to be symmetric if its ( )

th
i,   j element is the   same as its 

( )
th

j,   i element.  

Symbolically: If ij jia a=  for all j, i, then a square matrix 
ijA a =    is said to be  

                     symmetric. 

Examples: The matrices 

a h g p

h b f q

g f c r

p q r s

 
 
 
 
 
 

, 

1 i 2i

i 2 4

2i 4 3

− 
 

− 
 − 

, 
2 4

4 3

 
 
 

 are symmetric matrices. 

Theorem: A necessary and sufficient condition for a matrix A to be symmetric is that A   

                  and  A '  are equal. 

Proof: Necessary condition:  

Let 
ijA a =    to be an n-rowed symmetric matrix. Then ij jia a= . 

To show A A '= . 

Now A '  will also be an n-rowed square matrix. 

Also the  ( )
th

i,   j  element of A ' = the ( )
th

j,   i  element of jiA a=  

                                             ija=  = the ( )
th

i,   j  element of A. 

Hence A ' A= . 

Sufficient condition:  

Let if A ' A= , then A must be a square matrix. 

To show; A is symmetric. 

Also ( )
th

i,   j  element of A = the ( )
th

i,   j  element of A '     [ ]A A '=∵  

                                           = the ( )
th

j,   i  element of A. 

Hence A is a symmetric matrix. 
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Skew-symmetric matrix or Antisymmetric matrix or antimetric 

matrix: 

Definition: A skew-symmetric (or antisymmetric or antimetric) matrix is a square matrix 

A whose transpose is also its negative 

A square matrix 
ijA a =    is said to be skew-symmetric if the ( )

th
i,   j  element of A is 

negative of the ( )
th

j,   i  element of A. 

 

Symbolically: If ij jia a= −  for all i, j, then a square matrix 
ijA a =    is said to be  

                       skew-symmetric. 

Result: Show that the diagonal elements of a skew-symmetric matrix are all zero: 

Proof: If A is a skew-symmetric matrix, then ij jia a= − .                              [by definition] 

ii iia a∴ = −  for all values of i . 

ii ii2a 0 a 0⇒ = ⇒ = . 

Thus, the diagonal elements of a skew-symmetric matrix are all zero. 

Examples: The matrices 

0 h g

h 0 f

g f 0

 
 
− 
 − − 

,    

0 3i 4

3i 0 8

4 8 0

− − 
 
 
 − 

 are skew-symmetric matrices. 

Theorem: A necessary and sufficient condition for a matrix A to be skew-symmetric is  

                  that A A '= − . 

Proof: Necessary condition:  

Let A be an n-rowed skew-symmetric matrix. Then ij jia a= −  

To show : A A '= . 

Now A−  and A ' are both n-rowed square matrices. 
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Also the ( )
th

i,   j element of A ' = the ( )
th

j,   i element of A 

                                                ji ija a= = − = the ( )
th

i,   j element of A− . 

Hence A ' A= − . 

Sufficient condition:  

Let A ' A= − , then A must be a square matrix.  

To show: A is skew-symmetric matrix. 

Now the ( )
th

i,   j element of A= the negative of the ( )
th

i,   j element of A '   [ ]A A'= −∵           

                                               = the negative of the  ( )
th

j,   i  element of A. 

Hence, A is a skew-symmetric matrix. 

Some important properties of symmetric and skew-symmetric matrices: 

(1). If A is a symmetric (skew-symmetric) matrix, then show that kA is also symmetric  

       (skew symmetric). 

Proof: (i). Let A be symmetric matrix. Then A ' A= .  

We have ( )kA  ' kA '=                                                                                             [ ]A ' A=∵  

                         = kA. 

Since ( )kA  ' kA= , therefore kA is a symmetric matrix. 

(ii). Let A be skew symmetric matrix. Then A ' A= − .  

We have ( )kA  ' kA '= k( A)= −                                                                            [ ]A ' A= −∵  

                        (kA)= − . 

Since ( ) ( )kA  ' kA= − , therefore, kA is a skew-symmetric matrix. 

(2). If A, B are symmetric (skew-symmetric), then so is also A + B. 

Proof: (i). Let A and B be two symmetric matrices of the same order.  

Then A ' A=  and B' B= . 

Now ( )A B  ' A' B' A B+ = + = + . 

Since ( )A B  ' A B+ = + , therefore, A + B is a symmetric matrix. 

(ii). Let A and B be two skew-symmetric matrices of the same order.  

Then A ' A= −  and B' B= − . 
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Now ( ) ( ) ( )A B  ' A' B' A B (A B+ = + = − + − = − + . 

Since ( ) ( )A B  ' A B+ = − + , therefore, A + B is a skew-symmetric matrix. 

(3). If A and B are symmetric matrices, then show that AB is symmetric if and only if A and 

B commute i. e. AB = BA. 

Proof: It is given that A and B are two symmetric matrices. 

Therefore  A ' A=  and B' B= . 

Now suppose that AB = BA. 

Then to prove that AB is symmetric. 

We have ( )AB  ' B'A'= = BA                                                                    [ ]A ' A,    B' B= =∵  

                         = AB                                                                                        [ ]AB BA=∵  

Since ( )AB  ' AB= , therefore AB is symmetric matrix. 

Conversely, suppose that AB is a symmetric matrix.  

Then to prove that  AB + BA. 

We have ( )AB AB  '=                                                              [ ]AB is a symmetric matrix∵  

                     B'A ' BA= = . 

(4). If A be any matrix, then prove that AA '  and A 'A  are both symmetric matrices. 

Proof: Let A be any matrix. 

We have ( ) ( )AA '  ' A'  'A'=                                                     [by reversal law for transposes] 

                         AA '=                                                                                        ( )A '  ' A = ∵  

Since ( )AA '  ' AA'= , therefore AA '  is a symmetric matrix. 

Again ( )AA '  ' A'A= , therefore A 'A  is a symmetric matrix. 

(5). If A be any square matrix, then show that A A '+  is a symmetric and A A '−  is skew-

symmetric. 

Proof: We have ( ) ( )A A '  ' A' A'  ' A' A A A'+ = + = + = + . 

Hence A A '+  is symmetric. 

Again ( ) ( ) ( )A A '  ' A' A'  ' A' A A A'− = − = − = − − . 

Hence, A A '−  is skew-symmetric. 
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(6). Show that the matrix B'AB  is symmetric or skew-symmetric according as A is 

symmetric or skew-symmetric. 

Proof: Case I. Let A be a symmetric matrix. Then A ' A= . 

Now ( )B'Ab  ' B'A'(B') '= , by the reversal law for the transposes 

                      B'A 'B=         [since ( )B'  ' B= ] 

                      B'AB= . 

Hence, B'AB  is symmetric. 

Case II. Let A be a skew symmetric matrix. Then A ' A= − . 

Now ( ) ( )B'AB  ' B'A'(B') ' B'A'B B' -A B= = = , 

                      ( )B'A B B'AB= − = −        

Hence, B'AB  is skew-symmetric. 

(7). Show that every square matrix is uniquely expressible as the sum of a symmetric matrix 

and a skew-symmetric matrix. 

Proof: Let A be any square matrix.  

We can write ( ) ( )
1 1

A A A ' A A ' P Q
2 2

= + + − = + , say, 

where 
1

P (A A ')
2

= +   and  
1

Q (A A ')
2

= − . 

We have 
1

P ' (A A ') '
2

 
= + 
 

( )
1

A A '  '
2

= +     ( )kA  ' kA' = ∵  

                    ( ){ }
1

A ' A '  '
2

= +                            ( )A B  ' A' B' + = + ∵  

                    ( )
1

A ' A
2

= +                                  ( )A '  ' A = ∵  

                    ( )
1

A ' A P
2

= + = . 

Therefore, P is symmetric matrix. 

Again ( ) ( ) ( ) ( ){ }
1 1 1 1

Q ' A A ' ' A A '  ' A A '  ' A ' A '  '
2 2 2 2

 
= − = − = − = − 
 

 

                ( ) ( )
1 1

A ' A A A ' Q
2 2

= − = − − = − . 
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Therefore, Q is a skew-symmetric matrix. 

Thus we have expressed the square matrix A as the sum of a symmetric and a skew-

symmetric matrix. 

To prove: The above representation is unique. 

Let A= R + S  be another such representation of A, where R is symmetric and S  skew-

symmetric.  

Then to prove that R = P and S = Q. 

We have ( )A ' R S  ' R' S'= + = + R S= −         [ ]R ' R  and  S' S= = −∵  

A A ' 2R∴ + =   and  A' A 2S− = . 

This gives ( )
1

R A A '
2

= +   and  ( )
1

S A A '
2

= − . 

Thus, R = P and  S + Q.  

Therefore, the representation is unique. 

Thus, every square matrix is uniquely expressible as the sum of a symmetric matrix and a 

skew-symmetric matrix. 
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Hermitian and skew-Hermitian matrices: 

 

Hermitian matrix (or Self-adjoint matrix): 

  

Charles Hermite 

(December 24, 1822 – January 14, 1901) ,   

(French mathematician) 

Definition:  A square matrix 
ijA a =    is said to be Hermitian if the ( )

th
i,   j element of A is 

equal to the conjugate complex of the ( )
th

j,   i element of A, 

                     i.e.,  ij jia a=  for all i, j. 

or 

A Hermitian matrix (or self-adjoint matrix) is a square matrix with complex entries which is 

equal to its own conjugate transpose 

Examples: The matrices
a b ic

b ic d

+ 
 

− 
,

1 2 3i 3 4i

2 3i 0 4 5i

3 4i 4 5i 2

− + 
 

+ − 
 − + 

 are Hermitian matrices. 

Result: Show that every diagonal element of a Hermitian matrix must be real. 

Proof: If A is a Hermitian matrix, then  ii iia a=  .                                         [by definition] 

iia⇒  is real for all i.  

Thus, every diagonal element of a Hermitian matrix must be real. 

Remarks: A Hermitian matrix over the field of real numbers is nothing but a real symmetric 

matrix.  

Thus, a Hermitian matrix is a generalization of a real symmetric matrix as every real 

symmetric matrix is Hermitian. 
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Obviously, a necessary and sufficient condition for a matrix A to be Hermitian is that 

A Aθ= . 

 

Skew-Hermitian matrix or Antihermitian matrix: 

Definition:  A square matrix 
ijA a =    is said to be skew-Hermitian if the ( )

th
i,   j  element of 

A is equal to the negative of the conjugate complex of the ( )
th

j,   i element of A, 

                     i.e., if ij jia a= −  for all i and j. 

or 

A square matrix with complex entries is said to be skew-Hermitian or antihermitian if its 

conjugate transpose is equal to its negative 

Result: Show that the diagonal elements of a skew-Hermitian matrix must be pure  

              imaginary numbers or zero. 

Proof: If A is a skew-Hermitian matrix, then   ii iia a= −  .                            [by definition] 

ii iia a 0⇒ + =  

i.e., iia  must be either a pure imaginary number or must be zero.  

Thus, the diagonal elements of a skew-Hermitian matrix must be pure imaginary numbers 

or zero. 

Examples: The matrices
0 2 i

2 i 0

− − 
 

− 
,

i 3 4i

3 4i 0

− + 
 
− + 

 are skew-Hermitian matrices.  

Remarks: A skew-Hermitian matrix over the field of real numbers is nothing but a real 

skew-symmetric matrix.  

Thus, a skew Hermitian matrix is a generalization of real skew symmetric matrix. 

Obviously, a necessary and sufficient condition for a matrix A to be skew-Hermitian is that 

A Aθ = − . 

Some important properties of Hermitian and skew Hermitian matrices: 

(1). If A is Hermitian matrix, show that iA is skew-Hermitian. 

Proof: Let A be a Hermitian matrix. Then A Aθ = . 

We have ( )iA iA
θ θ=                     ( )kA kA

θ θ =
 
∵  
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                        ( )i A
θ

= −                i i = − ∵  

                        ( ) ( )iA iAθ= − = −    A Aθ = ∵ . 

Since ( ) ( )iA iA
θ

= − , therefore iA is a skew-Hermitian matrix. 

(2). If A is skew-Hermitian matrix, show that iA is Hermitian. 

Proof: Let A be a skew-Hermitian matrix. Then A Aθ = − . 

We have ( ) ( ) ( )iA iA i A iA
θ θ θ θ

= = − = −                      

                        ( ){ } ( ){ }i A i A= − − = − −                                                             A Aθ = − ∵ . 

                        ( ){ }iA iA= − − = . 

Since ( )iA iA
θ

= , therefore iA is a Hermitian matrix. 

(3). If A, B are Hermitian or skew-Hermitian, then so is also A + B. 

Proof: (i). Let A and B be two Hermitian matrices of the same order.  

Then A Aθ =  and B Bθ = . 

Now ( )A B A B A B
θ θ θ+ = + = + . 

Since ( )A B A B
θ

+ = + , therefore A + B is a Hermitian matrix. 

(ii). Let A and B be two skew-Hermitian matrices of the same order.  

Then A Aθ = −  and B Bθ = − . 

Now ( ) ( ) ( )A B A B A B A B
θ θ θ+ = + = − + − = − + . 

Since ( ) ( )A B A B
θ

+ = − + , therefore A + B is a skew-Hermitian matrix. 

(4). A and B are Hermitian; show that AB BA+  is Hermitian and AB BA−  is skew-

Hermitian. 

Proof: Let A and B be two Hermitian matrices of the same order.  

Then A Aθ =  and B Bθ = . 

Now ( ) ( ) ( )AB BA AB BA B A A B
θ θ θ θ θ θ θ+ = + = + BA AB AB BA= + = + . 

Hence AB BA+  is Hermitian. 

Again ( ) ( ) ( )AB BA AB BA B A A B
θ θ θ θ θ θ θ− = − = − ( )BA AB AB BA= − = − − . 

Hence AB BA−  is skew-Hermitian. 
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(5). If A be any square matrix, prove that A Aθ+ , AAθ , A Aθ are all Hermitian and A Aθ−  

is skew-Hermitian. 

Proof: The necessary and sufficient condition for a matrix A to be Hermitian is that Aθ and 

A are equal. 

(i). ( ) ( )A A A A A A A A
θ θ

θ θ θ θ θ+ = + = + = + . 

Hence A Aθ+ is Hermitian. 

(ii). ( ) ( )AA A A
θ θ

θ θ θ=              [ by the reversal law for conjugate transposes]. 

                    AAθ= . 

Hence AAθ is Hermitian. 

(iii). ( ) ( )A A A A A A
θ θ

θ θ θ θ= = . 

Hence A Aθ  is Hermitian.  

(iv). The necessary and sufficient condition for a matrix A to be skew-Hermitian is that A−

and Aθ  are equal. 

Now ( ) ( ) ( )A A A A A A A A
θ θ

θ θ θ θ θ− = − = − = − −  

Hence A Aθ−  is skew-Hermitian. 

(6). Show that the matrix B ABθ  is Hermitian or skew-Hermitian according as A is Hermitian 

or skew-Hermitian. 

Proof: Case I. Let A be a Hermitian matrix. Then A Aθ = . 

Now ( )B AB B A B
θ

θ θ θ θ= ,  by reversal law for the conjugate transposes. 

                    B A B B ABθ θ θ= = . 

Hence B ABθ  is Hermitian matrix. 

Case II. Let A be a skew-Hermitian matrix. Then A Aθ = − . 

Now ( ) ( ) ( )B AB B A B B A B B A B
θ θ

θ θ θ θ θ θ θ= = = −  

                        ( )B A B B ABθ θ= − = − . 

Hence B ABθ  is a skew-Hermitian. 
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(7). Show that every square matrix is uniquely expressible as the sum of a Hermitian matrix 

and a skew-Hermitian matrix. 

Proof: If A is any square matrix, then A Aθ+  is Hermitian matrix and A Aθ−  is a skew-

Hermitian matrix.  

Therefore ( )
1

A A
2

θ+  is a Hermitian and ( )
1

A A
2

θ−  is a skew-Hermitian matrix.  

Now, we have ( ) ( )
1 1

A A A A A P Q
2 2

θ θ= + + − = + , say, 

where P is Hermitian and Q skew-Hermitian.  

Thus every square matrix can be expressed as the sum of a Hermitian and a skew-Hermitian 

matrix. 

Let, Now, A R S= +  be another such representation of A, where R is Hermitian and S skew-

Hermitian. 

Then, ( )A R S R S R S
θθ θ θ= + = + = − . 

( )
1

R A A P
2

θ∴ = + =   and   ( )
1

S A A Q
2

θ= − = . 

Thus the representation is unique. 

(8). Show that every real symmetric matrix is Hermitian. 

Proof: Let ij n n
A a

×
 =    be a real symmetric matrix. Then ij jia a= .  

Since jia  is a real number, therefore ji jia a= .  

Consequently ij jia a= . Hence A is Hermitian. 

(9). Prove that A is Hermitian or skew-Hermitian according as A is Hermitian or skew-

Hermitian. 

Proof: Case 1: Suppose A is Hermitian. Then A Aθ = .  

We are to prove that A  is Hermitian.  

We have ( ) ( )A A  '
θ  =   

          [by definition of conjugate transpose] 

                      ( )A  '=           ( )A A =  
∵  

                      ( )A  'θ=         A is Hermitian A Aθ ⇒ = ∵  
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                      ( )A  '  ' =          ( )A '  ' A = ∵  

Since ( )A A
θ

= , therefore A is Hermitian. 

Case 2: Now let us suppose that A is skew-Hermitian. Then A Aθ = − . 

We have ( ) ( ) ( ) ( )A A  ' A  ' A  '
θ

θ = = = −  
( ) ( )A  ' A  ' Aθ  = − = − = −  . 

Therefore, A  is also skew-Hermitian. 

(10). Show that every square matrix A can be uniquely expressed as P iQ+  where P and Q 

are Hermitian matrices. 

Proof: Let ( )
1

P A A
2

θ= +   and ( )
1

Q A A
2i

θ= − . 

Then    A P iQ= + .                                                 (i) 

Now ( ) ( )
1 1

P A A A A
2 2

θ
θ

θ θ θ 
= + = + 
 

( ){ }1
A A

2

θ
θ θ= + ( ) ( )

1 1
A A A A P

2 2

θ θ= + = + = . 

∴P is Hermitian matrix. 

Also ( )
1

Q A A
2i

θ

θ θ 
= − 
 

( )
1

A A
2i

θ
θ 

= − 
 

( ){ }1
A A

2i

θ
θ θ= − − ( )

1
A A

2i

θ= − −  

               ( )
1

A A Q
2i

θ= − = . 

∴  Q is also a Hermitian. 

Thus A can be expressed in the form (i) where P and  Q are Hermitian matrices. 

To show that the expression (i) for A is unique. 

Let A R iS= + , where R and S are both Hermitian Matrices. 

We have ( ) ( )A R iS R iS R i  S R iS
θ θθ θ θ θ θ θ= + = + = + = −  

                     R iS= −            [ ∵  R and S both Hermitian] 

A A (R iS) (R iS) 2Rθ∴ + = + + − = . 

This gives ( )
1

R A A P
2

θ= + = . 

Also A A (R iS) (R iS) 2iSθ− = + − − = . 

This gives ( )
1

S A A Q
2

θ= − = . 
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Hence expression (i) for A is unique. 

(11). Prove that every Hermitian matrix A can be written as A B iC= + , where B is real and 

symmetric and C is real and skew-symmetric. 

Proof: Let A be a Hermitian matrix. Then A Aθ = .  

Let us take ( )
1

B A A
2

= +  and ( )
1

C A A
2i

= − . 

Then obviously both B and C are real matrices. 

[Note that if  z x iy= +  is a complex number, then ( )
1

z z
2

+  is real and also ( )
1

z z
2

−  is real] 

Now we can write ( ) ( )
1 1

A A A i A A B iC
2 2i

 
= + + − = +  

.  

It remains to show that B is symmetric and C is skew-symmetric. We have 

( ) ( )
1 1

B' A A  ' A A  '
2 2

 
= + = +  

( ) ( )
1 1

A ' A  ' A ' A
2 2

θ = + = +  ( )
1

A  ' A
2

θ = +  A Aθ = ∵  

    ( ){ } ( )
1 1

A  '  ' A A A B
2 2
 = + = + =
 

. 

∴B is symmetric. 

Also ( ) ( )
1 1

C ' A A  ' A A  '
2i 2i

 
= − = −  

( ) ( )
1 1

A ' A  ' A ' A
2i 2i

θ = − = −  ( )
1

A  ' A
2i

θ = −   

            ( ) ( )
1 1

A A A A C
2i 2i

= − = − − = − . 

∴C is symmetric. 

Hence the result. 

Orthogonal matrix or Orthonormal matrix: 

Definition: An orthogonal matrix is a square matrix with real entries whose columns (or 

rows) are orthogonal unit vectors (i.e., orthonormal). Because the columns are unit vectors in 

addition to being orthogonal, some people use the term orthonormal to describe such 

matrices. 

or 

A square matrix A is said to be orthogonal matrix if AA I A A′ ′= = .      

Another way to define orthogonal matrix:  

A square matrix A is said to be orthogonal matrix if 1A A−′ = .    
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An orthogonal matrix is the real specialization of a unitary matrix, and thus always a normal 

matrix. 

 

Normal matrix: 

Definition: A square matrix A is said to be normal matrix if AA A Aθ θ= .    

Among complex matrices, all unitary, Hermitian, and skew-Hermitian matrices are 

normal. Likewise, among real matrices, all orthogonal, symmetric, and skew-symmetric 

matrices are normal. 

However, it is not the case that all normal matrices are either unitary or (skew-) Hermitian. 

As an example, the matrix 

1 1 0

A 0 1 1

1 0 1

 
 

=  
 
 

 

is normal because 

* *

2 1 1

AA 1 2 1 A A

1 1 2

 
 

= = 
 
 

 

The matrix A is neither unitary, Hermitian, nor skew-Hermitian. 

The sum or product of two normal matrices is not necessarily normal. If they commute, 

however, then this is true. 

If A is both a triangular matrix and a normal matrix, then A is diagonal. This can be seen by 

looking at the diagonal entries of A
*
A and AA

*
, where A is a normal, triangular matrix. 

 

Unitary matrix: 

Definition: A square matrix A is said to be unitary matrix if AA I A Aθ θ= = .    

Another way to define unitary matrix:  

A square matrix A is said to be unitary matrix if 1A A−′ = .    

                This is a generalization of the orthogonal matrix in the complex field. 

Some important properties of unitary matrix: 

1. Inverse of a unitary matrix is unitary. 
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Proof: If U is a unitary matrix, then  

1U U−′ =
1U U−′⇒ =  

( )
1

1 1U U
−

− −
′

 ∴ =
  

 

Writing 1U V− = , we have  1 1V V V V− −
′

′  = ⇒ =   

Thus ( )1V U−=  is also unitary. 

Remark: Inverse of an orthogonal matrix is orthogonal. 

2. Transpose of s unitary matrix is unitary. 

Proof: If U is a unitary matrix, 1U U−′ = ( ) 1U U−′⇒ = ( ) [ ]
11U U U

−−
′ ′

 ′ ′ ⇒ = =    

Writing U V′ = , we have 1V V−′ =  

Thus V (i.e. U′ ) is also unitary. 

Remark: Transpose of an orthogonal matrix is orthogonal. 

3. Product of two unitary matrices is a unitary matrix. 

Proof: If U and V are unitary matrices then 

1U U−′ = ,   1V V−′ =  

Now,   ( ) ( )
1 1 1 1UV U V V U

− − − −= =  

                         ( )V U UV
′

′ ′= =  

Thus UV is unitary matrix. 

Remark: Product of two orthogonal matrixes is an orthogonal matrix. 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

Rank of a Matrix: 

Definition: A matrix is said to be of rank r, when  

(i) it has at least one non-zero minor of order r, and 

(ii) every minor of order higher than r vanishes. 

Briefly, the rank of a matrix is the largest order of any non-vanishing minor of the 

matrix. 

Another definition:  

A number r is said to be the rank of a matrix A if it possesses the following 

two properties: 

1. There is atleast one square sub-matrix of A of order r, whose determinant 

is not equal to zero, 

2. If the matrix A contains any square sub-matrix of order (r +1), then the 

determinant of every square sub-matrix of A of order (r +1) should be zero. 

 

Remarks: If a matrix has a non-zero minor of order r, its rank is r≥ . 

If all minors of a matrix of order (r + 1) are zero, its rank is r≤ . 

Minor: In linear algebra, a minor of a matrix A is the determinant of some smaller 

square matrix, cut down from A by removing one or more of its rows or columns. Minors 

obtained by removing just one row and one column from square matrices (first minors) 
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are required for calculating matrix cofactors, which in turn are useful for computing both 

the determinant and inverse of square matrices. 

Elementary transformations of a matrix: 

 The following operations, three of which refer to rows and three to columns 

are known as elementary transformations: 

I. The interchange of any two rows (columns). 

II. The multiplication of any row (column) by a non-zero number. 

III. The addition of a constant multiple of the elements of any row (column) 

to the corresponding elements of any other row (column). 

Notation:  

The elementary row transformation will be denoted by the following symbols: 

(i) ji RR ↔  for the interchange of the i
th

 and j
th 

rows. 

(ii) ii kRR →  for multiplication of the i
th

 row by k. 

(iii) jii pRRR +→  for addition to the i
th

 row, p times the j
th

 row. 

The corresponding column transformation will be denoted by writing C in place of R. 

Elementary transformations do not change either the order or a rank of a matrix. While 

the value of the minors may get changed by the transformation (i) and (ii), their zero or 

non-zero character remains unaffected. 

Equivalent matrix:  

Definition: Two matrices A and B are said to be equivalent if one can be obtained from 

the other by a sequence of elementary transformations. Two equivalent matrices have the 

same order and the same rank. The symbol ~ is used for equivalence.  

Example:  Determine the rank of the following matrices: 

















562

241

321

.    

Sol.: Let 

















=

562

241

321

A . 
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Operating  122 RRR −→ and 133 R2RR −→ , we get 

1 2 3

A 0 2 1

0 2 1

 
 

− 
 − 

∼ . 

Operating 233 RRR −→ , we get  

1 2 3

A 0 2 1

0 0 0

 
 

− 
  

∼ . 

Obviously, the 3
rd

 order minor of A vanishes.  

Also its 2
nd

 order minors formed by its 2
nd

 and 3
rd

 rows are all zero. But another 2
nd

 order 

minor is 
1 3

1 0
0 1

= − ≠
−

. 

( ) 2A =ρ∴ . 

Now since the rank of a matrix is the largest order of any non-vanishing minor of the 

matrix  

Hence, the rank of the given matrix is 2. 

 

Elementary matrices:  

Definition: An elementary matrix is that, which is obtained from a unit matrix, by 

subjecting it to any of the elementary transformations. 

Examples of elementary matrices obtained from 

















=

100

010

001

I3  

 are 2323 C

010

100

001

R =

















= ;  

















=

100

0k0

001

kR 2 ;  

















=+

100

010

0p1

pRR 21 . 

 

Theorem:  

Statement: Every elementary row (column) transformations of a matrix A can be 

obtained by pre-multiplying (post-multiplying) A by the corresponding elementary 

matrix. 
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Remarks: Consider the matrix 

















=

333

222

111

cba

cba

cba

A . 

Then 

















=

































=×

222

333

111

333

222

111

23

cba

cba

cba

cba

cba

cba

010

100

001

AR . 

So a pre-multiplication by 23R  has interchanged the 2
nd

 and 3
rd

 rows of A. Similarly pre-

multiplication by 2kR  will multiply the 2
nd

 row of A by k and pre-multiplication by 

21 pRR + will result in the addition of p times the 2
nd

 row of A to its 1
st
 row. 

 Thus the pre-multiplication of A by elementary matrices results in the 

corresponding elementary row transformation of A.  

Similarly, it can also be seen that post-multiplication will perform the elementary column 

transformations. 

 

Normal form of a matrix: 

  Every non-zero matrix A of rank r, can be reduced by a sequence of 

elementary transformations, to the form 








00

0Ir
 called the normal form of A.       

(i) 

Remarks:  

(i) The rank of the matrix A is r if and only if it can be reduced to the normal form (i). 

(ii) Since each elementary transformation can be affected by pre-multiplication or post-

multiplication with a suitable elementary matrix and each elementary matrix is non-

singular, therefore, we have the following result: 

Corresponding to every matrix A of rank r, there exist non-singular 

matrices P and Q such that PAQ = 








00

0Ir
. 

 If A be a nm×  matrix, then P and Q are square matrices of orders m and n, 

respectively. 
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Example: For the matrix 

















−−

=

110

321

211

A , find non-singular matrices P and Q such  

                 that PAQ is in the normal form. 

Sol.: We write IA  IA =

































=

















−−

⇒

100

010

001

A  

100

010

001

110

321

211

. 

We shall affect every elementary row (column) transformation of the product by 

subjecting the pre-factor (past factor) of A to the same. 

Operating 2 2 1 3 3 1C C C ,   C C 2C→ − → − , we get 















 −−

















=

















−− 100

010

211

A  

100

010

001

110

111

001

. 

Operating 122 RRR −→ , we get  















 −−

















−=

















−− 100

010

211

A  

100

001

001

110

110

001

. 

Operating 233 CCC −→ , we get  

















−

−−

















−=

















− 100

110

111

A  

100

011

001

010

010

001

. 

Operating 222 RRR +→ , we get 

















−

−−

















−=

















100

110

111

A  

111

011

001

000

010

001

, 

which is the required normal form 








00

0I2
. 

Hence 

















−=

111

011

001

P ,  

















−

−−

=

100

110

111

 Q   and  2)A( =ρ . Ans.  
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Gauss-Jordan method of finding the inverse: 

                               

Johann Carl Friedrich Gauss                                     Wilhelm Jordan 

30 April 1777 – 23 February 1855                                1 March 1842 – 17 April 1899 

German mathematician and scientist                            German geodesist 

It is named after Carl Friedrich Gauss and Wilhelm Jordan, because it is a 

modification of Gaussian elimination as described by Jordan in 1887. However, the 

method also appears in an article by Clasen published in the same year. Jordan and 

Clasen probably discovered Gauss–Jordan elimination independently. 

 

Statement: Those elementary row transformations, which reduce a given square 

matrix A to the unit matrix, when applied to unit matrix I, give the 

inverse of A. 

Proof: Let the successive row transformations, which reduce A to I, result from pre-

multiplication by the elementary matrices i21 R,.......... ,R  ,R  so that  

IARR.................RR 121ii =−  

11
121ii IAAARR.................RR −−

− =∴  

1
121ii AIRR.................RR −

− =⇒ .                                                                   [ ]IAA 1 =−
∵  

Hence the result. 
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For practical evaluation of 
1A−

, the two matrices A and I are written side by side and the 

same row transformations are performed on both. As soon as A is reduced to I, the other 

matrix represents
1A−

. 

Example: Using the Gauss-Jordan method, find the inverse of the matrix  

                  

















−−−

−

442

331

311

. 

Sol.: Writing the same matrix side by side with the unit matrix of order 3, we have 

















−−−

−

100

010

001

   

:  442

:   331

:     311

.        

Operating 122 RRR −→   and  133 R2RR +→ , we get ~

















−

−

−

102

011

001

   

:    220

:   620

:     311

.        

Operate 22 R
2

1
R →   and 33 R

2

1
R → , we get  ~























−

−

−

2

1
01

0
2

1

2

1
001

   

:    110

:   310

:     311

.     

Operating 211 RRR −→   and  233 RRR +→ , we get ~

3 1
0

2 21 0 6     :
1 1

0 1 3   :    0
2 2

0 0 2    :
1 1 1

2 2 2

 
− 

 
 − −
 

− 
 
  

 

.     

Operate 33322311 R
2

1
 R and  R

2

3
RR  ,R3RR 








−→−→+→ , we get 
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~























−−−

−−−

4

1

4

1

4

1
4

3

4

1

4

5
2

3
13

   

:    100

:   010

:     001

. 

Hence, the inverse of the given matrix is 























−−−

−−−

4

1

4

1

4

1
4

3

4

1

4

5
2

3
13

. Ans. 

 

Problems for finding rank of a matrix: 

Q.No.1.: Prove that the row equivalent matrices have the same rank. 

Sol.: Let A be any nm×  matrix. Let B be a matrix row equivalent to A.  

Since B is obtainable from A by a finite chain of E-row operations and every E-row 

operation is equivalent to pre-multiplication by the corresponding  E-matrix, there exist 

E-matrices k21 E...,,.........E ,E  each of the type mm×  such that 

AEE..............EEB 121kk −= ⇒ PAB = ,  

where 121kk EE..............EEP −=  is a non-singular matrix of the type mm× . 

Let us write  













































==

m

2

1

mm2m1m

m22221

m11211

R

....

....

R

R

p....pp

................

................

p....pp

p....pp

PAB ,                                                    (i) 

where the matrix A has been expressed as a matrix of its row sub-matrices 

m21 R...,,.........R ,R . 

From the product of the matrices on R. H. S. of (i) we observe that the rows of the matrix 

B are  

mm1212111 Rp.........RpRp +++ , 
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...................................................

...................................................

,Rp.........RpRp mm2222121 +++

 

mmm22m11m Rp.........RpRp +++ . 

Thus, we see that the rows of B are all linear combinations of the rows 

m21 R...,,.........R ,R of A.  

Therefore, every member of the row space of B is also a member of the row space of A. 

Similarly, by writing BPA 1−=  and giving the same reasoning we can prove that every 

member of the row space of A is also a member of the row space of B.  

Therefore the row space of A and B are identical. 

Thus we see that elementary row operations do not alter the row space of a matrix 

remains invariant under E-rows transformations. 

Note: From the above theorem we also conclude that pre-multiplication by a non-singular 

matrix does not alter the row rank of a matrix. 

Q.No.2.: Determine the rank of the following matrices: 



















−

−−

0211

2013

1101

1310

 

Sol.: Let 



















−

−−

=

0211

2013

1101

1310

A  .  

Operating 144133 CCC  ,CCC −→−→ , we get 



















−−

−−

−−

=

1311

1313

0001

1310

A .  

 Operating 144133 RRR ,RRR −→−→ , we get

















 −−

=

0001

0003

0001

1310

A .             
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Operating 244233 RRR ,R3RR −→−→ , we get 

















 −−

=

0000

0000

0001

1310

A .      

Operating 244233 CCC ,C3CC +→+→ , we get



















=

0000

0000

0001

0010

A . 

Obviously, the 4
th

 order minor of A is zero. Also every third order minor of A is zero. 

But, of all the 2
nd

 order minors, only 01
01

10
≠−=








.    2)A( =ρ∴ . 

Hence, the rank of the given matrix is 2. 

Q.No.3: Determine the rank of the matrix 

















−

−

−

213

426

213

. 

Sol.: Let 

















−

−

−

=

213

426

213

A . 

Operating 233 RR2R −→ ,  







−→ 22 R

2

1
R , we get

















−−

−

=

000

213

213

A . 

Operating 12 R2R + , we get 















 −

=

400

800

213

A . 

Operating 122 RRR −→ , we get















 −

=

000

800

213

A .  

2)A( =ρ∴  

Hence, the rank of the given matrix is 2. 
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Q.No.4: Determine the rank of the matrix (i) 

















−

−

3425

1241

1312

,  (ii)  

















1431

31293

3431

 . 

Sol.: (i) Let 

















−

−

=

3425

1241

1312

A . 

Operating 411 CCC −→ , we get  

















−

−

=

3422

1240

1311

A . 

Operating 133 R2RR −→ , we get   

















−

−

−

=

1240

1240

1311

A  

Operating 233 RRR −→ , we get    

















−

−

=

0000

1240

1311

A . 

Now since all 33×  matrices are singular  0

000

240

311

=−

−

∵ and   0

000

124

131

=−

−

. 

Now 0
24

31
≠

−

−
∵ . Hence, the rank of the given matrix is 2. 

(ii). Let 

















=

1431

31293

3431

A . 

Operating 233 RR3R −→ ,  22 R
3

1
R → , we get 

















=

0000

1431

3431

A . 

Operating 122 RRR −→ , we get 

















−=

0000

2000

3431

A . 

Hence, the rank of the given matrix is 2. 
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Q.No.5: Determine the rank of the matrix 



















5786

3123

2342

0321

. 

Sol.: Let 



















=

5786

3123

2342

0321

A .                 

Operating  ,R6RR ,R3RR,R2RR 144133122 −→−→−→ we get  



















−−

−−

−
=

51140

3840

2300

0321

A . 

Operating 344 RRR −→ , we get  



















−

−−

−
=

2300

3840

2300

0321

A .   

 Operating  244 RRR −→ , we get  



















−−

−
=

0000

3840

2300

0321

A . 

As 44 ×  matrix is singular. But 33×  matrix like 

384

230

032

−−

−  is non-singular.  

So the rank of given matrix is 3. 

Q.No.6: Determine the rank of the matrix 



















−

−

−−−

−−

7036

2313

4211

1132

. 
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Sol.: Let 



















−

−

−−−

−−

=

7036

2313

4211

1132

A .    

Operating  144 R3RR −→ , 233 R3RR −→ , we get



















−−

−−−

−−

=

4360

10940

4211

1132

A  , 

Operating 122 RR2R −= , we get   



















−

−−−

−−

=

4360

10940

7350

1132

A . 

Operating 344 CCC +→ , we get 



















−

−−−

−

=

1360

19940

10350

0132

A .    

Operating 433422 C3CC,C6CC +→−→ , we get 



















−

−−−

−−

=

4300

109220

73110

1132

A . 

Operating 233 R2RR +→ , we get 



















−

−

−−−

−−

=

4300

4300

73110

1132

A .      

Operating 344 RRR −→ , we get 



















−

−−−

−−

=

0000

4300

73110

1132

A . 

As 44 ×  matrix is singular. But 33×  matrix is non-singular.  

So the rank of the matrix is 3. Ans. 



Matrices: Rank, Inverse, Normal form                        

Visit: https://www.sites.google.com/site/hub2education/ 

 

14 

Q.No.7: Determine the rank of the matrix 



















19181716

14131211

9876

8765

. 

Sol.: Let 



















=

19181716

14131211

9876

8765

A .   

Operating 244133 RRR,RRR −→−→ , we get 



















=

10101010

6666

9866

8765

A . 

Operating 122 RRR −→ , we get 



















=

10101010

6666

1111

8765

A .  

Operating 433422411 CCC ,CCC,CCC −→−→−→ , we get 



















=

10000

6000

1000

8123

A . 

Operating 244 R10RR −→ ,  233 R6RR −→ , we get 



















=

0000

0000

1000

8123

A . 

Hence the rank of the given matrix is 2. Ans. 

Q.No.8.: Find the rank of matrix 

      (i). 








− 7502

4321
   (ii). 

















−−

−

−

11254

1025

1432

 (iii). 



















−

−

−−−

−−

7036

2313

4211

1132

. 

Sol.: (i). Here 








−
=

7502

4321
A  is a 42 ×  matrix. 
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( ) 2A ≤ρ∴ , the smaller of 2 and 4. 

The second order minor 04
02

21
≠=

−
          ( ) 2A =ρ∴ . 

(ii). Here 

















−−

−

−

=

11254

1025

1432

A  is a 43×  matrix. 

 

( ) 3A ≤ρ∴ . 

Operating 14C , we get  

















−−

−

−

=

51251

5021

2431

A  

Operating 1312 RR   ,RR −− , we get

















−

−−

−

=

6820

3410

2431

A  

 

Operating 2321 R2R   ,R3R ++ , we get 

















−

−−

−−

=

0000

3410

11801

A . 

All the first order minors are zero but the second order minor 

01
10

01
≠=

−

−
.       ( ) 2A =ρ∴ . 

(iii).  Here 



















−

−

−−−

−−

=

7036

2313

4211

1132

A  is a 44 ×  matrix.     ( ) 4A ≤ρ∴  

Operating R12, we get 



















−

−

−−

−−−

=

7036

2313

1132

4211

A . 
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Operating  ,C4C   ,C2C   ,CC 141312 +++ , we get



















=

171296

10943

7352

0001

A . 

Operating 141312 R6R   ,R3R   ,R2R −−− , we get



















=

171290

10940

7350

0001

A . 

Operating 3432 R2R    ,RR −− , we get



















−−

−−
=

3610

10940

3610

0001

A . 

Operating 2423 C3C   ,C6C ++ , we get



















=

0010

223340

0010

0001

A . 

Operating 2423 RR    ,R4R −− , we get



















=

0000

223300

0010

0001

A . 

Operating 3C
33

1
, we get 



















=

0000

22100

0010

0001

A . 

Operating 34 C22C − , we get 

















=























=

××

×

1131

233

O:O

............

O:I

0:000

....:............

0:100

0:010

0:001

A . 

( ) 3A =ρ∴ . 
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Problems for inverse of a matrix by Gauss-Jordan method: 

Q.No.1.: Use Gauss-Jordan method to find inverse of the following matrices: 

                 (i)  

















−

−

325

120

112

, (ii) 

















121

112

348

, (iii) 

















221

122

212

,  (iv)  

















132

321

211

 . 

Sol.: (i).  Given matrix is  

















−

−

325

120

112

. 

Writing the same matrix side by side with the unit matrix of order 3., we have  

















−

−

100

010

001

    

: 325

:    120

: 112

. 

Operating 133 R5R2R −→ , we get 

















−−−

−

205

010

001

    

: 110

:    120

: 112

. 

Operating 233 RR2R −→ , we get  

















−−

−

4110

010

001

    

: 100

:    120

: 112

 .   

Operating 322 RRR +→ , 311 RRR −→ , we get  

















−

−

−−

− 4110

4210

4111

    

: 100

:   020

: 012

.                 

Operating 211 RR2R −→ , 22 R
2

1
R → , ( ) 33 R1R −→ , we get   

















−−

−

−−

4110

215

12432

    

: 100

:   010

: 004

.                

Operating 11 R
4

1
R → , we get 

















−−

−

−−

4110

215

318

    

: 100

:   010

: 001

.              
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Hence, the inverse of the given matrix is 

















−−

−

−−

4110

215

318

. Ans. 

(ii). Given 

















121

112

348

. 

 Writing the same matrix side by side with the unit matrix of order 3., we have  

 

















100

010

001

  

:   121

:  112

:  348

.          

Operating 233 RR2R −→  ,  122 RR4R −→ , we get 

















−

−

210

041

001

  

:   130

:  100

:  348

. 

Operating 322 RRR −→ , we get 

















−

−−−

210

251

001

  

:   130

:  030

:  348

. 

Operating 233 RRR +→ , 22 R
3

1
R 








−→ , we get 

















−

−

041
3

2

3

5

3

1
001

  

:   100

:  010

:  348

. 

Operating 311 R3RR −→ , we get 

















−

−

041
3

2

3

5

3

1
012-4

  

:   100

:  010

:  048

. 

Operating 211 R4RR −→ , we get 























−

−

−−

041
3

2

3

5

3

1
3

8

3

16

3

8

  

:   100

:  010

:  008

. 
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Operating 11 R
8

1
R → , we get 























−

−

−−

041
3

2

3

5

3

1
3

1

3

2

3

1

  

:   100

:  010

:  001

 

Hence the inverse of given matrix is 























−

−

−−

041
3

2

3

5

3

1
3

1

3

2

3

1

. 

















−

−

−−

=∴
−

041

251

121

9

1
A

1 . Ans. 

(iii). Let 

















=

221

122

212

A . 

According to Gauss-Jordan method, we have IAA = . 

A

100

010

001

221

122

212

















=

















⇒  

Operating 133 RRR −→ , we get A

001

010

100

212

122

221

















=

















. 

Operating  233 RRR −→ ,  122 R2RR −→ , we get A

011

210

100

110

320

221

















−

−=

















−

−− . 

Operating  211 RRR +→ ,  233 RR2R −→ , we get A

232

210

110

500

320

101

















−−

−

−

=

















−−

−

. 
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Operating 33 R
5

1
R → , we get A

5

2

5

3

5

2
210

110

100

320

101



















−

−

−

=

















−−

−

. 

Operating 311 RRR +→ ,  322 R3RR +→ , we get, A

5

2

5

3

5

2
5

4

5

4

5

6
5

3

5

2

5

2

100

020

001























−

−−

−

=

















− . 

Operating 
2

R
R 2

2 −→ , we get,  A

5

2

5

3

5

2
5

2

5

2

5

3
5

3

5

2

5

2

100

010

001























−

−−

−

=

















⇒ AAI 1−= .                   























−

−−

−

=∴ −

5

2

5

3

5

2
5

2

5

2

5

3
5

3

5

2

5

2

A 1
. Ans. 

(iv). Let  

















=

132

321

211

A . 

According to Gauss-Jordan method, we have  IAA =   A

100

010

001

132

321

211

















=

















⇒ . 

Operating 122 RRR +→ , we get A

100

010

001

132

110

211

















−=

















−− . 

  Operating 313 RR2R −−→ , we get A

102

010

001

310

110

211

















−

−=

















−

−− . 
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  Operating 233 RRR +−→ , we get A

112

010

001

400

110

211

















−−

−=

















−

−− . 

Operating 22 RR −→ , we get A

112

010

001

400

110

211

















−−

=

















−

. 

Operating 
4

R
R 3

3
−

→ , we get A

4

1

4

1

2

1
010

001

100

110

211



















−

=

















. 

Operating 211 RRR −→ , we get, A

4

1

4

1

2

1
010

011

100

110

101



















−

−

=

















. 

Operating 1 1 3R R R→ − , we get, A

4

1

4

1

2

1
010
4

1

4

5

2

1

100

110

001





















−

−

=

















. 

Operating 2 2 3R R R→ − , we get, A

4

1

4

1

2

1
4

1

4

3

2

1
4

1

4

5

2

1

100

010

001























−

−

−

=

















. 























−

−

−

=−

4

1

4

1

2

1
4

1

4

3

2

1
4

1

4

5

2

1

A 1
. Ans. 

Q.No.2.: Find the inverse of 

















=

113

321

210

A  by elementary row operations. 

Sol.: Writing the given matrix side by side with unit matrix I3, we get 
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[ ]
















=

100:113

010:321

001:210

I:A 3  

Operating 12R , we get 

















=

101:113

001:210

010:321

 

Operating 13 R3R − , we get

















−−−

=

130:850

001:210

010:321

 

Operating  ,R5R  ,R2R 2321 +−  we get

















−

−−

=

135:200

001:210

012:101

 

Operating 3R 
2

1
, we get



















−

−−

=

2

1

2

3

2

5
:100

001:210

012:101

 

 

Operating  ,R2R  ,RR 3221 −+  we get [ ]1
3 A:I

2

1

2

3

2

5
:100

134:010
2

1

2

1

2

1
:001

−=





















−

−−

−

=  





















−

−−

−−

=∴ −

2

1

2

3

2

5
134
2

1

2

1

2

1

A 1
. 

 

Problems on normal form: 

Q.No.1.: If  

















−

−

−

=

110

432

433

A find 
1A−

. Also find two non-singular matrices P and Q  

                such that PAQ = I, where I is the unit matrix and verify that QPA 1 =−
. 
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Sol.: Here  

















−

−

−

=

110

432

433

A . 

Part I: To find 
1A−

,   2A   ,2A   ,1A 131211 −=−== , 

                                    3A   ,3A   ,1A 232221 ==−= , 

                                    3A   ,4A   ,0A 333231 −=−== . 

















−−

−−

−

=∴

332

432

011

A . Adj .                         

Now  ( ) ( ) 123432433

110

432

433

A =−=+−−+−=

−

−

−

= . 

















−−

−−

−

==∴
−

332

432

011

A

A .Adj
A

1 . Ans. 

Part II: Since A= PAQ, where P and Q are two non-singular unit matrices of order 3 

each. 

































=

















−

−

−

⇒

100

010

001

 A 

100

010

001

110

432

433

. 

Operating 211 RRR −→ , we get 































 −

=

















−

−

100

010

001

A  

100

010

011

 

110

432

001

. 

Operating 322 CCC +→ , we get 































 −

=

















110

010

001

A  

100

010

011

100

412

001

. 

Operating 122 R2RR −→ , we get 

































−

−

=

















110

010

001

A  

100

032

011

100

410

001

. 
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Operating 233 C4CC −→ , we get 

















−

−

















−

−

=

















310

410

001

A  

100

032

011

100

010

001

. 

PAQI =⇒ ,   where 

















−

−

=

100

032

011

P   and  

















−

−=

310

410

001

Q . 

Part III: Verification:  P  QA 1 =−
. 

Now RHS

















−

−

















−

−==

100

032

011

 

310

410

001

QP

















−−

−−

−

=

332

432

011

. 

Now LHS

















−−

−−

−

==
−

332

432

011

A
1 . 

S.H.R.S.H.L =∴ . 

Hence QPA 1 =−
. 

Q.No.2.: Reduce the following matrices to the normal form and hence find their ranks. 

                (i) 

















−−− 4318

2230

6318

,   (ii) 



















−

−

−

0822

0411

1210

1201

. 

Sol.: (i). Let 

















−−−

=

4318

2230

6318

A . 

Operating 122 C
8

1
CC −→ ,  133 C

8

3
CC −→ ,  144 C

8

6
CC −→ , we get 

















−

=

10008

2230

0008

A . 

Operating 11 R
8

1
R → ,   133 RRR +→ , we get 

















=

10000

2230

0001

A . 
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Operating 33 R
10

1
R → , we get 

















=

1000

2230

0001

A . 

Operating 244 C
3

2
CC −→ ,  333 C

3

2
CC −→ , we get 

















=

1000

0030

0001

A . 

Operating 22 R
3

1
R → , we get 

















=

1000

0010

0001

A . 

Operating 43 CC ↔ , we get 

















=

0100

0010

0001

A , 

which is the required normal form [ ]O     I3 . 

Hence, rank of the matrix A is 3. Ans. 

(ii).  Let 



















−

−

−
=

0822

0411

1210

1201

A . 

Operating 134 C2CC −→ ,  144 CCC −→ , we get 



















−−

−−

−
=

21222

1211

1210

0001

A . 

Operating 133 RRR −→ ,  144 R2RR +→ ,  we get 



















−

−−

−
=

21220

1210

1210

0001

A . 

Operating 233 C2CC +→ ,  244 CCC −→ , we get 



















−

−
=

41620

0010

0010

0001

A . 
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Operating 233 RRR +→ ,  244 R2RR −→ , we get 



















−

=

41600

0000

0010

0001

A . 

Operating 344 C
16

4
CC +→ , we get 



















=

01600

0000

0010

0001

A . 

Operating 444 R
16

1
RR +→ , we get 



















=

0100

0000

0010

0001

A . 

Operating 43 RR ↔ , we get 



















=

0000

0100

0010

0001

A , 

which is the required normal form 








OO

OI3
. 

Hence, the rank of the matrix A is 3.  Ans.  

Q.No.3.: Find non-singular matrices P and Q such that PAQ is in the normal form for  

                  the matrices: 

                (i) 















 −−

113

111

111

,  (ii) 

















−

−

1403

3122

2321

. 

Sol.: (i)  Let 















 −−

=

113

111

111

A . 

Since we know that  I .A  . IA =   

































=















 −−

⇒

100

010

001

A  

100

010

001

113

111

111

. 
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Operating 133122 CCC,CCC +→+→ , we get  

100

010

111

A  

100

010

001

443

221

001

































=

















. 

Operating 133122 R3RR,RRR −→−→ , we get 

































−

−=

















100

010

111

A  

103

011

001

440

220

001

. 

Operating 233 R2RR −→ , we get 

































−−

−=

















100

010

111

A  

121

011

001

000

220

001

. 

Operating 
2

R
R 2

2 →  , we get

































−−

−=

















100

010

111

A  

121

0
2

1

2

1
001

000

110

001

 . 

Operating 233 CCC −→ , we get 

















−

















−−

−=

















100

110

011

A  

121

0
2

1

2

1
001

000

010

001

. 









=∴

00

0I
PAQ

2
, where 

















−−

−=

121

0
2

1

2

1
001

P    and  

















−=

100

110

011

Q . Ans. 

Also rank of the matrix A is  2. 

(ii). Let 

















−

−

=

1403

3122

2321

A . 

Since we know that 43 IA  IA = , where 3I  and 4I  are the unit matrix of order 3 and 4 

respectively. 



































=

















−

−

⇒

1000

0100

0010

0001

A  

100

010

001

1403

3122

2321

. 

Operating 122 C2CC −→ ,  133 C3CC −→ ,  144 C2CC +→ , we get 
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















 −−

















=

















−−

−−

1000

0100

0010

2321

A  

100

010

001

7561

7562

0021

. 

Operating 233 RRR −→ , we get 

















 −−

















−

=

















−−

1000

0100

0010

2321

A  

110

010

001

0001

7562

0001

. 

Operating 22 C
6

1
C 








−→ ,  33 C

5

1
C 








−→ ,  44 C

7

1
C 








→ , we get  



























−

−

















−

=

















7

1
000

0
5

1
00

00
6

1
0

7

2

5

3

3

1
1

A  

110

010

001

0001

1112

0001

. 

Operating 244 CCC −→ ,   233 CCC −→ , we get 



























−

−

−

















−

=

















7

1
000

0
5

1
00

6

1

6

1

6

1
0

21

1

15

4

3

1
1

A  

110

010

001

0001

0012

0001

. 

Operating 322 R2RR −→ ,  133 RRR −→  we get 



























−

−

−

















−−

−=

















7

1
000

0
5

1
00

6

1

6

1

6

1
0

21

1

15

4

3

1
1

A  

111

230

001

0000

0010

0001

. 
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PAQ
OO

OI2
=








⇒ , where  

111

230

001

P

















−−

−=   and  



























−

−

−

=

7

1
000

0
5

1
00

6

1

6

1

6

1
0

21

1

15

4

3

1
1

Q . Ans. 

Also rank of the matrix A is 2. 

 

Home Assignments: 
Q.No.1.: Find the rank of matrix 

      (i). 






 −

4130

5012
   (ii). 

















1063

742

321

 (iii). 

















10051

7621

5431

. 

Ans.: (i).  2    (ii). 2   (iii). 3. 

Q.No.2.: Find the rank of matrix 

      (i). 

















5431

1532

2321

   (ii). 

















 −−

2010

4130

2014

3211

. 

Ans.: (i).  2    (ii). 4 . 

Q.No.3.: Use Gauss-Jordan method to find the inverse of the matrix 















 −

310

015

102

. 

Ans.: 

















−

−

−

225

5615

113

. 

Q.No.4.: Reduce the matrices to normal form and hence find its rank 

               

















−

−−

=

2111

2133

6312

A . 
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Ans.: 3. 

Q.No.5.: Determine the rank of the matrix 



















−
=

1512416

79310

1624

8316

A by reducing it to the 

normal form. 

Ans.: 2. 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

Vectors: 

 Any quantity having n-components is called a vector of order n.  

Therefore, the coefficients in linear equation or the elements in a row matrix or 

column matrix will form a vector. Thus, any n numbers n21 x.,,......... x,x written in a 

particular order, constitute a vector x. 

Linear dependent vectors:  

 The vectors n21 x.,,......... x,x  are said to be linearly dependent, if there exist 

n numbers 1 2 n,  ,..........,λ λ λ  not all zero, such that 

1 1 2 2 n nx  x .......... x 0λ + λ + + λ = .                                                                                      (i) 

Linear independent vectors:  

If no such numbers, other than zero, exist, then the vectors are said to be 

linearly independent. 

Now let us suppose vectors n21 x.,,......... x,x  are said to be linearly dependent, 

then there exist r numbers 1 2 n,  ,..........,λ λ λ  not all zero.  

Let us suppose 01 ≠λ , then we write (i) in the form 

[ ]1 2 2 3 3 n n

1

1
x x x ............... x= − λ + λ + + λ

λ
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1 2 2 3 3 n nx x x ................. x⇒ = µ + µ + + µ . 

This means that the vector 1x  is said to be a linear combination of the vectors 

2 nx ,.........., x . 

Now let us solve some problems: 

Q.No.1.: Are the vectors 1x = (1, 3, 4, 2), ( )2x 3,  5,  2,  2= −  and ( )2 ,3 ,1 ,2x3 −=   

                linearly dependent? If so express one of these as a linear combination of the                      

                others. 

Sol.: Since we know that, the vectors  321 x , x,x  are said to be L.D., if ∃  numbers  

321 , , λλλ  not all zero s.t. 0xx x 332211 =λ+λ+λ . 

The relation 0xx x 332211 =λ+λ+λ . 

( ) ( ) ( ) 02 3, 1, ,22 2, 5, ,32 4, 3, ,1 321 =−λ+−λ+λ⇒ , 

023 321 =λ+λ+λ⇒ ,   053 321 =λ−λ−λ , 1 2 34 2 3 0λ + λ + λ = ,   0222 321 =λ+λ+λ . 



















=

















λ

λ

λ



















−−
≈

0

0

0

0

222

324

153

231

3

2

1

. 

Operating 122 R3RR −→ ,  133 R4RR −→ ,  144 R2RR −→ , we get 



















=

















λ

λ

λ



















−−

−−

−−

0

0

0

0

240

5100

7140

231

3

2

1

. 

Operating 233 R5R7R −→ ,  244 R2R5R −→ , we get   

1

2

3

1 3 2 0

0 14 7 0

0 0 0 0

0 0 0 0

   
λ    − −     λ =    
 λ    

   

. 

Operating 22 R
7

1
R 








−→ , we get   



















=

















λ

λ

λ



















0

0

0

0

000

000

120

231

3

2

1

. 

023 321 =λ+λ+λ⇒ , 
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              02 32 =λ+λ . 

23 2λ−=λ⇒   and 21 λ=λ  

321
2

1
λ−=λ=λ⇒ . 

Now these are satisfied by the values 11 =λ ,   12 =λ  and  23 −=λ , which are not zero. 

Thus, the given vectors are linearly dependent. 

Relation: Substituting these values in (i), we get 0x2xx 321 =−+ , 

⇒  Any of the given vectors can be expressed as a linear combination of the others. 

 e.g. 231 xx2x −= . 

Thus 1x  is a linear combination of 2x  and 3x  

Remarks:  

Applying elementary row operations to the vectors 321   x,  x,x , we see that the matrices  

















=

3

2

1

x

x

x

A   and  

















−+

=

321

2

1

x2xx

x

x

B , 

have the same rank. The rank of B being 2, the rank of A is also 2.  

Moreover, 21   x,x  are linearly independent and 3x  can be expressed as a linear 

combination of 1x  and 2x ( )







+= 213 xx

2

1
x∵ .  

Similar results will hold for column operations and for any matrix. In general, we have 

the following results: 

 If a given matrix has r linearly independent vectors (rows or columns) and the 

remaining vectors are linear combinations of these r vectors, then rank of the matrix is r. 

Conversely, if a matrix is of rank r, it contains r linearly independent vectors and 

remaining vectors (if any) can be expressed as a linear combination of these vectors.  

Q.No.2: Are the following vectors linearly dependent. If so, find the relation between  

                them: 

                (i) ( )7 2, ,3 ,  ( )1 4, ,2 ,  ( )6 2, ,1 − ,    

                (ii)  (1, 1, 1, 3),   (1, 2, 3, 4),   (2, 3, 4, 9), 
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                (iii)  ( )4 2, ,1x1 = ,  ( )3 ,1 ,2x2 − ,  ( )2 1, ,0x3 = ,   ( )2 7, ,3x4 −= . 

Sol.: (i). Let ( )7 2, ,3x1 = , ( )1 4, ,2x2 = ,  ( )6 2, ,1x3 −= . 

Then 0xx x 332211 =λ+λ+λ .                                                                                           (i) 

( ) ( ) 0)6 ,2 ,1(1 ,4 ,2 7,2 ,3 321 =−λ+λ+λ⇒ , 

which is equivalent to  

023 321 =λ+λ+λ ,         0242 321 =λ−λ+λ ,         067 321 =λ+λ+λ . 

















=

















λ

λ

λ

















−⇒

0

0

0

617

242

123

3

2

1

.      

Operating 122 R
3

2
RR −→ ,  133 R

3

7
RR −→ , we get   

















=

















λ

λ

λ























−

−

0

0

0

3

11

3

11
0

3

8

3

8
0

123

3

2

1

. 

Operating 233 R
8

11
RR +→ , we get   

















=

















λ

λ

λ

















−

0

0

0

000
3

8

3

8
0

123

3

2

1

.         

023 321 =λ+λ+λ⇒     and    2 3

8 8
0

3 3
λ − λ = 32 λ=λ⇒ . 

Thus 3131 033 λ−=λ⇒=λ+λ . 

321 λ−=λ−=λ∴ . 

Putting 11 =λ , 12 −=λ ,   13 −=λ , which are not zero.  

Thus, the given vectors are linearly dependent. 

Relation: Putting these values in (i), we get  0xxx 321 =−− . 

Hence 321 xxx += . 

Hence, 1x  can be expressed in terms of 2x  and  3x . 

(ii). Let ( )3 1, 1, ,1x1 = , ( )4 3, 2, ,1x2 = ,  ( )9 4, 3, ,2x3 =  

Then 0xx x 332211 =λ+λ+λ .                                                                                           (i) 
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( ) ( ) 0)9 ,4 ,3 ,2(4 ,3 ,2 ,1 3 ,1 ,1 ,1 321 =λ+λ+λ  

which is equivalent to  

02 321 =λ+λ+λ , 

032 321 =λ+λ+λ , 

043 321 =λ+λ+λ , 

0943 321 =λ+λ+λ . 



















=

















λ

λ

λ



















⇒

0

0

0

0

943

431

321

211

3

2

1

. 

Operating 122 RRR −→ ,  133 RRR −→ ,  144 RRR −→ , we get 

 



















=

















λ

λ

λ



















0

0

0

0

310

220

010

211

3

2

1

.       

Operating 233 R2RR −→ ,   244 RRR −→ , we get  



















=

















λ

λ

λ



















0

0

0

0

 

200

000

110

211

3

2

1

.                 

02 321 =λ+λ+λ⇒ , 032 =λ+λ   and   02 3 =λ . 

03 =λ⇒ ,  02 =λ  and  01 =λ . 

Thus 1λ ,  2λ  and  3λ  have value equal to 0. 

Hence, it is linearly independent. 

Relation: Since vectors are linearly independent, so there is no relation between them. 

(iii). ( )4 2, ,1x1 = , ( )3 ,1 2, x2 −= ,  ( )2 1, ,0x3 = ,   ( )2 7, ,3x4 −= . 

Then 0xxx x 44332211 =λ+λ+λ+λ .                                                                               (i) 

( ) ( ) 0)2 ,7 ,3()2 1, ,0(4 1, ,2 4 2, ,1 4321 =−λ+λ+−λ+λ⇒ , 

which is equivalent to  

032 421 =λ−λ+λ , 
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072 4321 =λ+λ+λ−λ , 

02234 4321 =λ+λ+λ+λ . 

















=



















λ

λ

λ

λ

















−

−

⇒

0

0

0

2234

7112

3021

4

3

2

1

. 

Operating  122 R2RR −→ ,  133 R4RR −→ , we get   

















=



















λ

λ

λ

λ

















−

−

−

0

0

0

14250

13150

3021

4

3

2

1

.  

Operating 233 RRR −→ , we get   

















=



















λ

λ

λ

λ

















−

−

0

0

0

1100

13150

3021

4

3

2

1

.                  

032 421 =λ−λ+λ⇒ ,   0135 432 =λ−λ+λ− ,   043 =λ+λ . 

By solving 41
5

9
λ=λ ,  42

5

12
λ−=λ ,   43 λ−=λ . 

Putting 14 =λ , we get     
5

9
1 =λ ,   

5

12
2 −=λ ,   13 −=λ . 

Thus, the given vectors are linearly dependent. 

Relation: Now 0xxx x 44332211 =λ+λ+λ+λ  

( ) 0x)1(x1x
5

12
 x

5

9
4321 =+−+








−+⇒  

05x5x12x9 4321 =+−−⇒ , 

which is the required relation between these vectors. 

 

Home Assignments 
Q.No.1.: Are the following vectors linearly dependent? If so, find a relation between 

them. 
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 (i). ( )2,3,1x1 = , ( )1,2,5x2 −= ,  ( )4,13,7x3 −=  

 (ii). ( )2,3,1,1x1 −= , ( )2,4,3,1x2 = ,  ( )2,2,5,3x3 −=  

 (iii). ( )1,1,3,2x1 −= , ( )2,1,3,2x2 −= ,  ( )1,2,6,4x3 = . 

Ans.: (i). Yes, Relation: 0xx2x3 321 =−− .   

          (ii). Yes, Relation: 0xxx2 321 =−− .   

          (iii). Yes, Relation: 0xx3x5 321 =−− .   

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 



 

 

 

 

 

 

 

 

 

 

 

 

Consistency of linear system of equations: 

Let 













=+++

=+++

=+++

mnmn22m11m

2nn2222121

1nn1212111

kxa.....xaxa

.......................................................

kxa........xaxa

kxa..........xaxa

,                                                                     (i) 

be a system of  m-non-homogenous equations in n-unknowns n21 x........, , x,x .  

If we write 

nmmn2m1m

n22221

n11211

a....aa

................

a....aa

a....aa

A

×



















= ,   

1nn

2

1

x

....

x

x

X

×



















= ,   

1mm

2

1

k

....

k

k

B

×



















=  

∴  (i) BAX =⇒ . 

Solution of linear system of equations: 

Any set of values of n21 x........, , x,x  which simultaneously satisfy all these 

equations is called a solution of the system of equations (i). 

Consistent and inconsistent: 

When the system of equations has one or more solutions, then the 

equations are said to be consistent, otherwise, they are said to be inconsistent.  
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Augmented matrix: 

The matrix [ ]



















==

mmn2m1m

2n22221

1n11211

ka....aa

....   ..................

ka....aa

ka....aa

BAK

⋮

⋮

⋮

⋮

⋮  is called the 

augmented matrix of the given system of equations. 

Theorem of consistencyTheorem of consistencyTheorem of consistencyTheorem of consistency    

Statement: The system of equations AX = B is consistent, i.e., possesses a 

solution iff the coefficient matrix A and the augmented matrix K = 

(A:B) are of the same rank. Otherwise, the system is inconsistent. 

Proof:Let 













=+++

=+++

=+++

mnmn22m11m

2nn2222121

1nn1212111

kxa.....xaxa

.......................................................

kxa........xaxa

kxa..........xaxa

,                                                                       (i) 

be a system of  m-non-homogenous equations in n-unknowns n21 x........, , x,x .  

If we write 

nmmn2m1m

n22221

n11211

a....aa

................

a....aa

a....aa

A

×



















= ,   

1nn

2

1

x

....

x

x

X

×



















= ,   

1mm

2

1

k

....

k

k

B

×



















=  

∴  (i) BAX =⇒ . 

Now we consider the following two possible cases: 

Case I.:When the rank of A = the rank of K = r ( r ≤  the smaller of numbers m and n). 

Then by, suitable row operations, the system of equations AX = B can be reduced to  













=+++

=+++

=+++

rnrn21

2nn22221

1nn1212111

xb...............x0x0

....................................................

xb..........xbx0

xb.......xbxb

ℓ

ℓ

ℓ

                                                                               (ii) 

and the remaining  ( )rm − equations being all of the form  

0x.0..........x.0x.0 n21 =+++ . 

The equations (ii) will have a solution, by choosing ( rn − ) unknowns arbitrary.  
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The solution will be unique only when r = n.  

Hence, the equations (i) are consistent, i.e., possesses solution.  

Case II.:When the rank of A (i.e. r) < the rank of K.  

In Particular, let the rank of K be r + 1.  

Then, by suitable row operations, the esystem of equations AX = B can reduced to 














=+++

=+++

=+++

=+++

+ ,x0.................x0x0

,xb...............x0x0

....................................................

,xb..........xbx0

,xb.......xbxb

1rn21

rnrn21

2nn22221

1nn1212111

ℓ

ℓ

ℓ

ℓ

 

and the remaining ( )[ ]1rm +−  equations are of the form  

0x.0..........x.0x.0 n21 =+++ . 

Clearly, the (r+1)
th 

 equation can not be satisfied by any set of values for the unknowns. 

Hence, the equations (i) are inconsistent, i.e., does not possess a solution. 

This completes the proof. 

Procedure to test the consistency of a system of equations in n-

unknown: 

 Find the ranks of the coefficient matrix A and the augmented matrix K, by 

reducing A to the triangular form by elementary row operations. Let the rank of A 

= r and rank of  K = ' r . 

(i) If ' rr ≠ , then the equations are inconsistent, i.e., there is no solution. 

(ii) n' rr == , then the equations are consistent and there is a unique solution. 

(iii) n' rr <= , then the equations are consistent and there are infinite number 

of solutions, by choosing to (n −−−− r) unknowns arbitrary. 

System of linear homogeneous equations:  

Consider the homogeneous linear equations 













=+++

=+++

=+++

0xa.....xaxa

.......................................................

0xa........xaxa

0xa..........xaxa

nmn22m11m

nn2222121

nn1212111

.                                                                                (i) 
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Find the rank r of the coefficient matrix A by reducing it to the triangular form by 

elementary operations. 

Case (i):If the rank of A = n: 

Then the equations (i) have only a trivial solution 

0x.................xx n21 ==== . 

If the rank of A n< :  

Then the equations (i) have ( )rn −  independent solutions and r cannot be n> . 

Remarks:The number of linearly independent solutions is 

( )rn −  means, if arbitrary values are assigned to ( )rn − of the 

variables, the values of the remaining variables can be 

uniquely found. 

 

Case (ii):When m < n: 

                 (i.e. the number of equations is less than the number of variables) 

Then the solution is always other than 0x.................xx n21 ==== . 

Case (iii):When m = n: 

                 (i.e. the number of equations = the number of variables).  

Then the necessary and sufficient condition for solutions other than 

0x.................xx n21 ==== , is that the determinant of the coefficient matrix is 

zero. In this case the equations are said to be consistent and such a solution is 

called non-trivial solution. The determinant is called the eliminant of the equation. 

 

Now let us examine the consistency of the following system of equations:  

System of  homogenous equations 

Q.No.1.: Solve the equations: 

(i) 0z3y2x =++ , 0z4y4x3 =++ , 0z12y10x7 =++ , 

                   (ii) 0w3zy2x4 =+++ , 0w7z4y3x6 =+++ , 0wyx2 =++ . 

Sol.: (i). Here coefficient matrix A = 

















12107

443

321

. 

Find the rank of the coefficient matrix A: 
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Operating 122 R3RR −→ , we get A ∼

















−−

12107

520

321

.              

Operating 2133 R2R7RR −−→ , we get A ∼

















−−

100

520

321

.        

Thus the rank of A = 3= the number of variables (i.e. r = n). 

∴The equations have only a trivial solution x = y = z = 0. 

(ii). Here coefficient matrix A is 

















=

1012

7436

3124

A . 

Find the rank of the coefficient matrix: 

Operating 133122 R
2

1
RR  ,R

2

3
RR −→−→ , we get A ∼























−−
2

1

2

1
00

2

5

2

5
00

3124

.       

Operating 233 R
5

1
RR +→ , we get A ∼

















0000
2

5

2

5
00

3124

.             

Thus the rank of A = 2 < the number of variable (i.e. nr < ) 

∴Number of independent solutions = 224 =− . Also the given system is equivalent to  

0w3zy2x4 =+++ , 0wz =+ . 

∴  We have wz −= and wx2y −−= , 

which give an infinite number of non-trivial solutions, by choosing the values of x and w 

arbitrary. 

Q.No.2.:Find the values of λ  for which the equations 

( ) ( ) 0z2y13x1 =λ++λ+−λ , 

( ) ( ) ( ) 0z3y24x1 =+λ+−λ+−λ , 

( ) ( ) 0z13y13x2 =−λ++λ+ ,   
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are consistent, and find the ratios of x : y : z, when λ  has the smallest of   

                   these values. What happens when λ  has the greater of these values. 

Sol.: The given equations will be consistent, if  

( )
0

13132

3241

2131

=

−λ+λ

+λ−λ−λ

λ+λ−λ

.                       

Operating 122 RRR −→ , we get

( )
0

13132

330

2131

=

−λ+λ

λ−−λ

λ+λ−λ

.            

Operating 233 CCC +→ , we get 0

26132

030

15131

=

−λ+λ

−λ

+λ+λ−λ

. 

( )
( )

0
1322

151
3 =

+λ

+λ−λ
−λ⇒ ( ) ( )( ) ( )[ ] 01513132 =+λ−−λ−λ−λ⇒ ( ) 036

2 =−λλ⇒

0=λ⇒ or  3. 

(a). When 0=λ , the equations become 0yx =+−                                                         (i) 

0z3y2x =+−−                                              (ii) 

0z3yx2 =−+                                               (iii) 

Solving (ii) and (iii), we get 
41

z

36

y

36

x

+−
=

−
=

−
.  

Hence x = y = z. 

(b). When 3=λ , equations become identical. 

Q.No.3.:Determine the values of λ  for which the following set of equations may  

               possess non-trivial solution: 

0xxx3 321 =λ−+ ,  0x3x2x4 321 =−− ,  0xx4x2 321 =λ++λ . 

               For each permissible value of λ , determine the general solution. 

Sol.: Given equations are 0xxx3 321 =λ−+ ,                                                                  (i) 

0x3x2x4 321 =−− ,                                                                (ii) 

0xx4x2 321 =λ++λ .                                                              (iii) 
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The given system of equations will be consistent, if 0A = 0

42

324

13

=

λλ

−−

λ−

⇒ . 

( ) ( ) ( ) 04166411223 =λ+λ−λ+−+λ−⇒  

9    ,10992 −=λ⇒=−λ+λ−λ⇒ . 

For 1=λ , equations (i), (ii) and (iii), becomes 

0xxx3 321 =−+ (iv) 

0x3x2x4 321 =−−                                                                                                           (v)            

0xx4x2 321 =++ (vi) 

By (iv) and (vi), we get 

0x5x5 21 =+  

kxx 21 =−=⇒  (say) 

kx1 =∴ ,   kx2 −=  

Value of k put in equation (iv), we get 

k2x0xkk3 33 =⇒=−− . 

When 1=λ . Solution is kx1 = ,  kx2 −=  and  k2x3 = . Ans. 

For 9−=λ , equations (i), (ii) and (iii), becomes 

0x9xx3 321 =++            (vii)   

0x3x2x4 321 =−−            (viii)            

0x9x4x18 321 =−+− .                                (ix)      

By equation (vii) and (viii), we get 

k
46

x

936

x

183

x 321 =
−−

=
+

=
+−

 

k
2

x

9

x

3

x 321 =
−

==⇒ k2   x,k9   x,k3x 321 −===⇒ . 

Hence we calculated  

For 9−=λ ,  k2   x,k9   x,k3x 321 −=== , 

For 1=λ ,   kx1 = ,  kx2 −=  and  k2x3 = , be the required general solution. 
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Q.No.4.: Solve completely the system of equations 

0w3z2yx =+−+ , 0wzy2x =−+− , 

0w8z5yx4 =+−+ , 0wz2y7x5 =−+− . 

Sol.: The matrix form of the given system of equations is  



















=





































−−

−

−−

−

0

0

0

0

w

z

y

x

1275

8514

1121

3211

. 

Operating 122 RRR −→ ,  133 R4RR −→ ,  144 R5RR −→ , we get  



















=





































−−

−−

−−

−

0

0

0

0

w

z

y

x

1612120

4330

4330

3211

. 

Operating  233 RRR −→ ,  244 R4RR −→ , we get 



















=





































−−

−

0

0

0

0

w

z

y

x

0000

0000

4330

3211

 

0w3z2yx =+−+⇒ ,                                (i) 

0w4z3y3 =−+− .                                    (ii) 

Suppose λ=z  and µ=w  

Now put the values of z and w in equation (ii), we get 

043y3 =µ−λ+− λ−µ=−⇒ 34y3 µ−λ=⇒
µ−λ

=⇒
3

4
y

3

43
y . 

Put the value of y in equation (i), we get 

( )
032

3

43
x =µ+λ−

µ−λ
+ 09643x3 =µ+λ−µ−λ+⇒  

µ−λ=⇒=µ+λ−⇒
3

5
x053x3 . 

Thus µ−λ=
3

5
x ,   µ−λ=

3

4
y ,  λ=z  and  µ=w   be the required solution. 

Q.No.5.: Solve the equations  

0x2x3x 321 =++ , 0x3x3x2 321 =+− ,  
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0x4x5x3 321 =+− , 0x4x17x 321 =++ . 

Sol.: In matrix notation, the given system of equations can be written as AX = 0 

where 



















−

−
=

4171

453

312

231

A ,  

















=

3

2

1

x

x

x

X . 

Operating 11 R2R − , 13 R3R − , 14 RR − , we get 



















−−

−−
≈

2140

2140

170

231

A . 

Operating 23 R2R − , 24 R2R + , we get 



















−−
≈

000

000

170

231

A . 

Operating 21 R2R + , we get 



















−−

−

≈

000

000

170

0111

A . 

( ) <=ρ 2A number of unknowns. 

⇒The system has an infinite number of non-trivial solutions given by 

0x11x 21 =− , 0xx7 32 =−−  

i.e.,   k11x1 = , kx2 = ,   k7x3 = , where k is any number. Different values of k give 

different solutions. 

 

System of  non-homogenous equations 

Q.No.1.: Test the consistency and solve 

4z7y3x5 =+++ ,  9z2y26x3 =++ , 5z10y2x7 =++ . 

Sol.: The given set of equations can be written as 

















=

































5

9

4

z

y

x

1027

2263

735

. 
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Operating 2211 5RR  ,R3R →→ , we get 

















=

































5

45

12

z

y

x

1027

1013015

21915

. 

Operating 122 RRR −→ , we get 

















=

































−

5

33

12

z

y

x

1027

111210

21915

. 

Operating 223311 R
11

1
 R,5RR ,R

3

7
R →→→ , we get 

















=

































−

25

3

28

z

y

x

501035

1110

492135

. 

Operating 112133 R
7

1
R ,RRRR →+−→ , we get 

















=

































−

0

3

4

z

y

x

000

1110

735

. 

Here the ranks of coefficient matrix A = the rank the augmented matrix K = 2. 

Hence, the equations are consistent. 

Also the given system is equivalent to  

4z7y3x5 =++ , 3zy11 =− .     

11

z

11

3
y +=∴ and z

11

16

11

7
x −= ,  where z is parameter.  

Thus, we have infinite number of solutions by choosing one unknown arbitrary. 

If we put z = 0, we get  

11

7
x = , 

11

3
y = , which is a particular solution. 

Q.No.2.: Investigate for consistency of the following equations and if possible find the  

                solutions: 

8z6y2x4 =+− ,  1z3yx −=+− ,  21z9y3x15 =+− . 

Sol.: Here  

















−=

































−

−

−

21

1

8

z

y

x

9315

311

624

 is the matrix representation of the given equations. 

Now operating 
2

R
R 1

1 → , 
2

R
R 3

3 → , we get 

















−=

































−

−

−

7

1

4

z

y

x

 

315

311

312

. 
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Operating 122 RR2R −→ , we get 

















−=

































−

−

−

7

6

4

z

y

x

 

315

930

312

. 

Operating 
3

R
R 2

2 → , 133 R5R2R −→ , we get

















−=

































−

−

0

2

4

z

y

x

 

000

310

312

.  (i) 

Here the rank of coefficient matrix A = 2 = the rank of augmented matrix 3K < . 

Hence the given system of equations is consistent and we have infinite number of 

solutions. 

Now (i) 4z3yx2 =+−⇒ , 2z3y −=− . 

Let z = k arbitrary number, hence 

2k3y −= and 4z32k3x2 =++−  

4k32k3x2 =++−⇒ 1x2x2 =⇒=⇒ . 

Hence x = 1,  2k3y −= and  z = k  for all k, 

which gives an infinite no. of non-trivial solutions. 

Q.No.3.: Test for consistency and solve: 

(i)    5x7y3x2 =+− ,  13z3yx3 =−+ ,  32z47y19x2 =−+ , 

(ii) 3zy2x =++ ,  5z2y3x2 =++ ,  2z5y5x3 =+− ,  4zy9x3 =−+ , 

(iii) 011y6x2 =++ ,  03z6y20x6 =+−+ ,  01z18y6 =+− . 

Sol.: (i) We have AX = B 

















=

































−

−−

−−

⇒

32

13

5

z

y

x

47192

313

732

. 

Operating 211 R2R3R −→ , 133 RRR −→ , we get 















−

=

































−

−

−

27

13

11

z

y

x

54220

313

27110

. 

Operating 133 R2RR +→ , we get 















−

=

































−

−

27

13

11

z

y

x

000

313

27110

. 

Here ( ) 3K2)A( =ρ≠=ρ . 
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This shows that the given system of equations is not consistent, i.e., no solution for these 

equations. 

 (ii). Given equations are 

3zy2x =++ ,  5z2y3x2 =++ ,  2z5y5x3 =+− ,  4zy9x3 =−+ . 

Now we have ⇒= BAX



















=



































−

−

4

2

5

3

z

y

x

193

553

232

121

. 

Operating 122 R2RR −→ , 133 R3RR −→  and 144 R3RR −→ , we get 



















−

−

−
=



































−

−

−

5

7

1

3

z

y

x

430

2110

010

121

. 

Operating 133 R11RR −→ , 144 R3RR +→ , we get 



















−

−
=



































−

−

8

4

1

3

z

y

x

400

200

010

121

 

Operating 344 R2RR +→ , we get 



















−
=



































−

0

4

1

3

z

y

x

000

200

010

121

.                                           (i) 

Here =ρ==ρ )K(3)A(  no. of unknowns. 

Hence, the given system of equations is consistent and there is only unique solution. 

Now (i) 3zy2x =++⇒ , 

1y1y =⇒−=− , 

2z4z2 =⇒= . 

Now putting y and z in the equation, we get 1x −= . 

Hence, solution is 1x −= , 1y =  and 2z = . Ans. 

(iii). Given equation are  

011y6x2 =++ , 03z6y20x6 =+−+ , 01z18y6 =+− . 
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Now we have AX= B 

















−

−

=

































−

−⇒

1

30

11

z

y

x

1860

6206

062

. 

Operating 122 R3RR −→ , we get 

















−

−

=

































−

−

1

30

11

z

y

x

1860

620

062

. 

Operating 233 R3RR −→ , we get 

















−

−

=

































−

91

30

11

z

y

x

000

620

062

. 

Here ( ) 3K2)A( =ρ≠=ρ . 

This shows that the given system of equations is not consistent, i.e. no solution for these 

equations. 

Q.No.4.: Test for consistency and solve: 

9x3x4x2x2 4321 =++− , 6x2x2xx 4321 =++− ,   

3x2xx2x2 4321 =++− , 2xxx 421 =+−  

Sol.: Apply elementary row operation on [ ]BA . 

Since [ ]





















−

−

−

−

=

2

3

6

9

1011

2122

2211

3422

BA . 

Operating ( ) ( ) ( ) ( ) ( ) ( )14131223114122112 R  ,R   ,R   , R  ,R  ,R  ,R −−−−−− , we get 

[ ]BA



















 −

=

4

9

3

6

1200

2300

1000

2211

. 

Operating ( )134R − , we get  [ ]BA



















 −

=

4

5

3

6

1200

1100

1000

2211

. 
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Operating 4332 R  ,R , we get [ ]BA



















 −

=

3

4

5

6

1000

1200

1000

2211

. 

Operating ( ) ( )13232 R  ,R −− , we get [ ]BA



















 −

=

3

6

5

6

1000

1000

1100

2211

. 

Operating ( ) ( )14143 R  ,R −− , we get [ ]BA



















 −

=

3

6

5

6

0000

1000

1100

2211

. 

Rank of (A) 43 ≠=  = rank of [ ]BA . 

So the given system in inconsistent and therefore has no solution. 

Q.No.5.: Solve the system of equations: 

6xx2xx2 4321 =+++ , 36x12x6x6x6 4321 =++− , 

1x3x3x3x4 4321 −=−++ , 10xxx2x2 4321 =+−+ . 

Sol.: In matrix notation, the given system of equations can be written as AX = B 

where 



















−

−

−
=

1122

3334

12666

1212

A , 



















=

4

3

2

1

x

x

x

x

X ,  



















−
=

10

1

36

6

B . 

Augmented matrix [ ]BA⋮



















−

−−

−
=

101122

13334

3512666

61212

⋮

⋮

⋮

⋮

. 

Operating 12 R3R − , 13 R2R − , 14 RR − , we get [ ]



















−

−−−

−
=

41310

135110

189090

61212

BA

⋮

⋮

⋮

⋮

⋮ . 
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Operating 2R
9

1
− , we get [ ]



















−

−−−

−−
=

40310

135110

21010

61212

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 21 RR − , 23 RR − , 24 RR − , we get [ ]



















−

−−−

−−
=

61300

114100

21010

81202

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 34 R3R − , 1R
2

1
, we get [ ]



















−−−

−−
=

3913000

114100

21010

41101

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 31 RR + , 4R
13

1
, we get [ ]



















−−−

−−

−−

=

31000

114100

21010

73101

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 41 R3R + , 42 RR + , 43 R4R + , we get [ ]



















−
=

31000

10100

10010

20101

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating ( ) 3R1− , we get [ ]



















−
=

31000

10100

10010

20101

BA

⋮

⋮

⋮

⋮

⋮ . 

Hence x1 = 2, x2 = 1, x3 = 1, x4 = 3. 

Q.No.6.: Using matrix method, show that the equations: 

                3x + 3y + 2z = 1, 4y2x =+ , 2z3y10 =+ , 5zy3x2 =−−  

                are consistent and hence obtain the solutions for x, y and z. 

Sol.: In matrix notation, the given system of equations can be written as AX = B 
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where 



















−−

=

132

3100

021

233

A ,  

















=

z

y

x

X ,   



















−
=

5

2

4

1

B . 

Augmented matrix [ ]BA⋮



















−−

−
=

5132

23100

4021

1233

⋮

⋮

⋮

⋮

. 

Operating 12R , we get [ ]



















−−

−
=

5132

23100

1233

4021

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 12 R3R − , 14 R2R − we get [ ]



















−−−

−

−−
=

3170

23100

11230

4021

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 23 R3R + , 24 R2R − we get [ ]



















−−

−

−−
=

19510

35910

11230

4021

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 31 R2R − , 32 R3R + , 34 RR + we get [ ]



















−

−

−

−

=

16400

35910

1162900

741801

BA

⋮

⋮

⋮

⋮

⋮ . 

Operating 23R , 4R
4

1
, we get [ ]



















−

−

−

−

=

4100

1162910

35900

741801

BA

⋮

⋮

⋮

⋮

⋮  

Operating 41 R18R + , 42 R9R − , 43 R29R − we get [ ]



















−

=

4100

0000

1010

2001

BA

⋮

⋮

⋮

⋮

⋮  
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Operating 34R , we get [ ]



















−
=

0000

4100

1010

2001

BA

⋮

⋮

⋮

⋮

⋮  

( ) ( ) ==ρ=ρ 3B:AA number of unknowns. 

⇒  The given system of equations is consistent and the solution is x = 2,  y = 1,  4z −= . 

Q.No.7.: Test for consistency and solve: 

1z2y3x3 =++ , 4y2x =+ , 2z3y10 −=+ , 5zy3x2 =−− . 

Sol.: [ ]BA





















−

−−

=

5

2

4

1

132

3100

021

233

. 

Operating R12, we get [ ]BA





















−

−−

=

5

2

1

4

132

3100

233

021

. 

Operating ( ) ( ) R  ,R 241321 −− , we get [ ]BA





















−

−

−−

−
=

3

2

11

4

170

3100

230

021

. 

Operating ( ) 42(7)1032

3

1
2

R   , R  ,R −








−

, we get [ ]BA

























−

−

−

=

3

68
3

116
3

11
4

3

17
00

3

29
00

3

2
10

021

. 

Operating  R  ,R 

3

17
43

29

3
3 















 , we get [ ]BA























−

−
=

0
3

116
3

11
4

000

100
3

2
10

021

. 

r(A) = 3 = [ ]BA  = n = number of variables.  
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The system is consistent and has unique solution. 

Solving, we get 4
29

116
z −=−= . 

( ) 14
3

2

3

11
y

3

11
z

3

2
y =−+=⇒=−  

224x0y2x =−=⇒++ . 

i.e., x = 2,  y = 1,  4z −= . 

Q.No.8.:Solve 0xxx 321 =−+ , 3xxx2 321 =+− , 2x2x2x4 321 =−+ . 

Sol.: By applying elementary row operation 

[ ]BA

















−

−

−

=

2

3

0

224

112

111

. 

Operating ( ) ( ) R  ,R 431221 −− , we get [ ]BA

















−

−

−

=

2220

3330

0111

. 

Operating  R  ,R 

2

1
3

3

1
2 








−








−

, we get [ ]BA

















−

−

−

−

−

=

1

1

0

110

110

111

. 

Operating ( ) R 132 − , we get [ ]BA

















−−

−

=

0

1

0

000

110

111

. 

r(A) = 2 = [ ]BA < 3 = n = number of variables.  

The system is consistent but has infinite numbers of solutions in terms of 123rn =−=−

variable. 

Choose x3 = k = arbitrary constant 

Solving 1k1xx1xx 3332 −=−=⇒=− . 

0xxx 321 =−+ 1k1kxxx 321 =++−=+−=⇒ . 

Thus the solutions are 

x1 = 1, 1kx2 −= ,  kx3 = , where k is arbitrary. 

Q.No.9.: Solve, with the help of matrices, the simultaneous equations: 
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3zyx =++ ,  4z3y2x =++ ,   6z9y4x =++ . 

Sol.: In this question, there is no restriction that the solution must be obtained by finding 

1A−
. 

Now here augmented matrix [ ]
















=

6:941

4:321

3:111

B:A . 

Operating 12 RR − ,   13 RR − , we get  [ ]
















=

3:830

1:210

3:111

B:A  . 

Operating 23 R3R − , we get [ ]
















=

0:200

1:210

3:111

B:A  . 

Operating 3R
2

1
, we get [ ]

















=

0:100

1:210

3:111

B:A . 

Operating 32 RR − ,   32 R2R − , we get [ ]
















=

0:100

1:010

3:011

B:A . 

Operating 21 RR − , we get [ ]
















=

0:100

1:010

2:001

B:A . 

2x =∴ ,  y = 1,   z = 0. 

This method is especially useful when the number of unknown is 4, since A is order of 4 

and the co-factor of its various elements are determinants of order 3. 

Q.No.10.:Investigate the values of  λ  and µ  so that the equations 

9z5y3x2 =++ ,  8z2y3x7 =−+ ,   µ=λ++ zy3x2 , have  

                (i) no solution, (ii) a unique solution and  (iii) an infinite number of solutions. 

Sol.: The given set of equations can be written as 

















µ

=

































λ

− 8

9

z

y

x

32

237

532

. 
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⇒AX = B 

















µ

=

































λ

−⇒ 8

9

z

y

x

32

237

532

. 

 The augmented matrix K = [A : B]

















µλ

−

⋮

⋮

⋮

      32

8   237

9     532

. 

Operating 133 RRR −→ , 122 R7R2R −→ , we get 

















−µ−λ

−−−

9    500

47   39150

9      532

~K

⋮

⋮

⋮

 

(i). If 5≠λ , we have rank of K = 3 = rank of A [i.e. ' rr = ]  

⇒The given system of equations is consistent. 

Also the rank of A = the number of unknowns. 

⇒The given system of equations posses a unique solution. 

Thus, 5≠λ , the given equations possesses a unique solution for any value of µ . 

(ii). If 5=λ and 9=µ , we have rank K = rank A. 

⇒The given system of equations is again consistent.  

Also the rank of A < the numbers of unknowns.  

⇒  The given system of equations possesses an infinite number of solutions. 

(iii). If 5=λ and 9≠µ , we have rank of  K = 3, and rank of A = 2 ⇒ rank K ≠  rank A. 

⇒The given system of equations is inconsistent and possesses no solution. 

Q.No.11.: Investigate for what values of λ  and µ  the simultaneous equations 

                 6zyx =++ ,  10z3y2x =++ ,  µ=λ++ zy2x , have 

                 (i) no solution, (ii) a unique solution (iii) an infinite number of solutions. 

Sol.: We have 

















µ

=

































λ

⇒= 10

6

z

y

x

21

321

111

BAX .  

The augmented matrix [ ]
















µλ

==

:  21

10:  321

6:   111

B:AK . 
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Operating 122 RRR −→ , 133 RRR −→ , we get [ ]
















−µ−λ

==

6:  110

4:  210

6:   111

B:AK . 

Operating 233 RRR −→ , we get  

















−µ−λ 10:  300

4:    210

6:   111

. 

(i). If 3=λ and 10≠µ , then ( ) ( ) 3K2A =ρ≠=ρ  

⇒ the given system of equations is inconsistent i.e., possesses no solution. 

 (ii). If 3≠λ and µ∀ , then ( ) ( ) 3KA =ρ=ρ  = the number of unknowns.  

⇒The given system of equations is consistent, and possesses a unique solution. 

Thus if 3≠λ , µ∀ ,  the given system of equations possesses a unique solution. 

 (iii). If 3=λ and 10=µ , then ( ) ( ) 2KA =ρ=ρ < the number of unknowns. 

⇒The given system of equations is again consistent and possesses an infinite number of 

solutions. 

Q.No.12.:For what values of k the equations 1zyx =++ ,  kz4yx2 =++ ,    

2kz10yx4 =++ have a solution and solve them completely in each case. 

Sol.: Here the matrix form of the given system of equations is  

















=

































2k

k

1

z

y

x

1014

412

111

. 

Operating 122 R2RR −→ , 133 R4RR −→ , we get 

















−

−=

































−

−

4k

2k

1

z

y

x

630

210

111

2

. 

Operating 33 R
3

1
R → , we get 

( )




















−
−=

































−

−

3

4k

2k

1

z

y

x

210

210

111

2
. 

Operating 233 RRR −→ , we get 

( )




















+−
−

−=

































−

2k
3

4k

2k

1

z

y

x

000

210

111

2
. 
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1zyx =++⇒ ,  2kz2y −=+− and  2k
3

4k
0

2

+−
−

= . 

This is only possible i. e. have solution if 
( )

02k
3

4k2

=+−
−

 

⇒=+−⇒ 02k3k2   k = 2, 1. 

Case 1: Let k = 2. 

We have 1zyx =++ ,  z2y02kz2y =⇒=−=+−  

If z = c, then  c2y0c2y =⇒=+−  

and c31x −= . 

∴At k = 2,   c31x −= ,   c2y = ,  z = c, 

which is the required solution when k = 1. 

Case 2: Let k = 1, then c21y1c2y +=⇒−=+−  

and c3c211x −=−−= . 

∴At k = 1,   c3x −= ,   c21y += ,  z = c, 

which is the required solution when k = 1. 

Q.No.13.: Find the values of a and b for which the equations: 

3zayx =++ ,  bz2y2x =++ ,  9z3y5x =++  are consistent.  

                Determine the solution in each case.  

                When will these equations have unique solution ? 

Sol.: The matrix form of the given system of equations is  

















=

































9

b

3

z

y

x

351

221

1a1

. 

Operating 233 RRR −→ , we get 

















−

=

































b9

b

3

z

y

x

130

221

1a1

. 

Operating 122 RRR −→ , we get 

















−

−=

































−

b9

3b

3

z

y

x

130

1a20

1a1

. 
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Operating 232 RRR +→ , we get 

















−

−=

































+

−

b212

3b

3

z

y

x

0a10

0a20

1a1

. 

Case (i): When 1a −= ,  b = 6, then equations will be consistent and have infinite number  

                 of  solutions. 

Case (ii): When 1a −= ,  6b ≠ , then equations will be inconsistent. 

Case (iii): When b     1a ∀−≠ ,  then equations will be consistent and have a unique  

                  solutions. 

Q.No.14.: Determine the values of a and b for which the system  

6z3y2x =++ , 9z5y3x =++ , bazy5x2 =++  

                  has (i) no solution (ii) unique solution (iii) infinite number of solutions.  

                 Find the solution in case (ii) and (iii). 

Sol.: [ ]BA

















=

b

9

6

a52

531

321

 

Operating ( ) ( ) R  ,R 231121 −− , we get 

















−−

=

12b

3

6

6a10

210

321

 

Operating ( )132R − , we get 

















−−

=

15b

3

6

8a00

210

321

 

Case 1: a = 8, 15b ≠ , r(A) [ ]BAr32 =≠= , inconsistent, no solution. 

Case 2: 8a ≠ , b any value. r(A) = 3 = [ ]BA  = n = number of variables, unique solution, 

8a

15b
z

−

−
= . 

( )
( )8a

6b2a3
y

−

+−
= , 

( )
( )8a

15b
zx

−

−
== . 

Case 3: a = 8, b = 15,  r(A) = 2 = [ ]BA < 3 = n. Infinite solutions with 123rn =−=−  

arbitrary variable. x = k, k23y −= , z = k, with k arbitrary. 
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Q.No.15.:Show that the equations az5y4x3 =++ , bz6y5x4 =++ , cz7y6x5 =++  

do not have a solution unless b2ca =+ . 

Sol.: Let 

















=

765

654

543

A ,  

















=

c

b

a

B ,  

















=

z

y

x

X .  

Then the matrix form of the equations is  AX = B  

3 4 5 x a

4 5 6 y b

5 6 7 z c

     
     ⇒ =     
          

. 

Operating,  122 R4R3R −→ , we get 

















−=

































−−

c

a4b3

a

z

y

x

765

210

543

. 

Operating,  133 R5R3R −→ , we get

















−

−=

































−−

−−

a5c3

a4b3

a

z

y

x

420

210

543

. 

Operating,  233 RR
2

1
R −→ , we get

3 4 5 x a

0 1 2 y 3b 4a

0 0 0 z 3c 6b 3a

2

 
    
    − − = −    
     − +     
 

. 

If  0
2

a3b6c3
≠

+−
, then equations are inconsistent. 

If )K()A( ρ=ρ , then equations are consistent. This is possible only when 

0
2

a3b6c3
=

+−
b2ca0a3b6c3 =+⇒=+−⇒ . 

Thus the given equations do not have a solution unless a + c =2b. 

Q.No.16.:Show that if 5−≠λ , the system of equations  

3z4yx3 =+− ,  2z3y2x −=−+ ,  3zy5x6 −=λ++  have a unique solution.  

If 5−=λ , show that the equations are consistent.  

                 Determine the solution in each case. 

Sol.: The matrix form of the given system of equations is  

















−

−=

































λ

−

−

3

2

3

z

y

x

56

321

413

. 
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Operating 122 RR3R −→ , 133 R2RR −→ , we get 

















−

−=

































−λ

−

−

9

9

3

z

y

x

870

1370

413

. 

Operating, 233 RRR −→ , we get 

















−=

































+λ

−

−

0

9

3

z

y

x

500

1370

413

. 

Case 1. If 5−≠λ . Then =ρ==ρ )K(3)A( number of unknowns.  

⇒  The system of equations is consistent and have a unique solution.  

Then the unique solution is z = 0,  
7

9
y −= ,  

7

4
x = . 

Case 2. If 5−=λ , then )K(2)A( ρ==ρ < number of unknowns = 3. 

⇒The system of equations is consistent and have infinite number of solutions. 

Put z = k for all values of k, then 

( )9k13
7

1
y −= ,    ( )3z4y

3

1
x +−= ( )k54

7

1
x −=⇒ . 

Hence when 5−=λ , then  ( )k54
7

1
x −= , ( )9k13

7

1
y −=  and z = k for all values of k, 

be the required solution. 

Q.No.17.:Find the values of λ  for which the equations ( ) 03y2x2 =++λ− ,  

( ) 07y4x2 =+λ−+ ,  ( ) 06y5x2 =λ−++  are consistent and find the values   

of x and y corresponding to each of these values of λ . 

Sol.: Here coefficient matrix 

















λ−

λ−

λ−

=

652

742

322

A . 

The given equations are consistent if  0A = 0

652

742

322

=

λ−

λ−

λ−

⇒ . 

Operating 233 RRR −→ , we get 0

110

742

322

=

λ−−λ+

λ−

λ−

. 
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Operating 211 RRR −→ , we get 0

110

742

42

=

λ−−λ+

λ−

−λ+−λ−

. 

Operating 322 CCC +→ , we get 0

100

7112

46

=

λ−−

λ−

−λ+λ−

. 

Operating 211 RRR +→ , we get 0

100

7112

352

=

λ+

λ−

λ−

. 

Now expanding the determinant, we get 

( ) ( )( ){ } 0101121 =−λ−λ−λ+ ( )( ) 012131 2 =+λ−λλ+⇒  

⇒Either ( ) 01 =+λ or  012132 =+λ−λ . 

012132 =+λ−λ⇒ 1  ,12=λ⇒ . 

Therefore the values of 12  1,  ,1−=λ . 

Case 1. When 1−=λ , the equations become  

03y2x3 =++ , 

07y5x2 =++ , 

07y5x2 =++ . 

On solving these equations, we get  
11

1
x −= ,    

11

15
y −= . Ans. 

Case 2. When 1=λ , the equations become 

03y2x =++ , 

07y3x2 =++ , 

05y5x2 =++ . 

On solving these equations, we get  5x −= ,    1y = . Ans 

Case 3. When 12=λ , the equations become 

03y2x10 =++− , 

( ) 07y8x2 =+−+ , 

06y5x2 =−+ . 
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On solving these equations, we get  
2

1
x = ,    1y = . Ans. 

Q.No.18.:Show that there are three real values of λ  for which the equations  

( ) 0czbyxa =++λ− ,  ( ) 0azycbx =+λ−+ , ( ) 0zbaycx =λ−++  

are simultaneously true and that the product of these values of λ  is  

bac

acb

cba

D = . 

Sol.: Here the coefficient matrix 

















λ−

λ−

λ−

=

bac

acb

cba

A . 

These equations will be consistent if   0A = 0

bac

acb

cba

=

λ−

λ−

λ−

⇒ . 

Operating 3211 CCCC ++→ , we get 0

bacba

accba

cbcba

=

λ−λ−++

λ−λ−++

λ−++

. 

Taking ( )λ−++ cba  out side, we get   ( ) 0

ba1

ac1

cb1

cba =

λ−

λ−λ−++ . 

Operating 311 RRR −→ , 322 RRR −→ , we get 

( ) 0

ba1

baac0

bcab0

cba =

λ−

λ+−−λ−

λ+−−

λ−++ . 

On expanding, we get 

( ) ( )( ) ( )( ){ } 0acbcbaabcba =−λ−λ+−−λ+−−λ−++  

( ) ( ){ } 0acabbcbacccaababbabcba 2222 =λ+λ+λ−−λ−++λ+−λ−+−λ+−λ−++⇒

( ) ( ){ } 0bccaabcba2cba 2222 =−−−++−λλ−++⇒  

Either cba ++=λ   or   ( ){ } 0bccaabcba2 2222 =++−++−λ . 
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( )
2

cabcabcba4 222 −−−++±
=λ⇒ ( )cabcabcba 222 −−−++±= . 

Thus three roots are cba1 ++=λ ,    cabcabcba
222

2 −−−++=λ   and  

cabcabcba 222
3 −−−++−=λ  

Product of three roots of equation 

( ) 2 2 2

1 2 3 a b c a b c ab bc ca λ λ λ = − + + + + − − −  .                                                            (i) 

Now we have given 

bac

acb

cba

D = . 

Operating 3211 RRRR ++→ , we get  

bacba

accba

cbcba

D

++

++

++

= ( )
ba1

ac1

cb1

cba ++= . 

Operating 311 RRR −→ ,  322 RRR −→ , we get  ( )
ba1

baac0

bcab0

cba −−

−−

++ . 

On expanding D, we get  ( )
ba1

baac0

bcab0

cbaD −−

−−

++=  

( ) ( )( ) ( )( ){ }bcacbaabcba −−−−−++=  

( ) ( ) ( )[ ]abaccbcababbacba 222 +−−−+−−++=  

( )( )222 cbacabcabcba −−−++++=  

( )( )cabcabcbacba 222 −−−++++−=                                                 (ii) 

Hence we have found that (i) and (ii) are equal. 

Hence, it is proved that product of 3 values of λ  is equal to the D . 

Q.No.19.:Show that the system of the equations 1321 xxx2x2 λ=+− ,   

2321 xx2x3x2 λ=+− ,  321 xx2x λ=+− can posses a non-trivial solution  

only if 1=λ , 3−=λ . Obtain the general solution in each case. 

Sol.:  Given equations are ( ) 0xx2x2 321 =+−λ− ,   ( ) 0x2x3x2 321 =+λ+− ,    
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0xx2x 321 =λ−+− . 

The given system of equations will be consistent, if   ( ) 0

21

232

122

=

λ−−

λ+−

−λ−

. 

( )( ) ( ) ( ) 034222432 2 =−λ−++λ−+−λ+λλ−⇒  

( ) 3341438624 232 =−λ−+−λ+λ−λ−−λ+λ+⇒  

( ) 03523 =−+λ+λ−λ−⇒ 03523 =+λ−λ+λ⇒  

( )( ) 0321 2 =−λ+λ−λ⇒  

Thus  1=λ and 0322 =−λ+λ 1  ,3−=λ⇒ . 

For 1=λ  and  3−=λ  the given system of the equations are consistent and posses a non-

trivial solution. 

If we put 1=λ  in the given equations, we get 

0xx2x 321 =+− , 

0x2x4x2 321 =+− , 

0xx2x 321 =−+− . 

Let ax1 = ,   bx3 = ,    
2

ba
x2

+
=⇒ . 

If we put 3−=λ  in the given equations, we get 

0xx2x5 321 =+− , 

0x2x2 31 =+ , 

0x3x2x 321 =++− . 

2

x
xx2x 2

332 −=⇒−=⇒  

tx
2

x
x 3

2
1 === . 

tx1 = ,  t2x2 −= ,  tx3 =  is the general solution. 

Q.No.20.:Prove that the equations 12z2y3x5 =++ , 2z5y4x2 =++ , 

cz45y43x39 =++ are incompatible unless c = 74 ; and in that case the  
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equations are satisfied by t2x += ,  t32y −= ,  t22z +−= , where t is any   

                 arbitrary quantity. 

Sol.: The equations are 12z2y3x5 =++ ,  2z5y4x2 =++ ,  cz45y43x39 =++ . 

The matrix form of these equations is BAX =

















=

































⇒

c

2

12

z

y

x

454339

542

235

. 

Operating,  122 R2R5R −→ , we get 

















−=

































c

14

12

z

y

x

454339

21140

235

. 

Operating,  
7

R
R 2

2 → , we get 

















−=

































c

2

12

z

y

x

454339

320

235

. 

Operating,  333 R39R5R −→ , 
7

R
R 2

2 →  we get 

















−

−=

































468c5

2

12

z

y

x

147980

320

235

. 

Operating 233 R49RR −→ , we get 

















−

−=

































370c5

2

12

z

y

x

000

320

235

. 

If 0370c5 ≠− 74c ≠⇒ . The equations are inconsistent (or incompatible). 

If )K()A( ρ=ρ , then equations are consistent.  

This is possible only when c = 74. Thus the equations are incompatible unless c = 74. 

IInd Part. Now when c = 74, then  

12z2y3x5 =++ and 2z3y2 −=+ . 

Now putting t2x += ,  t32y −= , t22z +−=    and c = 74 in the given equations, we 

obtain 

12z2y3x5 =++  

( ) ( ) ( )t222t323t25 +−+−++⇒ =12 12t424t96t510 =+−−++⇒ 12⇒ = 12. 

Hence equation is satisfied. 

On putting the given values of x, y, z in the equation, we get  

2z5y4x2 =++  
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( ) ( ) ( ) 2t225t324t22 =+−+−++⇒ 22 =⇒ . 

Hence equation is satisfied. 

On putting the given values of x, y, z in the equation, we get  

cz45y43x39 =++  

( ) ( ) ( )t224t3243t239 +−+−++⇒ = 74 7490164 =−⇒ 7474 =⇒ . 

Q.No.21.:If namb −=ℓ ,  ℓ−= bncm ,  mcan −= ℓ , prove that 0cba1 222 =+++ . 

Sol.: Given 0bnam =−− ℓ ,  0bncm =+− ℓ ,  0canm =+−− ℓ . 

Putting them into determinant form, we get 0

ca1

1bc

b1a

=

−−

−

−−

. 

( ) ( ) ( )bacb1c1abca 2 −−−+++−⇒  

0bbac1caabc 222 =+++++−⇒  

0cba1 222 =+++⇒ . 

Hence, this completes the proof. 

Q.No22.: Solve by calculating the inverse by elementary row operations 

 0xxxx 4321 =+++ ,   4xxxx 4321 =−++ ,   

4xxxx 4321 −=+−+ , 2xxxx 4321 =++− . 

Sol.: The system is written as AX = B, where  



















−

−

−
=

1111

1111

1111

1111

A ,  



















=

4

3

2

1

x

x

x

x

X ,  



















−
=

2

4

4

0

B  

Inverse by elementary row operations 

[ ]





















−

−

−
=

1000

0100

0010

0001

1111

1111

1111

1111

IA  

Operating ( ) ( ) ( ) ( ) ( ) ( )141312141131121 R  ,R  ,R and  R  ,R  ,R −−−−−− , we get 

 



Matrices: Consistency of linear system of equations   
Visit: https://www.sites.google.com/site/hub2education/ 

 

32 

[ ]





















−

−

−
=

1001

0101

0011

0001

0020

0200

2000

1111

IA  

Operating 

























2

1
4

2

1
3

2

1
2

24 R   ,R  ,R  ,R , we get  [ ]

























−

−

−

=

10
2

1

2

1

0
2

1
0

2

1
2

1
00

2

1
0001

1000

0100

0010

1111

IA  

Operating ( ) ( ) ( )  R  ,R  ,R 112113114 −−− , we get [ ]



























−

−

−

−

=

00
2

1

2

1

0
2

1
0

2

1
2

1
00

2

1
2

1

2

1

2

1

2

1

1000

0100

0010

1111

IA . 

Thus 



















−

−

−

−

=−

0011

0101

1001

1111

2

1
A 1 . 

The require solution is  



















−

−
=



















−


















−

−

−

−

== −

2

2

1

1

2

4

4

0

0011

0101

1001

1111

2

1
BAX 1  

i.e.,  X1 = 1,  1X2 −= , X3 = 2,  2X4 −= . 

Home Assignments: 
 

System of homogenous equations 

Q.No.1.: Solve the equations  

0z2y3x =++ ,  0z3yx2 =+− , 0z4y5x3 =+− , 0z4y17x =++ . 

Ans.: x = 11k, y = k,  k7z −= , where k is arbitrary. 
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Q.No.2.: Solve completely the system of equations  

0w6zy4x3 =−−+ , 0w3z2y3x2 =−++ , 

0w9z14yx2 =−−+ , 0w3z13y3x =+++ . 

Ans.: 12 k6k11x += ,  12 k3k8y −−= , 2kz = ,  1kw = ,  

          where k1, k2 are arbitrary constants. 

Q.No.3.:Using the loop current method on a circuit, the following equations were 

obtained: 12i4i7 21 =− ,  0i6i12i4 321 =−+− , 0i14i6 32 =+− .  

By matrix method, solve for 1i , 2i  and 3i .  

Ans.: 
175

396
i1 = ,  

25

24
i2 = ,  

175

72
i3 = . 

System of non-homogenous equations 

Q.No.1.: Test for consistency and solve: 

4z7y3x5 =++ , 9z2y26x3 =++ , 5z10y2x7 =++ . 

Ans.: 
( )

11

k167
x

−
= , 

( )
11

k3
y

+
= , z = k,k arbitrary. 

Q.No.2.: Test for consistency and solve: 

,1x3xx2xx 54321 =++−+ 2x6x2x2xx2 54331 =+++− ,  

3x9x3x4x2x3 54321 =−−−+ . 

Ans.: 1x1 = , x2 = 2a,  x3 = a,  b3x4 −= , x5 = b, where a and b are arbitrary constants. 

Q.No.3.: Test for consistency and solve: 

5xx2xx 4321 =+++ ,  2x2xx3x2 4321 =−−+ , 7x3x5x4 321 =++  

Ans.: No solution, system inconsistent. 

Q.No.4.: Test for consistency and solve: 

1xx3x2 321 =−+ , 1x3x4x3 321 −=+− , 

3x2xx2 321 −=+− , 4x2xx3 321 =−+ . 

Ans.: No solution, system inconsistent. 

Q.No.5.: Test for consistency and solve: 

3xx2x2 321 =++ ,  0xxx2 321 =++ , 6x4x2x6 321 =++ . 

Ans.: No solution, system inconsistent. 
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Q.No.6.: Test for consistency and solve: 

4z7y16x7 =−+ ,   3z3y5x2 −=−+ ,  4z2yx =++ . 

Ans.: No solution, system inconsistent. 

Q.No.7.: Test for consistency and solve: 

4zyx =++ ,   3z2y5x2 =−+ ,  5z7y7x =−+ . 

Ans.: No solution, system inconsistent. 

Q.No.8.: Test for consistency and solve: 

2x2xx 321 =++− , 6xxx3 321 =+− , 4x4x3x 321 =++− . 

Ans.: 2   x,1    x,1x 321 =−== , Unique solution. 

Q.No.9.: Test for consistency and solve: 

0zyx2 =−+ , 52z7y5x2 =++ ,  9zyx =++ . 

Ans.: Unique solution, x = 1, y = 3,  z = 5. 

Q.No.10.: Test for consistency and solve: 

6zyx =++ , 8z4y3x2 =+− , 5z2yx =+− . 

Ans.: x1 = 1, x2 = 2, x3 = 3. 

Q.No.11.:Show that the equations 3zy2x =−+ , 1z2yx3 =+− , 2z3y2x2 =+− ,    

1zyx −=+− are consistent and solve them. 

Ans.: 1x −= , y = 4, z = 4. 

Q.No.12.: Solve the following systems of equations by matrix method: 

     (i). 8zyx =++ , 6z2yx =+− , 14z7y5x3 =−+  

     (ii). 6zyx =++ , 5z2yx =+− , 8zyx3 =++  

     (iii). 1z3y2x =++ , 2z2y3x2 =++ , 1z4y3x3 =++ . 

Ans.: (i). x = 5,  
3

5
y = ,  

3

4
z =   (ii). x = 1,  y = 2,  z = 3 (iii) 

7

3
x −= ,  

7

8
y = ,  

7

2
−= . 

Q.No.13.:For what values of a and b do the equations 6z3y2x =++ , 9z5y3x =++ , 

bazy5x2 =++  have (i) have a no solution (ii) a unique solution (iii) more 

than one solution. 

Ans.: (i). a = 8,  15b ≠    (ii). 8a ≠ , b may have any value    (ii) a = 8, b =15. 
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Q.No.14.: Find the values of a and b for which the system has (i) no solution (ii) unique 

solution (iii) infinitely many solution for 9z5y3x2 =++ , 8z2y3x7 =−+ ,  

bazy3x2 =++ . 

Ans.: (i). No solution of a = 5, 9b ≠ . 

(ii) Unique solution 5a ≠ , b any value. 

(iii) Infinitely many solutions a = 5, b = 9. 

Q.No.15.:Find the values of a and b for which the system has (i) no solution (ii) unique 

solution (iii) infinitely many solution for 6zyx =++ , 10z3y2x =++ , 

bazy2x =++ . 

Ans.: (i). a = 3, 10b ≠  inconsistent 

          (ii) Unique solution 3a ≠ , b any value. 

          (iii) Infinitely many solutions a = 3, b = 10. 

Q.No.16.:Test for consistency azyx2 =++− ,   bzy2x =+− ,  cz2yx =−+ ,  

                 where a, b, c are constants. 

Ans.: (i) if 0cba ≠++ , inconsistent. 

(ii). 0cba =++ , infinite solution. 

Q.No.17.:Find the value of k so that the equations 0z3yx =++ , 0kzy3x4 =++ ,  

0z2yx2 =++  have a non-trivial solution. 

Ans.: k = 8. 

Q.No.18.: Show that if 5−≠λ , the system of equations 

3z4yx3 =+− ,  2z3y2x −=−+ ,   3zy5x6 −=λ++ , have a unique  

                 solution. If 5−=λ , show that the equations are consistent.  

                 Determine the solutions in each case. 

Ans.: 5−≠λ , 
7

4
x = ,  

7

9
y −= ,  z = 0:  5−=λ ,  ( )54

7

1
x −= ,  ( )9k13

7

1
y −= , z = k for  

           all k. 

Q.No.19.:Solve using 
1A−
(inverse of the coefficient matrix):  

5xx5xx2 4321 =+++ , 1x4x3xx 4321 −=−−+ , 8xx2x6x3 4321 =+−+ , 

2x3x2x2x2 4321 =−++ . 
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Ans.: x1 = 2,  
5

1
x 2 = ,  0x3 = , 

5

4
x 4 = , unique solution. 

Q.No.20.: Write the following equations in matrix form AX = B and solve for X by  

finding 
1A−
:  

                (i). 1zy2x2 =+− ,  2z2y2x =++ ,  7z2yx2 =−+  

                (ii). 4xxx2 321 =+− ,  1xxx 321 =++ ,  2x2x3x 321 =−− . 

Ans.: (i). x = 2,  y = 1,  1z −=     (ii).  x1 = 1,  1x2 −= ,  x3 = 1. 

Frequently asked questions and their replies: 

Q.: What are the rank conditions for consistency of a linear algebraic system? 

Ans.:Well, what is your definition of "rank"? The definition I would use is that the rank of a matrix is the 

number of non-zero rows left after you row-reduce the matrix. Obviously, that idea applies to non-square 

matrices. In fact, if you append a new column to a square matrix, to form the "augmented matrix", any non-

zero row, after row-reduction, for the square matrix will still be non-zero for the augmented matrix- add 

values on the end can't destroy non-zero values already there. The only way the rank could be changed is if 

you have non-zero values in the new column on a row that is all zeroes except for that, so that the 

augmented rank has greater rank than the original matrix. That tells you that one of your matrices has 

reduced to 0x+ 0y+ 0z+ ...= a where a is non-zero and that is impossible. If there is no such case, you have 

at least one solution to each equation. Yes, the system is consistent if and only if the rank of the coefficient 

matrix is the same as the rank of the augmented matrix.  

 

Q.: Whatdo you mean by row reduction, please elaborate?  

Ans.:Row reduction refers to the algorithmic procedure of Gaussian elimination. There are three row-

reduction techniques: 

1. Swapping rows 

2. Multiplying a row by a constant. 

3. Adding a multiple of a row to another. 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 



 

 

 

 

 

 

 

 

 

Linear transformations: 

 Let (x, y) be co-ordinates of a point P referred to set of rectangular axes OX, OY.  

Then its co-ordinates ( )y', 'x  referred to ' OY  ,' OX , obtained by rotating the former axes 

through an angle θ  are given by  





θ+θ−=

θ+θ=

cosysinx'y

,sinycosx'x
.                                                                                                       (i) 

A more general transformation than (i) is  





+=

+=

ybxa'y

,ybxa'x

22

11
,                                                                                                                (ii) 

which in matrix notation is  

















=









y

x

ba

ba

'y

'x

22

11
. 

Such transformations as (i) and (ii), are called linear transformations in two 

dimensions. 









++=

++=

++=

znymx'z

znymx'y

znymx'x

333

222

111

ℓ

ℓ

ℓ

                                                                                                     (iii) 

give a linear transformation from (x, y, z) to ( )z' ,y' ,'x  in three dimensional problems. 

In general, the relation Y=AX, where  
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

















=

n

2

1

y

....

y

y

Y ,  



















=

nnnn

2222

1111

k....cba

....................

k....cba

k....cba

A ,   



















=

n

2

1

x

....

x

x

X                                                    (iv) 

give linear transformation from n variables n21 x,......,x,x  to the variables n21 y,......,y,y , 

i.e., the transformation of the vector X to the vector Y 

 This transformation is called linear because the linear relations  

(i)   ( ) 2121 AXAXXXA +=+  and  

(ii)  ( ) bAXbXA = , hold for this transformation. 

Singular and non-singular transformation:  

If the transformation matrix A is singular, then the transformation is said to 

be singular, otherwise non-singular. 

For a non-singular transformation Y = AX, we can also write the inverse 

transformation YAX 1−= . A non-singular transformation is also called a regular 

transformation.  

Remarks: If a transformation from ( )321 x,x,x   to ( )321 y,y,y  is given by Y = AX and 

another transformation of ( )321 y,y,y  to ( )321 z,z,z  is given by Z = BY, then the 

transformation from ( )321 x,x,x  to ( )321 z,z,z  is given by  

Z = BY = B(AX) = (BA)X. 

 

Orthogonal transformation: 

 The linear transformation Y = AX, where  



















=

n

2

1

y

....

y

y

Y ,  



















=

nnnn

2222

1111

k....cba

....................

k....cba

k....cba

A ,   



















=

n

2

1

x

....

x

x

X            

 is said to be orthogonal if it transforms 

2
n

2
2

2
1 y.......yy +++   into 

2
n

2
2

2
1 x.......xx +++ . 

The matrix A of this orthogonal transformation is called an orthogonal matrix. 
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Now [ ]

1

2 2 2 2

1 2 n 1 2 n

n

x

x
X ' X x x ........x x x ......... x

....

x

 
 
 = × = + + +
 
 
 

. 

and similarly 
2
n

2
2

2
1 y.........yyY ' Y +++= . 

∴ If  Y = AX is an orthogonal transformation, then 

Y ' Yy......yyx......xxX ' X
2
n

2
2

2
1

2
n

2
2

2
1 =+++=+++=  

         ( ) ( ) ( )( ) ( )XAA'' XAXA' ' XAX ' AX === , which is possible only if IA'A = . 

But IAA 1 =− , therefore, 1A'A −=  for an orthogonal transformation. 

Hence, a square matrix A is said to be orthogonal if IA'A'AA == . 

Result 1.: If A is orthogonal, then show that 'A  and 1A−  are also orthogonal. 

Proof: Since A is orthogonal I'AA =⇒ . 

            Taking transpose on both sides, we get 

                                          ( ) ( )A 'A  ' I' A' A'  ' I= ⇒ =  

                                      'A⇒  is orthogonal. 

Again, Since A is orthogonal A 'A I⇒ =  

            Taking inverse on both sides, we get 

 ( )
1 1

A 'A I
− −=  

                                 ( ) I'AA
11 =⇒ −− ( ) I' AA

11 =⇒ −−
                             ( ) ( )[ ]' A'A

11 −− =  

                                 1A−⇒  is orthogonal. 

Result 2.: If A and B are orthogonal matrices, then prove that AB is also orthogonal. 

Proof: Let A and B are both n-rowed square matrices, therefore AB is also n-rowed 

square matrix. 

Since B AAB =  and 0A ≠ , also 0B ≠ . 

∴ 0AB ≠ .  

Hence, AB is non-singular matrix. 

Now ( ) A'B'' AB = . 

( ) ( ) ( )( )AB'A'BAB' AB =∴ ( )BA'A'B=  
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                      IB'B=                                                                                           [ ]IA'A =∵  

                      IB'B ==                                                                                       [ ]IB'B =∵  

Hence, AB is also an orthogonal matrix. 

Result 3.:  If A is orthogonal, then show that  1A ±= . 

Proof: If A is orthogonal matrix, then 1'AA =         

I'AA =⇒ IA' . A =⇒                                                  [ ]B)(det  A).(det (AB) det =∵  

IA.A =⇒ ,                                                                                                      [ ]A'A =∵  

1A1A
2

±=⇒=⇒ . 

Now, let us understand these transformations with the help of these problems: 

Q.No.1.: Show that the transformation  

                 3211 xxx2y ++= ,   3212 x2xxy ++= ,   313 x2xy −=  is regular.  

                Also, write down the inverse transformation. 

Sol.: In matrix notation, the given transformation is Y = AX, where 

















=

3

2

1

x

x

x

X , 

















=

3

2

1

y

y

y

Y , 

















−

=

201

211

112

A . 

Now  ( ) ( ) ( ) 01144101221022

201

211

112

A ≠−=−+−=−+−−−−−=

−

= . 

Thus, the matrix A is non-singular and hence the given transformation is non-singular or 

regular. 

∴The inverse transformation is given by YAX 1−= , 

where 

















−−

−

−−

=

















−

−−

−

−
==−

111

354

122

111

354

122

)1(

1

A

A adj
A 1

. 

YAX 1−=∴

































−−

−

−−

=

















⇒

3

2

1

3

2

1

y

y

y

111

354

122

x

x

x

. 

3211 yy2y2x −−=⇒ ; 3212 y3y5y4x ++−= : 3213 yyyx −−= ,  
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which is the required inverse transformation. 

Q.No.2.: Represent each of the transformations 

                211 y2y3x += ,  211 z2zy += ,  212 y4yx +−= ,  12 z3y = , 

                by the use of matrices and find the composite transformation which expresses  

                21 x,x  in terms of 21 z,z . 

Sol.: A transformation from the variable 21 x,x  to 21 y,y  can be represented by  

YAX 1= , where 







=

2

1

x

x
X , 









−
=

41

23
A1 , 








=

2

1

y

y
Y . 

Second transformation from the variable 21 y,y  to 21 x,x  can be represented by 

ZAY 2= , where 







=

2

1

y

y
Y ,  








=

03

21
A2 ,   








=

2

1

z

z
Z . 

Given 211 y2y3x += ( ) ( )121 z32z2z3 ++= 21121 z6z9z6z6z3 +=++= . 

and 212 y4yx +−= ( ) ( )121 z34z2z ++−= 121 z12z2z +−+−= 21 z2z11 −= . 

The composite transformation, which expresses 21 x,x  in terms of 21 z,z  by the use of 

matrices is AZX = . 

where 







=

2

1

x

x
X , 









−
=

211

69
A , 








=

2

1
2

z

z
z . 

Q.No.3.: If α−α=ξ sinycosx ,  α+α=η cosysinx , write the matrix A of  

               transformation and prove that 'AA 1 =− .  

               Hence write the inverse transformation. 

Sol.: Let the transformed matrix of the equations  

α−α=ξ sinycosx  and α+α=η cosysinx  is A. 










αα

α−α
=∴

cossin

sincos
A . 

Thus, the given transformation can be written as AXY = , 

where 








η

ξ
=Y , 









αα

α−α
=

cossin

sincos
A ,  








=

y

x
X . 

Now 01sincosA 22 ≠=α+α= . 



Matrices: Linear and Orthogonal Transformations             

 Visit: https://www.sites.google.com/site/hub2education/ 

6

Thus, the given transformation matrix A is non-singular and hence the transformation is 

non-singular or regular. 

∴The inverse transformation is given by  

Now 
A

A  adj
A

1 =− cos sin1
A '

sin cos1

α α 
= = − α α 

. 

Thus, the inverse transformation is 








η

ξ









αα−

αα
=









cossin

sincos

y

x
. 

Thus αη+αξ= sincosx , 

         ( ) αη+α−ξ= cossiny   

is the inverse transformation of the given transformation. 

Q.No.4.: A transformation from the variables 321 x,x,x   to 321 y,y,y  is given by   

               Y = AX,  and another transformation from 321 y,y,y  to 321 z,z,z  is given by  

               Z = BY, where 

               , . 

                Obtain the transformation from 321 x,x,x   to 321 z,z,z . 

Sol.: Given two transformation  AXY =   and BYZ = . 

Now ( )AXBBYZ == . 

We have   and 

















−

−=

121

210

012

A . 

Now 

















+−++−+

+−++−+

+−++−+

=

5601031502

340621302

120211102

BA  

















−−

−−

−

=

1143

191

141

. 

Now since 

















=

3

2

1

z

z

z

Z ,   . 

YAX 1−=

















−

−=

121

210

012

A

















=

531

321

111

B

( )XBAZ =⇒

















=

531

321

111

B

















=

3

2

1

x

x

x

X
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( )XBAZ =∴   

































−−

−−

−

=

















⇒

3

2

1

3

2

1

x

x

x

1143

191

141

z

z

z

















−+−

−+−

−+

=

















⇒

321

321

321

3

2

1

xx14x3

xx9x

xx4x

z

z

z

. 

3211 xx4xz −+=⇒ , 

     3212 xx9xz −+−= , 

     3213 xx14x3z −+−= , 

which is the required transformation. 

Q.No.5.: Verify that the following matrix is orthogonal: 

                (i)   ,  (ii) 

















θθ−

θθ

cos0sin

010

sin0cos

. 

Sol.: Since, we know that a matrix is said to be orthogonal if IA  ,A'AA == . 

(i). Here  























−

−=

3

1

3

2

3

2
3

2

3

1

3

2
3

2

3

2

3

1

A

















−

−=

122

212

221

3

1
. 

















−

−×

















−

−=∴

122

212

221

3

1

122

212

221

3

1
'AA I

100

010

001

900

090

009

9

1
=

















=

















= . 

Hence, the given matrix A is orthogonal matrix. 

(ii). Here 

















θθ−

θθ

=

cos0sin

010

sin0cos

A . 

















θθ

θ−θ

















θθ−

θθ

=∴

cos0sin

010

sin0cos

 .

cos0sin

010

sin0cos

'AA  























−

−

3

1

3

2

3

2
3

2

3

1

3

2
3

2

3

2

3

1
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















θ+θθθ+θθ−

θθ+θθ−θ+θ

=
22

22

cossin0sincoscossin

010

cossinsincos0sincos

I

100

010

001

=

















= . 

Hence the given matrix A is orthogonal matrix. 

Q.No.6.: Prove that the following matrix is orthogonal: 























−

−

3

2

3

2

3

1
3

1

3

2

3

2
3

2

3

1

3

2

. 

Sol.: Now, since we know that a matrix is said to be orthogonal if IA'A'AA == .  

Here 

















−

−

=

221

122

212

3

1
A . 

Now 

















−

−

×

















−

−

=

212

221

122

3

1

221

122

212

3

1
'AA  

               

















+++−+−−

+−++++−

+−−++−++

=

441242422

242144224

422224414

9

1
I

100

010

001

900

090

009

9

1
=

















=

















= . 

Hence, the given matrix is orthogonal. 

Q.No.7.: Show that 



















−

−

−

−

=

1111

1111

1111

1111

2

1
A  is orthogonal. 

Sol.: Here 



















−

−

−

−

=

1111

1111

1111

1111

2

1
A .
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Now 



















−

−

−

−



















−

−

−

−

=

1111

1111

1111

1111

2

1

1111

1111

1111

1111

2

1
AAT . 

          I

4000

0400

0040

0004

4

1
=



















=  

i.e. 1T AA −=    ∴  A is orthogonal. 

 

Q.No.8.: Is the matrix   orthogonal? If not, can it be converted into  

                orthogonal matrix? 

 

Sol.: Since, we know that a matrix is said to be orthogonal if IA'A'AA == . 

Here 

















−

−

=

913

134

132

A .  

















−

−

=∴

911

133

342

'A . 

















++++−+−−

++−+++−

+−−+−++

=∴

81199312936

93121916198

936198194

'AA I

9100

0260

0014

≠

















= . 

Hence, the given matrix is not orthogonal. 

It can be converted into orthogonal matrix.  

It means first row is divided by ( ) ( ) 14132
222 =+−+ , 

Second row is divided by ( ) ( ) 26134
222 =++ , 

Third row is divided by ( ) ( ) ( ) 91913
222 =++−  

















−

−

913

134

132
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Hence, the orthogonal matrix is 























−

−

91

9

91

1

91

3
26

1

26

3

26

4
14

1

14

3

14

2

. 

Q.No.9.: Prove that 



















−−

−

−

0nm

0mn

1000

0nm

ℓ

ℓ

ℓ

 is orthogonal when ,  
7

3
m = ,  

7

6
n = . 

Sol.: Since, we know that a matrix is said to be orthogonal if I'AA = .  

Now 



















−

−−

−



















−−

−

−
=

0010

m0n

n0m

mn0

 

0nm

0mn

1000

0nm

'AA
ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

 

               





















++++−−+−

++−++−+

−+−−++++

=

222

222

222

nmmnmn0nnmm

mnnmmn0mnmn

0010

nmnmnmmn00nm

ℓℓℓℓℓ

ℓℓℓℓℓ

ℓℓℓℓℓ

. 

Putting the values of ℓ , m and n, we get I

1000

0100

0010

0001

'AA =



















= . 

Hence, the given matrix is orthogonal, if   ,  
7

3
m = ,  

7

6
n = . 

Q.No.10.: Determine a, b, c so that A is orthogonal, where 

















−

−=

cba

cba

cb20

A . 

Sol.: Here 

















−

−=

cba

cba

cb20

A . 

For orthogonal matrix, we have IAAT = . Therefore 

7

2
=ℓ

7

2
=ℓ
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















−

−

















−

−=

ccc

bbb2

aa0

cba

cba

cb20

AAT I

cbacbacb2

cbacbacb2

cb2cb2cb4

22222222

22222222

222222

=
















++−−+−

−−++−

+−−+

=  

Solving 0cb2 22 =− , 0cba 222 =−−  (non-diagonal elements of I) 

b2c ±= ,  222222 b3b2bcba =+=+= , b3a ±=  

From diagonal elements of I, we have 

1cb4 22 =+ ,  1b2b4 22 =+ . 

6

1
b ±=∴ , 

3

1
c ±= , 

2

1
a ±= . 

Q.No.11: Find the inverse transformation of 3211 x5x2xy ++= , 322 x2xy +−= , 

3213 x11x4x2y ++= . 

Sol.: Let [ ]T321 yyyY =  and [ ]T321 xxxX = . 

The coefficient matrix 

















−=

1142

210

521

A .    Here 1A −= . 

Adj 

















−

−

−−

=

102

214

9219

A . 

Thus, the inverse transformation is  

































−−

−

===

















= −

3

2

1
1

3

2

1

y

y

y

102

214

9219

Y
A

adjA
YA

x

x

x

X  

















+−

+−−

−+

=

31

321

321

yy2

y2yy4

y9y2y19

. 

 

Home Assignments 

Q.No.1.: Show that the transformation 3211 xxxy +−= , 3212 x2xx3y +−=  , 

3213 x3x2x2y +−=  is non-singular.  

               Also find the inverse transformation. 
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Ans.: ( )3211 yyy
2

1
x −+= , ( )3212 yyy5

2

1
x ++−= , 313 yy2x +−= . 

Q.No.2.: Which of the following matrices is orthogonal? 

                (i). 

















−

−

474

841

148

9

1
,  (ii). 

















−

−

913

134

132

. 

Ans.: (i). Orthogonal, (ii). Not orthogonal. 

Q.No.3.: Verify that the following matrix is orthogonal: 

















100

001

010

. 

Q.No.4.: Verify that the following matrix is orthogonal: 

















−

−

122

212

221

3

1
. 

 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

Characteristic matrix:  

Let [ ]
nnijaA

×
=  be any square matrix of order n and λ  be a scalar. Then the matrix 

IA λ−



















λ−

λ−

λ−

=

nn2n1n

n22221

n11211

a....aa

................

a....aa

a....aa

 

is called the characteristic matrix of A, where I is the unit matrix of the order n. 

Characteristic polynomial:  

The determinant ofcharacteristic matrixis called the characteristic polynomial. 

or 

The determinant  

λ−

λ−

λ−

=λ−

nn2n1n

n22221

n11211

a....aa

................

a....aa

a....aa

IA , 

which is an ordinary polynomial in λ  of degree n, is called the characteristic polynomial of 

A. 
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Characteristic equation:  

The equation 0IA =λ− , is called the characteristic equation of A.  

Characteristic roots:  

The roots of characteristic equation, i.e. the roots of 0IA =λ− , are called the 

characteristic roots or latent roots or characteristic values or eigen values or proper values 

of the matrix A.  

Spectrum:  

The set of all eigen values of A is called the spectrum of A.  

Remarks:  

If  λ  is a characteristic root of the matrix A, then 0IA =λ−  

⇒The matrix IA λ−  is singular.  

Therefore, ∃  a non-zero vector X (i.e. X ≠ O),s.t. 

( ) OXIA =λ− XAX λ=⇒ . 

Characteristic vectors:  

If  λ  is a characteristic root of an nn ×  matrix A, then a non-zero vector X (i.e. X ≠

O),s.t. XAX λ= , is called a characteristic vector or eigen vector or latent vector of A 

corresponding to the characteristic root λ . 

 

Relation between  

Characteristic roots and Characteristic vectors: 

Theorem 1: Prove that, if λ  is aneigenvalue of a matrix A if and only if there  

exists a non-zero vector X such that XAX λ= . 

Proof:Suppose λ  is aneigen value of the matrix A. 

 Then 0IA =λ− ⇒The matrix  IA λ−  is singular.  

Therefore, the matrix equation ( ) OXIA =λ− possesses a non-zero solution,  

i.e., ∃ a non-zero vector X s.t. ( ) OXIA =λ− XAX λ=⇒ . 

Converse Part: 

 Conversely, suppose there exists anon-zero vector X such that XAX λ= , 

 i.e., ( ) OXIA =λ− .  
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Since, the matrix equation ( ) OXIA =λ−  possesses a non-zero solution,  

⇒The coefficient matrix IA λ−  must be singular, i.e., 0IA =λ− .  

Hence, λ  is the eigenvalue of the matrix A. 

This completes the proof. 

Theorem 2.:Prove that, if X is aneigen vector of a matrix A, then X cannot  

                     correspond to more than one eigen values of A.  

Proof:Let X be aneigen vector of a matrix A corresponding to two eigenvalues 1λ and 2λ . 

Then  

XAX 1λ= and  XAX 2λ= .  

Therefore XX 21 λ=λ . 

( ) OX21 =λ−λ⇒ 021 =λ−λ⇒ [ ]OX ≠∵  

21 λ=λ⇒ . 

This completes the proof. 

Properties of eigen values: 

Property No.(1):Show that the sum of eigen values of a matrix is the sum of the elements of the 

principal diagonal and the product of the eigen values of a matrix A is equal to 

its determinant. 

Proof:Consider the square matrix 

















=

333231

232221

131211

aaa

aaa

aaa

A  of order 3. 

∴

λ−

λ−

λ−

=λ−

333231

232221

131211

aaa

aaa

aaa

IA ( ) ( ) ( ).................aaa 332211
23 +λ+++λ+λ−= . (i) 

Also, if 1λ , 2λ  and 3λ  be the eigen values of A, then  

( ) ( )( ) ( ) ( )( )( )
3

1 2 3 1 2 3A I 1− λ = λ − λ λ − λ λ − λ = − λ − λ λ − λ λ − λ  

( ) ( ) ( )321133221321
23 λλλ+λλ+λλ+λλλ+λ+λ+λλ+λ−= .                             (ii) 

(i). Equating R. H. S. of (i) and (ii) and comparing the coefficients of , we get 

332211321 aaa ++=λ+λ+λ . 

2λ
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(ii). Putting 0=λ  in (ii), we get    321A λλλ= . Hence, this proves the results. 

Property No. (2):If λ  is an eigen value of a matrix A,  

then show that  is the eigen value of 
1A−
. 

Proof:Let λ  be an eigen value of A and X be corresponding eigen vector. 

Then . 

Pre-multiplying by  
1A−
, we get   

( ) ( )XAXAX 11 −− λ=λ= XAX
1 1−=
λ

⇒  

X
1

XA 1

λ
=⇒ −                                                [ 1A−

∵ exist⇒A is non-singular 0≠λ⇒ ] 

λ
⇒

1
is an eigen value of and X is the corresponding eigen vector. 

Property No.(3):If λ  is an eigen values of an orthogonal matrix ,  

                            then show that is also its eigen value. 

Proof:Since we know that if λ  is an eigen value of a matrix A, then   

λ

1
is an eigen value of . 

⇒
λ

1
is an eigen value of 'A               [∵A is orthogonal matrix, i.e., 'AAI'AA 1 =⇒= − ] 

But the matrices A and 'A have same eigen values     

[∵ the det. IA λ−  and I'A λ−  are the same] 

Hence, 
λ

1
 is also an eigen value of A. 

Property No. (4):Show that if n21 .,,......... , λλλ  are the latent roots of a matrix A, then  
2A  

has the latent roots 
2
n

2
2

2
1 .,,......... , λλλ . 

Sol.: Let λ  be a latent root of the matrix A 

Then ∃  a non-zero vector X s.t. XAX λ= .                                                                     (i) 

Pre-multiplying both sides by A, we get 

( ) ( ) ( ) ( )XXAAXXAXAAXA 22 λλ=⇒λ=⇒λ=⇒ XXA 22 λ=⇒  

λ

1

XAX λ=

1A−

λ

1

1A−
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Since X is a non-zero vector, therefore 2λ  is a latent root of the matrix 2A .  

∴ If  n21 .,,......... , λλλ  are the latent roots of a matrix A, then 
2
n

2
2

2
1 .,,......... , λλλ  are the  

latent roots of the 2A . 

Property No. (5):Show that if n21 .,,......... , λλλ  are the latent roots of a matrix A,  then
3A  

has the latent roots 
3
n

3
2

3
1 .,,......... , λλλ . 

Proof:Let λ  be a latent root of the matrix A then ∃  a non-zero vector X s.t.  

XAX λ= .                                  (i) 

Pre-multiplying both sides by A, we get  

( ) ( ) ( ) ( )XXAAXXAXAAXA
22 λλ=⇒λ=⇒λ= XXA 22 λ=⇒ . 

Again pre-multiplying both sides by A, we get  

( ) ( ) ( ) ( ) XXAXXAXAXAA
322322 λ=λλ=λ=⇒λ= . 

Since X is a non-zero vector, therefore 3λ  is a latent root of the matrix 3A .  

∴ If  n21 .,,......... , λλλ  are the latent roots of a matrix A,  

then
3
n

3
2

3
1 .,,......... , λλλ  are the latent roots of the 3A . 

This completes the proof. 

 

Property No. (6):If n21 .....,,.........  , λλλ  are the eigen values of a matrix A,  

then show that 
mA has the eigen values

m
n

m
2

m
1 .,,.........  , λλλ .            

                             [m being positive integer] 

Proof:Let iλ  be aneigen value of A and iX be the corresponding eigen vector. 

Then iii XAX λ= . 

Pre-multiplying both sides by A, we get    

( )iii
2

XAXA λ= ( ) ( )iiii XAXi λλ=λ= i
2
iXλ= . 

Similarly, i
3
ii

3
XXA λ= . 

In general, i
m
ii

m
XXA λ=  .  

Thus, 
m
iλ is an eigen value of mA . 
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Hence 
m
n

m
2

m
1 .,,.........  , λλλ  are eigen values of mA . 

Property No. (7): If λbe aneigen value of a non-singular matrix A.  

                             Show that 
λ

A
 is an eigen value of matrix adj. A. 

Proof: Since λ  be an eigen value of a non-singular matrix A 0≠λ⇒ . 

Also λ  is an eigen value of A then ∃   a non-zero vector X. s. t.  XAX λ= .                  (i) 

Pre-multiplying both sides by Adj A, we get  

( )( ) ( )( ) ( )[ ] ( )[ ]XA AdjXAA AdjXA AdjAXA Adj λ=⇒λ=  

( ) ( )A I X Adj A X⇒ = λ











=⇒=− I AA.A Adj

A

A Adj
A 1

∵  

( ) ( )XA AdjX
A

XA AdjXA =
λ

⇒λ=⇒ .                                                          [ ]0≠λ∵  

( ) X
A

XA Adj
λ

=⇒ . 

Since X is a non-zero vector, therefore 
λ

A
 is an eigen value of the matrix adj  A. 

Property No. (8):Show that the eigen values of a triangular matrix A are equal to   the 

elements of the principal diagonal of  A. 

Proof:Let 



















=

nn

n222

n11211

a....00

................

a....a0

a....aa

A  be a triangular matrix of order n. 

Then 

( )
( )

( )

( )( ) ( )λ−λ−λ−=

λ−

λ−

λ−

=λ− nn2211

nn

n222

n11211

a........aa

a....00

................

a....a0

a....aa

IA . 

∴The roots of the equation 0IA =λ− are nn2211 a.,,.........a ,a=λ . 

Hence, the eigen valuesof  A are nn2211 a.,,.........a ,a . 

And as we define A,these are the diagonal elements of A. 

This completes the proof. 
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Property No. (9).:Show that the eigen values of a unitary matrix have the absolute 

                               value 1.  

or 

                           Show that the eigen values of a unitary matrix are of unit modulus. 

Proof: Suppose A is a unitary matrix IAA =⇒ θ . 

Let λ  be an eigen value of A and X be corresponding eigen vector then .      (i) 

Taking conjugate transpose of both sides of (i), we get 

( ) ( ) θθθθθ
λ=⇒λ= XAXXAX .                                                                                     (ii) 

From (i) and (ii), we have     

( )( ) ( )( )X A AX X Xθ θ θ= λ λ  

( )( ) ( ) XX IXXXX XAAXXX AXAX
θθθθθθθθ λλ=⇒λλ=⇒λλ=⇒  

.                                                                       (iii) 

Since OXX ≠θ , (since OX ≠ ),  

∴ (iii) gives 11 01 
2

=λ⇒=λλ⇒=−λλ . 

Thus ⇒=λ 1  The eigen values of a unitary matrix have the absolute value 1. 

This completes the proof. 

Property No. (10):Show that the characteristic roots of Hermitian matrix are real. 

Proof:Let λbe an eigen value of a Hermitian matrix A and X be the corresponding eigen 

vector. 

Then .                               (i) 

Pre-multiplying both sides of (i) by θX , we get    

( ) ( )XXAXX λ= θθ
XXAXX θθ λ=⇒ .                        (ii) 

Taking transpose conjugate of both sides of (ii), we get 

( ) ( ) ( ) ( )θθθθθθθθθθθ λ=⇒λ= XXXAXXXAXX  

XX AXX θθ λ=⇒ .                           (iii)            

( ) 





== θθθ Hermitian  beingA   ,AA  and  XX∵  

From (ii) and (iii), we have   

XAX λ=

( ) O1 XXXX XX =−λλ⇒λλ=⇒ θθθ

XAX λ=
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( ) OXXXX XX =λ−λ⇒λ=λ θθθ
. 

But X is not a zero vector.  0XX ≠∴ θ . 

Hence λ⇒λ=λ⇒=λ−λ 0  is real. 

This completes the proof. 

Property No. (11):Show that the characteristic roots of a Skew-Hermitian matrix are either 

pure imaginary or zero. 

Proof:Suppose A is a Skew-Hermitian matrix. Then iA  is Hermitian. 

Let λbe a characteristic  root of A and X be corresponding  eigen vector. Then  

XAX λ= .  

Pre-multiplying both sides by i, we get  ( ) ( )XiXiA λ=  

( )λ⇒ i is a characteristic root of  iA , which is Hermitian. 

Hence ( )λi  is real. 

Therefore, either λ  must be zero or pure imaginary. 

 

Now let us solve some more important results: 

Result No.1.:Show that the matrices A and 'A  have the same eigen values. 

Sol.: We have ( ) I'A'I'A ' IA λ−=λ−=λ− . 

( ) I'A' IA λ−=λ−∴  

( ) I'AIA λ−=λ−⇒ [ ]B'B =∵  

( ) 0IA =λ−∴ if and only if 0I'A =λ−  

i.e., λ  is an eigen value of A if and only if λ  is an eigen value of 'A . 

This completes the proof. 

Result No.2.:Show that the characteristic roots of 
θA  are the conjugates of the  

                       characteristic roots of A. 

Sol.: We have ( ) IAIAIA λ−=λ−=λ−
θθ

              [Note that ( ) B'B'BB ===θ
] 

0IA =λ−∴ θ
iff 0IA =λ−  

0I A =λ−⇒ θ
iff 0IA =λ−          [∵  if z is a complex number, then z = 0 iff 0z = ] 
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λ⇒ is an eigen values of θA if and only if λ  is an eigen value of A. 

Result No.3.:Show that 0 is a characteristic root of a matrix if and only if the  

                       matrix is singular. 

Sol.: We have given 0 is an eigen value of A 0=λ⇒  satisfies the equation 0IA =λ−  

A0A ⇒=⇒ is singular. 

Conversely, if A is singular 0A =⇒ 0=λ⇒  satisfy the equation 0IA =λ−  

0⇒ is an eigen value of A. 

This completes the proof. 

 

The process of finding the eigen values and eigen vectors of a 

matrix: 

 Let [ ]
nnijaA

×
=  be a square matrix of order n.  

First we should write the characteristic equation of the matrix A, i.e., the equation 

0IA =λ− . This equation will be of degree n in λ . So it will have n roots. These n roots will 

give us the eigen values of the matrix A. If  1λ  is an eigen value of A, then the 

corresponding eigenvectors of A will be given by the non-zero vectors 

[ ]′= n21 x.....,,......... x,xX  

satisfy the equation . 

( ) OXIAXAX 11 =λ−⇒λ= . 

Orthogonal Vectors:  

Let X and Y be two real-n-vectors, then X is said to be orthogonal to Y if  

OYX =′ . 

Let X and Y be two complex-n-vectors, then X is said to be orthogonal to Y if  

OYX =θ
. 

 

Now let us solve some problems by using the properties of eigen values and eigen 

vectors: 
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Q.No.1.:Find the sum and product of the eigen values of 

















−

−

201

112

232

. 

Sol.: Since, we know that the sum of the eigen values of a matrix is the sum of the elements 

of the principal diagonal and the product of the eigen values of a matrix is equal to its 

determinant. 

Here 

















−

−

=

201

112

232

A . 

If 321  , , λλλ be its eigen values of A,  then 5212321 =++=λ+λ+λ . Ans. 

and

201

112

232

A  321 −

−

==λλλ ( ) 






−
−+

−
−=

01

12
1

21

12
3

20

11
2  

( ) ( ) ( )( ) 212154102143022 =++=−−+−−−−= . Ans. 

Q.No.2.:Find the product of the eigen values of 

















−

−−

126

216

227

. 

Sol.: Since, we know that the product of the eigen values of a matrix is equal to its 

determinant. 

Here 

















−

−−=

126

216

227

A . 

If  321  , , λλλ be its eigen values of A, then 

126

216

227

A  321

−

−−==λλλ
26

16
2

16

26
2

12

21
7

−−
+

−

−
−

−

−
=  

( ) ( ) ( ) 2112122161221262417 −=−+−=+−+−−−= . Ans. 

 

Now let us solve some problems of evaluation of eigen values and eigen vectors: 



Matrices: Characteristic Equations, Eigen Values and Eigen Vectors,  

Visit: https://www.sites.google.com/site/hub2education/ 

 

11

Q.No.1.:Find the eigen values and eigen vectors of the matrix 








21

45
. 

Sol.: The characteristic equation is of A is 0IA =λ− 0
21

45
=

λ−

λ−
⇒ . 

0672 =+λ−λ⇒ ( )( ) 1  ,6016 =λ⇒=−λ−λ⇒ . 

Thus, the roots of this equation are 61 =λ ,  12 =λ . 

Therefore, the eigen values are 6 and 1. 

The eigen vectors 







=

2

1
1

x

x
X  of A corresponding to the eigen value 6 are given by the non-

zero solution of the equation ( ) OXI6A 1 =−  









=

















−

−
⇒

0

0

x

x

621

465

2

1








=

















−

−
⇒

0

0

x

x

41

41

2

1
. 

Operating 122 RRR +→ , we get  







=















−

0

0

x

x

00

41

2

1
. 

The coefficient matrix of these equations is of rank 1. Therefore, these equations have 12 − , 

i.e., 1 linearly independent solution. These equations reduced to the single equation 

0x4x 21 =+− .  

Obviously, 4x1 = , and 1x2 =  is a solution of this equation.  

Therefore, 







=

1

4
X1  is an eigen vector of A corresponding to the eigen values 6. The set of 

all eigen vectors of A corresponding to the eigen values 6 is given by 11Xc  where 1c  is any 

non-zero scalar. 

The eigen vectors X2 of A corresponding to the eigen value 1 is given by the non-zero 

solutions of the equation 

( ) OXI 1A 2 =− 







=
















⇒

0

0

x

x

11

44

2

1
0x4x4 21 =+⇒ ,   0xx 21 =+ . 

From these 21 xx −= . Let us take 1x1 = ,  1x2 −= .  

Then 








−
=

1

1
X2  is an eigen vector of A corresponding to the eigen value 1.  
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Every non-zero multiple of the vector 2X  is an eigen vector of A corresponding to the eigen 

value 1. 

Q.No.2.: Find the eigen values and eigen vectors of the matrices: 

               (a) 








23

41
,   (b)  









−

−

45

21
. 

Sol.: (a). Let 







=

23

41
A . The characteristic equation of A is 0

23

41
IA =

λ−

λ−
=λ−  

( )( ) 01221 =−λ−λ−⇒ 01032 =−λ−λ⇒ 010252 =−λ+λ−λ⇒  

( ) ( ) ( )( ) 0250525 =+λ−λ⇒=−λ+−λλ⇒ 2  ,5 −=λ⇒ . 

If x, y, z be the components of eigen vector corresponding to eigenvalue λ .  

Then [ ][ ] 0XIA =λ− 0
y

x
 

23

41
=

















λ−

λ−
⇒ . 

Put 5=λ , we get   0
y

x
 

33

44
=

















−

−
. 

Operating 122 R3R4R −→ , we get   









=















−

0

0

y

x

00

44
kyx0yx0y4x4 ==⇒=−⇒=+−⇒ . 

When 1k = , then 1yx == . 

Now putting 2−=λ , we get    

0y4x30y4x30
y

x
 

43

43
=+⇒=+⇒=
















. 

Solving 3y    ,4x −== . 

So eigen vectors are ( )1  ,1 ,  ( )3  ,4 − . Ans. 

(b). Let 








−

−
=

45

21
A . The characteristic equation A is 0IA =λ−  

( )( ) 01041
45

21
IA =−λ−λ−=

λ−−

−λ−
=λ−⇒ 0652 =−λ−λ⇒  

6   ,1−=λ⇒ . 

If x, y,  be the components  of eigen vector corresponding to eigen value λ .  
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Then [ ][ ] 0XIA =λ− 0
y

x
 

45

21
=

















λ−−

−λ−
⇒ .                                                                (i) 

Putting 1−=λ in (i), we get  0
y

x
 

55

22
=

















−

−
. 

Operating 122 R5R2R −→ , we get   









=















 −

0

0

y

x

00

22
kyx0y2x2 ==⇒=−⇒ . 

When 1k = ,  then x = y =1. 

Now putting 6  =λ in (i), we get   







=

















−−

−−

0

0

y

x

25

25
. 

Operating 122 RRR −→ , we get  









=















 −−

0

0

y

x

00

25
0y2x50y2x5 =+⇒=−−⇒ . 

Solving, we get  x = 2,  5y −=  

Hence, the eigen vectors of A are ( )1  ,1 and ( )5  ,2 − . Ans.  

Q.No.3.: (i) Find the eigen values and eigen vectors of  






 −
=

22

48
A . 

               (ii) Also find the eigen values and eigen vectors of  








−
=

24

28
AT . 

(iii) Find the eigen values and eigen vectors of  








−
=−

82

42

24

1
A 1 . 

               (iv) Find the eigen values and eigen vectors of  B = kA  where 
2

1
k −= . 

               (v) Find the eigen values and eigen vectors of  








−

−
=

420

4056
A2 . 

    (vi) Find the eigen values and eigen vectors of  









±






 −
=±=

10

01
k

22

48
kIAB 









±

−±
=

k22

4k8
. 

    (vii) Find the eigen values and eigen vectors of  I3A
2

1
A2D 2 +−= . 
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    (viii) Find the sum and product of eigen values of A. 

Sol.: 1
st
 Part: Find the eigen values and eigen vectors of  







 −
=

22

48
A . 

The eigen values are the roots of the characteristic equation 

0
22

48
=

λ−

−λ−
( )( ) 0828 =+λ−λ−⇒ 024102 =+λ−λ⇒ ( )( ) 064 =−λ−λ⇒ . 

The two distinct eigen values are =λ   4,  6. 

Eigen vector corresponding to eigen value 4=λ  

( ) 0XIA =λ− 0
x

x

22

44

x

x

422

4418

2

1

2

1
=

















−

−
=

















−

−−
⇒  

0x4x4 21 =−  

0x2x2 21 =−  

21 xx =∴ 







=

1

1
X1 . 

X2corresponding 6=λ : 0
x

x

42

42

x

x

622

468

2

1

2

1
=

















−

−
=

















−

−−
 

0x4x2 21 =− 21 x2x =∴ .  







=

2

1
X2 . 

2
nd

 Part:  Find the eigen values and eigen vectors of  








−
=

24

28
AT . 

Characteristic equation  0
24

28
=

λ−−

λ−
 

Characteristic equation is 024102 =+λ−λ  same as the characteristic equation of A. Thus, 

the eigen values of A and A
T
 are same. However, the eigen vectors are not the same. 

For 4=λ : ( ) 0XIA =λ− 0
x

x

424

248

2

1
=

















−−

−−
⇒  

0x2x4 21 =+−  .        12 x2x −=∴ . 








−
=

1

2
X1 . 
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X2corresponding 6=λ : 0
x

x

624

268

2

1
=

















−−

−
 

0x2x2 21 =+  










−
=

1

1
X2 . 

3
rd

 Part: Find the eigen values and eigen vectors of  








−
=−

82

42

24

1
A 1 . 

Characteristic equation  is 0IA 1 =λ−−
 

0
6

1
.

12

1

3

1

12

1

3

1

12

1
6

1

12

1

=+







λ−








λ−=

λ−−

λ−
 

011024 2 =+λ−λ ,   0
6

1

4

1
=








−λ








−λ . 

The eigen values of 1A− are
6

1
   ,

4

1
 which are the reciprocal of 4, 6 of A.  

Also the given vectors of 1A−  and A are same 

For 
4

1
=λ : 0

x

x

4

1

3

1

12

1
6

1

4

1

12

1

2

1
=



























−−

−
 

0xx2 21 =+− 21 xx =∴ .       







=

1

1
X1 . 

For 
6

1
=λ : 0

x

x

6

1

3

1

12

1
6

1

6

1

12

1

2

1
=



























−−

−
 

0x2x 21 =+− 21 x2x =∴ .    







=

2

1
X2 . 

4
th

 Part: Find the eigen values and eigen vectors of  B = kA  where 
2

1
k −= . 
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








−−

+−
=−=

11

24
A

2

1
B . 

Characteristic equation of B  is 0
11

24
IB =

λ−−−

λ−−
=λ−  

( )( ) 0214 =+λ+λ+ 0652 =+λ+λ⇒  

So the eigen values of B are 3   ,2 −− , which are 
2

1
−  times of eigen values 4, 6 of A. Also 

the eigen vectors of B and A are same. 

For 2−=λ :  0
x

x

211

224

2

1
=

















+−−

+−
.     21 xx =∴ .    








=

1

1
CX 11 . 

For 3−=λ : 0
x

x

311

234

2

1
=

















+−−

+−
.  0x2x 21 =+− .  








=

2

1
CX 22 . 

5
th

 Part:  Find the eigen values and eigen vectors of  








−

−
=

420

4056
A2 . 

Characteristic equation of A
2
  is 0

420

4056
=

λ−−

−λ−
 

( )( ) 0361657652
2 =−λ−λ=+λ−λ⇒  

So eigen values of A
2
 are 16, 36 which are square of the eigen values 4, 6 of A. Also the 

eigen vectors of A and A
2
 are same. 

For 16=λ : 0
x

x

16420

401656

2

1
=

















−−

−−
.  21 xx =∴ .  








=

1

1
CX 11 . 

For 36=λ : 0
x

x

36420

403656

2

1
=

















−−

−−
.    0x2x 21 =− 21 x2x =∴ . 








=

2

1
CX 22 . 

6
th 

Part: Find the eigen values and eigen vectors of  









±






 −
=±=

10

01
k

22

48
kIAB 









±

−±
=

k22

4k8
. 

Characteristic equation of B  is 0IB =λ−  

0
k22

4k8
=

λ−±

−λ−±
( )( ) 08k2k8 =+λ−±λ−±⇒  
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( ) ( ) 024k10kk210
22 =+±+λ±−λ⇒  

Roots are k
2

210
±

+
.    i.e., k4 ±  and  k6 ±  which are 4, 6 of A with k± . 

Eigen vectors of B and A are same  

For k4 ±=λ : 
( )

( )
0

x

x

k4k22

4k4k8

2

1
=

















±−±

−±−±
 

2121 xx0x4x4 =⇒=− etc. 

7
th 

Part: Find the eigen values and eigen vectors of  I3A
2

1
A2D 2 +−= . 









+






 −
−








−

−
=

10

01
3

22

48

2

1

420

4056
2D 









−

−
=

639

78111
 

Characteristic equation of D is 0
639

78111
=









λ−−

−λ−
 

( )( ) 072332376105
2 =−λ−λ=+λ−λ⇒ . 

Thus, the eigen values of D are 33, 72. 

Note that 34.
2

1
16.233 +−=  and 36.

2

1
36.272 +−=  i.e., eigen value of D is 3

2

1
2 2 +λ−λ  

where λ is  the eigen value of A. 

The eigen vectors of A and D are same. 

For 33=λ : 0
x

x

33639

7833111

2

1
=

















−−

−−
2121 xx0x78x78 =⇒=−⇒  etc. 

8
th

 Part: Find the sum and product of eigen values of A. 

Sum of eigen values of A = ==+ 1064  trace of A 108aa 2211 +=+= . 

Product of eigen values of  24816A246.4A =+==== . 

Q.No.4.: Find the characteristic roots and characteristic vectors of the matrices: 

               (a)  

















−

−−

−

342

476

268

,  (b)  

















201

020

102

. 

Sol.: (a). The characteristic equation of the matrix A is 0IA =λ−  
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0

342

476

268

=

λ−−

−λ−−

−λ−

⇒  

( ) ( )( ){ } ( ){ } ( ){ } 072242836616378 =λ−−++λ−−+−λ−λ−λ−⇒  

04518 23 =λ+λ−λ⇒ ( )( ) 0153 =−λ−λλ⇒  

Hence, the characteristic roots of A are 0, 3 and 15. 

The eigen vectors [ ]′= 321   x, x,xX  of A corresponding to the eigen value 0 are given by the 

non-zero solutions of the equation ( ) OXI0A =−  

















=

































−

−−

−

⇒

0

0

0

x

x

x

342

476

268

3

2

1

















=

































−

−−

−

⇒

0

0

0

x

x

x

10102

556

348

3

2

1

( by 31 RR → ) 

















=

































−

−

−

⇒

0

0

0

x

x

x

10100

550

342

3

2

1

                                     (by  13312 R4RR   ,R3R −→+→ ) 

















=

































−

−

⇒

0

0

0

x

x

x

000

550

342

3

2

1

                                                                (by  233 R2RR +→ ) 

The coefficient matrix of these equations is of rank 2. Therefore these equations have 

123 =− linearly independent solution. Thus, there is only one linearly independent eigen 

vector corresponding to the eigen value 0. These equations can be written as  

0x3x4x2 321 =+− ,  0x5x5 32 =+− . 

From the last equation, we get 32 xx = .  

Let us take 1x2 = , 1x3 = . Then, the first equation gives 
2

1
x1 = .  

Therefore 

′







= 1     1    

2

1
X1 is an eigen vector of A corresponding to the eigen vector 0.  

If 1c  is any non-zero scalar, then 11Xe  is also an eigen vector of A corresponding  to the 

eigen value 0. 
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 The eigen vector of A corresponding to the eigen value 3 are given by the non-zero 

solution of the equation  

( ) OXI  3A =−

















=

































−

−−

−

⇒

0

0

0

x

x

x

042

446

265

3

2

1

 

















=

































−

−−

−−−

⇒

0

0

0

x

x

x

042

446

221

3

2

1

,   (by  311 RRR +→ ) 

















=

































−−

−−−

⇒

0

0

0

x

x

x

480

8160

221

3

2

1

,   (by 133122 R2RR   ,R6RR +→−→ ) 

















=































 −−−

⇒

0

0

0

x

x

x

000

8160

221

3

2

1

,   (by 232 R
2

1
RR +→ ) 

The coefficient matrix of these equations is of rank 2.  

Therefore, these equations have 123 =−  linearly independent solution.  

These equations can be written as 

0x2x2x 321 =−−− ,  0x8x16 32 =+ . 

From the second equation we get 32 x
2

1
x −= .   

Let us take 4x3 = ,  2x2 − , then the first equation gives 4x1 −= .  

Therefore, [ ]′−−= 4   2   4X2  is an eigen vector of A corresponding to eigen value 3. Every 

non-zero multiple of 2X  is an eigen vector of A corresponding to the eigen value 3. 

The eigen vectors of A corresponding to the eigen value 15 are given by the non-zero 

solutions of the equation  OI  15A =− . 

















=

































−−

−−−

−−−

⇒

0

0

0

x

x

x

15342

41576

26158

3

2

1

















=

































−−

−−−

−−−

⇒

0

0

0

x

x

x

1242

486

267

3

2

1
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















=

































−−

−−−

−

⇒

0

0

0

x

x

x

1242

486

621

3

2

1

,   (by 211 RRR −→ ) 

















=

































−−

−

⇒

0

0

0

x

x

x

000

40200

621

3

2

1

,   (by 122 R6RR −→ ,   13 R23RR +→ ) 

The coefficient matrix of  these equations is of rank 2.  

Therefore, these equations have 123 =− linearly independent solution.  

These equations can be written as  

0x6x2x 321 =++− , 0x40x20 32 =− . 

The last equation gives 32 x2x −= .  

Let us take 1x3 = ,  2x2 −= , then the first equation gives 2x1 = .  

Therefore [ ]′−= 1    2     2X3  is an eigen vector of A corresponding to the eigen value 15, if 

k is any non-zero scalar, then 3kX  is also an eigen vector of A corresponding to the eigen 

value 15. 

(b). 

















=

201

020

102

A . 

Let λ  be the eigen value of A, then characteristic equation is 0IA =λ− . 

0

201

020

102

IA =

λ−

λ−

λ−

=λ−⇒ ( )( )( ) ( ) 021222 =λ−−λ−λ−λ−⇒  

06116 23 =+λ−λ+λ−⇒ 3  ,2  ,1=λ⇒  

When 1=λ , we get  ( )
















=

































=λ−

0

0

0

z

y

x

101

010

101

XIA  

0zx =+ ,  y = 0,  0zx =+  

By solving these equations, we get   x = 1,  y = 0,  1z −= . 
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When 2=λ , we get   ( )
















=

































⇒=λ−

0

0

0

z

y

x

001

000

100

0XIA  

⇒ 0x = ,  y = k,  0z = . 

By solving these equations, we get   x = 0,  y = 1,  0z = . 

When 3=λ , we get  ( )
















=

































−

−

−

⇒=λ−

0

0

0

z

y

x

101

010

001

0XIA  

0zx =+−⇒ , y = 0. 

By solving these equations, we get   x = 1, y = 0,  1z = . 

Hence, eigen vectors are ),1 ,0 ,1( − )0 ,1 ,0( , (1, 0, 1). 

Q.No.5.: Find the characteristic roots and characteristic vectors of the matrices: 

               (a)  

















−−

−

−−

021

612

322

, (b)  

















−

−−

−

312

132

226

. 

 (a). Let

















−−

−

−−

=

021

612

322

A . 

The characteristic equation of A is 0IA =λ−  

( )( ) 0122

021

612

322
2 =−λ+λ−λ−=

λ−−−

−λ−

−λ−−

⇒ 0241423 =−λ−λ+λ⇒  

⇒ 3 ,3 ,5 −−=λ . 

If x, y, z  be the components  of eigen vector corresponding to the eigen value λ . Then 

( )
















=

































λ−−−

−λ−

−λ−−

=λ−

0

0

0

z

y

x

 

21

612

322

XIA  

When 5=λ , we get  

















=

































−−−

−−

−−

0

0

0

z

y

x

 

521

142

327
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052y2x02y4x2032y2x7 ==−−⇒=−−⇒=−+−⇒  

,1x =∴  y = 2,  1z −=  

When 3−=λ , we get 

















=

































−−

−

−

0

0

0

z

y

x

 

321

649

321

 

032y2x =−+⇒ , 

062y4x9 =−+ , 

032y2x =+−− . 

Solving these equations, we get   0z   ,1y   ,2x =−=−=  

Hence, the vectors are ( )0 ,1 ,2 −− and  ( )1 2, ,1 − . 

(b). 

















−

−−

−

=

312

132

226

A . 

The characteristic equation of A is  0IA =λ−

















=

















λ−−

−λ−−

−λ−

⇒

0

0

0

312

132

226

. 

Operating 233 CCC +→ , we get 

















=

















λ−−

λ−λ−−

−λ−

0

0

0

212

232

026

( )
















=

















−

λ−−

−λ−

λ−⇒

0

0

0

112

132

226

2 . 

Operating 322 RRR −→ , we get 

( )
















=

















−

λ−−

−λ−

λ−

0

0

0

112

044

026

2 ( ) ( )( )[ ] 08462 =−λ−λ−λ−⇒  

( )( ) 016102
2 =+λ−λλ−⇒ ( )( )( ) 0822 =−λ−λλ−⇒  

Therefore, the characteristic roots of A are given by  8  2,  ,2=λ . 

The characteristic vectors of A corresponding to the characteristic root 8 are given by the 

non-zero solutions of the equation ( ) OXI8A =−  
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















=

































−−

−−−

−−

⇒

0

0

0

x

x

x

8312

1832

2286

3

2

1

















=

































−−

−−−

−−

⇒

0

0

0

x

x

x

 

512

152

222

3

2

1

. 

Operating 122 RRR −→ ,  133 RRR +→ , we get 

















=

































−−

−−

−−

0

0

0

x

x

x

 

330

330

222

3

2

1

. 

Operating 233 RRR −→ , we get  

















=

































−−

−−

0

0

0

x

x

x

 

000

330

222

3

2

1

. 

The coefficient matrix of these equations is of rank 2. Therefore, these equations possess 

123 =−  linearly independent solution.  

These equations can be written as 

0x2x2x2 321 =+−− , 0x3x3 32 =−− . 

From the last equation, we get 32 xx −= . Let us take 1x3 = , 1x2 −= . Then the first 

equation gives 2x1 = .  

Therefore,  

1

1

2

X1

















−= is an eigen vector of A corresponding to the eigen value 8.  

Every non-zero multiple of 1X  is also an eigen vector of A corresponding  to the eigen value 

8. 

 The eigen vectors of A corresponding to the eigen value 2 are given by the non-zero 

solution of the equation  

( ) OXI 23A =−

















=

































−

−−

−

⇒

0

0

0

x

x

x

 

112

112

224

3

2

1

. 

Operating 21 RR ↔ , we get

















=

































−

−

−−

0

0

0

x

x

x

 

112

224

112

3

2

1

. 
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Operating 122 R2RR +→ ,  133 RRR +→ , we get 

















=































 −−

0

0

0

x

x

x

 

000

000

112

3

2

1

. 

The coefficient matrix of these equations is of rank 1. Therefore, these equations possess 

213 =−  linearly independent solution. We see that these equations reduce to the single 

equation 

0xxx2 321 =−− . 

Obviously 















−

=

2

0

1

X2 ,  

















=

0

2

1

X3  are two linearly independent solutions of this equation. 

Therefore, 2X  and  3X  are two linearly independent eigen vectors of A corresponding to the 

eigen value 2.  

If 21 c  ,c  are scalars not both equal to zero, then 3221 XcXc +  gives all the eigen vectors of A 

corresponding to the eigen value 2. 

Q.No.6.:Find the eigen values and eigen vectors of the matrix 

















113

151

311

. 

Sol.: The characteristic equation is 0

113

151

311

0IA =

λ−

λ−

λ−

==λ−  

0367 23 =+λ−λ⇒ . 

Since 2−=λ  satisfies it, we can write this equation as  

( )( ) 01892
2 =+λ−λ+λ ( )( )( ) 0632 =−λ−λ+λ⇒ . 

Thus, the roots of this equation are 21 =λ ,  32 =λ ,  63 =λ . 

Therefore, the eigen values of A are 6  3,  ,2−=λ . 

If x, y, z be the components of an eigen vector corresponding to the eigenvalue λ , we have 

[ ] 0

z

y

x

113

151

311

XIA =

































λ−

λ−

λ−

=λ− .                                                                        (i) 
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Putting 2−=λ , we have 0z3yx3 =++ ,  0zy7x =++ ,  0z3yx3 =++ . 

The first and third equations being the same, we have from first two 

1

z

0

y

1

x

20

z

0

y

20

x
==

−
⇒==

−
.  

Hence, the eigen vectors are ( )1 0, ,1− . Also every non-zero multiple of this vector is an 

eigen vector corresponding to 2−=λ . 

Similarly, the eigen vectors corresponding to 3=λ  and  6=λ  are the arbitrary non-zero 

multiples of the vectors ( )1  ,1 ,1 −  and  ( )1 ,2 ,1  which are obtained from (i). 

Hence, the three eigen vectors may be taken as ( )1 0, ,1− , ( )1  ,1 ,1 − , ( )1 ,2 ,1 . 

Q.No.7.:Find the eigen values and eigen vectors of  
















=

500

620

413

A . 

Sol.: For upper triangular, lower triangular and diagonal matrices, the eigen values are given 

by the diagonal elements. 

Characteristic equation is 0

500

620

413

IA =

λ−

λ−

λ−

=λ−  

( )( )( ) 0523 =λ−λ−λ−⇒ . 

So eigen values of A are 3, 2, 5 which are the diagonal elements of A. 

Eigen vector X1for 3=λ : 0

x

x

x

200

610

410

3

2

1

=

































−  

0x4x 32 =+⇒ ,   0x6x 32 =+− ,  0x2 3 =  

⇒x2 = 0,  x3 = 0,  x1 = arbitrary.  

















=

0

0

1

X1 . 

Eigen vector X2for 2=λ :  0x4xx 321 =++ ,   0x6 3 = ,  0x3 3 =  

⇒x3 = 0,  21 xx −= .  

















−=

0

1

1

X2 . 



Matrices: Characteristic Equations, Eigen Values and Eigen Vectors,  

Visit: https://www.sites.google.com/site/hub2education/ 

 

26

Eigen vector X3for 5=λ : 0x4xx2 321 =++− , 0x6x3 32 =+− ,   

31 x3x =⇒ ,  32 x2x = .  

















=

1

2

3

X3 . 

Q.No.8.:Find the eigen values and eigen vectors of















 −

=

322

121

101

A .  

Determine whether the eigen vectors are orthogonal. 

Sol.: Characteristic equation is 0

322

121

101

=

λ−

λ−

−λ−

 

06116 23 =−λ+λ−λ⇒ ( )( )( ) 0321 =−λ−λ−λ⇒  

So =λ  1, 2, 3 are three distinct eigen values of A  

For 1=λ : 

1

2

3

0 0 1 x 0

1 1 1 x 0

2 2 2 x 0

−     
     

=     
          

,    0x3 = ,  1 2 3 1 2 2 1x x x 0 x x 0 x x+ + = ⇒ + = ⇒ = − .   

Let 1x 1= 2x 1⇒ = − . Also 0x3 = .  Thus 

















−=

0

1

1

X1 . 

For 2=λ : 

1

2

3

1 0 1 x 0

1 0 1 x 0

2 2 1 x 0

− −     
     

=     
          

,    

1 3 3 1x x 0 x x+ = ⇒ = − . And 0xx2x2 321 =++ 2 3

1
x x

2
⇒ = . 

Let 1x 2= 3x 2⇒ = − and 2x 1= −  .  Thus 

















−

−=

2

1

2

X2 . 

For 3=λ : 

1

2

3

2 0 1 x 0

1 1 1 x 0

2 2 0 x 0

− −     
     

− =     
          

,    1 2x x= − ,  1 2 3x x x 0− + = 1 3

1
x x

2
⇒ = − .   
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Let 1x 1= 2x 1⇒ = − . Also 3x 2= − .  Thus 3

1

X 1

2

 
 

= − 
 − 

. 

Thus, there are three linearly independent eigen vectors X1,  X2,  X3 corresponding to the 

three distinct eigen values.  

Since 
T

1 2X X 3 O= ≠ ,  T

2 3X X 5 O= ≠ ,  T

3 1X X 2 O= ≠ . 

Therefore, no pair of eigen vectors are orthogonal. 

Q.No.9.:Find the eigen values and eigen vectors of 

















−

=

221

120

221

A .  

Determine the algebraic and geometric multiplicity. 

Sol.: Characteristic equation is 0

221

120

221

=

λ−−

λ−

λ−

 

( )( ) 021485
223 =−λ−λ=−λ+λ−λ⇒ . 

So =λ  1, 2, 2 are eigen values with 2=λ  repeated twice (double root) of multiplicity 2. 

The algebraic multiplicity of the eigen values 2=λ  is 2. 

For 1=λ : 

















− 121

110

220

, 32 xx −= 31 xx −= . 

















−

=

1

1

1

X1 . 

For 2=λ : 

















−

−

021

100

221

,  0x3 = ,    21 x2x = . 

















=

0

1

2

X2 .  

Thus, only one eigen vector X2 corresponds to the repeated eigenvalue 2=λ . 

The geometric multiplicity of eigen value 2=λ  is one. 

Q.No.10.:Find the eigen values and eigen vectors of 

















−

=

331

100

010

A .  

Determine the algebraic and geometric multiplicity. 

Sol.: Characteristic equation is  ( ) 01133
323 =−λ=−λ+λ−λ . 
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=λ  1,  1,  1 is an eigen value of algebraic multiplicity 3. 

For 1=λ : 

0xx 21 =+− ,       21 xx  =∴  

0xx 32 =+− ,        32 xx =  

0x2x3x 321 =+−  

















=

1

1

1

X . 

Thus, only one eigen value X Corresponds to the thrice repeated eigenvalues  1=λ , so 

geometric multiplicity is one. 

Q.No.11.:Find the eigen values and eigen vectors of 

















=

100

121

112

A .  

Determine the algebraic and geometric multiplicity. 

Sol.: Characteristic equation is 

λ−

λ−

λ−

100

121

112

( )( )( ) 0311 =−λ−λλ−= . 

Thus =λ  1,  1,  3 is an eigen values of A.  

So the algebraic multiplicity of eigenvalue 1=λ . Is two. 

For 3=λ : 

















−

−

−

200

111

111

  ~  0x3 = ,  x1 = x2 . 

















=

0

1

1

X1 . 

For 1=λ : 

































000

000

111

~

000

111

111

,     n = 3,   r = 1 

213rn =−=−  = arbitrary 

321321 xxx0xxx −−=⇒=++  

where x2 and x3 are arbitrary. 

For a choice x2 = 0,  x3 = arbitrary. 
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















−

=

1

1

1

X2 . 

For a choice of 0x2 ≠ ,   x3 = 0 

















−=

0

1

1

X3 . 

Thus, for the repeated eigenvalue 1=λ , there corresponds two linearly independent eigen 

vectors X2 and X3. So the geometric multiplicity of eigen value 1=λ is 2. 

Q.No.12.:Find the eigen values of orthogonal matrix 

















−

−=

122

212

221

3

1
B . 

Sol.: Characteristic equation of  A = 

















−

−

122

212

221

is 

λ−−

−λ−

λ−

122

212

221

02793 23 =+λ−λ−λ= ( ) ( ) 033
2

=+λ−λ⇒ . 

The eigen values of A are 3, 3, 3− , so the eigen values of A
3

1
B =  are 1, 1, 1− . 

Note that 1=λ  is an eigen value of B then its reciprocal 1
1

11
==

λ
 is also an eigen values of 

B. 

Q.No13.:Show that 








−

+
=

2i43

i432
A  is Hermitian.  

Find its eigen values and eigen vectors. 

Sol.: Since here 








−

+
=

2i43

i432
A . 

Therefore 








+

−
=

2i43

i432
A ,   A

2i43

i432
AT =









−

+
= . 

Thus A is Hermitian. (Note that the diagonal elements of A are real). 
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The characteristic equation for A is 0
2i43

i432
IA =

λ−−

+λ−
=λ−  

( ) ( )( ) [ ] 016944i43i432
22

=+−λ−λ+=−+−λ−⇒  

( )( ) 073214
4 =−λ+λ=−λ−λ⇒ . 

Eigen values of A, Hermitian matrix are real   7  ,3− . 

For 3−=λ : 0
x

x

5i43

i435

2

1
=

















−

+
. 

21 x
5

i43
x 







 +
−= . 

The eigen vector corresponding to 3−=λ is  






 −−
=

5

i43
X1 . 

For 7=λ : 0
x

x

5i43

i435

2

1
=

















−−

+−
. 

21 x
5

i43
x 







 +
= . 

The eigen vector corresponding to 7=λ is  






 +
=

5

i43
X1 . 

Q.No.14.:Show that 

















=

0i0

i00

00i

A  is Skew-Hermitian and also unitary. Find the eigen 

values and eigen vectors. 

Sol.: 

















−

−

−

=

0i0

i00

00i

A  ,  A

0i0

i00

00i

AT −=

















−

−

−

= . 

Thus, A is Skew-Hermitian. 

Consider I

!00

010

001

0i0

i00

00i

0i0

i00

00i

AA T =

















=

















−

−

−

















= . 

Thus 1T AA −= ,   

i.e., A is unitary matrix also.  
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The characteristic equation of A is 0

0i0

i00

00i

IA =

λ−

λ−

λ−

=λ−  

( )( )1i
2 +λλ−⇒ 0ii 23 =−λ+λ−λ= ( )( ) 0ii

2
=−λ+λ⇒ . 

The eigen values of A are i  i,  ,i−=λ  which are purely imaginary (for Skew-Hermitian) and 

are of absolute value unity (i.e. 1ii ==− ) 

For i−=λ : 0

x

x

x

ii0

ii0

00i2

3

2

1

=

































. 

Solving x1 = 0,  32 xx −= . 

Thus the eigen vector corresponding to i−=λ is 

















−

=

1

1

0

X1 . 

For i=λ : 0

x

x

x

ii0

ii0

000

3

2

1

=

































−

− . 

Solving x1 = arbitrary,  32 xx = . 

Choose x1, so that two linearly independent eigen vectors are obtained (with x1 = 0,  

x2 = 1 and x1 = 1,  x2 =0) 

















=

1

1

0

X2 and 

















=

0

0

1

X3 . 

Q.No.15.: Find the Hermitian form H for  

















−−=

2i20

i21i

0i0

A with 

















−

=

i

1

i

X . 

Sol.: Since [ ]
















−















−−−==

i

1

i

2i20

i21i

0i0

i1iAXXH T
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[ ] 1

i

1

i

0211i =

















−

−+−= , real. 

Q.No.16.: Determine the Skew-Hermitian form S for 









=

0i3

i3i2
A with  









−
=

5

i4
X . 

Sol.: Since [ ] 








−








−−==

5

i4

0i3

i3i2
5i4AXXS T  

( ) i326060i32
5

i4
12i158 =−+=









−
−= , purely imaginary. 

Orthogonal Vectors:  

Let X and Y be two real-n-vectors, then X is said to be orthogonal to Y if  

OYX =′ . 

Let X and Y be two complex-n-vectors, then X is said to be orthogonal to Y  

if  

OYX =θ
. 

 

Q.No.1.: For a symmetrical square matrix, show that the eigen vectors corresponding 

to two unequal eigen values are orthogonal. 

Proof: Let X1 and X2 be two eigen vectors corresponding to two unequal eigen values 1λ and 

2λ  of a symmetrical square matrix A. Then, by definition 

111 XAX λ=                 (i)        

and 222 XAX λ=                (ii) 

Since A is symmetrical square matrix therefore AA =′ . 

Also 1 2λ ≠ λ . 

To show: X1 and X2 are orthogonal vectors, i.e., OXX 12 =′ . 

Now ( ) ( ) ( ) ( ) 121212112121 XAXXAXAXXXXXX ′′=′=′=λ′=′λ  

                       ( ) ( )2 1 2 2 1 2 2 1AX X X X X X
′ ′

′= = λ = λ                   

122121 XXXX ′λ=′λ⇒ ( ) OXX 1221 =′λ−λ⇒ . 
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But ( ) 02121 ≠λ−λ⇒λ≠λ . 

Thus OXX 12 =′ . 

Hence X1 and X2  are orthogonal vectors. 

Q.No.2.: Show that any eigen vectors corresponding to two distinct eigen values of a 

Hermitian matrix are orthogonal. 

or 

Show that the eigen vectors Xi, Xj corresponding to two distinct eigen values  

ji   , λλ of a Hermitian matrix H are orthogonal, i.e. 0XX j
T
i = . 

 

Proof: Let X1 and X2 be two eigen vectors corresponding to two distinct eigen values 1λ and 

2λ  of a Hermitian matrix A. Then by definition 

111 XAX λ=                 (i)        

and 222 XAX λ= .                           (ii) 

Since A is Hermitian matrix, then both the eigen values are real 21   , λλ⇒  are real. 

Also AA =θ . 

To show: X1 and X2 are orthogonal vectors, i.e., OXX 12 =θ
.  

Now ( ) ( ) ( ) ( ) 121212112121 XAXXAXAXXXXXX θθθθθθ ===λ=λ  

                        ( ) ( ) 12212212212 XXXXXXXAX θθθθ
λ=λ=λ==                  [ 2 λ∵ is real] 

122121 XXXX θθ λ=λ⇒ ( ) OXX 1221 =λ−λ⇒ θ
. 

But ( ) 02121 ≠λ−λ⇒λ≠λ . 

Thus OXX 12 =θ
. 

Hence, X1 and X2 are orthogonal vectors. 

Q.No.3.: Show that any eigen vectors corresponding to two distinct eigen values of a 

unitary matrix are orthogonal. 

Proof: Let X1 and X2 be two eigen vectors corresponding to two distinct eigen values 1λ and 

2λ  of a unitary matrix A. Then by definition 

111 XAX λ=                 (i)        
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and 222 XAX λ= .                           (ii) 

Since A is unitary matrix, then the eigen values have the absolute value 1. 

i.e.
2

1 1 1 1 1

1

1
1 1 1∴ λ = ⇒ λ = ⇒ λ λ = ⇒ λ =

λ
 

2

2 2 2 2 2

2

1
1 1 1λ = ⇒ λ = ⇒ λ λ = ⇒ λ =

λ
 

Also IAA =θ . 

To show: X1 and X2 are orthogonal vectors, i.e., OXX 12 =θ
.  

Taking conjugate transpose of (ii), we get  

( ) ( )θθ
λ= 222 XAX

θθθ
λ=⇒ 222 XAX  .                                                                      (iii) 

From (i) and (iii), we get 

( )( ) ( )( )112212 XXAXAX λλ=
θθθ

 

( ) 121212 XXXAAX
θθθ

λλ=⇒  

( ) OXX1 1212 =λλ−⇒ θ
.                (iv) 

Also
2

2

1
.λ =

λ
        (iv) 

Thus, from (iv), we get 

OXX1 12
2

1 =








λ

λ
−

θ
OXX 12

2

12 =








λ

λ−λ
⇒ θ

. 

But 01212 ≠λ−λ⇒λ≠λ . 

Thus OXX 12 =θ
. 

Hence, X1 and X2  are orthogonal vectors. 
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Home Assignments: 
Use of properties: 

Q.No.1.:Show that, if λ  is a characteristic root of the matrix A, then k+λ  is a characteristic 

root of the kIA + . 

Q.No.2.:If n21 ,.......  , λλλ  are eigen values of a matrix A, then A
m

 has the eigen  

values
m

n
m

2
m

1 ,.......  , λλλ  (m being a positive integer). 

Q.No.3.: Find the sum and product of the eigen value  of 

















−

−

=

201

112

232

A . 

Ans.: Sum = trace = 2 +1 +2 = 5, Product = 21A = . 

Find the eigen values and eigen vectors of 22 ×  matrices: 

Q.No.1.:Find the eigen values and eigen vectors of the matrix: 








42

21
. 

Ans.: 2,5 − ,  (1, 1), 3,4 − . 

Q.No.2.:Find the eigen value and eigen vector of 








−

−

22

25
. 

Ans.: 0672 =+λ+λ ,  ,1−=λ 








−








−

1

2
  ,

2

1
  ,6 . 

Q.No.3.:Find the eigen value and eigen vector of 








− 68

86
. 

Ans.: 10, 








−








−

2

1
  ,

1

2
  ,10 . 

Q.No.4.:Find the eigen value and eigen vector of 








01

21
. 

Ans.: 2, 








−








−

1

1
  ,

1

2
  ,1 . 
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Q.No.5.:Find the eigen value and eigen vector of 








23

21
. 

Ans.: 4,  








−








−

1

1
  ,

3

2
  ,1 . 

Find the eigen values and eigen vectors of 33×  matrices: 

Q.No.1.: Find the eigen values and eigen vectors of the matrices: 

 (i). 

















100

121

112

    (ii).

















500

020

413

. 

Ans.: (i). 1, 1, 3;  ( ) ( ) ( )0 1, 1,  ,0 1, 1,  ,1 ,2 ,1 −− (ii).  2, 3, 5;  ( ) ( ) ( )1 0, 2,  ,0 0, 1,  ,0 ,1 ,1 − . 

Q.No.2.:Find the eigen value and eigen vector of 

















−−

−

−−

021

612

322

. 

Ans.: 3   3,  ,5 −− , 































−

















− 1

0

3

   ,

0

1

2

   ,

1

2

1

. 

Q.No.3.:Find the eigen value and eigen vector of 

















113

151

311

. 

Ans.: 6   3,  2,   ,0367 23 −=λ=+λ−λ ,  

































−















−

1

2

1

   ,

1

1

1

   ,

1

0

1

. 

Q.No.4.:Find the eigen value and eigen vector of 















 −−−

221

342

573

. 

Ans.: ( ) 1   1,  ,1   ,01
3

=λ=−λ ,   















−

1

1

3

. 



Matrices: Characteristic Equations, Eigen Values and Eigen Vectors,  

Visit: https://www.sites.google.com/site/hub2education/ 

 

37

Q.No.5.:Find the eigen value and eigen vector of 

















−

−−

−

342

476

268

. 

Ans.: 15   3,  0,   ,04518 23 =λ=λ+λ−λ ,  

















−

















−















1

2

2

   ,

2

1

2

   ,

2

2

1

. 

Q.No.6.:Find the eigen value and eigen vector of 

















221

131

122

. 

Ans.: 1   1,  5,   ,05117 23 =λ=−λ+λ−λ ,  

















−

















−















0

1

2

   ,

1

0

1

   ,

1

1

1

. 

Q.No.7.:Find the eigen value and eigen vector of 

















−−−

753

432

5103

 

Ans.: 3   2,  2,   ,012167 23 =λ=−λ+λ−λ ,  For  

















−

=λ

3

2

5

  ,2 , For  

















−

=λ

2

1

1

  ,3 . 

Q.No.8.:Find the eigen value and eigen vector of 

















−

−−

−

312

132

226

. 

Ans.: 8   2,  2,   ,0323612 23 =λ=−λ+λ−λ ,  































−

0

2

1

   ,

2

0

1

, For  

















−=λ

1

1

2

  ,8 . 

Q.No.9.:Find the eigen value and eigen vector of 

















200

120

012

. 

Ans.: ( ) 2   2,  ,2   ,02
3

=λ=−λ ,   

















0

0

1

. 
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Q.No.10.:Find the eigen value and eigen vector of 

















−

−

131

111

222

. 

Ans.:  2,   2,  2,   ,0842 23 −=λ=+λ−λ−λ For 2=λ , [ ]T110  

For 2−=λ , [ ]T714 −− . 

Q.No.11.:Find the eigen value and eigen vector of 

















−−−

−−

−−

312

514

523

. 

Ans.: ( )( )  2,   2,  5,   ,025
2

=λ=−λ+λ For 5=λ , [ ]T1 423X =  

For 2=λ ,  [ ]T2 131X −= . 

Q.No.12.:Two eigen values of the matrix 

















=

221

131

122

A  are = 1 each.  

Find the eigen values of 1A− . 

Ans.: 1, 1, 
5

1
. 

Find the eigen values and eigen vectors of 44 ×  matrices: 

Q.No.1.:Find the eigen value and eigen vector of



















−−

−−

−

−−−

6141

3211

4502

4141

. 

Ans.: 1 1,   1,  2,   ,02795 234 =λ=+λ−λ+λ−λ ,  For  



















−

−
=λ

3

2

3

2

  ,2 , For  



















−

−
=λ

5

4

6

3

  ,1 . 

Find the eigen values and eigen vectors of SPECIAL matrices: 

Q.No.1.: Show that eigen values of the skew-symmetric matrix 

 

















−

−

−

=

02012

2009

1290

A are purely imaginary or zero. 
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Ans.: Eigen values are 25i   25i,   ,0 − . 

Q.No.2.:Prove that 








+

−
=

7i31

i314
A  is Hermitian matrix. Find its eigen values. 

Ans.: Characteristic equation: 018112 =+λ−λ , eigen values 9, 2. 

Q.No.3.:Find the eigen vectors of the Hermitian matrix 








−

+
=

kicb

icba
A . 

Ans.:
( ) ( ) ( )[ ]

2

cb4kaka 222

2.1

++−±+
=λ  

         Eigen vectors: 
( )

( )( )

T

  at

22

21

1
icba

cb

λλ=λ











−λ−

+−
. 

Q.No.4.:Find the Hermitian form of 








+

−
=

4i2

i23
A  with 







 +
=

i2

i1
X . 

Ans.: 34. 

Q.No.5.: Find the Hermitian form of 








−
=

0i

i0
A ,  








=

i

1
X . 

Ans.: 2− . 

Q.No.6.:Show that 








−+−

+
=

ii2

i2i3
B  is Skew-Hermitian. Find its eigen values. 

Ans.: Characteristic equation: 08i22 =+λ−λ , eigen values 4i, i2− . 

Q.No.7.: Find the eigen vectors of the Skew Hermitian matrix 







=

0i3

i3i2
A . 

Ans.: ( )i1012.1 ±=λ , eigen vectors:

T

3

110
1 









 −
± . 

Q.No.8.: Find the Skew-Hermitian form for  

      (a)  








−
=

i0

0i
A with 








=

i

1
X , 

      (b). 








−
=

04

4i2
A with  








=

2

1

x

x
X . 



Matrices: Characteristic Equations, Eigen Values and Eigen Vectors,  

Visit: https://www.sites.google.com/site/hub2education/ 

 

40

Ans.: (a).  0,   (b).  ( )21
2

1 xx Im  i8xi2 + . 

Q.No.9.:Find the Skew- Hermitian form for  

















+−

−

+−

=

ii3i2

i301

i21i

A  with 

















=

2

1

0

X . 

Ans.: 16i. 

Q.No.10.:



















=

2

i

2

3
2

3

2

i

C is unitary matrix.Find its eigen values. 

Ans.: 01i2 =−λ−λ , ( ) 2/i3 +=λ ,  ( ) 2/i3 +− . 

Q.No.11.:Show that the column (and also row) vectors of the unitary matrix 










−+

+−+
=

i1i1

i1i1

2

1
A  form an orthogonal system. 

Q.No.12.:Determine the eigen values and eigen vectors of the unitary matrix 








−− 1i

i1

2

1
. 

Ans.: Eigen values 1,  1− ,  eigen vectors [ ]T2ii1 ± . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

CAYLEY-HAMILTON THEOREM 

                                               

         Arthur Cayley                                                                   Sir William Rowan Hamilton 

(16 August 1821 – 26 January 1895)                                                  (4 August 1805 – 2 September 1865) 

Cayley learned about matrices while attending one of Hamilton's lectures in 

Dublin, and later they both created their Cayley-Hamilton Theorem.  

 

Statement:  “Every square matrix over the real or complex field satisfies its  

                      own characteristic equation”.  

i.e., if the characteristic equation for the nth order square matrix A is 0IA =λ−  
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( ) ( ) ( ) ( )
n n 1 n 2 n nn n 1 n 2

1 2 n1 1 b 1 b ......... 1 b 0
− − −− −     ⇒ − λ + − λ + − λ + + − =

     

( )
n n n 1 n 2

1 2 n1 a a ......... a 0
− − ⇒ − λ + λ + λ + + =                        

n n 1 n 2

1 2 na a .......... a 0− −⇒ λ + λ + λ + + = . 

Then 
n n-1 n-2

1 2 n
A + a A + a A + ............. + a I = O . 

Proof: As we know, matrix IA λ−  is characteristic matrix of A.  

This matrix can be written as 

IA λ−



















λ−

λ−

λ−

=

nn2n1n

n22221

n11211

a....aa

................

a....aa

a....aa

 

This matrix shows that the elements of IA λ− are at most of the 1
st
 degree in λ . 

∴  The elements of Adj ( )IA λ−  are ordinary polynomials in λ  of degree ( )1n −  or less. 

3 3

3 3 3 3 2

3 3 3

2 1 4 5 3 2 9

5 2 2 5 7

3 2 6 4 8 3

 λ + λ + λ + λ + λ +        
         

λ + λ + λ λ + λ + = λ + λ + λ +         
         λ + λ + λ + λ + λ +         

 
Now Adj ( )IA λ−  can be written as matrix polynomials in λ , and is given by 

Adj ( ) 1n2n
2n

1
1n

0 BB............BBIA −−
−− +λ++λ+λ=λ− , 

where 1n10 B....,,.........B  ,B − are matrices of the type nn × , whose elements are functions 

of  ija ’s. [the elements of A ]. 

Now, since A adjA nIA=  

Replacing A by IA λ− , we obtain 

( ) ( ) nA I  Adj. A I  A I I− λ − λ = − λ  

( )[ ]1n2n
2n

1
1n

0 BB.........BBIA −−
−− +λ++λ+λλ−⇒ ( ) [ ] nn

1n
1

nn
I a........a1 ++λ+λ−= −

 

Comparing coefficients of the like powers of λ  on both sides, we get 
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( )

( )

( )

( )

n

0

n

0 1 1

n

1 2 2

n

n 1 n

        IB 1 I

AB IB 1 a I

AB IB 1 a I

...................................

AB 1 a I−

− = −

− = −

− = −

= −

 

Pre-multiplying these successively by ,A..,,.........A  ,A 1nn −
 I and adding, we get 

( ) [ ]Ia.............AaA1O n
1n

1
nn

+++−= −
 

OIa.............AaAaA n
2n

2
1n

1
n =++++⇒ −−

.                                                                (i) 

i.e., Every square matrix satisfies its own characteristic equation. 

This completes the proof. 

 

Another method of finding the inverse: 

If A be a non-singular matrix 0A ≠⇒ .  

Since ( )
n n n 1 n 2

1 2 nA I 1 a a ......... a− − − λ = − λ + λ + λ + +   

     ( )
n

n nA 1 a a 0⇒ = − ⇒ ≠ . 

Pre-multiplying (i) by 1A− , we get  

OAa...............AaAaA 1
n

3n
2

2n
1

1n =++++ −−−−
. 

 ⇒  
-1 n-1 n-2

1 n-1

n

1
A = - A + a A + ................ + a I

a
.                                     (since 0an ≠ ).  

Now let us understand this important theorem by the following problems: 

Q.No.1.: Find the characteristic roots of the matrix 







=

32

41
A  and verify Cayley- 

               Hamilton theorem for this matrix. Find the inverse of the matrix A and also   

               express  I  10AA11A7A4A 2345 −−+−−  as a linear polynomial in A. 

Sol.: Find: Characteristic roots 

The characteristic equation of the matrix A is 0IA =λ− . 
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λ−

λ−
⇒

32

41
=0 ( )( ) 031 =λ−λ−⇒ 0542 =−λ−λ⇒  ( )( ) 015 =+λ−λ⇒ .            (i) 

The roots of this equation are 1 ,5 −=λ  and these are the characteristic roots of A. 

By Cayley-Hamilton theorem, the matrix A must satisfy its characteristic equation (i) so 

we must have  

OI5A4A2 =−− .                                                                                                            (ii)  

Verification of Cayley-Hamilton theorem: 

Since 







=
















=

178

169

42

31

32

41
A2 . 

Therefore 







−








−








=−−

50

05

128

164

178

169
I5A4A2 O

00

00
=








= . 

This verifies the theorem. 

Find: Inverse of A  

Now multiplying (ii) by 1A− , we get 

11112 OAIA5AA4AA −−−− =−− OA5I4A 1 =−−⇒ − ( )I4A
5

1
A 1 −=⇒ − . 

Now 








−

−








−








=−

12

43
 .

10

01
4

32

41
I4A  

( ) 








−

−
=−=∴ −

12

43

5

1
I4A

5

1
A 1 . 

Express  I  10AA11A7A4A 2345 −−+−−  as a linear polynomial in A: 

Now (ii) ⇒ I5A4A2 += . 

Multiplying by 3A , we get  345 A5A4A += . 

Multiplying by 2A , we get  234 A5A4A += . 

Multiplying by A , we get   A5A4A 23 += . 

Now I  10AA11A7A4A 2345 −−+−−  

( ) ( ) I  10AA11A5A47A4A5A4 22434 −−++−−+=  

I  10A36A17A5 23 −−−= ( ) I  10A36A17A5A45 22 −−−+=  
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I  10A11A3 2 −−= ( ) I 5AI5AI5A4A3I 5I  15AA12A3 22 +=++−−=+−+−= , 

 which is a linear polynomial in A. 

Q.No.2.: Find the characteristic equation of the matrix  

















=

211

010

112

A  and, hence find  

                 the matrix represented by IA2A8A5AA3A7A5A 2345678 +−+−+−+− . 

Sol.: Here 

















=

211

010

112

A . 

Let λ  be the eigen value of the matrix A, then 

λ−

λ−

λ−

=λ−

211

010

112

IA . 

Operating 233 CCC +→ , we get    

λ−

−λλ−

λ−

=λ−

111

110

012

IA ( )
111

110

012

1 −λ−

λ−

λ−= . 

Operating 322 RRR +→ , we get   

( )
111

021

012

1IA λ−

λ−

λ−=λ−  

             ( ) ( )[ ] ( )[ ]1441121 22
−λ−λ+λ−=−λ−λ−= 375 23 +λ−λ+λ−= . 

0375IA 23 =−λ+λ−λ=λ−∴  is the characteristic equation of the matrix A.             (i) 

Then by Cayley-Hamilton theorem, the matrix A must satisfy (i), we have  

OI3A7A5A 23 =−+− .                                                                                                  (ii) 

From (ii), we get  

I3A7A5A 23 +−= , ∴  A3A7A5A 234 +−=  and 5678 A3A7A5A +−=   and   

Now IA2A8A5AA3A7A5A 2345678 +−+−+−+−  

( ) ( ) IA2A8A5A3A7A5A3A7A5A3A7A5 2323567567 +−+−+−+−+−+−=  
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IAA2 ++=  

















+

















+

































=

100

010

001

211

010

112

211

010

112

211

010

112

 

















=

















+

















+

















=

855

030

558

100

010

001

211

010

112

544

010

445

. Ans. 

Finding inverse by Cayley-Hamilton Theorem 

Q.No.3.: Find the characteristic equation of the matrix 

















−−−

−=

442

331

311

A , and  

                hence find its inverse. 

Sol.: Find: Characteristic Equation 

The characteristic equation is 0

442

331

311

A =

λ−−−−

−λ−

λ−

= 08203 =+λ−λ⇒ . 

which is the required characteristic equation of A. 

Find: Inverse of A  

Now since by Cayley-Hamilton theorem, we have OI8A20A3 =+−  

OA8I20A 12 =+−⇒ −   

21 A
8

1
I

2

5
A −=⇒ −























−−−

−−−=















 −−−

−

















=

4

1

4

1

4

1
4

3

4

1

4

5
2

3
13

2222

62210

1284

8

1

100

010

001

2

5
. Ans. 

Q.No.4.: Using Cayley-Hamilton theorem, find the inverse of  

                (i) 








23

35
, (ii) 

















−

−

111

112

301

, (iii) 

















−−

−

442

331

311

. 

Sol.: (i). Let 







=

23

35
A . 
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If λ  be the eigen value of the matrix A, then characteristic equation of A is 0IA =λ− . 

( )( ) 0925109250
23

35 2 =−λ+λ−λ−⇒−λ−λ−⇒=








λ−

λ−
⇒  

0172 =+λ−λ⇒ . 

Then, by Cayley-Hamilton theorem, we have 01A7A2 =+− . 

Pre-multiplying both sides by 1A− , we get OAI  7A 1 =+− −  

I  7AA 1 +−=⇒ −








+








−=

10

01
7

23

35









−

−
=









+−+−

+−+−
=

53

32

7203

0375
. Ans. 

(ii). Let A =

















−

−

111

112

301

.  

If λ  be the eigen value of the matrix A, then characteristic equation of A is 0IA =λ− . 

0

111

112

301

=

λ−−

−λ−

λ−

⇒         ( ) ( ) ( ) 012311
3

=λ+−−+λ−−λ−⇒   

( ) ( ) ( ) 03311
3

=−λ+λ−−λ−⇒  

( ) 09301041 233
=−λ+λ+λ−⇒=−λ+λ−⇒ . 

Then, by Cayley Hamilton theorem, we have   OI  9AA3A 23 =−++− . 

Pre-multiplying both sides by 1A− ,  we get    OA9IA3A 12 =−++− −  

IA3AA9 21 ++−=⇒ −  ( )IA3A
9

1
A 21 ++−=⇒ − . 

Now 

















++−−+−

−−++−+

++−+++

=

113110121

116110122

303300301

A2

















−

−

⇒

520

423

634

 

=∴ −1A [ ]1A3A
9

1 2 ++−

















+

















−

−+

















−

−

=

100

010

001

9

1

111

112

301

9

3

520

423

634

9

1
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















++−+−++

+−−++−++−

++−++++−

=

135032030

034132063

096003134

9

1

















−−

−=

113

723

330

9

1
. Ans. 

(iii). Let 

















−−

−=

442

331

311

A . 

If λ  be the eigen value of matrix A, then characteristic equation of A is  0IA =λ−  

0

442

331

311

=

λ−−−

−λ−

λ−

⇒  

( ) ( )( ) ( ) ( )1 3 4 12 4 6 3 4 2 3 0   ⇒ − λ − λ − − λ − − − − λ + + − − − λ =     

( ) ( )

( ) ( )

2

2

2 3 2

3

1 12 3 4 12 4 6 12 18 6 0

1 24 2 30 6 0

24 24 2 30 6 0

32 56 0

 ⇒ − λ − − λ + λ + λ − + + λ − − − + λ = 

 ⇒ − λ λ + λ − + λ − − + λ = 

⇒ λ + λ − − λ − λ + λ + λ − − + λ =

⇒ −λ + λ − =

 

Then, by Cayley-Hamilton theorem, we have       3A 32A 56I O− + − = . 

Pre-multiplication both sides by 1A− , we have  2 1A 32I 56A O−− + − =  

2 1A 32I 56A−⇒ − + = 1 21
A A 32I

56

−  ⇒ = − +   

Now 
2

1 1 3 1 1 3

A A.A 1 3 3 . 1 3 3

2 4 4 2 4 4

   
   

= = − −   
   − − − −   

 

2

1 1 6 1 3 12 3 3 12

A 1 3 6 1 9 12 3 9 12

2 4 8 2 12 16 6 12 16

+ + + − − − 
 ⇒ = + − + + − + 
 − − − + + + 

8 8 12

2 22 6

10 6 34

− − 
 

= − 
 − 

 

1 2

8 32 8 12
1 1

A A 32I 2 22 32 6
56 56

10 6 34 32

−

− + 
  ∴ = − + = − + −   
 − − + 

24 8 12
1

2 10 6
56

10 6 2

 
 

= − 
 − − 

.  

Q.No.5.: Verify Cayley-Hamilton theorem for the matrix A and find its inverse. 
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                  (i)  

















−

−−

−

211

121

112

, (ii)  

















−

−−

−

126

216

227

. 

Sol.: (i). Let  

















−

−−

−

=

211

121

112

A . 

If λbe the eigen value of matrix A, then characteristic equation of A is 0IA =λ− . 

0

211

121

112

=

λ−−

−λ−−

−λ−

⇒         

( ) ( ){ } ( ){ } ( ){ } 02111211122
2

=λ−−++λ−−+−λ−λ−⇒  

( )( ) ( ) ( ) 011432 2 =−λ+−λ+λ+λ−λ−⇒    0496 23 =+λ−λ+λ−⇒ . 

Then, by Cayley-Hamilton’s theorem, we get  OI  4A9A6A 23 =+−+−  

Multiplying both sides by 1A− , we get          O4AI  9A6A -12 =+−+−                       (i) 

[ ]I  9A6A
4

1
A 21 +−=⇒ − . 

First verify result (i): 

Now 

















−

−−

−

=

















−

−−

−

















−

−−

−

=

655

565

556

211

121

112

 

211

121

112

A2
, 

















−

−−

−

=

















−

−−

−

















−

−−

−

==

222121

212221

212122

211

121

112

655

565

556

A.AA 23
 

I4A9A6A 23 +−+−∴  

















+

















−

−−

−

−

















−

−−

−

+

















−

−−

−

−=

400

040

004

099

9189

9918

363030

303630

303036

222121

212221

212122
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O

000

000

000

=

















= . 

Hence Cayley-Hamilton theorem verified. 

IInd: Find the inverse of A. 

Now ( )I9A6A
4

1
A 21 +−=−

















+

















−

−−

−

−

















−

−−

−

=

100

010

001

4

9

211

121

112

2

3

655

565

556

4

1
 

               























+++++−+−

++−+−++−

+−++−+−

=

4

926

4

065

4

065
4

065

4

9126

4

065
4

065

4

065

4

9126

4

1























−

−

=

4

3

4

1

4

1
4

1

4

3

4

1
4

1

4

1

4

3

 

















−

−

=∴ −

311

131

113

4

1
A 1

. Ans. 

(ii). Given 

















−

−−

−

=

126

216

227

A . 

If λ  is the eigen value of A then characteristic equation of A is  0IA =λ− . 

0

126

216

227

=

λ−−

λ−−−

−λ−

⇒  

( ) ( ) ( )[ ] 02)1(211

110

011

227

1
22

=−−λ−λ−⇒















 −λ−

λ−⇒  

03632 223 =λ+λ−+λ−λ+λ−⇒     0375 23 =−λ+λ−λ⇒ .  

Now by Cayley-Hamilton theorem, we get OI3A7A5A 23 =−+− . 
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Now

















−

−−

−

















−

−−

−

=

126

216

227

126

216

227

A2

















−

−−

−

=

7824

8724

8825

 

















−

−−

−

















−

−−

−

==

126

216

227

7824

8724

8825

A.AA 23

















−

−−

−

=

252678

262578

262679

 

I3A7A5A 23 −+−  

















−

















−

−−

−

+

















−

−−

−

−

















−

−−

−

=

100

010

001

3

126

216

227

7

7824

8724

8825

5

252678

262578

262679

















=

000

000

000

. 

Hence this proves the result. 

Now [ ]I7A5A
3

1
A 21 +−=−

































+

















−

−−

−

−

















−

−−

−

=

700

070

007

51030

10530

101035

7824

8724

8825

3

1
 

















++−+−+−

+−++−++−

++−+−−+

=

757010803024

010875703524

0108010835725

3

1

















−−

−

−−

=

526

256

223

3

1
. Ans. 

Q.No.6.: Find the characteristic equation of the matrix 

















=

121

324

731

A . Show that the  

                equation is satisfied by A and hence obtains the inverse of the given matrix. 

Sol.: Find: Characteristic Equation  

Given 

















=

121

324

731

A . 

If λ  be an eigen value of matrix A, then the characteristic equation of A is  0IA =λ− . 
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0

121

324

731

=

λ−

λ−

λ−

⇒  

( ) ( )( )[ ] ( )[ ] ( )[ ] 028731436121 =λ−−+−λ−−−λ−λ−λ−⇒  

( )[ ] ( ) ( ) 0674136221 2 =λ++λ−−−λ+λ−λ−λ−⇒  

( )( ) 0742123431 2 =λ++λ+−−λ−λλ−⇒  

07421234343 232 =λ++λ+−λ+λ+λ−−λ−λ⇒  

035204 23 =+λ+λ+λ−⇒             035204 23 =−λ−λ−λ⇒ , 

which is the required characteristic equation. 

To shows the above characteristic equation is satisfied by A. 

i.e., OI  35A20A4A 23 =−−− . 

Now 

































=

121

324

731

121

324

731

A2

















++++++

++++++

++++++

=

167243181

36286412384

79714637121

















=

14910

372215

232320

 

































==

121

324

731

14910

372215

232320

A.AA 23

















++++++

++++++

++++++

=

142770281830143610

3766105744445378815

2369140464660239220

 

                   

















=

1117660

208163140

232152135

 

I  35A20A4A 23 −−−∴  

















=

1117660

208163140

232152135

















−

14910

372215

232320

4 0

000

000

000

100

010

001

35

121

324

731

20 =

















=

















−

















− . 

Find: Inverse of A  

Since OI  35A20A4A 23 =−−−  

Multiplying both sides by 1A− , we get   OA 35I  20A4A 12 =−−−  
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[ ]I  20A4A
35

1
A 21 −−=⇒ −

































−

















−

















=

100

010

001

20

121

324

731

4

14910

372215

232320

35

1
 

















−−+−+−

+−−−+−

+−+−−−

=

204140890410

012372082201615

028230122320420

35

1

















−

−−

−−

=

1016

2561

5114

35

1
. Ans. 

Q.No.7.: Verify Cayley Hamilton theorem for the matrix 








−
=

12

21
A , find 

1A−
. 

Determine A
8
. 

Sol.: The characteristic equation is 0
12

21
IA =

λ−−

λ−
=λ−   

( )( ) 0411 =−λ+−λ⇒ 052 =−λ⇒ . 






−





−
==

12

21

12

21
A.AA2

I5
50

05
==  OI5A2 =−⇒  

Thus A satisfies the characteristic equation. 

To find 1A− , multiply OI5A2 =−  by 1A− , we get 

OIA5A.A 121 =− −−   OA5A 1 =−⇒ −  

So  








−
==−

12

21

5

1
A

5

1
A 1 . 

To find A
8
, multiply 0I5A2 =−  by A

6
, we get 

OA.I5A.A 626 =−  

( )( ) )I5(I5I5.5A.A.A.5A5A 22268 ===  

A
8
 = 625 I. 

Q.No.8.: Verify Cayley-Hamilton theorem for the matrix 

















=

653

542

321

A  and hence find 

the inverse of A. Find A
4
.  

               Express IA2A3A11AAA4A11AB 2345678 ++−−++−−=  as a quadratic 

polynomial in A. Find B. 
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Sol.: The characteristic equation of A is 

λ−

λ−

λ−

=λ−

653

542

321

IA  

              ( ) ( )( )[ ] ( )[ ] ( )[ ] 0431031562225641 =λ−−+−λ−−−λ−λ−λ−= , 

01411 23 =+λ−λ−λ⇒ . 

Cayley Hamilton theorem is verified if A satisfies the above characteristic  equation,  

i.e., 0IA4A11A 23 =+−− . 

Now 

































==

653

542

321

653

542

321

A.AA2

















=

705631

564525

312514

. 

































==

705631

564525

312514

653

542

321

A.AA 23

















=

793636353

636510283

353283157

. 

Verification:  

IA4A11A 23 +−−  

















=

















+

















−

















−

















=

000

000

000

100

010

001

153

042

021

4

705631

564525

312514

11

793636353

636510283

353283157

 

To find 
1A−
:  

From characteristic equation I4A11AA 21 ++−=− .  

So 

















−

−−

−

=

















+

















+

















−=−

012

133

231

100

010

001

4

653

542

321

11

705631

564525

312514

A 1
. 

To find A
4
:  

From Cayley-Hamilton theorem 

0IA4A11A 23 =+−− IA4A11A 23 −+=⇒ . 

Multiplying both sides by A 

( ) AA4A11IA4A11AA.AA 23234 −+=−+==  
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















−

















+

















=

653

542

321

705631

564525

312514

793636353

636510283

353283157

11

















=

899772154004

721557863211

400432111782

 

To find B:  

Rewrite  IA2A3A11AAA4A11AB 2345678 ++−−++−−=  

                  ( ) ( ) IAA1A4A11AAIA4A11AA 223235 ++++−−++−−=  

                  ( ) ( ) IAA0A0A 25 ++++= . 

Thus, the quadratic polynomial in A of  B is 2A A I+ + . 

Now 

















+

















+

















=++=

100

010

001

653

542

321

705631

564525

312514

IAAB 2
. 

















=

776134

615027

342716

B . 

Q.No.9.: Determine 1A− ,  2A− , 3A− if  

















−−−

=

341

231

664

A . 

Sol.: The characteristic equation of A is 

λ−−−−

λ−

λ−

=λ−

341

231

664

IA 044 23 =+λ−λ−λ=  

It follows from Cayley-Hamilton theorem that  

0I4AA4A 23 =+−−  

Multiplying by 1A− , 

0I4AA.AAA4AA 112131 =+−− −−−−  

Solving ( )21 AA4I
4

1
A −+=−  

















−−−

==

565

675

181816

A.AA2
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















−−−

−

















−−−

+

















=−

565

675

181816

4

1

341

231

664

100

010

001

4

1
A 1

















−−

−=

6101

261

661

4

1
. 

Multiplying 1A−  by 1A− , we have  

[ ]21112 AA4I
4

1
AAAA −+== −−−− [ ]AI4A

4

1 1 −+= −























−−

−−

=

2

11

2

3

4

5
2

3

2

5

4

5
2

9

2

9

4

1

4

1
. 

[ ]
4

1
AI4AAAAA 11213 −+== −−−−− [ ]IA4A

4

1 12 −+= −−

















−−

−=

9015421

269021

78781

64

1

 

 

 

Home Assignments 
 

Problems on verification of Cayley-Hamilton theorem 

Q.No.1.: Verify Cayley-Hamilton theorem for the matrix 








− 31

52
. 

Ans.: Characteristic polynomial: 112 −λ+λ . 

Q.No.2.: Verify Cayley-Hamilton theorem for the matrix 








−

−

47

32
. 

Ans.: Characteristic polynomial: 1322 +λ+λ . 

Q.No.3.: Verify Cayley-Hamilton theorem for the matrix 

















−

−

120

130

341

. 

Ans.: Characteristic equation: 0533 23 =+λ−λ−λ . 
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Q.No.4.: Find the characteristic equation of the matrix 

















−

−=

113

412

321

A  . Show that the 

equation is satisfied by A. 

Ans.: 0401823 =−λ−λ+λ . 

Problems on finding the inverse by using Cayley-Hamilton theorem 

Q.No.5.: Using Cayley-Hamilton theorem, find the inverse of  

               (i) 








53

32
,  (ii). 















 −

842

416

317

. 

Ans.:    (i). 








−

−

23

35
    (ii). 

















−

−

−

133022

105040

7208

50

1
. 

Q.No.6.: Using Cayley-Hamilton theorem, find the inverse of 

















−

−−

−

=

211

121

112

A . 

Ans.: Characteristic equation: 0496 23 =−λ−λ−λ ,  

















−

−

=−

311

131

113

4

1
A 1

. 

Q.No.7.: Using Cayley-Hamilton theorem, find the inverse of 

















−

−−

−

=

126

216

227

A . 

Ans.: Characteristic equation: 0375 23 =−λ+λ−λ ,  

















−−

−

−−

=−

526

256

223

3

1
A 1

. 
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Problems on verifications  

and  

finding the inverse by using Cayley-Hamilton theorem 

Q.No.8.: Find the characteristic equation of the matrix 

















=

121

324

731

A  . Show that the 

equation is satisfied by A and hence obtain the inverse of the given matrix. 

Ans.: 035204 23 =−λ−λ−λ ,  

















−−

−−

=−

1016

2561

5114

35

1
A 1

. 

Q.No.9.: Verify Cayley-Hamilton theorem  to find 1A− if  

















−−−

−=

442

331

311

A . 

Ans.: Characteristic equation: 08203 =+λ−λ ,  

















−−−

−−−=−

111

315

6412

4

1
A 1

. 

Q.No.10.: Verify Cayley-Hamilton theorem and hence find 1A−  for  



















=

0001

0100

1000

0010

A . 

Ans.: Characteristic equation: 0134 =+λ−λ−λ ,  



















=−

0010

0100

0001

1000

A 1 . 

Problems on finding the matrix polynomials  

Q.No.11.: Verify Cayley-Hamilton theorem for the matrix 







=

32

41
A . Find 1A− .  

                 Find I  10AA11A7A4AB 2345 −−+−−= . 

Ans.: Characteristic equation: 0542 =−λ−λ ,  








−

−
=−

12

43

5

1
A 1 ,    
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           







=+=

82

46
I  5AB  

Q.No.12.: If 

















=

211

010

112

A , find 1A− .  

                 Find IA2A8A5A3A7A5AB 235678 +−+−−+−=  

Ans.: Characteristic equation: 0375 23 =−λ+λ−λ ,   

         

















−−

−−

=−

211

030

112

3

1
A 1

, 

















=

855

030

558

B . 

Q.No.13.: Find 23456 A14A12A8A4AB +−+−=  if 








−
=

31

21
A . 

Ans.: Characteristic equation : 0542 =+λ−λ ,  








−

−
=−=

74

81
A4 I   5B . 

Q.No.14.: Find 1A−  and A
4
 if 

















−

−=

111

112

301

A . 

Ans.: Characteristic equation: 093 23 =+λ−λ−λ ,   

         

















−−

−=−

113

723

330

9

1
A 1

, 

















−−

−

−

=

17146

461318

42307

A4
. 

Q.No.15.: Compute  1A− , 2A− , 3A  and A
4
  if 

















=

132

113

211

A . 

Ans.: Characteristic equation: 01173 23 =−λ−λ−λ ,  

















−−

−−

−−

=−

217

531

152

11

1
A 1

, 

















−−

−−

−−

=−

84027

24140

29248

121

1
A 2

, 

















=

424553

313945

293142

A3
, 

















=

193224272

160177224

144160193

A4
. 
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Reduction to Diagonal form: 

Theorem: If a square matrix A of order n has n linearly independent eigen vectors, then 

a matrix P can be found such that APP 1−
 is a diagonal matrix. 

This result will be proved for a square matrix of order 3 but the method will be capable of easy 

extension to matrices of any order. 

Proof:  

Let A be a square matrix of order 3.  

Let 321   ,  , λλλ  be its eigen values  

and 

1

1 1

1

x

X y

z

 
 =  
  

,   

2

2 2

2

x

X y

z

 
 =  
  

, 

















=

3

3

3

3

z

y

x

X   be the corresponding eigen vectors. 

Denoting the square matrix [ ]
















=

321

321

321

321

zzz

yyy

xxx

XXX  by P, we have 

[ ] [ ] [ ]1 2 3 1 2 3 1 1 2 2 3 3AP A X X X AX  AX  AX X  X  X= = = λ λ λ  

9th Topic 

Matrices 

Reduction to Diagonal form (Modal Matrix) 

Reduction to Quadratic form to Canonical form 

Nature. Index, signature of Quadratic form 

Prepared by 
 

 
 
 
 

Dr. Sunil 

NIT Hamirpur (HP) 
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1 1 2 2 3 3 1 2 3 1

1 1 2 2 3 3 1 2 3 2

1 1 2 2 3 3 1 2 3 3

x x x x x x 0 0

y y y y y y 0 0 PD

z z z z z z 0 0

λ λ λ λ     
     = λ λ λ = λ =     
     λ λ λ λ     

,  

where D is the diagonal matrix. 

DPDPAPP 11 ==∴ −−
,  

which proves the theorem. 

Remarks:  

1. The matrix P, which diagonalises A is called the modal matrix of A and the resulting 

diagonal matrix D is known as a spectral matrix of A. 

2. The diagonal matrix has the eigen values of A as its diagonal elements. 

3. The matrix P is found by grouping the eigen vectors of A into a square matrix. 

Similarities of matrices: 

A square matrix 
∧

A  of order n is called similar to a square matrix A of order n if 

APPA 1−
∧

=  for some non-singular nn ×  matrix P. 

Similarity Transformation: This transformation of a matrix A by a non-singular matrix 

P to 
∧

A  is called a similarity transformation. 

Remarks:  

1. If the matrix 
∧

A  is similar to the matrix A, then 
∧

A  has the same eigen values of A. 

2. If X is an eigen vector of A, then 1Y P X−=  is an eigen vector of 
∧

A  corresponding to 

the same eigen value. 

Powers of a matrix: 

Result: Diagonalisation of a matrix is quite useful for obtaining powers of a matrix. 

Proof: Let A be the square matrix.  

Then, a non-singular matrix P can be found such that APPD 1−= . 

( )( ) PAPAPPAPPD 21112 −−− ==∴ .                                          
1PP I− = ∵  

Similarly, PAPD 313 −=  and in general n 1 nD P A P−= .            (i) 

To obtain A
n
:  

Pre-multiply (i) by P and post-multiply by 
1P−
, we get 
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n1n11n APPAPPPPD == −−−
 which gives 

nA . 

Thus, 
1nn PPDA −= , where 

















λ

λ

λ

=
n
3

n
2

n
1

n

00

00

00

D . 

Working procedure: 

1. Find the eigen values of the square matrix A. 

2. Find the corresponding eigen vectors and write the normal matrix A. 

3. Find the diagonal matrix D from DPPD 1−= . 

4. Obtain A
n
 from 

1n PDPA −= . 

 

Quadratic Forms: 

Definition: A homogeneous polynomial of second degree in any number of 

variables is called a quadratic form.  

For examples: 

(i)   22 byhxy2ax ++   

(ii)  fzx2gyz2hxy2czbyax 222 +++++   and  

(iii) nzw2myw2xw2fzx2gyz2hxy2dwczbyax 2222 +++++++++ ℓ   

are quadratic forms in two, three and four variables. 

Theorem: Every quadratic form can be written as AXXxxa jiij

n

1i

n

1j

′=∑∑
==

, so that 

the matrix A is always symmetric,  

where [ ]ijaA =   and  [ ]1 2 nX x ,   x ....., x′ = . 

Proof: In n-variables x1,  x2, ………… xn , the general quadratic form is jiij

n

1i

n

1j

xxb∑∑
==

. 

In the expansion, the co-efficient of ( )jiijji bbxx += . 

Suppose ijijij bba2 +=  where jiij aa =  and iiii ba =  

jiij

n

1i

n

1j

jiij

n

1i

n

1j

xxaxxb ∑∑∑∑
====

=∴ , where ( )jiijij bb
2

1
a += . 
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Hence, every quadratic form can be written as AXXxxa jiij

n

1i

n

1j

′=∑∑
==

, so that the 

matrix A is always symmetric, where [ ]ijaA =   and  [ ]1 2 nX x ,   x ....., x′ = . 

 

Now writing the above said examples of quadratic forms in matrix form, we get 

(i). 22 byhxy2ax ++ [ ]
a h x

x   y
h b y

   
=    

   
. 

(ii). fzx2gyz2hxy2czbyax 222 +++++ [ ]
































=

z

y

x

cgf

gbh

fha

zyx  and 

(iii). nzw2myw2xw2fzx2gyz2hxy2dwczbyax 2222 +++++++++ ℓ  

     [ ]





































=

w

z

y

x

dnm

ncgf

mgbh

fha

wzyx

ℓ

ℓ

. 

Linear Transformation of a Quadratic form: 

Let AXX ′  be a quadratic form in n-variables and let X = PY,             (i)  

where P is a non-singular matrix, be the non-singular transformation. 

From (i), we get ( ) PYPYX ′′=
′

=′ .  

Thus BYYY)APP(YAPYPYAXX ′=′′=′′=′ ,            (ii) 

where APPB ′= .  

Therefore, BYY′  is also a quadratic form in n-variables.  

Hence, it is a linear transformation of the quadratic form AXX ′  under the linear 

transformation PYX =  and APPB ′= . 

 

Note:  

(i) Here ( )B P AP P AP B′′ ′ ′= = = .   

(ii) ( ) ( )AB ρ=ρ . 

∴  A and B are congruent matrices. 
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Canonical Form: 

If a real quadratic form be expressed as a sum or difference of the square of 

new variables by means of any real non-singular linear transformation, then the later 

quadratic expression is called a canonical form (or sum of squares form or Principal axes 

form)  of the given quadratic form. 

i.e.,  if the quadratic form jiij

n

1i

n

1j

xxaAXX ∑∑
==

=′  can be reduced to the quadratic form  

2
1i

n

1i

yBYY λ=′ ∑
=

 by a non-singular linear transformation X = PY, then BYY′  is called 

the canonical form of the given one. 

∴  If  B ).,,.........,.(diagAPP n21 λλλ=′= , 

 then 
2
1i

n

1i

yBYYAXX λ=′=′ ∑
=

. 

Remarks:  

1. Here some of 1λ  (eigen values) may be positive or negative or zero. 

2. A quadratic form is said to be real if the elements of the symmetric matrix are real. 

3. If ( ) rA =ρ , then the quadratic form AXX ′  will contain only r terms. 

Index and Signature of the quadratic form: 

Index:  

The number p of positive terms in the canonical form is called the index of the 

quadratic form. 

Signature:  

(The number of terms) – (The number of negative terms)  

i.e., ( ) rp2prp −=−−  is called signature of the quadratic form, where ( ) rA =ρ . 

Definite, Semi-definite and Indefinite Real Quadratic form: 

Let AXX ′  be real quadratic form in n-variables x1,  x2, ………… xn with rank r 

and index p.  

Then, we say that the quadratic form is  

(i)   positive definite if r = n, p = r        

(ii)  negative definite if r = n,   p = 0 
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(iii) positive semi-definite if r < n,  p = r and  

(iv) negative semi-definite if r < n, p = 0. 

If the canonical form has both positive and negative terms, the quadratic form is said to 

be indefinite. 

Remarks: If AXX ′  is positive definite then 0A > . 

OR 

Nature of Quadratic Form: 

A real quadratic form AXX ′  in a variable is said to be 

(i) Positive definite if all the eigen values of A > 0. 

(ii) Negative definite if all the eigen values of A < 0. 

(iii) Positive semi-definite if all the eigen values of 0A ≥  and at least one eigen value = 

0. 

(iv) Negative semi-definite if all the eigen values of 0A ≤  and at least one eigen value 

= 0. 

(v) Indefinite if some of the eigen values of A are positive and others negative. 

 

Law-of-Inertia of Quadratic form: 

Statement:  

“The index of real quadratic form is invariant under real non-singular 

transformation”. 

Reduction to Canonical form by Orthogonal Transformation: 

Let AXX ′  be a given quadratic form. The modal matrix B of A is that matrix 

whose columns are characteristic vectors of A. If B represent the orthogonal matrix of A 

(the normalized modal matrix of A whose column vectors are pair-wise orthogonal),  

then X = BY will reduce  AXX ′  to DYY ′ , 

where D = diag ( )n21 ,.......,, λλλ and n21 ,.......,, λλλ are characteristic roots of A. 

Remarks: This method works successfully if the characteristic vectors A are linearly 

dependent which are pairwise orthogonal. 
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Determination of real symmetric matrix C of the quadratic form:          

Q.No.1.: Find a real symmetric matrix C of the quadratic form          

               3221
2
3

2
2

2
1 xx6xx2x2x3xQ ++++= . 

Sol.: The coefficient matrix of Q is 

















=

200

630

021

A , 

Thus C = symmetric matrix = [ ]TAA
2

1
+ . 

1 2 0 1 0 0 1 1 0
1

C 0 3 6 2 3 0 1 3 3
2

0 0 2 0 6 2 0 3 2

      
      = + =      
            

. 

Remarks: The simplest way writing C is 

1. Put coefficients of square terms as the diagonal elements. 

2. Place 
2

1
 of ija , the coefficients of xi, xj, xij and the remaining 

2

1
 of ija , at jic , i.e., 

ijjiij a
2

1
cc ==  such that ( ) ijijijjiij aaa

2

1
cc =+=+ . 

Determine the nature, index and signature 

Q.No.1.: Determine the nature, index and signature of the quadratic form 

323121
2
3

2
2

2
1 xx4xx4xx2x3x2x2 −−+++ . 

Sol.:  The real symmetric matrix A associated with the quadratic form is 

















−−

−

−

=

322

221

212

A . 

Its characteristic equation is 0

322

221

212

=

λ−−−

−λ−

−λ−

 

0177 23 =−λ+λ−λ⇒ ( ) ( )( ) ( )( ) 083831 =−−λ+−λ−λ⇒ . 

The eigen values are λ=  1,  0.1715,   3.1715, which are all positive.  
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Since, we know that if all the eigen values of A > 0, then the quadratic form is 

positive definite  

So, here quadratic form is positive define. 

Index: 3, Signature: 303 =− . 

Q.No.2.: Find the nature, index and signature of quadratic form 323121 xx2xx2xx2 ++ . 

Sol.: The real symmetric matrix A associated with the quadratic form is 

















=

011

101

110

A . 

Its characteristic equation is 0

11

11

11

=

λ−

λ−

λ−

. 

( ) ( ) 021023
23 =−λ+λ⇒=−λ−λ⇒ . 

The eigen values are 1  1,  ,2 −− , some are positive and some are negative.  

So quadratic form is indefinite. 

Index: 1, Signature: 121 −=− . 

Q.No.3.: Identify the nature, index and signature of the quadratic form  

321321
2
3

2
2

2
1 xx4xx2xx4xx4x −+−++ . 

Sol.: The real symmetric matrix A associated with the quadratic form is  

















−

−−

−

=

121

242

121

A . 

Its characteristic equation is 

λ−−

−λ−−

−λ−

=λ−

121

242

121

IA ( ) 062 =−λλ= . 

Eigen values are =λ  0,  0, 6.   

So quadratic form is positive semi definite. 

Index: 3, Signature: 3. 

Q.No.4.: Classify the quadratic form and find the index and signature of 

323121
2
3

2
2

2
1 xx2xx2xx2x3x3x3 +−−−−− . 

Sol.: The real symmetric matrix A associated with the quadratic form is 
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















−−

−−

−−−

=

311

131

113

A . 

Its characteristic equation is 0

311

131

113

=

λ−−−

λ−−−

−−λ−−

 

( )( ) 04116249
223 =+λ+λ=+λ+λ+λ⇒ . 

All the eigen values 4   4,   ,1 −−− , are negative.  

So quadratic form is negative definite. 

Index: 0,  Signature: 330 −=−  

Note: 323121
2
3

2
2

2
1 xx2xx2xx2x3x3x3Q −++−+=  is positive definite. 

 

Reduction to diagonal form 

Q.No.1.: Find the matrix P which diagonalises the matrix 







=

32

14
A , verify that 

DAPP 1 =−
, where D is diagonal matrix , hence find A

6
. 

Sol.: Since we know, if a square matrix A of or order n has n linearly independent eigen 

vectors, then a matrix P can be found such that APP 1−
 is a diagonal matrix. 

A is diagonalizable by P whose columns are the linearly independent eigen vectors of A. 

The characteristic equation of A is  0
32

14
IA =

λ−

λ−
=λ−  

( )( ) 107234 2 +λ−λ=−λ−λ−⇒ ( )( ) 052 =−λ−λ= . 

So 5  ,2=λ  are two distinct eigen values of A. 

For 2=λ :  0xx2 21 =+ ,   12 x2x −= ,  








−
=

2

1
X1 . 

For 5=λ :  0xx 21 =+− ,   12 xx = ,  2

1
X

1

 
=  
 

. 

Thus, the matrix P which diagonalises A is   [ ] 








−
==

12

11
X  ,XP 21 . 
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Verification:  Since 






 −
=−

12

11

3

1
P 1

. 

Therefore 








−














 −
=−

12

11

32

14

12

11

3

1
APP 1










−






 −
=

12

11

510

22

3

1
 

D
50

02

150

06

3

1
APP 1 =








=








=−

= diagonal matrix 

D contain eigen values 2, 5 as diagonal elements. 

To find A6 : 








 −





















−
== −

12

11

3

1

50

02

12

11
PPDA

6

6
166  








 −








=

12

11

15625128

1562564

3

1
A6









=

1575331122

1556131314

3

1
 









=∴

525110374

518710438
A6

. Ans. 

Q.No.2.: Define modal matrix & spectral matrix of a matrix. 

              Reduce the matrix 
1 0

A
2 1

 
=  − 

 into a diagonal matrix, by finding its modal  

             matrix P, and hence write its spectral matrix. 

Sol.: 1
st
 Part: We know that if a square matrix A of order n has n linearly independent 

eigen vectors, then a matrix P can be found such that APP 1−
 is a diagonal matrix. 

Modal matrix:  The matrix P, which diagonalises A is called the modal matrix of A. 

Spectral matrix:  The resulting diagonal matrix D is known as a spectral matrix of A. 

2
nd

 Part: 

The characteristic equation of A is 
1 0

0
2 1

− λ
=

− − λ
  

                                                  ( ) ( ) ( )( )1 1 0 1 1 0 1, 1⇒ − λ − − λ = ⇒ − λ + λ = ⇒ λ = − . 

So eigen values of A are 1, 1.λ = −  

For 1λ = − , we have  1 12x 0 x 0= ⇒ =   
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Thus 2

0
X

1

 
=  
 

. 

For 1λ = , we have  1 2 1 22x 2x 0 x x− = ⇒ =   

Thus 1

1
X

1

 
=  
 

. 

Thus, the modal matrix is 
0 1

P
1 1

 
=  
 

 

Spectral matrix is 
1 0

D
0 1

− 
=  
   

Also 
1

1 1
P

1 0

−
− 

=  
   

Verification: 
1A PDP−=  

1 0 0 1 1 0 1 1

2 1 1 1 0 1 1 0

− −       
⇒ =       −       

 

Q.No.3.: Diagonalise 

















=

300

021

161

A  and hence find A
8
. Find the modal matrix. 

Sol.: The non-singular square matrix P containing eigen vectors of A as columns, 

diagonalises A. 

The characteristic equation of A is 0

300

021

161

=

λ−

λ−

λ−

 ( )( )( ) 0431 =−λ−λ+λ⇒ . 

So eigen values of A are 4  3,  ,1−=λ . 

For 1−=λ , we have  0xx6x2 321 =++   

                                         00x3x 21 =++         

                                                      0x4 3 =  

0x3 =∴ 21 x3x −= . Thus 















−

=

0

1

3

X1 . 
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For 3=λ , we have 0xx6x2 321 =++−  

                                               0xx 21 =−  

23 xx =∴ , 23 x4x −= . Thus 

















−

=

4

1

1

X2 . 

For 4=λ , we have   0xx6x3 321 =++−  

                                               0x2x 22 =−    

                                                      0x3 =−  

0x3 =∴ , 22 x2x = . Thus 

















=

0

1

2

X3 . 

Thus 

















−

−

=

040

111

213

P  is the modal matrix. 

To find 
1P−
: Now 

















−

−

100:040

010:111

001:213

 

Operating 21(3)12 R  ,R  , we get 

















− 100:040

031:540

010:111

~  

Operating )1(32R , we get 

















131:500

031:540

010:111

~  

Operating 

















5

1
3

4

1
2

R  ,R , we get 























5

1

5

3

5

1
:100

0
4

3

4

1
:

4

5
10

010:111

~  
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Operating ( )13

4

5
23

R  ,R −








−

, we get 























−

−−

5

1

5

3

5

1
:100

4

1
00:010

5

1

5

2

5

1
:011

~  

Operating ( )112R − , we get 























−

−

5

1

5

3

5

1
:100

4

1
00:010

20

1

5

2

5

1
:011

~  

Thus   

















−

−

=−

4124

500

184

20

1
P 1

. 

Diagonalisation: 

APPD 1−=  

















−

−

































−

−

=

040

111

213

300

021

161

4124

500

184

20

1
 

                    

















−

−

















−

−−

=

040

111

213

164816

1500

184

20

1
 

                    















−

=















−

=

400

030

001

8000

0600

0020

20

1
 

To find
8A :  

Now 
18 PDPA −=  

( )

















−

−















 −

















−

−

=

4124

500

184

20

1

400

030

001

040

111

213

8

8

8

 

















−

−

































−

−

=

4124

500

184

20

1

6553600

065610

001

040

111

213
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=































−

















−

−

4124

500

184

0262440

6553665611

13107265613

20

1

















=

13122000

229340786440262140

4914801572840524300

20

1
 

















=

656100

114673932213107

245747864226215

A8
. Ans 

Q.No.4.: Find a matrix P, which transforms the matrix 

















=

113

151

311

A  to diagonal form. 

Hence, calculate A
4
. 

Sol.: Since we know, if a square matrix A of or order n has n linearly independent eigen 

vectors, then a matrix P can be found such that APP 1−
 is a diagonal matrix. 

The eigen values of A are 6  3,  ,2−  and  

the eigen vectors are ( )0  0,  ,1− ,  ( )1  ,1  ,1 − , (1, 2, 1).  

Writing these eigen vectors as the three columns, the required transformation matrix 

(modal matrix) is 

















−

−

=

111

210

111

P . 

To find 
1P−
:  

333

222

111

cba

cba

cba

111

210

111

P =−

−

=  (say). 

0A  ,1C  ,2B  ,3A 2111 ===− , 2C  ,2B 22 =−= ,  1C  ,3B  ,3A 323 === . 

Also 6CcBbAaP 111111 =++= . 

 

















−

−

=

















=∴ −

121

222

303

6

1

CCC

BBB

AAA

P

1
P

321

321

321
1

. 
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Thus 















−

== −

600

030

002

APPD 1
. 

( )

















=














 −

=∴

129600

0810

0016

600

030

002

D
4

4

4

4 . 

Hence, 

















−

−

































−

−

== −

121

222

303

129600

0810

0016

111

210

111

6

1
PPDA 144

 

                                    

















=

















−

−

















−

−

=

251485235

4851051485

235485251

216512216

272727

808

111

210

111

. 

 

Reduction of quadratic form to Canonical form  

by linear transformation 

Q.No.1.: Reduce yz8xz8xy4z3x3 22 ++++  into canonical form. 

or 

 Diagonalise the quadratic form yz8xz8xy4z3x3 22 ++++ by linear transformation 

and write the linear transformation. 

or 

Reduce the quadratic form yz8xz8xy4z3x3 22 ++++ into “sum of squares”. 

 

Sol.: The given quadratic form can be written as AXX ′ , 

where [ ]z,y,xX =′  and the symmetric matrix 

















=

344

402

423

A . 

Let us reduce A into diagonal matrix.  
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We know that 33AIIA = , i.e., 

































=

















100

010

001

A

100

010

001

344

402

423

. 

Operating 2 2 1 3 3 1

2 4
R R R ,   R R R

3 3
→ − → − , we get 

     







































−

−=























−

−

100

010

001

A

10
3

4

01
3

2
001

3

7

3

4
0

3

4

3

4
0

423

.             

Operating 2 2 1 3 3 1

2 4
C C C ,   C C C

3 3
→ − → − , we get  

2 4
3 0 0 1 0 0 1

3 3
4 4 2

0 1 0 A 0 1 0
3 3 3

0 0 1
4 7 4

0 0 1
3 3 3

   
     − −    
    − = −     
    
    − −  

   

. 

Operating 3 3 2R R R→ + , we get 

2 4
3 0 0 1 0 0 1

3 3
4 4 2

0 1 0 A 0 1 0
3 3 3

0 0 1
0 0 1 2 1 1

 
− −     

     
   − = −  
     
   − −     

 

 

Operating 3 3 2C C C→ + , we get 

2
3 0 0 1 0 0 1 2

3
4 2

0 0 1 0 A 0 1 1
3 3

0 0 1
0 0 1 2 1 1

 
− −     

     
   − = −  
     
   − −     

 

 

⇒Diag. APP1  ,
3

4
  ,3 ′=








−− . 

∴The canonical form of the given quadratic form is 

( ) [ ]
1

2 2 2

1 2 3 2 1 2 3

3

3 0 0
y

4 4
Y P AP Y y   y   y 0 0 y 3y y y

3 3
y

0 0 1

 
  
  ′ ′ = − = − −  
   − 

. 
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Here Rank of A = 3, Index = 1,  Signature = 121 −=− . 

Remarks: In this problem the non-singular transformation which reduces the given 

quadratic form into the canonical form is X = PY 

i.e., 




































−−

=

















3

2

1

y

y

y

100

110

2
3

2
1

z

y

x

,   

 i.e., 321 y2y
3

2
yx −−= ,  32 yyy += ,  3yz = . 

Q.No.2.: Reduce the quadratic form zw6w2xz4xy2z6y4x 2222 −+−++−  into the 

“sum of squares”. 

Sol.: The matrix form of the given quadratic form is AXX ′ ,  

where [ ]   wzy      xX =′   and 



















−

−−

−

−

=

2300

3602

0041

0211

A . 

Let us reduce A to the diagonal matrix.  

We know that 44AIIA =





































=



















−

−−

−

−

⇒

1000

0100

0010

0001

A

1000

0100

0010

0001

2300

3602

0041

0211

. 

Operating 13121 R2R  ,RR +− , we get 





































−
=



















−

−

−

−

1000

0100

0010

0001

A

1000

0102

0011

0001

2300

3220

0250

0211

. 

Operating 1312 C2C  ,CC +− , we get 

















 −



















−
=



















−

−

−

1000

0100

0010

0211

A

1000

0102

0011

0001

2300

3220

0250

0011

. 

Operating, 23 R
5

2
R + , we get 

















 −





















−
=





















−

−

−

1000

0100

0010

0211

A

1000

01
5

2

5

8
0011

0001

2300

3
5

14
20

0250

0001

. 
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Operating, 23 C
5

2
C +  we get  






















−





















−
=





















−

−

−

1000

0100

0
5

2
10

0
5

8
11

A

1000

01
5

2

5

8
0011

0001

2300

3
5

14
20

0050

0001

. 

Operating, 24 C
14

15
R +  , we get 






















−























−

=























−−

−

−

1000

0100

0
5

2
10

0
5

8
11

A

1
14

15

7

3

7

12

01
5

2

5

8
0011

0001

14

17
300

3
5

14
00

0050

0001

. 

Operating, 34 C
14

15
C +  , we get 
























−























−

=























−

−

1000
14

15
100

7

3

5

2
10

7

12

5

8
11

A

1
14

15

7

3

7

12

01
5

2

5

8
0011

0001

14

17
000

0
5

14
00

0050

0001

. 

i.e.,  diag. APP  
14

17
  ,

5

14
  5,  ,1 ′=








−− . 

∴  The canonical form of the given quadratic form is 

Y 
14

17
  ,

5

14
  5,  ,1 diag. YY)APP(Y 








−−′=′′ [ ]









































−

−

=

4

3

2

1

432  1

y

y

y

y

14

17
000

0
5

14
00

0050

0001

y  y  yy  

                   2
4

2
3

2
2

2
1 y

14

17
 y

5

14
 5y y −+−= ,  

which is the sum of squares. 

Remarks: Here rank of A = 4 

                  Index = 2 

                  Signature = 2 – 2 = 0. 
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Reduction of quadratic form to Canonical form 

by Orthogonal Transformation: 

 

Q.No.1.: Reduce yz8xz4xy12z3y7x8 222 −+−++ into canonical form by 

orthogonal   transformation. 

Sol.: The matrix of the quadratic form is 

















−

−−

−

=

342

476

268

A . 

The characteristic of A are given by 0IA =λ−  

i.e., 0

342

476

268

=

λ−−

−λ−−

−λ−

( ) 015 =−λλ⇒ . 

15  3,  ,0=λ∴ . 

Characteristic vector for 0=λ   is given by ( )[ ] OXI0A =− . 

i.e., 0x2x6x8 321 =+−  

   0x4x7x6 321 =−+−  

      0x3x4x2 321 =+− . 

Solving first two, we get 
3

x

2

x

1

x 321 ==  giving the eigen vector ( )′= 2 2, ,1X1 . 

When 3=λ , the corresponding characteristic vector is given by  ( )[ ] OXI3A =− . 

i.e., 0x2x6x5 321 =+−  

    0x4x4x6 321 =−+−  

                 0x4x2 21 =−  

Solving any two equations, we get  ( )′−= 2 1, ,2X2 . 

Similarly, characteristic vector corresponding to  15=λ  is ( )′−= 1 ,2 ,2X3 . 

Now X1,  X2,  X3 are pairwise orthogonal, i.e., X1 . X2 = X2 . X3 = X3 . X1 = 0. 
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∴  The normalized modal matrix is  























−

−=











=

3

1

3

2

3

2
3

2

3

1

3

2
3

2

3

2

3

1

X

X
  ,

X

X
  ,

X

X
B

3

3

2

2

1

1 . 

Now B is the orthogonal matrix i.e., 
T1 BB =−

and 1B = . 

Now DABB 1 =−
 = diag (0, 3, 15) 

















=























−

−























−

−⇒

1500

030

000

3

1

3

2

3

2
3

2

3

1

3

2
3

2

3

2

3

1

A

3

1

3

2

3

2
3

2

3

1

3

2
3

2

3

2

3

1

 

Now ( ) DYYYABBYAXX 1 ′=′=′ − = [ ] 2
3

2
2

2
1

3

2

1

321 y15y3y0

y

y

y

1500

030

000

y  ,y  ,y ++=

































,  

which is the required canonical form  

Note: Here the orthogonal transformation is X = BY 

          Rank of quadratic form = 2 

          Index = 2 

          Signature = 2, it is a positive semi-definite. 

Q.No.2.: Reduce 133221
2
3

2
2

2
1 xx4xx2xx4x3x3x6 +−−++ into canonical form by  

               orthogonal   transformation. 

Sol.: The matrix of the quadratic form is 

















−

−−

−

=

312

132

226

A . 

The characteristic roots are given by 0IA =λ−   

0

312

132

226

=

















λ−−

−λ−−

−λ−

⇒  

0323612 23 =−λ+λ−λ⇒ , which on solving gives 2  2,  ,8=λ . 

The vector corresponding to 8=λ  is given by [ ] OXI8A =−  
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















=

































−−

−−−

−−

⇒

0

0

0

x

x

x

512

152

222

3

2

1

 

0x2x2x2 321 =+−−⇒  

     0xx5x2 321 =−−−  

        0x5xx2 321 =−−  

Solving any two of the equations, we get the vectors as [ ]′− 1 1,  ,2 . 

The characteristic vector for  2=λ  is given by [ ] OXI2A =− , which reduces to single 

equation 

0xxx2 321 =+− . 

Putting x1 = 0, we get 
1

x

1

x 32 =  or vectors is [ ]′1 1,  ,0 .  

Again by putting x2 = 0, we get 
2

x

1

x 31

−
=  or the vectors [ ]′− 2 0,  ,2  

Now  X1 = [ ]′− 1 1,  ,2 ;  X2 = [ ]′1 1,  ,0  and X3 = [ ]′− 2 0,  ,2  

Here X1, X2, X3 are not pairwise orthogonal. 

0X.X ; 0X.X 3221 ≠=∵  and  X3 . X1 = 0 

To get X3 orthogonal to X2 assume a vector [ ]′ w v,,u  orthogonal to X2 also satisfying  

0xxx2 321 =+−   i.e.  0wvu2 =+−  and  0w.1v.1u.0 =++  

Solving [ ]′ w v,,u = [ ] 3X1 1,  ,1 =′−  so that 0X.XX X.X 13321 === .  

∴  The normalized modal matrix is 























−

−=

3

1

2

1

6

1
3

1

2

1

6

1
3

1
0

6

1

B . 

Now B is orthogonal matrix and 1B = . 
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i.e. 
1BB −=′  and DABB 1 =−

, where 

















=

200

020

008

D . 

( ) ABYYABBYAXX 1 ′=′=′∴ − [ ] 2
3

2
2

2
1

3

2

1

321 y2y2y8

y

y

y

200

020

008

yyy ++=

































= , 

which is the required canonical form.  

Here Rank of the quadratic form is 3, Index = 3, signature = 3. It is positive definite. 

Q.No.3.: Find the orthogonal transformation which transforms the quadratic form 

32
2
3

2
2

2
1 xx2x3x3x −++  to canonical form (or “sum of squares form” or 

“principal axes form”). Determine the index, signature and nature of the 

quadratic form. 

Sol.: Let [ ]T321 xxxX = ,   [ ]T321 yyyY = .  

Let P be the non-singular orthogonal matrix, containing the three eigen vectors of the 

coefficient matrix A of the given quadratic form. Then YPX
∧

=  is the required non-

singular linear transformation that transforms (reduces) the given quadratics form to 

canonical form. Here 
∧

P  is the normalized modal matrix P.  

The coefficient matrix A of the given quadratic form is 

















−

−=

310

130

001

A . 

Its characteristic equation is 0

310

130

001

IA =

λ−−

−λ−

λ−

=λ−  

8147 23 −λ+λ−λ⇒ ( )( )( ) 0421 =−λ−λ−λ= . 

So there are three distinct real eigen values =λ 1,  2,  4 of A. 

For 1=λ : 

210

120

000

−

−    ~ 
32

32

x2x

xx2

=

=
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0xx 32 ==∴ , x1 = arbitrary, 

The eigen vector X1 associated with 1=λ  is [ ]T1 001X = . 

For 2=λ :  

000x1 =++− ,  0xx 32 =− ,   0xx 32 =+−  

0x    1 =∴ , 32 xx =  

The eigen vector X1 associated with 2=λ  is [ ]T2 110X = . 

For 3=λ  

110

110

003

−−

−−

−

   ~ 
32

1

xx

0x

−=

=
 

The eigen vector X1 associated with 3=λ  is [ ]T3 110X −= . 

Thus, the nodal matrix P is  

















−

=

110

110

001

P . 

The norm of eigen vector X1 is 

1001X 2
1 =++= , 

2110X 22
2 =++= , 

211X 22
3 =+= . 

Then, the normalized modal matrix 
∧

P  is 

















−

=























−

=
∧

110

110

002

2

1

2

1

2

1
0

2

1

2

1
0

00
1

1

P . 

To find inverse of P: 

















− 100

010

001

111

110

001

   ~  

( ) 





















−
−









−

−

2

1

2

1
0

2

1

2

1
0

001

100

010

001

R

R

R

123

2

1
3

)1(32
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Thus =−1P























−
2

1

2

1
0

2

1

2

1
0

001

  and the normalized 
1P−
 is  

















−

=−

110

110

002

2

1
P 1 . 

Diagonalisation: 

















−

×

















−

−

















−

=
∧−∧

110

110

002

2

1

310

130

001

110

110

002

2

1
PAP

1

  

             

















−















−

=

110

110

002

440

220

002

2

1

















=

800

040

002

2

1
 

Then 

















=
∧−∧

400

020

001

2

1
PAP

1

= D = diagonal matrix  

with the eigen values of A as the diagonal elements. 

Transformation (Reduction) to canonical form: 

Quadratic form (QF)  

32
2
3

2
2

2
1 xx2x3x3xQ −++= [ ] AXX

x

x

x

310

130

001

xxx T

3

2

1

321 =

































−

−=  

Put YPX
∧

=  and  

T
T

T

T PYYPX
∧∧

=







= . 

So YPAPYYPAPYAXXQ

T
T

T
TT














===

∧∧∧∧

. 

But we know that 
∧

P  is an orthogonal matrix, because 

















−















−

=
∧∧

110

110

002

2

1

110

110

002

2

1
PP

T

I

100

010

001

200

020

002

2

1
=

















=

















=  
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Thus   

1T

PP

−∧∧

=  

So  YPAPYAXX.F.Q

1
TT














==

∧−∧

. 

But through Diagonalisation DPAP

1

=
∧−∧

.  

Therefore  Q = X
T
 A X = Y

T
 DY [ ]

































=

3

2

1

321

y

y

y

400

020

001

yyy  

                     [ ]
















=

3

2

1

321

y

y

y

4yy . 2y  
2
3

2
2

2
1 y4y2y ++= . 

This is the required canonical form (or sum of squares form). 

Orthogonal transformation: 

































−

==

















=
∧

3

2

1

2

1

y

y

y

110

110

002

2

1
YP

3x

x

x

X  

So  x1 = y1, ( )322 yy
2

1
x += , ( )323 yy

2

1
x −=  is the orthogonal transformation 

which reduces the QF to the canonical form. 

Index is 3 for the QF since the number of positive terms in canonical form is 3 i.e. S = 3, 

Rank  r = 3. The number of variables is n = 3. 

Signature of the QF is 336rs2 =−=−  (difference between number of positive terms 

and negative terms in CF). 

The given QF is positive definite because r = 3 = n  and s = 3 = n. 

Q.No.4.: Reduce the quadratic form xy2zx2yz2z3y5x3 222 −+−++  to the canonical  

                form. Also specify the matrix of transformation. 

Sol.: The matrix of the given quadratic form is 

















−

−−

−

=

311

151

113

A . 
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Its characteristic equation is 0IA =λ−   i.e. 

λ−−

−λ−−

−λ−

311

151

113

, 

which gives 6 ,3 ,2=λ  as its eigen values.  

Hence, the given quadratic form reduces to the canonical form 

2
3

2
2

2
1 zyx λ+λ+λ    i.e. 222 z6y3x2 ++ . 

To find the matrix of transformation from [ ] 0XIA =λ− , we obtain the equations 

( ) 0zyx3 =+−λ− ;  ( ) 0zy5x =−λ−+− ;  ( ) 0z3yx =λ−+−  

Now corresponding to 2=λ , we get 0zyx =+− , 0zy3x =−+−  and 0zyx =+− , 

whence   
1

z

0

y

1

x

−
==  

∴  The eigen vector is ( )1 0, ,1 −  and its normalized form is 







−

2

1
  0,  ,

2

1
 

Similarly corresponding to 3=λ , the eigen vectors is (1, 1, 1) and its normalized form is 









 

3

1
  ,

3

1
 ,

3

1
. 

Finally, corresponding to 6=λ , the eigen vectors is ( )1  2,  ,1 −  and its normalized form 

is 







−  

6

1
  ,

6

2
 ,

6

1
.. 

Hence, the matrix of transformation is 























−

−=

6

1

3

1

2

1
6

2

3

1
0

6

1

3

1

2

1

P  

Index of the quadratic form = 3. Its signature is also 3. 

Q.No.5.: If [ ]T1 212
3

1
X −=    and  [ ]T2 543kX −−= ,  

               where 
50

1
k = , construct an orthogonal matrix [ ]321 XXXA = . 
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Sol.: Let [ ]T3213 aaaX =  be the undetermined vector. Since A is orthogonal, the 

columns vectors of A form an orthogonal system ijj
T
i XX δ=  

















−

−





−=

k5

k4

k3

3

2

3

1

3

2
XX 2

T
1 0k

3

10

3

4
k2 =−+= , true 

∴  X1 and X2 are orthogonal. 























−=

3

2

1

3
T
1

a

a

a

3

2

3

1

3

2
XX [ ] 0a2aa2

3

1
321 =+−= .             (i) 

[ ]
















−−=

3

2

1

3
T
2

a

a

a

k5k4k3XX [ ] 0ka5a4a3 321 =−−= .              (ii) 

Since X3 should b e normalized 

[ ]
















=

3

2

1

3213
T
3

a

a

a

aaaXX 2
3

2
2

2
1 aaa ++=   

2
3

2
2

2
13

T
33 aaaXXXI ++=== .            (iii) 

Solving (i), (ii), (iii), we get a1,  a2,  a3 

0a2aa2 321 =+−  

0a5a4a3 321 =+−  

1aaa 2
3

2
2

2
1 =++  

So  31 a
5

13
a −= ,     32 a

5

16
a −=  ,   

550

25
a 2

3 =   
22

1
a3 =  

11 k
5

13
a −=∴ ,    12 k

5

16
a −= ,  a3 =  k1,   where 

50

1
k =  
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Thus, the required orthogonal matrix A is  























−

−−−

−

=

1

1

1

kk5
3

2

k
5

16
k4

3

1

k
5

13
k3

3

2

A . 

Reduction of quadratic form to Canonical form 

by Lagrange’s reduction trasformation: 

Q.No.13.: By Lagrange’s reduction transform the quadratic form X
T
AX to “sum of 

squares” form for 

















−

−=

1824

262

421

A . 

Sol.: QF = X
T
AX = [ ]

































−

−

3

2

1

321

x

x

x

1824

262

421

xxx  

QF [ ]
















×+−−+++=

3

2

1

321321321

x

x

x

x18x2x4x2x6x2x4x2x  

        323121
2
3

2
2

2
1 xx4xx8xx4x18x6x −++++=  

         ( )[ ] 32
2
3

2
2321

2
1 xx4x18x6x2xx4x −++++=  

         ( ) ( )[ ] ( ) 32
2
3

2
2

2
32

22
32

2
321

2
1 xx4x18x6x2x2x2x2x2xx4x −+++−++++=  

          ( )[ ] 32
2
3

2
2

2
321 xx20x2x2x2x2x −++++=  

          ( )[ ] [ ] 2
332

2
2

2
321 x2xx10x2x2x2x +−+++=  

          ( )[ ] [ ] 2
3

2
3

22
3

2
32

2
2

2
321 x2x5.2x5xx10x2x2x2x +−+−+++=  

           ( )[ ] [ ] 2
3

2
32

2
321 x48x5x2x2x2x −−+++=  

QF 
2
3

2
2

2
1 y48y2y −+= , 

where  ( )3211 x2x2xy ++= , 322 x5xy −= , 33 xy = . 

Index: S = 2,  (n = 3,  r = 3), 

Signature: 132.2rs2 =−=− (or )112 =− . 
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Home Assignments 
Reduction to diagonal form 

Q.No.1.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 







=

53

35
A .  

Ans.: 








−
=

11

11
P ,  








=

20

08
D . 

Q.No.2.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 







=

00

10
A .  

Ans.: Not diagonalizable since only one eigen vector 








0

k
 exists. 

Q.No.3.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 







=

21

45
A . 

Ans.: 








−
=

11

14
P , 








=

10

06
D . 

 

Q.No.4.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 








−

−
=

52

22
A  . 

Ans.: 







=

12

21
P , 








=

10

06
D . 

Q.No.5.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 







=

12

21
A .  

Ans.: 








−
=

11

11
P , 









−
=

10

03
D . 
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Q.No.6.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 







=

45

21
A . 

Ans.: 








−
=

51

21
P , 







−
=

60

01
D . 

Q.No.7.: Diagonalise the matrices. Find the modal matrix P which diagonalises 

(transforms) 







=

23

14
A , hence find A

5 

Ans.: 








−
=

13

11
P , 








=

50

01
D , 








=

7822343

7812344
A5

. 

Q.No.8.: Diagonalise the matrices. Find the modal matrix P which diagonalises 

(transforms) 








−
=

11

11
A . 

Ans.: No real eigen values, i1+=λ , so not diagonalizable over real. 

         Modal matrix over complex 








− ii

11
,  









+

+
=

i10

0i1
D . 

Q.No.9.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 

















−

−

−

=

3.98.17.17

5.50.15.11

7.32.03.7

A .  

Ans.: Characteristic equation 01223 =λ−λ+λ , eigen values 0  4,  ,3 − . 

           Modal matrix 

















−

−

−

=

431

113

211

, 

















−=

000

040

003

D  

Q.No.10.: Diagonalise the matrices. Find the modal matrix P which diagonalises 

(transforms) 

















=

113

151

311

A , hence find A
4
. 

Ans.: Characteristic equation  ( )( )( ) 0632 =−λ−λ+λ ,  6 3, ,2−=λ , 
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Modal matrix 

















−

−

=

111

210

111

P ,  















−

=

600

030

002

D , 

















=

251485235

4851051485

235485251

A4
. 

Q.No.11.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 

















−

−−

−

=

342

476

268

A .  

Ans.: 04518 23 =λ+λ−λ , 15 3, ,0=λ , 

















−

−=

122

212

221

P , 

















=

1500

030

000

D . 

Q.No.12.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 

















−

−−

−

=

721

2102

127

A .  

Ans.: 043218024 23 =−λ+λ−λ , 12 6, ,6=λ , 























−

−=

6

1

3

1

2

1
6

2

3

1
0

6

1

3

1

2

1

P . 

Q.No.13.: Diagonalise the matrices. Find the modal matrix P, which diagonalises 

(transforms) 

















−

−−

−+

852

573

231

.  

Ans.: 18 ,2 ,1 −=λ , 















 −

=

200

110

131

P . 

Q.No.14.: Find A
8
 for 

















−

=

344

120

111

A .  
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Ans.: ( )( )( ) 0321 =−λ−λλ− , 3 2, ,1=λ ,

















−

=

102

112

111

P ,

















−

−

−

=

65611312013120

63051235612100

63051235512099

A
8 . 

Q.No.15.: Find A
5
 for 

















−−

−−

−−

=

6410

527

7411

A  . 

Ans.: 2 1, ,0=λ , 

















−

−−

−

=

221

111

211

P , 

















−−

−−

−−

=

12664190

653297

12764191

A5
. 

Q.No.16.: Find A
4
 for 

















−

−−

−

=

311

151

113

A . 

Ans.: 6 3, ,2=λ , 

















−

−=

111

210

111

P , 

















−

−−

−

=

251405235

405891405

235405251

A4
. 

 

Problems related to quadratic form and canonical forms: 

Q.No.1.: Write down the quadratic forms corresponding to following matrices: 

     (i) 

















116

134

542

,  (ii)  



















−

−−

−

−

2300

3602

0041

0211

. 

Ans.: (i) zx10yz2xy8zy3x2 222 +++++                   

          (ii) 413121
2
4

2
3

2
2

2
1 xx6xx4xx2x2x6x4x −−+++−  

Q.No.2.: Write down the matrices of the following quadratic form: 

 (i) xy6y3x2 22 ++    

            (ii) zx8yzxy2z6y5x2 222 +−−−+  

 (iii) 434232413121
2
4

2
3

2
2

2
1 xx12xx8xx4xx6xx4xx2x4x3x2x +−−−+++++  
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Ans.: (i) 








33

32
,  (ii) 























−−

−−

−

6
2

1
4

2

1
51

412

,  (iii) 



















−−

−

−−

−

4643

6322

4221

3211

. 

Q.No.3.: Find real symmetric matrix C such that CXXQ T= , where 

    2
221

2
1 x2xx4x6Q +−= . 

Ans.: 








−

−

22

26
. 

Q.No.4.: Find real symmetric matrix C such that CXXQ T= , where ( )2
21 xx2Q −= . 

Ans.: 








−

−

21

12
. 

Q.No.5.: Find real symmetric matrix C such that CXXQ T= , where 

     ( )2
321 xxxQ ++= . 

Ans.:

















111

111

111

. 

Q.No.6.: Find real symmetric matrix C such that CXXQ T= , where 

     
2
33231 xxx2xx4Q ++= . 

Ans.:

















112

100

200

. 

 

Determine the nature, index and signature of the quadratic form     

Q.No.1.: Determine the nature, index and signature of the quadratic form 

211332
2
3

2
2

2
1 xx2xx2xx2x3x2x +−+++ . 

Ans.: Indefinite, Eigen value: 2  1,  ,1 − , Index : 2,  Signature : 1. 

Q.No.2.: Determine the nature, index and signature of the quadratic form 

211332
2
3

2
2

2
1 xx6xx14xx4x10x26x5 +++++ . 
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Ans.: Positive semi-definite, Eigen value: 5  0,  ,5 , Index : 3,  Signature : 3. 

Q.No.3.: Determine the nature, index and signature of the quadratic form 

133221
2
3

2
2

2
1 xx6xx2xx2xx5x +++++ . 

Ans.: Indefinite, Eigen value: 6  3,  ,2− , Index: 2,  Signature : 1. 

Q.No.4.: Determine the nature, index and signature of the quadratic form 

211332
2
3

2
2

2
1 xx2xx2xx2x3x5x3 −+−++ . 

Ans.: Positive definite, Eigen value: 6  3,  ,2 , Index : 3,  Signature : 3. 

Q.No.5.: Determine the nature, index and signature of the quadratic form 

233221
2
3

2
2

2
1 xx4xx8xx12x3x7x8 +−−++ . 

Ans.: Positive semi-definite, Eigen value: 51  0,  ,3 , Index : 3,  Signature : 3. 

Q.No.6.: Determine the nature, index and signature of the quadratic form    

313221
2
3

2
2

2
1 xx4xx2xx4x3x3x6 +−−++  

Ans.: Positive definite, Eigen value: 2  2,  ,8 , Index : 3,  Signature : 3. 

Q.No.7.: Determine the nature, index and signature of the quadratic form  

               313221
2
3

2
2

2
1 xx4xx8xx4x13x2x4 −−−−−− . 

Ans.: Negative definite, Index: 0,  Signature : 3− . 

Q.No.8.: Determine the nature, index and signature of the quadratic form  

                313221
2
3

2
2

2
1 xx6xx6xx6x7x3x3 −−−−−− . 

Ans.: Negative definite, Index : 0,  Signature : 3− . 

 

Reduction of quadratic form to canonical form (or “sum of squares form” 

or “principal axes form”) by orthogonal transformation: 

Q.No.1.: Transform (reduce) the quadratic form to canonical form (or “sum of squares 

form” or “principal axes form”) by orthogonal transformation. State matrix for 

transformation (i.e., modal matrix) 2
221

2
1 x17xx30x17 +− . 

Ans.: 








+−

−
=

1715

1517
A ,   =λ   2,  32, 
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2

1

11

11
P 







 −
= ,  CF : 2

2
2
1 y32y2 + . 

Q.No.2.: Transform (reduce) the quadratic form to canonical form (or “sum of squares 

form” or “principal axes form”) by orthogonal transformation. State matrix for 

transformation (i.e., modal matrix)  

              312132
2
3

2
2

2
1 xx14xx6xx4x10x26x5 +++++  

Ans.: 

















=

1027

2263

735

A ,  0   ,
3

121
   ,5=λ , 






















−−

=

100
11

1
10

11

16

5

3
1

P ,   CF 2
2

2
1 y

3

121
y5 + . 

Q.No.3.: Transform (reduce) the quadratic form to canonical form (or “sum of squares 

form” or “principal axes form”) by orthogonal transformation. State matrix for 

transformation (i.e., modal matrix) ( )133221 xxxxxx2 ++ ; nature of QF. 

Ans.: 

















+

+=

011

101

110

A ,   1   1,  ,2 −−=λ , 























−

−

=

6

2
0

3

1
6

1

2

1

3

1
6

1

2

1

3

1

P ,   

           CF :
2
3

2
2

2
1 yyy2 −−  

            Nature: Indefinite. 

Q.No.4.: Transform (reduce) the quadratic form to canonical form (or “sum of squares 

form” or “principal axes form”) by orthogonal transformation. State matrix for 

transformation (i.e., modal matrix) ( )2
221

2
1 xxxx2 ++ . 

Ans.: 







=

21

12
A ,   =λ 1,  3, 










−
=

11

11

2

1
P ,  CF: 2

2
2
1 y3y + . 

Q.No.5.: Transform (reduce) the quadratic form to canonical form (or “sum of squares 

form” or “principal axes form”) by orthogonal transformation. State matrix for 
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transformation (i.e., modal matrix) 211332
2
3

2
2

2
1 xx12xx4xx8x3xx2 +−−−+ , 

find index. 

Ans.:

















−−−

−

−

=

342

416

262

A ,   1   1,  ,1 −−=λ , 






















−

=

c00
17

b2
b0

17

c11
b3a

P ,  

           where 
2

1
a = ,   

17

1
b = ,  








=

81

17
c , 

           CF: 
2
3

2
2

2
1 yyy −− ,  Index = 1. 

Q.No.6.: Transform (reduce) the quadratic form to canonical form (or “sum of squares 

form” or “principal axes form”) by orthogonal transformation. State matrix for 

transformation (i.e., modal matrix) 313221
2
3

2
2

2
1 xx8xx12xx4xx2x3 ++−−− . 

Ans.: 

















−

−−

−

=

164

622

423

A , 9   6,  ,3 −=λ , 

















−

−=

221

212

122

3

1
P ,  CF:

2
3

2
2

2
1 y9y6y3 −+ . 

Q.No.7.:Reduce the following quadratic forms to canonical forms or to sum of squares 

by orthogonal transformation. Write also the rank, index and signature. 

 (i) zxyz2xy2z3y5x2 222 +−−++  

               (ii) 313121
2
3

2
2

2
1 xx2xx2xx2x2x2x2 −+−++  

 (iii) yz12xz8xy4zy2x3 222 ++−−−  

 (iv) yz2z3y3x 222 −++ . 

Ans.: Ans.: (i). 
2
3

2
2

2
1 y6y3y2 ++ ; Rank = 3, Index = 3, signature = 3 

(ii). 
2
3

2
2

2
1 yyy4 ++ ; Rank = 3, Index = 3, signature = 3 

(iii). 
2
3

2
2

2
1 y9y6y3 −+ ; Rank = 3, Index = 2, signature = 1 
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(iv). 
2
3

2
2

2
1 y4y2y +−+ ; Rank = 3, Index = 3, signature = 3 

 

Reduction of quadratic form to canonical form (or “sum of squares form” 

or “principal axes form”) by linear transformation: 

Q.No.1.:Reduce the following quadratic forms to canonical forms or to sum of squares 

by linear transformation. Write also the rank, index and signature. 

 (i) zx4yz4xy2z3y2x2 222 −−+++  

 (ii) 213132
2
3

2
2

2
1 xx6xx6xx4x5x4x12 −+−++  

 (iii) zx6yz8xy8z6y9x2 222 +++++  

 (iv) zx2yz6xy4zy4x 222 +++++ . 

Ans.: (i). 2
3

2
2

2
1 y

3

1
y

2

3
y2 ++ ; Rank = 3, Index = 3, signature = 3 

(ii). 2
3

2
2

2
1 y

13

49
y

4

13
y12 ++ ; Rank = 3, Index = 3, signature = 3 

(iii). 2
3

2
2

2
1 y

2

5
yy2 −+ ; Rank = 3, Index = 2, signature = 1 

(iv). 2
3

2
2

2
1 y

2

1
y2y −+ ; Rank = 3, Index = 2, signature = 1. 

 

Reduction of quadratic form to canonical form (or “sum of squares form” 

or “principal axes form”) by Lagrange’s Reduction method: 

Q.No.1.: Transform (reduce) the quadratic form to canonical form (or “sum of squares  

                form” or “principal axes form”) by Lagrange’s Reduction method       

               3121
2
3

2
2

2
1 xx8xx4x7x2x +−−+ . 

Ans.: ( ) ( ) 2
3

2
32

2
321 x9x4x2x4x2x +−−+− . 

Q.No.2.: Transform (reduce) the quadratic form to canonical form (or “sum of squares  

                form” or “principal axes form”) by Lagrange’s Reduction method       

           434232413121
2
4

2
3

2
2

2
1 xx16xx8xx18xx8xx12xx8x24x19x5x2 −−++++−++

. 
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Ans.: ( ) ( ) ( )2
43

2
432

2
4321 x2x4x4xx3x2x3x2x2 −+++−+++ . 

Q.No.3.: Transform (reduce) the quadratic form to canonical form (or “sum of squares  

                form” or “principal axes form”) by Lagrange’s Reduction method       

               313221
2
3

2
2

2
1 xx4xx10xx8x5x7x2 +−−++ . 

Ans.: ( ) ( ) 2
3

2
32

2
321 x4xxxx2x2 ++−−− . 

Q.No.4.:  By Lagrange’s reduction transform the quadratic form X
T
AX to sum of the  

                squares form for 



















−

−

=

8842

81160

4641

2011

A . 

Ans.: ( ) ( ) ( ) 2
4

2
43

2
432

2
321 x8x4xx2x2x3x2xx ++−++++− . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 


