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Introduction

e Partial differentiation is the process of finding partial derivatives.
Let u be a function of x and y i.e. u = f(x, y).
e A partial derivative of several variables is the ordinary derivative with respect to
one of the variables when all the remaining variables are held constant.
e All the rules of differentiation applicable to function of a single independent
variable are also applicable in partial differentiation with the only difference that
while differentiating (partially) with respect to one variable, all the other

variables are treated (temporarily) as constants.

Differential Coefficient:
If y is a function of only one independent variable, say x, then we can write
y = f(x).

Then, the rate of change of y w.r.t. x i.e. the derivative of y w.r.t. x is defined as

ﬂ: Limﬂz Lim (y+dy)-y _ Lim f(x +8x)—f(x)
dx &—00x 8x—0 Ox 3x—0 Ox

where 8y is the change or increment of y corresponding to the increment dx of the

independent variable x.
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Partial Differential Coefficient:

Letu be a function of x and y i.e. u=1(x,y).

Then the partial differential coefficient of u (i.e. f(x, y) w.r.t. x (keeping y as constant) is
defined and written as

du f(x +8x,y)—f(x,y) _

— = Lim
Jx 8x—0 Ox

a
U ox

Similarly, the partial differential coefficient of u (i.e. f(x, y) wur.t. y (keeping x as

=f

constant) is defined and written as

du Lim f(x,y+0y)-f(x,y) Sy of = of

g_Sy—w dy Y y_g‘

Similarly, we can find

Bo_2(on) Py (o) Du_d(on) o
ox> ox\ox) 9y> dy\dy) oxdy ox|\dy) dyox dylox)
2 2
Also, it can be verified thata—u = 8_u .

oxdy  dyox
Notation:

The partial derivative a_u is also denoted by g—f or f,(X,y,z) or fy or D, or
X X

f,(Xx,y,z), where the subscripts x and 1 denote the variable w.r.t. x which the partial

differentiation is carried out.

Thus, we can have a_u = a—f = fy (x,y,z) = fy = Dyf =1, (x,y,z) etc.
y dy
The value of a partial derivative at a point (a, b, c) is denoted by
8_u :8_u =fx(a,b,c).
aX x=a,y=b,z=c aX (a,b,c)
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Geometrical Interpretation of partial derivatives:
(Geometrical interpretation of a partial derivative of a function of two variables)

z =f(x,y) represents the equation of surface in xyz-coordinate system. Let APB
be the curve, which is drawn on a plane through any point P on the surface parallel to the
xz-plane.

As point P moves along the curve APB, its coordinates z and x vary while y remains

constant. The slope of the tangent line at P to APB represents the ‘rate at which z changes

w.r.t. X
z-axis B z‘1axis D
r — = o p——
X-axis y-axis
/ ’ ' / ’ '
w . i”w oo
y-axis X-axis
Figure 1 Figure 2

Thus g_z =tan o = slope of the curve APB at the point P (see fig.1).
X

Similarly, S—Z = tan 3 = slope of the curve CPD at the point P (see fig.2).
y

Higher Order Parallel Derivatives:
Partial derivatives of higher order, of a function f(x, y, z) are calculated by

successive differentiate. Thus, if u = f(x, y, z) then

o’u 9* 9 (afj ’u  9’f o (of
e e xx:fll’ = === |~ x:fZ]a
x>  ox> ox\ox oxdy oxdy ox\dy) 7

o’u _ 9* _ 9 (of o%u _9*f o (of
e v Al A :fxy:fIZ’_:_:_ e :fyy:f22’
dyox dyox dy\ox dy? 9y? dyl\dy

Pu 9 d* ) 9| afof
o s 1T a0l 3 || = Fyee =233
0z29y 0z|0dzdy ] 0z|dz\dy
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o*u o[ o 0| 9 (o
— 5 = == |\35 |5 :fzzx:f3321'
oxdydz> 0x|dydz? ) ox|dy|az> Y

The partial derivative 8_f obtained by differentiating once in known as first order partial
X

o’ 0°f 9  0°f
ax2 9y? oxdy dyodx

derivative, while which are obtained by differentiating twice are

. . d th . . . .
known as second order derivatives. 3" order, 4" order derivatives involve 3, 4, times

differentiation respectively.

2 2
Note 1: The crossed or mixed partial derivatives f and o't are, in general, equal
dydx 0xay
o’f  9f
dyox 0xdy

i.e. the order of differentiation is immaterial if the derivatives involved are continuous.
Note 2: In the subscript notation, the subscript are written in the same order in which
differentiation is carried out, while in '0" notation the order is opposite, for example

’u 0 ( du j ¢

dyox dylox) ¥

Note 3: A function of 2 variables has two first order derivatives, four second order

derivatives and 2™ of n™ order derivatives. A function of m independent variables will have

m" derivatives of order n.

Now let us solve some problems related to the above-mentioned topics:

2 2
Q.No.1.: Ifu = tan”! (lj , then prove that 8_121 +8_121 =0
X ox~ 9y

Sol.: Here u = tan~! (lj
X

Since g_u =the p. d. coefficient of u w.r.t. x (keeping y as constant)
X
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O

..axz—g

(X2+y2)2 (Xeryz)z

Similarly, 8_u =the p. d. coefficient of u w.r. t. y (keeping x as constant)

% _ 9 (au] J [ -y ]: (X2+y2)0—(2x)(—y)_ 2xy (D)

Ix 2 +y?

a_i(a_ji( x J:(x%f)o—(zy)(x): ~2xy W
Tay? aylay ) ayl x?+y? (Xeryz)z (Xeryz)z

Adding (i) and (ii), we get

0’y 9%u 2xy 2Xy
2t 2 = - =0.
ox~ dy (X2+y2)2 (x2+y2)2
This completes the proof.
2 2
Q.No.2.: If u= f(x +ay)+d(x —ay), then prove that a_u =a’ a_u

oy? ax2

Sol.: Hereu = f(x +ay)+ o(x —ay).

2

au_ f(x +ay)+¢’(x —ay) and o 121 =f"(x +ay)+¢"(x —ay)
ox ox

Alsog—u=f'(x+ay)(a)+¢'(x—ay)(—a)

y

aZu ” 2 7 2
and 8_3122f (x+ay)(a’)+¢"(x—ay)(-a).
d’u d’u

U= s+ a) 0 ey =0 O
y X

0’u  , 0%
—=a.—.
ady ox
This completes the proof.
3

Q.No.3: Show that Lim does not exist.

(x,y)-(0,0) x> + y6
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3 3 3
Sol:Now Lim —Y  —Lim—Y" —rim-%Y" —Limo =o0. ()
y—0
Xy’ Xy’ : .
Again  Lim = Lim = Lim = Lim0=0 ..(11)
(x.y)—=(0.0) x 2 + y6 x—0x2 + y6 x=0x24+0 x—0
y—0

Let (X,y) - (0,0) along the curve x = my3, where m is a constant.

3 3.3
Xy 6=Lim—21y6'y = =mLim— y2 = ;n Liml=—
y=0m7y" +y y=20y"(m“+1) m“+1y=>0 m”+1

6

- Lim (iii)
(x.y)-(0.0) x> + y

From (i) and (ii) given limit is zero as (X, y) — (0,0) separately.

But from (ii1) limit is not zero, but is different for different values of m.

Hence the given limit does not exist.

2
does not exist.

Q.No.4: Show that Lim

(x.y)=(0,0) x* + y2

2
= Lim O'y2 = Lim0=0. ()
y=>00+y y—0

Sol.: Now Lim = Lim 2 5

(x.y)—(0.0) x* + y2 x=0x" +y
y—0

2 2 2
. . .0 ) ..
Again  Lim XY Lim 4X y 5 = Lim X = Lim0=0. ....(11)

(x.y)=(0.0) x* + y? X—>8 X' +y x=0x* 40 x>0
y—

Let (X,y) - (0,0) along the curve x =,/my ,where m is a constant.

2 2
—Lim—Y  _ hLim—2 =M rimi= .

- Lim —_— =
(x.y)=(0,0) x* + y2 y—0 m2y2 + y2 y—0 yz(m2 +1) m?+1y>0 m?+1

(i)

From (i) and (ii) given limit is zero as (X, y) — (0, 0) separately.
But from (ii1) limit is not zero, but is different for different values of m.

Hence the given limit does not exist.

2+X2

QNo5: If f(x,y) =2,
y —X

find the limit of f(x, y) when approaches origin (0, 0) along

the line y = mx, where m is constant.

Sol.: Let (X,y) - (0,0) along the curve y = mx where m is a constant.
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2, .2 2.2, .2 2 2 2 2
+ +. +1_. +1 . +1
Lim * ™% _pjpr X M Lim> =2 Liml = = . Ans.
(x.y)=(0.0) y= —x“  x-0 m’x? —x? m?-1x-50x> m?-1x>0 m?-1
2 2 2
Q.No.6.: If u :l , where 12 =X2+y2+22. Show that d Lzl +a Lzl J lzl =
r ox~ dy” oz
Sol.: Since r* = x” + y2 +27.
: : : or or X
Differential partially w. r. t. X , we get2r— = 2x = — = —.
ox oX r
1
Now here u =—,
r
Differential partially w. r. t. x , we get a_u = —ii = —i.i ==
0x r2 ox r2 r r3
or x?
34 2 or 3 a2 X
azu__r.l X.3r". X__r 3r.r __r3—3rx2_3x2_i 0
T ox2 r® r6 r® o
’u  3y? 1
Similarly, — =———-— ..(ih),
) 2 5 r3
o’u 3z 1
— = ...(1i1)
2
Adding (i), (ii) and (iii), we get
2 2 2
J L21+a L21+a lzl =%[X2+y2+z2]—%:%.rz—%:%—%zO.
ox“ dy~ dz° r T S S

This completes the proof.

Q.No.7: If u = xyz, find d*u.
Sol.: We know that if u = f(x, y, z), then

du =a—udx +a—udy+a—udz = dxi+dyi+dzi u
ox dy oz ox ady oz

~.d? =d(du)

2
= dxi+dyi+dzi dxi+dyi+dzi u = dxi+dyi+dzi u
ox ady 0z ox dy 0z ox dy Jz
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82 82 82 82 2 2
= [ (dx)* = + (dy )’ — + (dz)* — + 2dxdy —— + 2dydz +2dzdx u
ox> oy> oz> oxdy dyoz 0z0x
2 2 2 2 2 2
=a—u(dx)2 +a—u(dy)2 +a—(dz) Jou —dxdy +2—— Jou dydz + 2 4 dzdx (i)
ox> dy> oz* axay dyoz 070X
Here u = xyz
du_ z u_ X u_ X
ox e dy T oz v
’u _90%u 9’ _
ox? dy* 0z°
0%u B 0%u 3 0%u

=1z, =X, =
oxdy dyoz dzdx

.. From (i), we have d%u = 2zdxdy+ 2xdydz+ 2ydzdx.

Q.No.8: Evaluate g_u and g—u, when (a) u=x> and (b) xy+yu+ux =1.
X y

Sol.: (a) Given u = x¥ . ..(1)

Differentiate (i) partially w. r. t. X and y separately, we get

a—uzi(xy)z yx¥~! and a_u:i(xy): x” logx . Ans.
ox Ox dy dy
. I—xy ..
(b) Given xy+yu+ux=1:>u(x+y):1—xy =u= ...(11)
X+y

Differentiate (ii) partially w. r. t. X and y separately, we get

au a(lxg]<x+w@y»n—xw1:_h+f)

aaxlxry (o) (s
2
a0 da_u_i(l—xyj:(x+y)(—x)—(21—xy).1:_ (1+X g.Ans.
dy dyl x+y (x+y) (x+y)
0’u  9%u

Q.No.9: Verify that —— , where u is equal to

oxdy ayax

2, .2
(i) log(ysinx + xsiny), (ii) log[X Ty },
Xy
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(iii) log tan(ij and (iv) x% tan”! [lj - y2 tan”! [EJ .
y X y

Sol.:(i) Here u = log(ysinx +xsiny). (1)
Differentiate (i) partially w. r. t. X, we get

du _ (ycosx +siny)

= . ...(i1)

ox (ysinx +xsiny)
Differentiate (ii) partially w. r. t. y, we get

’u 9 {au} (ysinx + xsiny)(cosx +cosy)— (ycosx + sin y)(sin x + x cos y) (iif)
dyox ay ox (ysinx + xsin y)2 '
Differentiate (i) partially w. r. t. y, we get

du _ (sinx + XCO.S y) ‘ (iv)
dy (ysinx+xsiny)
Differentiate (iv) partially w. r. t. X, we get

o'u 9 Fu} (ysinx + xsiny)(cosx +cosy)— (sinx + x cos y)(ycos x + sin y) W)
oxdy aX dy (y sinX + X sin y)

0’u 9%
Hence from (ii1) and (v), we get = .
(i) ® 8 oxdy  dydx
This completes the proof.
2,2
+ .
(ii) Here u = log[X y j (1)
Xy
Differentiate (i) partially w. r. t. X, we get
du 1 xy(2x)—(x2+y2)y 1 Xty —y? 3 x?—y? (ii)
x x*+yt () Xyt oy Py
Xy

Differentiate (ii) partially w. r. t. y, we get

82u 0 [au} (X +y XX— 2y)- (XZ - y2X2xy) _ 4x3y 3 4xy (i)
o oy o -, (SN I

Differentiate (i) partially w. r. t. y, we get



Partial Differentiation: Partial Differential Coefficient 10
Visit: https:/www.sites.google.com/site/hub2education/

du 1 xy(2y)— (xz + yz)x 1 xy? —x3 B y? —x2 (iv)
dy L4yt () Cayloxy )
Xy
Differentiate (iv) partially w. r. t. X, we get
o%u 3 i{a_u} 3 (yx2 + y3X— 2x)— (yz - X2X2xy) _ 4xy3 Ay “)
oxdy  ox| dy (yx2 + y3)2 (yx2 + y3)2 (Xz + y2)2
2 2
Hence from (iii) and (v), we get ou = 8_u .
oxdy  dyox
This completes the proof.
(iiii) Here u = log tan(fj. (i)
y
Differentiate (i) partially w. r. t. X, we get
3 1 { sec? *
a—u = " .seczi.—=—§. ....(i1)
X tan> yy ytan —
y y
Differentiate (ii) partially w. r. t. y, we get
X 0 ) X 2 X d X
’ ytan—.—| sec” — |—sec” —.—| ytan—
au_i[a_lﬂ_ y dy y y dy y
dyox  dy| ox 52 tan? X
y
x sec’ itani —3xsec? itan2 X
= > .S (iii)
y3 tan> X
y
Differentiate (i) partially w. r. t. y, we get
sec” —
g_u _ " .seczi.(— %] = —%. xy . @iv)
Y tan™ y vy Y tan™
y y

Differentiate (iv) partially w. r. t. y, we get
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2an®. 2 xsee? ¥ |- xsec?®. 9 [ 2 tan®
’ y~tan—. X sec xsec™ —. y~ tan
d’u a{au}:_ y ox y y 9y y

oxdy T x a_y

X
y4 tan® =
y

X X X X
xsec’ “tan - —3xsec’ ~tan”

_ y ¥y y ¥y W)

y3 tan> x

y
0%u B 0%u
oxdy  dyox

Hence from (iii) and (v), we get

This completes the proof.

(iv) Here u = x2 tan_l(gj — y2 tan_l(gj . )

Differentiate (i) partially w. r. t. X, we get

a—u:)<2 ! .(—lj+ 2xtan_1l—y2. 1
ox y2 <2 X +X2 y

x? L Y2 J
2 3 2 3
- — + - ..
=— 2X y2 +2x tan lz—%sztan ll—%zb{tan 1X—y. (i1)
X" +y X X“+y X Xx“+y X
Differentiate (ii) partially w. r. t. y, we get
0%u _0d|du|_ (1) . 2x2 B _2)(2—)(2—y2_x2—y2
e B e e o R B
dyox  dy| dx LYK x“+y X“+y X“+y
2
Differentiate (i) partially w. r. t. y, we get
I 1 _ 1
g—u:x2 5 2ytan 1§+y2.—2(—%J .
X
Y 1+y—2 Y 1+X—2 y
X i y |
x> QX xy2 x3+xy2 X x(x2+y2) X
= —2ytan —+ = —2ytan —=————"—-2ytan —

X2+y2 y X2+y2 X2+y2 y X2+y2 y
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a_u =X- 2ytan_1 i. @iv)
dy y

Differentiate (iv) partially w. r. t. X, we get

2 2 2 2
ou _ 91| 91 oytan™ X ooyt Lo B Xy
axay ax ay T x y 2

2,2 2,2
1+ xi2 y X“+y° x4y
y
2 2
Hence from (iii) and (v), we get a_u = a_u .
0xdy  dyox
This completes the proof.
2 2 aY) 9
Q.No.10:If u= log(x +y +z —3xyz) show that (—+—+—J u=—-7>.
aX ay aZ (x +y+ Z)

(3 a2 aY (9 a9 3y ou ou
Sol.: Since | —+—+—|u=| —+—+— | —+—+—|.
ox dy 0z ox dy dz)\odx dy 0z

Hereu = log(x3 + y3 + 23).

(1)
Differentiate (i) partially w. r. t. x ,y and z separately, we get
du _ 3(x2—yz) du _ 3(y2—xz) and du _ 3(22—Xy)
ox x3+y3+z3—3xyz, dy x3+y3+z3—3xyz 0z X3+y3+z3—3xyz,
'(au du a_uj 3(X2+y2+z2—xy—yz—zx)_ 3
“lox  dy oz 3 +y? +2° —3xyz) (x+y+z)
o d 3 d 3 d 3 d 3
Hence | —+ —+— | —|=—| —— [+ —| — |+ —| ————
ox dy 9dz )\ x+y+z) Ox\x+y+z) 9dy\x+y+z) 0z\x+y+z
-3 -3 -3
- at >t 2
(x+y+z) (x+y+z) (x+y+z)
_ -9
(x+y+2z)
[a d ajz -9
Hence | —+—+—|u=—-—"—.
aX ay 8z (X+y+z)

This completes the proof.
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3

Q.No.11: If u =e™* , show that = (1 +3xyz + xzyzzz)e"yZ .
0xdyoz
Sol.: Here u =¢e™* . Now ou _ = i(e"yz): e™’xy .
dz 0z
2
E;)y;z = aiy[?)_lzl} = ai[exyzxy]z xy(exyzxz)+ eVx = x?yze™’ +eVix = (xzyz + X)exyz

3 2
And hence aja;az = aixliaay;z:l aax [(x yz + x)exyz] [2xyz + 1] + [x yz+x p%yz

= l2xyz +1+x%y%*2% + xyzlexyz = |x%y%z% +3xyz+ 1Jexyz
This completes the proof.
H\1/2
Q.No.12: [fu=z= (1 -2xy+y T , prove that
.. 0z 0z .. O ou| d( ,0du
i) xS2-y <t =y (i) —[(1— ) }—
ox ~dy ox ox | ody ay
1/2 .
Sol.: (i) Here z = (1 2xy+y T (1)

Differentiate (i) partially w. r. t. X and y separately, we get

a—Z:—1(1—2>(y+yzy3/2(—2y):y(l 2xy +y T3/2
0x 2
and g—:}=—%(1—2xy+y2T3/2(—2x+2y)=(x—y)(l—ny+y2T3/2.

Hence Xg—z—y%—x[y(l 2xy+y )_3/2} [(x y)(l 2xy+y2T3/2}
X y

3/2
= (1— 2xy + yz)_ [Xy— Xy + yz]z y2z3.
This completes the proof.
(ii) To show: i[(1 X )au} +i( auj 0.
ox ox| dy\” oy
1/2
Here u = (1—2xy+y2)_ . (1)
Differentiate (i) partially w. r. t. X and y separately, we get

g—z: y(1—2xy+y2T3/ and g—; = (X—y)(l—ny+y2T3/2.
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Now aix[(l— )gﬂ ai[(l x2yli-2xy+y Tsxz}
:y_(l—xz);fx(l—ny+y2T3/2+(1—2xy+y2T3/2;—X(1—x2)}
= y_(l— xz{—%j(1—2xy+ yZTS/Z(— 2y)+ (1— 2xy + yZTS/Z(— 2x)}

—y 3y(1—x2) B 2x :lz y[3y—3x2y—2x+4x2y—2xy2]
(1—2)(y+y2)5/2 (1—2)(y+y2)3/2 (1—2)(y+y2)5/2
{ } 3y 2% + x> y —2Xxy )

1 2xy+y2)5/2 .

Again —{y —} x y 1 2xy+y T3/2}

=i(xy2 —y3X1—2xy+y2T 2
dy

=(1—2xy+y2)_3/2(2xy—3y2)+ (xyz—y3 —E (1—2xy+y2T5/2(—2x+2y)
2

2xy — 3y2 N 3(xy2 — y3 Xx — y) _ (2xy — 3y2x1 —2xy+ y2)+ 3(Xy2 — y3 XX — y)

- /2 /2 /2
(1—2)(y+y2)3 (1—2)(y+y2)5 (1—2xy+y2)5
_2xy- 4)(2y2 + 2xy3 - 3y2 + 6xy3 — 3y4 + 3y2x2 — 6xy3 + 3y4

(1—2)(y+y2)5/2
- 2xy =3y’ —x’y” +2xy° _ —y(3y—2x+x2y_zxy2)
1-2xy+y?f" (- 2xy+y2f"?

Hence %{(1 X )gz_ +aa_y(y2 a_uj =0.

This completes the proof .

2
Q.No.13: If u = tan”! L] , prove that du

_\/1+xz+y2 dxdy

= (1+x2 +y2)_3/2.
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1 Xy .
—_— . (!
\/1+x2+y2 o

Differentiate (i) partially w. r. t. y, we get

Sol.: Here u = tan™

dz d 1 Xy

—=—tan | —mx
dy dy q/‘1+x2+y2)

\/1+X2+y2 x—xy;Zy
1 21+ x%+y?

- xzy2 (1+X2+y2)
ey
_ (1+X2+y2) x(l+x2+y2)—xy2 _ x+x3+xy2—xy2
1+X2+y2+X2y2‘(1+x2+y2)\/m (1+X2+y2+X2y2)\/m
_ X +x° _ x(l+x2)
(1+)(2+y2+x2y2)\/1+)(2+y2 {(1+)(2)+y2(1+x2)}\/1+x2+y2
X ..
= (1+y2)\/1+X2+y2 . ...(11)

Differentiate (ii) partially w. r. t. X ,we get

e ) 2
oxdy ox|dy| Ox (1+y2)\/1+xz+y2
\/1+X2+y2(1+y2)1—x (1+y2) 2x

21+ x% +y? _ (1+x2 +y2X1+y2)—X2(1+y2)
(1+y2)2(1+xz+y2) (l+y2)z(1+x2+y2i\/1+x2+y2

:(1+y2X1+x2+y2—x2): (1+y2)2 _ 1

(1+y2)2(1+x2+y2)3/2 (1+y2)2(1+)(2+y2)3/2 (1+x2+y2)3/2
0%z 1

Hence

- /2
0xdy (1+x2 +y2)3
This completes the proof.

QNo14: If 722 +t2 —4x+y2=0and 2+ —2x> +3y = 0;
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ot

Evaluate a_z and —.
X ox

Sol.: Here z2 +t> —4X+y2 =0 and 2> +t° - 2x> +3y=0.
Differentiate partially the given equations w. 1. t. X, considering z and t as function of

X, we get

22%+ 2tﬁ—4 =0
ox ox

and 322%+3t21——6x2 =0.

ox ox

ot

Solve these equations simultaneously for a_z and —.
ox ox

gz ot
ox _ ox _ 1 .
2tl-6x2)+431%  —1222+122x> 6zt — 6tz

gz ot
ox  _ ox _ 1 '
12tle-x2) 122(x*>-z)  6tz(t-2z)

0z ot
Ix. 1 Ix. 1
= and = .
12t(t—x2) 6tZ(t—z) 122(x2 —z) 6tz(t—z)

=

Considering

oz 12t(t—x2)_ 2(x2—t) o 122(x2—z)_ 2(x2—z)
gt S T ouli=n) 2=t " ox T eulic) =z O™
—x2

4a2y

Q.No.15: If u = ke , then prove that a_u =a“"— .

\/§ dy ox?

2
—X
X2 2

4a2y — 2
Sol.: Here u = ke_’ then a_u _ K e4a2y[ X ]+k(— ! j.e4a2y

Jy ay Ly 4a%y?

2

- 2
BT S
4a2yS'? 232
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—X2 —X2

Also g—u=£e4a2y(_zxj— kx eE

4a2y 2a2y3/2

2 2 2

x . »
and .-. o%u ___ K _esz _k—x.eﬁ —2x :keﬁ x? 1
9x2 2a%y3? 222y 4a’y 4a*yS2 242y

0’u 1 du du 0%
:>—2=—2—,hence—=a—2.
ox a” dy ady o0x

This completes the proof.

2

T
Q.No.16: If 6 = t"e 4t find what value of n will make %ai(rz 86) = ? .
r° or t

or

r2

Sol.: Here 0 = t"e 4t . ()

Differentiate (i) partially w. r. t. r, we get

rz r2 r2 fz
% = 9 the 4t |= tn.i e 4 [=the 4 _2r) . —ltn_lr.e_a.
or or or 4t 2

r2

290 L Ta ...(ii)
or

Differentiate (ii) partially w. r. t. r, we get

2 2

_r -1 _r

2(p2).21 Lok |12 o
or or

Cor _2 2 or

2t

10 289 tn_l 2 1'4 -
. Y= 3rc —— 4t
o [r arj - ( r ” e (iii)

n-1 _r _r n-1 4\ T
- ! 3rle 4 4rie M (— gj _ L [3r2 —r—je 4t
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2

_r 2
=e 4| ("N —4nl]. ..(iv)
4t
n-1 4N\ I _r 2
But 19 rzﬁ _ % - L 32—l e 4tloe 4| D 4 g
r2or or) ot 2r? 2t 4t

ol A5

= —E =n.Hencen = —E . Ans.
2 2

No.17: If u = Ae #*sin(nt — gx ), where A , g, n are positive constants, satisfies the
g g p

. . du 0u n
heat conduction equation — = L—-, then prove that g = | —.
ot ox 2u

or

2

. u u . . .
The equation > = ua—z refers to the conduction of heat along a bar without radiation,
t X

show that if u = Ae™ sin(nt — gx) , where A, g, n are positive constants then g = 21 .
\ 2u

Sol.: Here u = Ae #* sin(nt — gx ), we have du_ Ae # cos(nt —gx)n .

Also g_u = A[e_gx (- g)sin(nt — gx )+ e & cos(nt — gx )(— g)]
X

= A(- g)le_gx sin(nt — gx )+ e & cos(nt — gx)]
= —Age ®[sin(nt — gx)+ cos(nt — gx)]

0%u

and £ = ~Agle feos(nt - gx)(— g)—sin(nt - gx ) g}

+{sin(nt — gx) + cos(nt — gx)Je & (- g)J
= —Age & (- g)[cos(nt — gx)—sin(nt — gx ) + sin(nt — gx )+ cos(nt — gx )|

= —Age & (—g)2cos(nt — gx)] = 2Ag%e " cos(nt — gx).
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du _ 9? . .
Also given a—ltl = Ma—lzl — Ae ¥ cos(nt — gx)n = n2A g% cos(nt — gx)
X
2 n n
=g"=— .Hence ..g=_|—.
& 2u £ 2u

This completes the proof.

Q.No.18: (a) Show that at the point for surface x*yYz” = const., where x =y =z

0%z =1
oxdy  xlog(ex)

R

(b) If u =e™” ; find the value of

0x0yoz

Sol.: (a) Given x*yYz” = const., where x =y = z.

Taking log both sides, we get

xlogx +ylogy+zlogz =logc

Differentiating z partially w. r. t. x [keeping y as constant] , we get

aX aX

. Similarly, 2 = _ 1108y
1+logz ady 1+logz

9’z 9 {az} 0 [az}az d| l+logx l+logy
NOW—:—— = | — | — = —| = x| —
oxdy dy|dx | 0z|dx |dy 0Jz| l+logz 1+logz

1
(1+1ogz)0—(1+ logX); X[lﬂogy} _ 1 (1+logx)(1+logy)
(1+ logz)2

1+logz z  (1+logz)
Since x =y =1z,

9’z 1(+logx) 1 -1 -1

oxdy  x (1+1ogx)’ x(1+1ogx) x(loge+1logx) - xlog(ex)

0%z -1

Hence =
oxdy xlog(ex)

. This completes the proof.

(b) Here u =e™* .

Ea)—lzl = aa—Z(eXyZ)z e xy.

Now
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2
E?yi;lz = aiy{?)_lzl} = ;—y[exyzxylz xy(exyzxz)+ eV2x = x2yze™ +eVix = (xzyz + x)exyz
3 2
And hence axaa;az = aix{aay;z} = aix[(xzyz + x)exyz]: [2xyz + 1] + [xzyz +xgYyz

= l2xyz+ 1+x%y%2% + xyZJeXyZ = |x%y%2% +3xyz+ IJexyZ . Ans.

2 2 2
82_28z+8z:0
ox> oxay ay2

Q.No.19: If z= Xf(x + y)+ yg(x + y), show that

Sol.: Since z=xf(x+y)+ yg(x+y). ..(1)
E)z / /
.'.a—zxf (x+y)+f(x+y)+ye'(x+y).
X
2
and g—zz f/(x+y)+ xf//(x+y)+f/(x+y)+ yg//(x+y). ..(11)
X

Also g_zz xf/(x+y)+ yg/(x+y)+g(x+y).

y
2
and .-. % = Xf//(X + y)+ yg//(x + y)+ g/(x + y)+g/(x + y). ...(111)
y
. E)z / /
Now since 8_: xt/(x+y)+f(x+y)+yg (x +y).
X
2
o7z = xf//(x+ y)+f/(x+y)+g/(x+y)+ yg//(x+y). ..(iv)
0xdy
0%z 0%z 9%z

Putting these values in we get

-2 + ,
ox>  Oxdy o9y’

azz_ 0%z 9%z
axz axay ay2

= 0. This completes the proof.

Q.No.20: If u = X+£+£, then show that xa—u+ ya_u+Z8_u =0.
z Xy ox “dy 0z

Sol.: Since u =2+ +>. (i)
Zz Xy

Differentiate (i) partially w. r. t. X, y and z separately, we get
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du (1 z ou [1 x du (1 yj
—=|——-—|, —=|—-———|and —=|———=].
ox |y x?) dy |z y? 0z \x 72

du du du 1 z 1 x (1 yj
Hence X—+y—+z2—=X| ——— |+y| ——— |[+2 ——= |=0.
ox ~dy o0z y  x2 z y? X 72

This completes the proof.

Q.No.21: If u = ea”byq)(ax —by) , then prove that bg—u + aa—u = 2abu.

X oy
Sol.: Since u = e™**g(ax —by).

Differentiate (i) partially w. r. t. X and y separately, we get

au

= e™%a o(ax — by)+e™ ™™ ¢/ (ax — by )a
X

and g_u = ™M ¢(ax — by) + e ¢/ (ax — by)(~ b)
y

Now ba—u + aa—u 2abe™ ™ ¢(ax — by) = 2abu.

ox  dy
This completes the proof.
Q.No.22: If x =rcos0, y =rsin6, then show that

ox 00 10x
()___ () £ ox 1o

Sol.: (i) Given x =rcos0, y =rsin6 = X2+ y2 =’

Differentiating (i) w. r. t. X partially (keeping y as constant), we get
or or

2Xx+0=2r— =>r—=x=rcos0 :E:cose
X o0x X

. ox
Also since Xx =rcos® = — =cosH.
r

Comparing (ii) and (iii) ,we get a—X = i Ans.
or ox

This completes the proof.

(ii) To show : ra—e = la_x .
ox 100
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Now since x =rcos0, y =rsinf = tan0 = Y =0= tan_ll
X X
NI (—_YJ __~Y
7o 1+yj x2 X2+y2.
X
Now rﬁzr. — =T. -y :—_y. (1)
aX X2 + y2 r2 Tr
since X =rcos0 .. % =-rsin® = 1ox ——sino=-2. . (i1)
00 r 0o r
. .. 00 10x )
Comparing (i) and (ii) ,we get ra— = 38 This completes the proof.
X T

Q.No.23: If x =rcosO, y =rsin0, prove that

.9t 9k 1 (arJz a Y
i —+—=—||—| +|—
ox> dy> r|\lox dy

Sol.: (i) Given x =rcosO, y =rsin6.

[By looking at the answer we find that we need partial derivative of r w. r. t. X and y.
Therefore, let us express r as an explicit function of x and y]

Squaring and adding x =rcos0, y =rsin 6 ; we find that

2

r° = X2+y2 1.e. r=\/x2+y2 . ..(1)

Differentiating (i) w. r. t. X partially (keeping y as constant), we get

1 1/2 1/2
iz—(xz+yzy .2X:(X2+y2)_ .X:in- (11)
aX 2 X2+y2 r

Similarly, differentiating (i) w. r. t. y partially (keeping x as constant), we get

—1/2 1/2
L (A ) B Tl FCI.) LU S (i)
dy 2 X2+y2 r

Again differentiating(ii) w. r. t. x partially (keeping y as constant), we get
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B T
a_zr:izzax ox ~ _ ox _ r _I'—X -y
ox>  ox\r r? r? r? r? r?
Again differentiating(iii) w. r. t. y partially (keeping x as constant), we get

d d or

T (V)=v —y— y

r r) r v
P_o(y) 7Y Ty e ey v
dy?  ox\r 2 2 2 3 3

2 2 2 2 2, .2 2
RHS=" (ﬁJ o) (C XLy xTeyn ) et 1
ri\ox dy Pl S r|r? | r
. L.H.S.= R.H.S. This completes the proof.

(ii) It is given thatx =rcos0, y = rsin 6. Dividing ,we get tan 0 = A
X

~0=tan 'Y . ()
X

Differentiating (i) w. r. t. X partially (keeping y as constant), we get

_ 1 ..
ﬁzitan 1y 1 Zi(zj:—z(—%]:— 2y 5 (i)
o0x ox X 1+ y ox \ x y X X"ty

x? x?

Again differentiating (i1) w. r. t. X partially (keeping y as constant), we get

%0 0 y (Xz + yZXO)— (—y)2x 2xy
3_2 :8_ - |= T = - ...(1i1)
X X\ Xty (x +y )2 (x +y )2
Differentiating (i) w. r. t. y partially (keeping x as constant), we get
0 I _ 1 9 1 1 X .
— = —tan 11: 3 —(XJ: 5 (—j: 3 - ...(lV)
8y 8y X y ay X y X X"+ y
I+ +5
X X

Again differentiating (iv) w. r. t. y partially (keeping x as constant), we get
9% _ 9 [ X ] (Pay?Jo)-(x)2y - 2xy @

2 _ _ 2 2 - -_ . cee
dy” Iy x“+y (xz+y2)2 (xz+y2)Z

Adding (iv) and (v), we get
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2 2
LHS.= 00 + 08 __ 2y 2y 5= 0 =R.H.S. This completes the proof.

ot (g P (2ey?)

Q.No24: Ifu=f (ax2 + 2hxy + byz) and v = (p(ax2 + 2hxy + byz), prove that

0 ( avj o dv
—|lu—|=—|u—/|.
dy\ dx ) ox\| dy

Sol.: Given u =f (ax2 + 2hxy + byz) (1)

and v = (p(ax2 + 2hxy + byz) ....(i1)

Differentiating (i1) partially w. r. t. x and y separately, we get
N _ /(ax? + 2hxy + by? )(2ax + 2hy) = ¢/ (2ax + 2hy)
a—x—(p ax” + 2hxy + by ax +2hy )= ¢ (2ax + 2hy

N o (ax2 +2hxy + by? )(2by +2hx) = ¢’ (2by + 2hx)

dy
0

Now L.H.S.= —(
dy

ua—Vj = i[f.q)/.(ZaX + 2hy)]
ox ) dy
= £/ (2by + 2hx )¢’ (2ax + 2hy)+ £.¢” (2by + 2hx)(2ax + 2hy) + f.¢/ 2h

= (2ax + 2hy)(2by + 2hx).[f’ ¢ +1¢’ ]+ 2hfQ . ....(iii)

RHS= 2 [u? |- i[f.cp/ (2by + 2hx)]
ox\ dy) ox

= £/ (2ax + 2hy).¢’ (2by + 2hx )+ f.¢” (2ax + 2hy)(2by + 2hx )+ £.¢’ .2h

= (2ax + 2hy)(2by + 2hx ).[f’ ¢ +1¢” ]+ 2hfg . (iv)

From (iii) and (iv), we have i(ua—vj = i(uij . This completes the proof.
dy\ odx/ 9Jx\ dy

Q.No.25: If u = (X2 - y2 )f(t), where t = X y, prove that

aa;;y = (2 =y e )+ 3¢ 1)

Sol.: Given u = (x2 - yz)f(t) = (x2 - yz)f(xy) = xzf(xy)— yzf(xy). )

Differentiating (i) partially w. r. t. x and y separately, we get
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= [2x.f(xy)+ Xz.f/(xy)y]— [yz.f/(xy)y]: 2xf(xy)+ Xzyf/(xy)— y3f/(xy)

8aX2E;ly = :yzaux aay {gz} ;_y[ZXf(XY)-l_ Xzyf/(xy)— y3f/(xy)]
= lef/(xy)xJ+ lxzy.f// (xy)x + xz.f/(xy)l— ly3.f// (xy)x + 3y2.f/(xy)l
= lezf/ t J+ x3yf”(t)+ xzf/ (t) J—ly3xf//(t)+3y2f/(t)l
= 3x2f 3y2f +( 3y y x)f//
= 3(x% - Z)f’ O+ xy (- y2 " ()
= (2 =y 0+ b2 -y B ()

2,
Hence 88 5 ( -y th 4 )+ 3f ( )] This completes the proof.
xdy

Q.No.26: If u and v are functions of x and y defined by x =u+e” "' sinu,

ov

_ 0
y =v+e ' cosu, then prove that —u=—.
dy 0Ox

Sol.: Given x =u+e” 'sinu and y=v+e ' cosu.

Differentiating both the equations partially w. r .t. x and y separately, we get

u Jdu _ ov ) . Jdu _ _y OV .
l=—+¢ 'cosu—+e V(——Jsmu :>1:—[1+e Vcosu]—e vV —sinu

X ox 0x X
0= a—u+ e " cosua—u+ e_{—a—vjsinu =0= a—u[l +e " cosu]— eV isinu
dy ady y y y
0= a—v+e_V (—sin u)a—u+e_v(—a—chosu =0= a—v[l—e_V cosu]— e_Va—usinu
0x 0x ox 0x
1= ﬁ+e_"(—sinu)a—u+e_V _ov cosu =1= i[l—e_V cosu]—e_va—usinu
dy dy dy dy dy

Multiplying (i) by e sinu and (iii) by ll +e " cos uJ and then adding, we get

dv e 'sinu
aX 1 _ e—2V

Multiplying (ii) by ll —e ' cos uJand (iv) by e Vsinu and then adding, we get

(ii)

(1)

(iv)

(v)
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du e 'sinu

9 _ (vi)
ay 1_ e—2V
From (v) and (vi), we get
8_u = ﬁ . This completes the proof.
dy Ox
oz dz) 0z 0z
7 0z
Q.No.27: If z(x +y) = x> +y2, showthat | ——— | =4 1-——-—|.
ox dy ox dy

2,2
Sol.: Since z(x +y) = x% + y2 =z=2 Y ) ..(1)

X+y
Differentiating (i) partially w. r. t. X and y separately, we get
9z _ (x+y).2x—(x2 + yz)l B x2 —y? +2xy
ox (x+y) (x+y)
0z _ (x+y).2y—(x2 +y2)1 B y2 —x% +2xy
9y (x+y) (x+y)

2z ) [x2-y?+2x 2 _x?+2xy ?
Now L}LS:[}————J =| LT .
dx  dy (x+y) (x+y)

:_(xz—y2+2xy)—(y2—xz+2xy) 2: 2)(2—2y2 2: 2(X—y)(x+y) ’
(x+y) (x+y) (x+y)

__ﬂx—yq2:4&—yf

L k+y) | (x+y)? (ii)
R.H.S.= 4( —%_%j =4{1- (Xz _yz +2Xy)_ (yz _XZ +2xy)
ox dy (x+yP (x+yP
=4 (2 +y? +2xy) - (X =y +2xy) - (y° = x” +2xy) =4 x” +y” - 2xy
(X+Y)2 (X+y)2
RV
:%%15;' (iii)

From (ii) and (iii), we have L.H.S.=R.H.S. This completes the proof.
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R 0%u

Q.No.28: If u = x”, show that = .
ox2dy  0xdyox

Sol.: Since u =x”. (i)

3
u . . . . .
For ——, first differentiate (i) partially w. r. t. y and then twice w. r. t. X

ox 29y
du . . .
> = x” logx . Now differentiate twice w. 1. t. X, we get
y
0%u

=x¥ —+logx.yx’ T =x¥ +ylogx?¥™ = x¥ 1+ ylogx) and
oxdy X

ox 20y T x oxdy X

3

3 2
5 l: = }: (14 ylogx)(y = 1)x¥ 2 4+ x¥ L = 2 [(1+ ylogx)(y - 1)+ y]. (i)

For ————, first differentiate (1) partially w. r. t. X , then y and then x
dxdyodx

du y-1 . . .

=~ =yx’ . Now differentiate partially w. r t. y, we get
X
2
d97u = i{a—u} = y.xy_1 logx + x¥7! = (1+ ylogx)xy_l.
dyox dy| dx
Now again differentiate partially w. r. t. X, we get
2

9N I 214 ylogx)y—1)+y]. (iif)
ox | dyox

o’u B o%u
ox2dy  0xdyox

Hence from (ii) and (iii), . This completes the proof.

2 2 2

X z ) .
Q.No.29: If 5 + 2y +— =1, where u is a function of X , y, z ; prove that
a“+u b“4+u c“+u

(aujz ou g (aujz Ju du Jdu
— | == +|=—| =2 x—+y—+z2—|.
ox ay 0z ox ~dy 0z

2 2 2
Sol.: Since X + Y + . _ 1.

a’+u b’+u c?+u

Now differentiate partially w. r. t. X, we get
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»( du
(a + u)2x x2
X

)6
(312+u)2 (b2+u)2 (c2+u)2

eelet(3) AZ) )

= — — =

R N
02+ u)2x - x (gij ) yz(gij ) Zz[gzj
(@2 +uf b +uf  2+uf

o) 75 A5
2x ox ox ox

:>( + +

a’+u) (a2+u)z (b2+u)2 (02+u)2

ZZX{X2+YZ+22][8_11

(a2+u) (a2+u)2 (b2+u)2 (cz+u)2 ox
au 2x x? y? z? |
aX (a +u). (a

=

du 2y . x> y? z?
Similarly — 3 (b2+u) [(a2+u)2 + (b2+u)2 + (02.;_“)2]’

du_ 2z x2 N y? N z?
oz (C2+u).

(auf{auji(auf{(az%)}z*{(bfiu)}z*{(fiu)}z

ox ay oz 2 ’ , TP
X LY Lz
{(a2+u)2 (b2+u)2 (cz+u)z}

I
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2| Xx. 2x +y. 2y +7z. 2z
RHS= Z(Xa_u_i_ya_u_'_za_uj: (az+u)Z (1)2+u)z ((;2+u)Z
.H.S. ox dy 0z <2 y2 /2
+ +
(212+u)2 (b2+u)z (cz+u)2
_ 4
= X2 yz Z2 :l
+ +
!(612+u)2 (b2+u)2 (02+u)2
=L.H.S.

2 2 2
Hence [g—zj + (g—;j + (3—2) = Z(Xg—z + yg—; + zg—lZlJ . This completes the proof.

1/2 o%v 9%v 9%v
Q.No.30: If v=Ix>+y>+2z?] '~ .Showthat — +——+—=0
( T ox> oy’ 9z°

. 1/2
Sol.: Since v = (X2 + y2 + ZZT , we have

a_V:_l( 2+y2+22T3/2,2x:—x(x2+y2+22y3/2 ‘
ox 2
and

é = i[— x(x2 + y2 + 22)_3/2} = —{1.(){2 + y2 + 22T3/2 + x(—éj( 2y y2 + 22)_5/2,2x}
ox° Ox 2

5/2 5/2

= —(X2 + y2 +Z2T [xz + y2 +7° —3X2]= (X2 + y2 + Z2)7 (2x2 - y2 —Z2) (1)

- OV (2, 2, 2V 2 o2 2 .
Similarly, 8_2: X“+y +z —X“+2y"—z7). ..(11)

y

oy
0z*
Adding (i), (i1) and (iii), we have
0%v N 9%V N 9%V
ox> 9y’ 9z’

and = (X2 + y2 +z2)_5/2(— x? - y2 + 2z2). ...(111)

= (XZ +y2 +22T5/2(0)= 0.

This completes the proof.
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Q.No.31: If V=r", r? = x>+ y? + 22, then show that

Vix + Vyy +V,, = m(m + )™ 2,

Sol.: Since 12 = x* +y? +z% ., 2rﬁ =2x = or =X
ox ox r
Now V=1" . v = mr™ 2 = mxr™ 2 and
ox r

2
?9—\2/ = m{rm_2 +x(m—2)™3 s—r} = m{rm_2 +x(m—2)m3 5}
X

X r
2
= 8_\2/ = m[rm_2 +(m— 2)x2rm_4]. ...... 6)
ox
2
Similarly, aa—\; = m[rm_2 +(m— 2)y2rm_4] ...... (ii)
y
2
and a—\zf = m[rm—2 +(m— 2)z2rm_4]. ..... (iii)
0z

Adding (i), (i1) and (iii), we get
Vix + Vyy +V,, = ml3rm_2 +(m-— 2)r2rm_4J = mlrm_Z(S +m- 2)J =m(m+1)r™2.
This completes the proof.

Q.No.32: If u = log(tanx +tany + tan Z) , then prove that

sin 2xa—u+ sin Zya—u+ sin 2Za—u =2.
0x dy oz

Sol.: Here u = 10g(tanx+tany+tanz). (1)

Differentiate (i) partially w. r. t. X, y and z separately, we get

du sec? X du sec’y du sec’z
= = and — =

Ox tanx+tany+tanz dy tanx +tany+tanz dz tanx-+tany-+tanz

Now L.H.S.= sin 2Xa—u + sin Zya—u + sin 2Z8_u
ox ay oz

3 +2sinycosy. 3 + 2sinzcos z. 3

COS X Cos 'y COS Z

2sin X COS X.

tanx +tany + tanz
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2(tanx + tan y + tan z)

= = 2 = R.H.S-
(tan X +tany + tan z)
This completes the proof.
2_ .2 2 2 = 0]

Q.No.33: If u =xy()2<—§) ; u(0,0)zO, show that g = gl at .

X“+y oxdy dyox y=0

2 _ .2
Sol.: For (X,y);t ((),0), u(x,y):xy();—z) (given) (1)
X" +y

Differentiating (i) partially w. 1. t. X, we get

2 2ok fl ofeoo), ek oo

x x? +y? CTox x*+y? (xz+y2)2

ox  ox
_ }{3){‘l + 2)(2y2 - y4 —2xt+ 2X2y2] _ {X‘l + 4)(2y2 - y4]

(x2+y2)2 (x2+y2)2

4 2.2 4
For (1) 2(00) 2 < ) - A0 5] )
X (Xz N y2)2
For a—u(O,O), let us consider a—u(O,O): Lim u(8x.0)~u(0.0) = Lim 0-0_ 0.
ox ox 0x—0 ox dx—0 OX

which exists. .-. g—u(0,0) =0.

X
For the existence of Uyy (0,0), 1.e. i[a_u}
dy Lox Jig0)
Consider i{a_u} = Lim uX(O’SY)_ uX(O’O) = Lim — 8y -0 = —1, which exists.
8y ox (0,0) dy—0 6y dy—0 6y
i[a—u} =-1. ...(1ii)
ay aX (0’0)
xy(xz _ yz)
Again because for (X, y) #* (0,0), u(x,y)= ——5——— (given) ()]
X“+y

Differentiating (1) partially w. r. t. X, we get

du_ 9 {M} 9 {M}_{(XZHZXXZ—3y2)—(X2y—y3)2y

dy xz+y2 ~ oy X2+Y2 (xz+y2)2

dy Oy dy
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< x4 - 2xzy2 - 3y4 —2x2x% 4 2y4] B {x“ —4)(2y2 - y4]

(X2+y2)2 (X2+y2)2

4 422 4
.~. For (x,y);r&(O,()),a—u:uy(x,y):x(X ax7y y)

) ..(1v)
dy (Xz N yz)z
For a—u(O,O), let us consider a—u(O,O) = Lim £(0.8y)-£(0.0) = Lim 0-0 =0.
8y ay dy—0 dy dy—0 dy
which exists. .. a—u(O,O) = 0. For the existence of Uyy (0,0), 1.e. i{a—u}
ay aX ay (0 0)
u,(0x,0)—u,(0,0 -
Consider i a_u = Lim y( ) y( ) = Lim Ox =1, which exists.
X | dy 0.0) x>0 Ox dy—0  Ox
i{a—u} =1. (V)
aX ay (0’0)
2 2 x=0
.~. From (ii1) and (v), we get a_u * ou at

oxdy dyox y=0
ie. uy, (0,0)#u,,(0,0).

This completes the proof.

r2

Q.No.34: If 6 = tne_z, find the value of n which will make %ai[rz ?J = ?
r t

T T

Sol.: Given 0 = e 4t

- :
3—e—t“ 4t.(—%j rt"le 4t
r t
2
T
2000 _ 13017
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rroa
Li(ﬁ@} B s (e
2 or or 2 2t

2 2 2

20 _r _r r2 _r I,2
Also — =nt"e 4t 4t 4| — |=("Te 4t n+—s|.
ot 4> 4t
) 1 9( ,00) 06 . .
Since ——| r"— |=— 1s given
r2or or ot
I'2 2 I'2 2
ltn_le_ﬂ. I gl=¢le 4t ns
2 2t 4t
2 2
:>r__§:n+r— -.n=——.Ans.
4t 2 4t
o*u  0° 1
Q.No.35: If u =f(r), where r?=x>+ y2, prove that —l21+—l21 =f"(r)+=f"(r).
ox~ dy r
Sol.: Given r> = x> + yz. (i)
: . . or o X
Differentiating partially w. r. t., we get 2r— =2x => — = —
0x oX r

Similarly, g_r =X
y r

Now u=f(r) ~ 2% —¢ '(r)ﬁ =2(r)
o0x ox r

Differentiating again w. r. t. X, we get

% 1, '(r)+ x.(—iﬁjf () ().

aX2 - r r2 ox r a_X

[ 9 ()= vwi(u)+uwi(v)+uvi(w)}

ox ox ox ox
2 2
-2 X )+ )R = ) - )+ ()
r r°r r ror r r
22 2 2 2
. 3X f'(r)+ 5 f'(r)= y—3f '(r)+x—2f "(r) [using (1)]



Partial Differentiation: Partial Differential Coefficient 34
Visit: https:/www.sites.google.com/site/hub2education/

’u  x° y?
Similarly, — =—f"(r)+=—=1f"(r
e R (r) > (r)
0%u 9%u  x%+y? x? +y? r? r?
+ = f'(r)+——f"(r)=—f'(r)+—=f"(r
ox> 9y’ r ) r’ ) r’ ) r? )
0%u  9%u 3

ax_2+¥ =f "(r)+%f '(r). Hence prove.

Q.N0.36: If x =¢e"“*% cos(rsin0) and y = e % sin(rsin6),

provethata—lea—y 8_y_18_x

o r a0 o r oo
2 2
Hence deduce that a_x + 18_)( + ia_x =
o’ ror 12902

Sol.: Given x = e % cos(rsin6).
ox . . .
e "% cos0.cos(rsin0)—e"°*® sin(rsin 0).sin
r

= "%cos0 cos(rsind) — sinOsin(rsin )]

=e"°% cos(0 +rsin6) @)
g—g = "9 (—rsin0).cos(rsin0)— e Y sin(rsin 0 ).rcos
= —re"“*%[sin 0 cos(rsin0) + cosOsin(rsin0)]
= —1e % sin(0 + rsin0) (ii)
Also y=e"*%in(rsin0)
3—}] =% cos0.sin(rsin0)+e"“*?.cos(rsin0).sin 0
r

=" *%5in 0 cos(rsin®)+ cosOsin(rsin0)]

=e"%in(0 +rsin0) (iii)

a_y — gl cos 0
d0

(=rsin0).sin(rsin®)+ e **? cos(rsin 0)rcos0

= re"*%cos0cos(rsin0)—sin Osin(rsin)]
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= 1e"°*% cos(0 +rsin0) (iv)
: ) ox 1 dy
F d , t —=—.—
rom (i) and (iv), we ge e (v)
.. ay 1 Jx .
F d (iii), we get & = 2 %%
rom (i) and (i11), we ge o 30 (vi1)

0%x 1 9y 1 9%

F , t —=——.—+—.

rom (v), we ge 0 2390 om0
dy

From(vi), we get B_X =-r—=

00 or
) 9%x _ 9%y L 9%y
" 902 oro0 oro0
Ox 1ox 1% _ 1y 1
o’ ror r? o0’ 200 r

9%y 1 9y 1 9%y

90 200 r oro0

Q.No.37: Prove that if f(x,y) = :

W.e . Xy = yX*

Sol.: Given f(x,y)=—e ¥ =y 2e¢ ¥
y
1 _(X_a)2 2
fX:a_f:y 2. v 9 _x-a)
ox ox 4y

Ly e .[—M}:—ly_;(x—a).e_ I

—=——y 2e

3 _(x-a)’ 1 _(x=a)?
R )

Y oy 2 dy 4y
=7 3 D eap] 1 2 (x-a)’
—e W |—y24y22 221 ——y2e W —2+y_1(x—a)2]
2 4y 4
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3 2 _(x-a)’
:ly 20e W .i{—(x_—a)}[—2+y_l(x—a)2]+e Y 2yl(x—a)
4 0x 4y
L)y |
——y2e W {— x4 - 2+y i (x—a) +2y_1(x—a)}
4 4y = :
| 2 1 ]
=37 2e W .X;a{—572+y_l(x—a)z_+2}
5 _(x-a)? 5
_ly 2(x—a)e ¥ {3—()(_3) }
4 2y
5 _(x-a) 3 _(x-a) )
X:i(a_fj:_l(x_a)__y e B 4y 2. b x72)
o 9y lox 2 4y?
5 _(xa) 5
=——(x-a)y 2e ¥ {—3+(X_a) }
2y

Hence f,, =f,,.

Q.No38.: Find the value of ia—2Z+ia—2Z when a’x” +b’y* —c’z* =0
) h a’ ox> b’ ay’ Y '
Sol.: Here a’x” +b’y’ —c’z’ =0 = c’z” =a’x* +b’y’

-~z :Ciz(alzx2 +b2y2) (1)

Differentiating (i) partially w.r.t. X, we get
2
209 =1 ga2x = % a—z(fj (ii)
ox ¢ dz ¢ \z

Differentiating (i1) partially w.r.t. X, we get
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z.1-x oz 2 2 2.2 2
2 2 AT A 2
e PR
ox> ¢’ z’ c’z c\z c’z c’z | c’z°c’z
aZ
=g (bzyz) [ a’x>+b’y’ —c’z’ = ()]
0’z a’b’y’
a i
- 9’z _a’b’ x* .
Similarly, W:C_“? @1v)
102z 192 1 a’b*y> 1 a’b’x’ 1 s an
Consider ——+——=—. o+ Z = b2v? +a’x
a®ox> b’ay’ a’ ¢ z2 b 72 7 [ Y }

- %(czzz) [ a’x*+b’y’ —c’z’ = 0]

10z 19°z 1

— = +———=——_ Ans.
a’ dx> b’ ady’ ¢’z

Thank you

NEXT TOPIC

Homogeneous Functions and Euler’s Theorem
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Indeterminate forms:

If the value of a function f(x) when x = a takes one of the following forms, i.e.

0 o5}
—, O)(oo, —, 00 —o09, OO, [e3<]
oS}

01,
then the function is said to be in an indeterminate form. The value of the function is
obtained by finding the limit of f(x) as x approaches or tends to a. All the indeterminate

forms, by a little arrangements or (simplification), can be brought to the form %

(i) Problems solved by using different algebraic laws
First of all, we will discuss some problems which can be solved easily by

simplifying the given function with the help of different algebraic laws:

Q.No.1.: Prove that Lt [\/xz +3x+1 —\/x2 -2 +8} =% .

X—>00

Sol: LHS. = Lt [\/X2+3X+1—\/x2—2x+8} [o — o0 form]

X—>00

Multiplying and dividing by [\/ X2 +3x+1+ \/ x2-2x + 8} , we get



Indeterminate forms: Problems solved by using different algebraic laws 2
Visit: https:/www.sites.google.com/site/hub2education/

[\/xz+3x+1—\/x2—2x+8}[\/x2+3x+1+\/x2—2x+8}
LHS.= Lt

x—e0 [\/x2+3x+1+\/X2—2X+8}

(x2+3x+1)—(xz—2x+8)
t
e \/(x2+3x+1) +\/(X2—2X+8)

-1y 5x—17 '

o \/(Xz +3x+1)+\/(x2 —2x+8)

Divide the numerator and denominator by x, we get

s 7
LHS.= Lt X = >0 _ 0 =§=R.H.s.
X—yeo 3 1 2 8  AJ1+0+0++41-0+0 1+1 2
I+=+—+ [I-—+—
X X X X

This completes the proof.

Q.No.2.: Prove that Lim VI+4x —V5+2x _1

X—2 Xx=2 5

Sol: LHS.— LimVIT4x=5+2x
x—2 Xx—=2

0
— form
[ 0 ]

Multiplying and dividing by V1+4x +4/5+2x , we get

LHS. LimJ1+4x —J5+2x " V1+4x +4/5+2x
X2 x—2 V1+4x +4/5+2x

Lim (1+4x)—(5+2x) o Lim ~2(x-2) )
o2 (x—2)WIHax +45+2x | xo2 (x —2)W1+4x ++/5+2x |

= Lim+ 2 ~:2:1=R.H.S.
o2 [Vi+4x +45+2x| 6 3
This completes the proof.
. 5-x
Q.No.3.: Prove that Lim =-5
x—=5/6X —5 —/4x +5

Sol.: LH.S.= Lim X .
X—=5 \/6X—5 —\/4X+5

Multiplying and dividing by v/6x —5 ++/4x +5 , we get
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LHS.< Lim 5-x y V6X =5 +4x +5
x5 46X =5 —4/4x +5  AJ6x =5 ++/4x +5

(5-x)Wox=5 +vax+5|_ . (5-x)Vox—5+ax—5]

=Lim
x=5  (6x—=5)—(4x+5) xX—5 -2(5-x)
o Wex =S A =s] ses o
x—5 -2 -2
This completes the proof.
P42+ o+
Q.No.4.: Evaluate Lim 3 X .
X—>o0 X
2,12, 72 2
Sol: Lim ) +t2 *3 3+ ...... X x(x+1)(32x+1) [—form}
X —yo0 X X —>o0 6x oo
x3[l+lj[2+1j .
= Lim X 3 X =2 Ans
X—yo0 6x

3
n
Q.No.5.: Evaluate Lim Z

n—o n

D
Sol.: Lim*=,— = Lim 2 2 2
n—e n—co n n—oo 4dn n—oo 4n

3.3
Q.No.6.: Evaluate Lim x2 a2 .

X—ax~“ —a

3.3 2 5
Sol.: Since Lim— —4 _Lim (x —a)(x +ax+a )
X—a X2 _aZ X—a (X—a)(x+a)

(x*> +ax +a’)

=Li
S (x+a)
2
:3L=§a. Ans.
2a
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Homogeneous Expression:
An expression of the form agx" +a;x" 'y +a,x" 2y + .. +a y",
where each term of degree ‘n’ , is called Homogeneous expression in x and y and of
degree or order ‘n’.
Homogeneous Function:
If this expression equal to some quantity ‘u’ , then ‘u’ is called Homogeneous

Function in x and y of degree ‘n’ .

Now u=a,x"+a,x""'y' +a,x"’y* +...+a,y"

:Xn[a0+al(§j+az(§jz+ ..... +an(§jn}
= u=xr 2],

. . X
Also, we can write a Homogeneous Function in x and y of degree 'n' as u = y"f (—) .

Similarly, a Homogeneous Function in x ,y and z of degree ‘n’ can be written as
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u= XHF(Z,EJ or u= y“F(E,EJ or u= z“F(f,Zj.
X X yy 7z z

Here 'u' is dependent variable and X, y, z are independent variables.
Euler’s Theorem:
Statement: If ‘v’ is a homogeneous function of x and y of degree ‘n’, then

Jdu Jdu

X—+y—=nu .
ox yay

Proof: Given ‘u’ is a homogeneous function in x and y of degree ‘n’.

Then we may write u = x"f (XJ : 1)
X

Differentiating (i) partially w.r.t. X [keeping y as constant], we get
> 8o L - e[ 2]
ox X X X
= —X“_zyf'(lj +nx"'f (lj
X X

Similarly, differentiating (i) partially w.r.t. y [keeping x as constant], we get

au = x"’f'[ljl = x"_lf'(zj .
ady X)X X

This completes the proof.
Extension of Euler’s Theorem:

Statement: If ‘u’ is a homogeneous function of x and y of degree ‘n’, then show that

2 2 2
xza—u+2xy ou +y28_u
ox> oxdy oy>

=n(n-1)u.

Proof: Since ‘v’ is a homogeneous function in x and y of degree ‘n’ then

xa—u + ya—u =nu. [by Euler’s Theorem] ... (1)

ox ~dy

Differentiating (i) partially w. r. t. x [keeping y as constant], we get
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d’u du Ju _ du

—t—ty——=n—.
Xax2 ox yaxay nax

Multiplying by x, we get
,0%u  du 0%u du ,0%u 0%u ou
X"+ X+ Xy —— = NX — y=—=-1)x=—.
ox>  ox 0xdy ox ox> 0xdy ox
Again, Differentiating (1) partially w. r. t. y [keeping x as constant], we get

0%u 9%u  du ou
=n

X y—+—

dyox ~dy? dy - g

Multiplying by y, we get

X azu+ 2&4. a_u:n a—u:>x azu+ 2&:(n—l) a—u (ii1)
yayax y 32 yay Yay yayax Iv2 y g

Adding (i) and (iii), we get

0%u o%u 0%u Jdu Ju
22 42 2 (-l x=—4+y—|=(m-Dnu=n(n-1)u .
X W +2xy 0y +y 8y2 (n ){x x +y ay} (n—1)nu =n(n-1)u

This completes the proof.

Now let us solve some problems related to the above-mentioned topics:
Q.No.1.: Verify Euler’s theorem, when z = x> — 3x2y - y3 .

Sol.: Since z =x° — 3X2y - y3

X

ox

x§—i+ yg_f/ = X(3X2 —6xy)+ y(— 3x2 —3y2)= 3()(3 —3X2y - y3)= 3z.

s 24 (2)

=>z is a homogeneous function of x and y of degree 3.

=3x2 —6xy and % = -3x? —3y2.
dy

. By Euler’s theorem, we get XE + y% =nz=3z .
ox ~dy

Hence, Euler’s theorem is verified.
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Q.No.2.: If u= M - then prove that xa—u+ a—u——iu
N )(1/2+y1/2 ’ P ox yay 12
i 2 r q1/2
1/3 1/3
173, 132 x! ler1/3 1+ 2
. x4y B X e X
Sol.: Here u = 5 17 = =|x Y
x!/2 4 yl/2 s yl/2 y 1/2
A R 1+[j
X | X ]

i 1/3 ]
1+(yj
2 \XJ :X—1/12f[}’j.

1
= u is a homogeneous function of x and y of degree — X

.. By Euler’s theorem, we have xa—u + ya—u =nu = —iu .
ox ~dy 12
Hence the result.
y du du
Q.No.3.: If u =f| = |, then show that x —+y—=0.
X ox " dy

Sol.: Here u =f (Zj =x% (lj
X X

= uis a homogeneous function of x and y of degree 0.

Hence by Euler’s theorem, we have

Xa—u+ya—u=nu =0.u =0.
ox ~dy

Hence the result.

X =~ dy X

Sol.: Here u = ny(zj = xz{zf (Xﬂ = XzF(Xj .
X X \ X X

=> uis a homogeneous function of x and y of degree 2.

Q.No.d.: If u = xyf(lj , then show that xg—“ . 2{xyf(zﬂ :
X

Hence by Euler’s theorem, we have
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Hence the result.

Q.No.s.: If u= sin”! X + tan_l(lj, find the value of Xa—u + ya—u .
y ox ady

Sol.: Here u = sin_l(ij + tan_l[zJ = x% sin”! i + tan_l(lj = Xof(zj.
y X y X X
X

= uis a homogeneous function of x and y of degree 0.

Hence by Euler’s theorem, we have

Ju Jdu
X—+y—=nu=0u=0.
ox Y ay
Hence the result.

Q.No.6.: Verify Euler’s Theorem on homogeneous functions in the following cases:-

1/4 1/4

@) f(x.y)= Xmiy“s . G) u=f(xy,2) =Vx +/y +4z
x4y

2+y2

NETS , ({iv) u= sin_l(ij + tan_l(lj
y y X

v) z= xﬁog[lj .
X

(iii) z = tan”!

1/47]
1+[j
1/4 | 1/4
. X + X
Sol.: (i) Here f(x,y): 75 y1/5 = x!/20 — 5= xl/zof(lj
X4y 1+(yj X

1
— f(x,y) is a homogeneous function of x and y of degree 20

Hence by Euler’s theorem, we have

174 174
Xa—f+ya—f:nf—1 X Ty

=— . 1
ox  dy 20 (x!/5 4 y!/3 @)
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4 y1/4
X1/ 5 + y1/ 5
Differentiating partially w. r. t x and y respectively, we get

1 1
1/5 1/5 -3/4 174 1/4 -4/5

ox (X1/5+y1/5)2

Multiplying by x, we get

1 1
1/5 1/5 1/4 174 1/4 1/5
+jr —X — X +jr —X

Again since f (x,y)=

= ii
ox (X1/5+y1/5)2 (1)
1 1
/5, 175 ~3/4 14 141l _—ass
+ = - + =
o By [yt )=y 1)
dy (X1/5+y1/5)2

Multiplying by y, we get

1 1

1/5 1/5 1/4 1/4 174 1/5
+ — —\X + -

of ( y Ily J ( y ISY j

dy (XI/S N y1/5)2 ()

Adding (ii) and (ii1), we get

o (x”s+y”5)£11(x”4+y”4)—(x”4+y”4);(x”5+y”5)

Xg+ dy (X1/5+y1/5)2

gy .
50 SIESIE (iv)

Hence, the Euler’s Theorem is verified.

1/2 1/2
(ii) Here u =f (x y,Z \/_+\/§+ z—x1/2[1+[yj +(£j ]zx“zf(l,ij
X X

X

1
= u =f(x,y,z) is a homogeneous function of x ,y and z of degree 5

Hence by Euler’s theorem, we have

du du du
Xa—x+yg+za—z nu = 2 (\/_+\/§+'\/_)
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Again since u = f(x,y,z) = \/;+\/§+\/;
Differentiating partially w. r. t X , y and z respectively, we get

Jdu 1 Jdu 1 Jdu 1

= ,—=——and— = ——
ox  24x dy 2\/§ an 9z 2z

du du Jdu 1 1 1 1
—tz—= + + =—(Wx +y++z).
ox Yoy o Tadx Cafy oz SNy )

Hence, the Euler’s Theorem is verified.

2, .2 2
+
(iii) Here z = tan™! NETY G y0 tan ! [EJ +1|= yof [EJ .
y y y

= z is a homogeneous function of x ,y and z of degree O.

Hence by Euler’s theorem, we have

0z 0z

—=nz=0z=0.

X— +
ox yay
[2, .2
| VX Yy

y

Again since z = tan~

Differentiating partially w. r. t x and y respectively, we get

ox 1+X2+2Y2 Y| 24/x% +y? (X2+2y2) x2+y?
y
X*%—m
dz_ 1 2yx*+y’ L Py
% 1+X2+2y2‘ v’ W +2y) x4y
y

.‘.x%+y%=x x ! +y [ ! (_Xz)

ox dy (X2+2y2)' x2+y2 X2+2y2).\/xz+y2 =0.

Hence, the Euler’s Theorem is verified.
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. - - ! _
(iv) Here u = sin l(£}+tan 1(zj:x0 sin" —!+ tan 1(XJ :xof(z}
y X y X X
X

= uis a homogeneous function of x and y of degree 0.

Hence by Euler's theorem, we have

Again since u = sin_l(EJ + tan_l(lj.
y X

Differentiating partially w. r. t x and y respectively, we get

o J U y (J T ey

du Jdu 1 y - X X
S X—+Yy— =X -

y
2 2 2 2
aX ay \/yz_xz X +y y\/yz_xz X +y

Hence, the Euler’s Theorem is verified.

(v) Here z = x4 log(ZJ =x* (XJ .
X X

= zis a homogeneous function of x and y of degree 4.

Hence by Euler's theorem, we have

x%+ y% =nz =4z =4x log(yj
ox ~dy X

Again since z = x* log(zj .
X

Differentiating partially w. r. t x and y respectively, we get
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- 4
a_Z = 4X3-10g(1j + X4.i(—yj = 4X3.log(yj x> and —= aZ x4, ! [lj =X

X X

Hence, the Euler’s Theorem is verified.

4, 4
+ d 0
Q.No.7.: If u =log X , show that x 2y y—u =3.
X+y ox " dy
4, 4 4, 4
+ +
Sol.: Here u = log RTY e Y
X+y X+y

e" is a homogeneous function of x and y of degree 3.

u u
Hence by Euler’s theorem, we have XM + yM =ne" =3e".
ox ady
= xe a—+ye a—u=3€”.
ox ady
Hence xa—u+ ya—u =3.
ox ~dy
Hence the result.
Q.No.8.: If u = sin”! \/_ \/_ , show that — u _ —Za—u.
Jx 4y +\/_ ox X dy

Sol.: Here u = sin_l[Mj = sinu = (\/_ \/_J (— =
) Vx +4fy Jx +4y

= sinu is a homogeneous function of x and y of degree 0.

Hence by Euler’s theorem, we have

< d(sinu) + ya(Slﬂu) =nsinu =0.sinu =0.
o0x dy
= xcosua—u+ cosua—u—o = Xa_u"' a_ll_o
Ix y dy ox yay .
Hence a—u=—la_u'
ox X dy

Hence the result.
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Q.No9.: If u= x(p(zj + w(lj , show that
X X

(i) X@+ y@ = x(p(l) .
X

ox ~dy
2 2 2
Gii) x22 L21+2xya 4 +yzal21:0.
ax axay ay

Sol.:(i) Here u = x(p(lj + w(lj =u; +u, (say)
X X

Then Xa_u+ ya—u =X 9y + yaul
ox " dy ox

Now since u; and u, are homogeneous function of x and y of degree 1 and 0O
respectively. Then by Euler’s theorem, we have

X%+y%=nul = X(p(zj and xau—2+yau—2 =nu, =0.
ox ay X ox ay

Hence Xa_u+ y— =X

du aul+yaul+xau2+yau2:X(p(lj+0.
ox ~ dy ox dy ox dy X

Hence the result.
(ii) Again, since u; and u, are homogeneous function of x and y of degree 1 and 0

respectively. Then, by extension of Euler’s theorem, we have

2 2 2
xza—u+2xy ou +y2a 2 —n(n—l)uzl(l—l).x(p(ljzo.
X

ox? 0xdy ay_z B
2 2 2
Hence xza 121+2xy ou +y28121=0 .
ox 0xdy ady
Hence the result.
2 2 2
/3 2
Q.No.10.: If u = (xz + y2)l , prove that x? J Lzl + 2xy ou +y2 J Lzl =——u
ax axay ay

X

51/3
/3
Sol.: Here u = (xz+y2)l = x2/3[1+[1j } = x2/3f(z)
X
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= u is a homogeneous function of x and y of degree 3

Hence by extension of Euler’s theorem, we have

2 2 2
2a—u+2xya—u+yza—u:n(n—1)u =2(2—1j=—2u .
x> Ixdy ~ dy> 303 9

Hence the result.

2,2
Q.No.11.: If u =sin™ Xy , then show that xa—u+ ya—u =tanu.
X+y o) o)

X Y
2
y
2, .2 2, .2 I+
Sol.: Hereu = sin~!| X = sinu(= z,say) = XY o %2 =xlf(zj.
X+y X+y 1+X X
X

= zis a homogeneous function of x and y of degree 1.

oz

Then, by Euler’s theorem, we have x —+y—=nz=z.
ox ~dy

du u .
= XCOSU— + ycosu— = sinu .
ox ady

ou du
=> X—+y-——=tanu.
ox ~dy

Hence the result.

173, 132
.1 X +y
Q.No.12.: If u=sin 7 13 , then prove that
X + y
Jdu Ju

+y—=-—tanu.

® x5 dy 12

ey 2 ) _ tanu
(i) x"u,, +2xyuy +y“uy, = 124

(13 + tan? u).

1/2
1/3 1/3
X +Yy :|

. 3 = 1 _1
Sol.: (i) Hereu = sin |:X1/2 + yl/z
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1/2 1/2

113\ "2 1/3 1/3
x1/3[1+zu3j 1+(yj 1.,.(37}
-1/6 X /2 X zx—l/uf(}’)

=sinu=|—<| =[x — — L
1+(yj (yj
1+ 2
X X

12
X
2| 14 y1/2
X

1
= sinu is a homogeneous function of x and y of degree — TR

Then, by Euler’s theorem, we have

d(sinu)  d(sinu)
X + y

=nsinu = ——sinu
12

ox ady
u ou 1 .
= XCOSu— + ycosu— = ——sinu
ox ady 12
:>xa—u+ a—u——itanu (1)
0x yay 12 '

Hence the result.
(ii) Differentiating (i) w.r.t. x partially, we get Xu,, +u, +yu,, = —Esec2 u(u x)
Multiplying by x , we get

x2uXX + XU, +XYUyy = —Esec2 u(xu,). L (11)
Differentiating (1) w. r. t. y partially, we get

KU+ U + YU, = ——sec? (u,)

Uy +uy +yu, = 12sec uluy ).
Multiplying by y , we get
2 _ 1 ( )

YXUyy + YUy +yuy, = Esec ulywy )L (111)

Adding (i1) and (ii1), we get

quxx + 2xyuXy + yzuyy = —%sec2 u(xuX + yuy)— (xuX + yuy): [—ésecz u —1)()(uX + yuy)

1 1 1 5 1
=|—sec“u+1|| —tanu |=——sec“utanu +—tanu
12 12 144 12

1 1 1
= —(1+ tan? u)tanu +—tanu = —tanu(1+ tan u +12)
144 12 144
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= Ltalnu(13+ tanzu).
144

Hence the result.
2, .2

Q.No.13.: If u = (X+—Y)m + x@(lj + w(zj, show that
2m—1 X X

2 2 2
XZa u+2xy ou +yZa 4 :2m(x2+y2)m .
ox oxdy dy>

Sol.: Here u = ( Ty )m+x(p( j [yj=u1+u2 +uy (say)

Then Xa_u+ ya_u =X du; du, du, du,
X dy 0x

8u 3 8u 3
ay ox ‘

Now since u;,u, and uz are homogeneous function of x and y of degree 2m , 1 and 0

respectively. Then by Euler’s theorem, we have

au u, du,  du, duy;  duy
—Lyy—L=nu =2mu,x—2+y—2=nu, =u, and x—+y—> =nuj =0.
ax ady ox ady ox ay
Hence xa—u+ ya—u =X 9y + yaul + xau2 + yauz +X 9 + o =2mu; +1l.u,.

ox " dy ox ady ox ady ox Y ady
Again, since uy,u, and u; are homogeneous function of x and y of degree 2m, 1 and 0

respectively.

Then, by extension of Euler’s theorem, we have

aZU aZu aZu (X2 +
2 2 y
X o2 +2xy oxdy +y % . n(n—1)u = 2m(2m - l)ul +1(1- 1)u2 =2m(2m—1) w1

2 2 2
Hence )(23—121+2xyaaau +y23—121:2m(x2+y2)m .
X Xay y

Hence the result.

Q.No.14.: If u = sin(& +.Jy), show that
KOsy 8 Sy o+ )
Sol.: Here u = sin(\/;+ ﬁ) .
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. sint e zsay) = W5 +45) = x [ (yj’jzxmf(z).

X X

1
= z is a homogeneous function of x and y of degree 5

) 2] 1
Then, by Euler’s theorem, we have x2Z 4 y—Z =nz=—-z.

ox " dy 2

1 au 1 a_u_l -1 :l
X\/l—u2 aX \/1 u? ay_zsm ‘ 2(\/;4_\/;)

:xa_‘uy_ Wy Ni=sin?lx ) = S s Neos?(Vx +4).

Hence Xg_x+y_y: (\/_+\/_)cos(\/_+\/_)

Hence the result.

Q.No.15.: If z = sin_l(ylxz +y° ) , then show that x%z,, + 2xyzyy + yzzyy = tan’ z.

[ 2
Sol.: Here z = sin_l(\/xz + yzj = sinz(=u,say) = x>+ y2 =X 1+y—2 = xf(zJ
X X

= uis a homogeneous function of x and y of degree 1.

Then by Euler’s theorem, we have xa—u + ya—u =nu=u.
ox ~dy
0z 0z dz 0z ,
= XCOSZ—+yCOoSZ— =sInzZ = X—+y—=tanz. )
ox dy ox ~dy

Differentiating (1) w.r. t. X partially, we get
XZyy + 2, + Yz, =sec’ z(z,)
Multiplying by x , we get
Zyx +XZy +XYZyy = sec’ zxz,). L (i1)
Differentiating (i) w. r. t. y partially, we get
XZyy + 2y + Y2y = sec? z(zy)

Multiplying by y , we get
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YXZxy +YZy + Yzlyy = sec” Z(yzy)‘ ...... (iii)
Adding (ii) and (iii), we get
Xszx + 2X)’ny + yzzyy = sec? z(xzX + yzy)— (xzX + yzy): sec? z(tanz)—tanz.

= tan Z(SCC2 7— 1) = tan Z(tal’l2 Z) = tEll’l3 zZ .

Hence the result.

Q.No.16.: If u+iv= (X iiy)z, and w = E, prove that xa—w+ ya—W =0.
v ox ady

Sol.: Here u+iv=(xiiy)2 =u+iv= xz—y2i2ixy.

X
2xy 2 Y

X

Thus W=E=
v

- .
e Y
X =Yy _,0 X :Xof(YJ

= w is a homogeneous function of x and y of degree O.

Then, by Euler’s theorem, we have

xa—w+ya—W=nW=O.w =0.
ox dy
Hence xa—w+ya—W:O.
ox ady

This completes the proof.

Q.No.17.: If u+iv= (ax t+ iby)3 ,show that

(iii) (xa—w+ya—W:O where w =£.
ox dy \

Sol.: (i) Here u +iv = (ax iiby)3 = u+iv=(a’x’ —3abzxy2) +i(b3y3 + 3a2bX2y) .

2
Thus u = (213)43 —3ab2xy2) = x{a3 —3ab2[lj ] = x3f(lj.
X X
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= uis a homogeneous function of x and y of degree 3.

Then, by Euler’s theorem, we have

ow  dw
X—+y—=nw=3w.
ox dy
Hence xa—w+ ya—W =3w.
ox ady

This completes the proof.
(ii) Here u+iv = (ax + iby)3 = u+iv= (513)(3 - 3ab2xy2) + i(b?’y3 t 3a2bx2y) .

3
Thus v = (b%y? +3a2bx2y) = x3[b3(1j + 3a2b(1j] - x3f(1j .
X

X X

= v is a homogeneous function of x and y of degree 3.

Then, by Euler’s theorem, we have

av v
X—+y—=nv=3yv.
ox =~ dy
Hence xa—V+ yi =3v.
ox ~dy

This completes the proof.

(iii) Here u+iv = (ax + iby)3 = u+iv= (513)(3 - 3ab2xy2) + i(b?’y3 t 3a2bx2y) .

2
3 2( Y
a” —3ab”| =
u a3x3—3ab2xy2_ 0 (Xj —xof(lj

Thus w=—= =X
v by? +3a%bx? 3
y y b{yj i3a2b(yj

X X/ |

— w is a homogeneous function of x and y of degree O.

Then, by Euler’s theorem, we have

xa—w+ya—W=nW=O.w =0.
ox dy
Hence xa—w+ya—W:O.
ox dy

This completes the proof.
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1/2
Q.No.18.: If v= (xz + y2 + 22)_ ,then show that xa—V+ ya—v+ za—V =-v.
ox ~dy 0z
s 5 ,1/2
Sol.: Here v = (x2 +y2+ ZZT = v= X_{H_[Zj +(Ej } - X—lf[l,ij
X X X X

= v is a homogeneous function of x ,y and z of degree —1.

Hence by Euler’s theorem, we have

xa—V+ ya—V+Zﬂ =nu=(-1).v=—v.
0z

ox ~dy
Hence the result.
Q.No.19.: If u =sin™" (\/; + \/§ ), prove that
,9%u 0%u , 0% _ —sinu.cos2u

y y =
ox> oxdy oy? 4cos’u

Sol.: Here u =sin"'(Vx +4/y)= sinu = (Vx ++/y )= x“z[u(ljm] _ x“zf(lj.

L . 1
= sinu is a homogeneous function of x and y of degree 5

d(sinu) ry d(sinu)

. I .
. By Euler’s theorem, x =nsinu = Esm u

ox dy
ou dou 1 . du du 1 .
= Xcosu—+ycosu— = —sinu .= X—+y— = —tanu . (1)
ox dy 2 ox “dy 2

Differentiating (1) w. r. t. X partially, we get

1
XUy +Uy +yu,, = Esec2 u(ux)
Multiplying by x , we get

1

x2uXX + XU, +XYUyy = Esec2 u(xu,) (i1)
Differentiating (i) w. r. t. y partially, we get

1 2
XUy + Uy + YUy = Esec u(uy)

Multiplying by y , we get
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1
yXUyy +yuy + YZUyy = ESG:C2 u(yuy) ...... (ii1)
Adding (ii) and (iii), we get

quxx + 2xyuXy + yzuyy = %sec2 u(xuX + yuy)— (xuX + yuy): (%secz u —lj(xuX + yuy)

| 1 | 1
=|—sec’u—1| —tanu |=—sec“utanu——tanu
2 2 4 2

:ltaIlLI(Seczu—Z): tanu[ 1 _2j _ tanu (1—2c052u)
4 2

cos“u 4 cos’u

, 9% y 0%u §? 0%u _ —sinu.cos2u
ox> oxdy dy? 4cos’u

Hence the result.

3.3
Q.No.20.: If V = tan_l[%j , prove that
X +3y

RY 0’V ,0%V
X + 2xy +y
ox oxady dy?

=sin4V —sin2V.

3

y

1+(j

3 3 3 3

+

Sol.: Here V = tan™! xXry = tanV = XY G (RS Xzf[zj =z (say).
2x +3y 2Xx +3y 243y X

= z is a homogeneous function of x and y of degree 2.

Then by Euler’s theorem, we have xa—Z + y% =nz=2z.

ox =~ dy

— xsec? Va—V+ yseczVa—V =2tanV
ox ady

\" V  2tanV inV )
:xa—+ oV _2tan _2s1n .cos2V =2sinVcosV =sin2V . (1)

ox ya_y_ seCZV - cosV

Differentiating (1) partially w. r. t. x [keeping y as constant], we get

2 2
Xa—v+a—v+y oV = cosZV.Za—V.
ox>  ox 0xdy ox

Multiplying by x, we get
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+X—+ Xy =2xcos2V B_V
ox? ox oxdy ox

2 2
x? oV + Xy oV =(2cos2V - l)xa—V ...(11)
x> 0xdy o0x

Again, Differentiating (1) partially w. r. t. y [keeping x as constant], we get

Multiplying by y, we get

2 2
oV +y28 V+y%—V:2yc052V%—V

X
Tyox 7 9y y y
o’V 5, 9%V Ay

= Xy ayox +y ay2 =(2cos2V - 1)yg o (1i1)
Adding (ii) and (iii), we get

2 2 2
x? v +2xy oV + y2 oV = (2cos2V —1) xa—V+ ya—V =(2cos2V —1)sin2V

ox> oxdy dy? ox ady

=2sin2Vcos2V —sin2V =sin4V —sin2V .

2 2 2
Hence xza—V+2xy oV + y2 v =sin4V —sin2V.
aXZ axay ay2
Hence the result.
Q.No.21.: If u = an(l Ej show that xa—+ ya—u za—u =nu.
X X ox ~dy 0z

Sol.: Here u = x f(

><|%

Z V4
— Ltzztl,—:tz
X X

sou=x"f(t,t,)=x"f

Differentiating partially w. r. t X , y and z respectively, we get

a—u:nxn_lf+xn a—fﬁ+ of =nx"7'f +x" 8_f(—_yj+a_f(—_zj
ax atl aX atz ax atl X2 atz X2

:a—u:nxn_lf— n_la—f ZX laf

aX atl atz
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oo o0, 3 0] (1] adt
ay _atl ‘ ay atz ' ay ] _atl atl ’

X

ou_ ot o) (1]t
aZ _atl ‘ aZ atz ' aZ ] _atz X atz

du  du  du { - Ly of - af} {n_l af} {n_l af}
SX—+y—+z—=x/nx f-yx —-zx — |ty X —|+z[x —|.
1

ox ~dy oz at, ot, ot ot,
Hence xa—u+ ya—u+ za—u =nx"f(t;,t,)=nu.
ox ~dy 0z
Hence the result.
1 1 1 -1
QNo22.:1f u = 4 14 OBXTI8Y (o x My y Moy o,
X° Xy X“+y o0x dy

1 1 logx-l 1 log(yj
Sol.: Here u =+ 1 108x=logy _ 2, 1 Ax f@j
X Xy X" +y Yy X
X

= uis a homogeneous function of x and y of degree —2.

Hence by Euler’s theorem, we have xa—u + yg—u =-2u.
X y
Hence xa—u+ ya—u+ 2u=0.
ox ~ dy
5,.05..5
+y +
Q.No.23.: If f(x,y,z) = log xry vz , show that xa—f+ ya—f+za—f =4.
X+y+z ox “dy 0z

(1)

5. 5.5 5. 5.5
Sol.: Heref(x,y,z) = log{uJ SR N A

X+y+z X+y+z

1+7+2

X X

_ s . 7
=ef =x* X X = x4f(z,£j.
X X

= el isa homogeneous function of X, y and z of degree 4.

Hence by Euler’s theorem, we have
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f f f

xa(e )+y8(e )+za(e ):4ef

ox dy 0z
:>xefa—f+yefa—f+zefa—f:4ef :>xa—f+ya—f+za—f:4.

ox ady 0z ox ~dy 0z
Hence the result.
2 2,2
Q.No.24.: If u =sin Xy r , show that xa—u+ ya—u+ za—u =0.
Xy — Yz — ZX ox “dy 0z

yZ z 2
=2 +(2)
2 2,2
ujzxosm x) \x :Xof(z,zj,
y X X

Sol.: Here u = sin(
Xy — yZ — zX

= uis a homogeneous function of x ,y and z of degree 0.

Then by Euler’s theorem, we have

Hence the result.
Q.No.25: Given that F(u) = V(x , y, z), where V is a homogeneous function of x , y , z of
du Jdu F(u)

Jdu
degree n , then prove that x—+y—+z—=n o
d dy 9z  F(u)

Sol.: Here V(x , y, z) is a homogeneous function of x , y, z of degree n , then by Euler's

theorem Xa—V+ Ya—V + Za—V =nV = x oF(u) +y IF (W) +z oF(u) =
ox 8y oz ox ay Jz

nF(u)

= xF'(u)a—u + yF'(u)a—u + zF'(u)a—u =nF(u)
ox ady 0z

=Xty —t+tz_—=n——.
dy dz  F(u)

Thank you

Hence the result.
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NEXT TOPIC

Total Differentials,
Explicit Function, Implicit Functions
and

Total Differential Coefficient

et cksksk el ckeksk selek
dedfeste skeskesk ek

kR



' Different'ial calculvus

Indgitel-'minate:_l,;or-ms

Cauchy’s Rule or L’Hospital’s Rule
Prepared by

Dr. Sunil
NIT Hamirpur (HP) /

\ //

(ii) Indeterminate forms-Problems of % 3, 0OXoo,

oo

Cauchy’s Rule or L’Hospital’s Rule:

Suppose we are interested to find the value of

{%}at x =a, where [f(x)],_, =f(a)=0 (i)

[o(x)],_, =0(a)=0. i)

Then {@} is of the form % .
X=a

o(x)

Then by L’Hospital’s Rule, “we differentiate the numerator and denominator w.r.t. x
. . . 0 o
separately. If once again, we find indeterminate form 0’ we have further repetition of the

process till we get some definite result”.

f(x) f(x)

Proof:The limiting value of {—} = Lt ——=
0(x) ], xoa0(x)

f(x)

Putting x =a+hin Lt {—} , we have when x — a then h -0

X—a q)(X)
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- Lt

X—a

] re)

Using Taylor’s Theorem, we get

b /(a)_'_af "(a)+........ {...f(a)ZOand }

As h #0, we have

, h .,
L f (a)+af (a)+ ........ :f'(a): L f’(X)

h*°¢’(a)+;¢"(a)+ ......... 0'(a) x>a0’(x)

In case bothf “(a) and ¢’ (a) are zero, the above process can be repeated and we shall get

f(x) f7(a)_ f”(x)
o () 07 @) ko (%)

process till we get some definite results.

and like this we can have further repetition of the

Note: Cauchy’s rule is also be applicable to % form.

oo

-1 +1
Q.No.1:Evaluate LimXCOSX og(x )

x—0 XZ
Sol.: Lim XCOSX = lzog(l * X) ) [9 form}
x—0 X 0

Apply Cauchy’s Rule (i.e. differentiate the numerator and denominator w.r.t. to x

separately), we get

COSX —XSINX —— 0
= Lim 1+x [— form}

x—0 2X

Again apply Cauchy’s Rule, we get
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—s8inX —SinX —XCOSX + ! 5
= Lim (1+X) :l.Ans.
x—0 2 2
X —X _ 2
Q.No.2:Evaluate Lim e - COSX
x—0 X sin X
X -X _
Sol.: Lim S re - 2c08% {9 form}
x—0 X sin X
. et+e *—2cosx X
= Lim 3 X —
x—0 X Sin X
X + —X _2 B
=Lim& " =R im = 1}
x—0 X | x—0sinXx
X _ =X : r
=Lime e " +2sinx 9 form
x—0 2x _O
X —X
_ Lime +e " +2cosx _ 1+1+2 — 2 Aps.
x—0 2 2
x* —x
Q.No.3:Evaluate Lim ——— .
x>l 1—x +logx
X —
Sol. Lim ——* 0 form
x—11=-x+logx |0
Apply Cauchy’s Rule, we get
~Lim X (1+10g)i)—1 {9 form}
’ 0-1+—
X
- Let y=x" |
_ X _
_ L X (U%)+ 1+ log x)x* (1-+1ogx) | 108Y = logx™ = logx
= Lim 1 Differentiate w.r.t.to X
0-0-— d
X —y=y(1+10gx)=xx(1+logx)
Ldx J
= -2 Ans.

) ) *~b +ce*
Q.No.4:Find the values of a, b and ¢ so that Lim ac cosxwee _ 2.

x—0 X sin X
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X —X
. ae” —bcosx+ce
Sol.: Lim

x—0 X sin X

This is of%form, ifa—b+c=0.(0)

Apply Cauchy’s Rule, we get

X

ae* +bsinx —ce”

Lim -
x—0 X COSX +S1n X

This is of %fonn, if a—c=0. (i)

. ae* +bcosx +ce ¥ . _ae* +bcosx+ce™ a+b+c .

=Lim - =Lim - = = 2(given)

x—0 X(—sinXx)+cosx +cosx =0 —xsinx +2cosx 2
= a+b+c=4.(ii)
Solving (i), (i1) and (ii1), for a, b, c, we get
a=1, b=2,andc=1. Ans.
Q.No.5:Evaluate Limlog, sinx.

x—0
Sol: Lt lg_[ffm}
x—0 log,x | oo
Applying Cauchy’s Rule, we get
—— X COS X X «

= Lt SMX - Tt xcotx = Lt =1. Ans. { Lt =1}

x—0 1 x—0 x—0 tan X x—0 tan x

X

Q.No.6:Evaluate Lt secl.logx.
x—1 2x

Sol.: Lt secl.logx (c0x0)form
x—1 2x

= Lt logx 9 form}

x—1 T .|:O
COS| —
(ZXJ

Applying Cauchy’s Rule, we get
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2
= Lt X = Lt 2x1xx = Lt 2><—ng.Ans.

x—1 . T T 1 x—1 . X x—1 . T T
-S| — | X—X| ——— TTXXXSIn| — TTXSs1n| —
2x ) 2 x2 2x 2x

Q.No.7:Evaluate Lt [L — cot? x} .

x—0 X2

3 5
Sol.:We know that tanx = x + x + % Fonnnn

3 5 -2
P 7 LS N P Y B I S S
x—0 X2 tanzx x=01 X 3 15

I XX 2, .
=Lt 512 —+—x"+..... + terms of higher powers of x
=0l X7 X 3 15
= Lt L——+g+termsc0ntainingx =E.Ans.
x—0)| X2 X2 3 3

Similar Problem:Evaluate Lto[cot2 X — LZJ (c0—o0) form.
X—> X

2 2
Sol.: Lt [cotzx—iJ = Lt( ! —izj: [ ot x

2 2 2
x—0 x?) x>0l tan’x x x=0 x?tan” X

2 2
:Ltw(l)z[., X :1}

x>0 X x—=0 tan x
2 2
X"—tan"x (0
=Lt——F—— (— form}
x—0 X 0
2x —2tan x sec’ X 2x—2tanx(1+tan2x)
x—0 4X3 x—0 2X3

o x—tanx;tanzx 0 form
x—0 2X 0
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1—sec’ x —3tan” x sec’ X

x—=0 6X2

1—(1+tan2 )()—3'[an2 x(l+tan2 x)

x—0 6X2

I-1—tan?x —3tan’ x —3tan* x

x—0 6X2

—4tan* x —3tan* x
2

= Lt

x—0 6x
2 2
— Lt 4+3tan” X (tanxj
x—0 6 X

= _4+O(1)3 2222 ans,
6 6 3

3 xtra 3/2( 2)
) X~.e —sin”’ “{x
Q.No.8:Find the value of Lt 5 .

x—0 X

Sol.:As x — 0, the required limit takes the indeterminate form % . The denominator here

is x” and the application of Cauchy’s Rule will required us to differentiate the nominator
and denominator at least seven times to come to the true value of the limit, which will be
cumbersome.

We therefore, use the method of expansion by Macaulurin’s Theory, which is
very convenient.

Thus, using the expansion e*

x* 4o (<) 4 8
ed =14 | 2] S I
4 32

4 2| 4

And using the series for sin x

L e ot [ [ }

(sinx Y 51

Now using Binomial Theorem, we get
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4 8 4
3 x4 3/2( 2) X3{1+2+§2+ ....... }—x3{1—2+ ......... }
Lt X".e —sin”" 7\x7) Lt

x—0 X x—0 X

1 . 1
= Lt [— + terms containing X:l =—. Ans.
x—0 2

e* —1—sinx

Q.No.9.:Evaluate Lim 5

x—0 X

X .
Sol.: Limw . [9 form}
x—0 X 0

.. Using L’ Hospital Rule, we get

X —
= Lim ¢ Teosx . 9 form
x—0 2x 0

.. Again using L’ Hospital Rule, we get

eX +sinx 1

=Lim———— == _Ans.
x—0 2 2
edX _ gmax
Q.No.10.:Evaluate (a) Lim—F— ,
x—0 log(l + bx)
X _ —X _
(b)Lim & — =6 2%
x=0  tanxX —X
ax _ ,-ax
Sol.:(a) LimL . {9 form}
x—0 log(1 + bx) 0

.. Using L’ Hospital Rule, we get

e**(a)—e?*(~a) a(eax +e_aXX1+bx) 2a

= Lim =Lim = —_.Ans.
x—0 1 b x—0 b b
1+bx
X _ —X _
(b) Lim © ¢ 2x . [9 form}
x—=0 tanx —X 0

.. Using L’ Hospital Rule, we get
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X —X X —X
. e —e (-1)-2 . e +e =210
=Lim 3 ( ) = L1m2— . [—form}
x=0  secx-—1 x—=0 sec”x—1

. Using L’Hospital Rule, we get

X —X X —X

. e +e (-1 ) e” —e 0

=Lim ( ) = lez— .| —form
x—=02secx.secxtanx x—02sec” X tan x

. Using L’Hospital Rule, we get

X —X
. e" —e (-1
=Lim 3 3 ( ) .
x—0 2(sec Xsec” X + tan x.2sec x secx tan x)

Xpe* 1+1
=Lim 7] © ez Y= =1. Ans.
x—0 2(sec X +2sec” X tan x) 2(1+0)
Q.No.11.:Evaluate Lim*—oox
x—0 X
Sol.: LimLi,lnX [gform}
x—0 X 0

. Using L’Hospital Rule, we get

2
= Limls# {9 form}
x—0 3x 0

.. Again using L’Hospital Rule, we get

. —2secx.secxtanx . —sec’xtanx [0
=Lim =Lim—— | —form
x—0 6x x—0 3x 0
. Using L’Hospital Rule, we get
. sec2 X.SGCZX + tan x.2sec X.sec X tan X
=Lim—
x—0 3
4 2 2
. sec” X +2sec” xtan” x 1+0 1
=Lim— =— =——. Ans.
x—0 3 3 3

xe* —log(l+x)

Q.No.12.:Evaluate Lim 5

x—0 X

xe* —log(l+x) [0 }

Sol.: Lim
x—0 X

—form
2 0

.. Using L’ Hospital Rule, we get
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x.ex+e".1—L 0
= Lim X+1 [Bform}

x—0 2X

.. Again using L’ Hospital Rule, we get

5 0e’+e% 1+ + 5
- Lim (x+1) _ 1+0)

x—0 2 2

. x>
sinX —x+—
6

xeX +e*1+e* +

:3 . Ans.
2

Q.No.13.:Evaluate Lim s

x—0 X
) x>
sinx —x+— 0
Sol.: Lim—6 —form
x—0 XS 0

. Using L’Hospital Rule, we get
2

3x

cosx —1+— 0

=Lim 6 —form
x—0 5x4 0

.. Again using L’ Hospital Rule, we get
. —sinx +
= le&f {9 form}
x—=0  20x 0
.. Again using L’ Hospital Rule, we get
= LimLX;1 {Qform}
x—=0  60x 0

.. Again using L’Hospital Rule, we get

= Lim Smx {9 form}

x—0120x | 0
.. Again using L’ Hospital Rule, we get

COS X 1
=——. Ans.

im
x—0 120 120

in2x +2sin” x — 2si
Q.No.14.:Evaluate LimSln XToom X smx.

x—0 COSX — cos2 X
) sin2x + 2sin” x — 2sin x 0
Sol.: Lim 5 —form
x—0 COSX —COs™ X
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. Using L’Hospital Rule, we get

2c082X +4sIin X CcoSX —2COS X

= Lim - -
x—0 —sin X + cos X sin X
. 2c0s2x+2sin2x —2cosx | 0
= Lim - - —form
x—0 —sin X + sin 2x 0

.. Again using L’ Hospital Rule, we get

_ Lim—4sin2x+4c052x+23inx _—0+4.1+0 _
x—0 —COSX +2c0S82X -1+2

4 . Ans.

.1
Q.No.15.:Evaluate Lim PEX (n>0).

X—>00 Xn

X —>oo Xn oo

Sol.: Lim logx [i form}

. Using L'Hospital Rule, we get
1

. . 1 1
=Lim —2% -=Lim——=—=0. Ans.
x—oo nx 17 x—oo nx 1 oo

X —sin X
Q.No.16.:Evaluate Lt —
x—0 tan” X

X —sin x
Sol.: Lt —
x—0 tan” X

Applying Cauchy’s rule, we get
1 —
Lt _ cosx2
x—03tan” X.sec” X
Again applying Cauchy’s rule, we get
Limr . sin X : - _ Lim . smx2 .
X—>03(sec x.2tanx)+(tan x2sec x) x—0 6tan x sec x(tan X + sec x)

: 1
=Lim 3 5 5
x—0 6sec X(tan X +sec” x

):l.Ans.

Q.No.17.:Evaluate Lt (L —Cos ecsz .

x—0 x2

Sol.: Lt (L—cosecsz = Lt (L—sin_2 Xj

x—0 x2 x—0 x2
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i) -2
. 1 x> x ) 1 1 x2 x4
= Lim| — X——F—F e, =Lim| ——— |1 —+—+ ...
x—0| x 3! 5! x-0| x2  x2 31 5!
) 1 1 xz x*
=Lim ———|14+2 ————+ ...
x—0 XZ XZ 3' 5'
. 2 2x? 2
=Lim ——+L ............... =——=——_,Ans
x—0| 3! 5! 3! 3
1
Q.No.18.:Evaluate Lt | ——cotx |.
x—0\ X
1 1 sin X — X cOS Sin X — X COS X
Sol.: Lt (——cotsz Lt (——C?ijz Lt M =Lt —F—«—
x>0\ X x—0\ X  sinXx x—0 X sin x x—0 2 sin X
X
Sin X — X COSX
x—0 X

Applying Cauchy’s rule, ... above equation is [g} form, we get

COSX —COSX + X 8in X Lt sin X

= Lt =0. Ans
x—0 2x x—0
a X
Q.No.19.:Evaluate Lt | ——cot— |.
x—0\ X a
X . X X
a X o, COS— asin— — xcos—
Sol.: Lt (——cot—jz Lt =——2 |=Lim a " a
-0 0 . X x—0 )
* X a 20X Gin© xsin—
a a
. X X X X 7. X X
asin— —xcos— asin— —Xcos— a“sin— —axcos—
= Lim a 4 — Lim a 5 4 = Lim 4 a
x—0 . X x—0 X x—0 X
(2 sin— il
a a
a X

Applying L hospital’s rule, .. above equation is [g} form, we get
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X X . X . X
aCcoS——acos— + Xsin— X sin—
=Lim a a 4 — Lim 4 -0. Ans.
x—0 2X x—0 2X
1
Cotx ——
. X . TX
Q.No0.20.:Evaluate (a) Lim———=%, (b) Lim(x —1)tan—.
x—=0 X x—1 2

cCotx —— e
Sol.: (a) Lim X [ 0 form}

x—0 X
cosx 1
. i . XCOSX—sinXx . | xcosx —sinXx X
=Lim 30X X _ L1m2— = Lim 3 | =
x—0 X x—0 X“sin X x—0 X Sin X

= Lim| XESX TSRy im _X =1. 9form
x—0| X3 x—0| sin x 0

.. Using L’ Hospital Rule, we get

. [=xsinx +cosx —cosx ) sin X 1
= Lim 5 = Lim| — = ——_.Ans.
x—=0] 3x x—0

(b) Lirrll(x —1)tan TETX [(0 X oo)form]

= Limu [% form}

x—1 nX
cot—

.. Using L’ Hospital Rule, we get

= Lim ! = ! :—E.Ans.

x>l T ) TX T o
——cosec’— ——
2 2 2

2
Q.No.21.:Evaluate Lt yz(l—e_ng/ y )

y—>eo

2
Sol.: Lt yz(l—e_zg"/y )

y—>eo

o . .1
Substituting Lim y2 =Lim—
y—o0 n—0n

(1 _ e—lgxn2 )

. Lim 3

n—0 n
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. Using L’Hospital Rule, we get
2

. 2gx.2ne 2&n
Lim &
n—0 2n

=2gx . Ans.

Q.No.22.:Evaluate Limlo 2-2cot(x —a).
g

X—a a

Sol.: Limlog(Z — ij cot(x —a) [(0x co)form]
a

X—a

log(Z— Xj

. a)l|o0

=Lim———% {— form}
x—a tan(x —a) | 0

. Using L’Hospital Rule, we get

ol

) 1
=Lim =——. Ans.
X—a  sac (x—a) a
/2
tan X
Q.No.23.:Evaluate Lt 5
x—)O( )3
3/2 tanx "
tanx X “tanx
Sol.: Lt—/2 Lt—/z—le 375
x—0 (e _1)3 x—)O( _1)3 x—>0( 25O ]
X+—F+—"+. .
21 31
1/2
X ““tanx ) 1
= Lim =Lim =1. Ans
X.X + +—F . +—+—+ ...
21 3! 20 31
1/n 2/n ,3/n n/n
. € +e + T +e
Q.No.24.:Prove that Lim =e—1
n—oo n
1/n 2/n ,3/n n/n
. . +e + Foreiiens +e
Sol.:Takingl..H.S.= Lim
n—oo n

Here, the series given in numerator is in geometric progression,

where, first term,a =e!/"

common ratio, r =e'/" > 1,
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number of terms = n.

The sum of series given in numerator is,

L5 = al" 1) _ e“n{(e”nr_l} _eMe-1}

. n -

1/nf,
So, LH.S.= Lim~ fe 1}zLim

oo |o1/0 i
" [e ljh b TR R LI I
I'n 21n? nn"

Unf, 1/n
= Lim eMe-1j = Lim eMe-1j
n—eo | 1 1 1 n—o0 1
—+ R SR .n I+ -+ +
{n 21n? n'nn} { 2n n'nnl}
0 —
~Lim. St~} (e-1).=R.H.S
nooo (14+ 0+ oo )
Hence this completes the proof.
P22 4374 x
Q.No.25.:Prove that Lim 3 X —.
X—>00 X 3
2,92, 22 2 x2
Sol: Lim L T2 +33+ ...... +X =Limz3 L x(x+1)g2x+1)
X—>00 X X—o X X —>00 X
X3(l+1j(2+lj -
= Lim X X =Z=_ Ans

COSBC\/a —X

Q.No.26.:Prove that Lt sin”!

Xx—a a+Xx
_1 a—X
Sol.:Takingl..H.S.= Lt sin™ |27 cos ecva —x2 = L1m atx
Xx—a a+x Xx—a Sln‘laZ_XZ

The given equation is in the form {%} So, apply “Cauchy’s Rule” ( i. e. differentiate

numerator and denominator w. r. t. X separately)



Indeterminate Forms-0 = 15
0 =

Visit: https:/www.sites.google.com/site/hub2education/

1 1 (a+x)-1)-(a—x)Q1)

. —. -
S
1- a+x
a+x
L.H.S.=Lim

Ja+x +a+x (-2a)
V2x 2Ja-x (a+x)

= Lim
O cosla? a2, %)
a—x)atx)
~ Lim (X+a).(2a).«/a—x.«/a+x _ Lim ara+x
x=a x \[2x 24/a —x.(a+ X)Z.cosx/a2 —x2 x—a X.\/g.(a + X).cosx/a2 —x?
- A L _raus.

. 2a.(2a).cos0 " 2a
Hence this completes the proof.
x¥ —y*

Q.No.27.:Evaluate Lim .
x—-y x* —yY

y _ X
Sol.: Lim>—Y [gform}
x—=yx*—yY |0

.. Using L’Hospital Rule, we get

xy(yj—y"(logy) yy(y]—yy(ylogy) Y(1-logy) 1-1
= Lim—> = Y =7 SRA %2  Ans.

x>y x*(1+1logx)-0 yY(1+1logy) yY(1+logy) l+logy

Q.No.28.:Determine a, b, ¢ such that
8(a+bcos®)—csin® B

Lt 1.
60 9’
Sol: Lt 8(a+bcos®)—csin® _1

60 0’

The given equation is in the form [g} . So, apply “Cauchy’s Rule” , we get

Lt a+bcos®+6(0—bsinB)—ccosd
00 504
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sa+tb—-c=0=a+b=c.(i)

Again apply “Cauchy’s Rule” , we get
Lt 0O—bsinO—bsinO—0ObcosO +csinO
60 20.6°

The above equation is in the form [g} . So, apply “Cauchy’s Rule” , we get

Lt = 2bcosO—bcosO+06bsinO+ccosO
050 60.6°

so—3b+c=0=c=3b.(i1)

The above equation is in the form [g} . So, apply “Cauchy’s Rule” , we get

Lt 2bsinO+ bsinO+ bsin0+ ObcosO —csinO
6—0 120.6

N 4b sin9+6bcose_csin9 _ 4b+ b ¢
120 6 120.6 120.6 120 120 120

=1 (given)

~.5b—c=120. (iii)
.. From (ii) and (iii), we get
b=60, ¢=180, a=120.Ans.

x(1+acosx)—bsinx _

Q.No.29.:Find the values of a and b such that Lim 3 1.
x—0 X
2 4 3 5
xs1+a I—X—+X—— ...... -b x—X—+X——...
Sol: Lim x(1+acosx)—bsinx L 204 35
.o = L1im
x—0 X3 x—0 X3
(1l+a—bx+|-2+2 )31
. 2 6 [0 }
=Lim 3 —form
x—0 X 0
Since the given limit is equal to 1, we must have

I+a-b=0 ()
a b

and ——+—=1. (11
>t e (i1)

Solving (i) and (ii), we get



17

Visit: https:/www.sites.google.com/site/hub2education/

Indeterminate Forms-9 = .
0 =
5 3
a=——, b=——.Ans.
2

1-2cosx

T
log(e - j
Q.No.30.:Evaluate (a) Lim————~= , (b)Lim
0" tan® 0" G _T
5 5 sin| X 3

log(e - ;j
Sol.: (a) Lim————=.

9_% tan 0

{f form}

.. Using L’ Hospital Rule, we get

.. Using L’ Hospital Rule, we get

2cosx(=sinx) _ i Gin2x)= 0. Ans.

= Lim
0" 1 0"
2 2
() Lim I-2cosx im 2sin X
. T T
9—>§ sm[x - ] 9—>§ cos[x - 3]

.. Using L’ Hospital’sRule, we get

2.@
= —2 =+/3. Ans.

cosO
1 —
Q.No.31.:Evaluate Lt og(x a) .
x—alogle™ —e?
=
X a
Sol: Lt Josti=a) _ \x—a) _ . et-e
x—a log(eX —ea) e* x—ae*(x —a)
e* —e®

.. Using L’ Hospital Rule, we get
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X a
. e e
=Lim = =1. Ans.
xoae*(x—a)+e*  0+e*
logsin 2x
Q.No.32.:Evaluate Lt ————.
x—0  sinX
logsin 2x log(2sin x cos x log(2sin x )+ logcos x
Sol.: Lt —&3M=X _ 1y el ; ) _ gy loel .) g
x—0  sinX x—0 sin X x—0 sin x
.| log(2si 1 . log(2sin . logcos
_ le[ og(' sin x) N og'cosx} ~ Lim g(. X) Lim g. X
x—0 sin X sin x x—0  sinx x—0 sinx
o 0 . )
The second limit is of 0 form and can be evaluated with the L’ Hospital’s rule
. logcos . _—tan
le# =Lim X 20. Ans.
x—0 sinx x—0 COSX

Q.No.33.:Evaluate Limxlogsinx.

x—0

Sol.: Limxlogsinx [0Xeo form] [ Limlogx — —oo}
x—0 x—0

_ Ly logsinx F form}

x—0 l 0

X

Using L’Hospital Rule, we get

COS X
2
. i ) . X 0
= Lim 31X — _1imx?cotx = —Lim —form
x—»0 1 x—0 x—=0tanx | O
2

.. Using L’ Hospital Rule, we get
2
= Lim )2(
x—0sec” x

=0. Ans.

Q.No.34.:Evaluate Limxlogx .

x—0

Sol.: Limxlogx [0Xoo form]
x—0

x—0 o)

= Lim logx {i form}
X

.. Using L’ Hospital Rule, we get
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1
= Lim—2— = Lim(-x)=0. Ans.

x—0 _i x—0
2
1
Q.No.35.:Evaluate 1t xtan(—j.
X—>o0 X

1
. sin j sin(lj ! X — o0
Sol.: Lt xtan(—j: Lt x | Lt X Lt —— |=1. Ans. 1

o S 1 1 1 oo 1 il
X—> X X—> cod & L xoeo o1 " -0

1
Q.No.36.:Evaluate Lt |ax —1 |x.

X—>00

1
Sol.: Lt |ax—-1|x

X —>00)

1
Let —=y .. X =0, y—=0.
X

1
Then Lt |ax —1|x= Lt (ay—l): Lt (ayloga)zloga.Ans.

X—>00 y—=>0 'y y—0
Q.No.37.:Evaluate Lt A Sl_nkx _K .
x—0x2| sinlx /¢
Sol: Lt i s%nkx_E - L i fsmkx‘—ksmfx
x>0x2| sin/x ¢ x—0 x 2 /sin /X
[ 3.3 5.5 3.3 5.5 ]
ékx—gkX +£kX — oo—kéx—MX +k€X — o
A 3! 5! 3! 5!
:XL—IEOF £4X3 £6X5
% — F e
3! 5! J
Ckx KN P kS |
AL/ 3 57 3 5
= Lt — 4.3 6.5
x—0 ﬁ 52 _ﬁ X ﬁ X
3! 5! J
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Using L’Hospital Rule, we get

-Kk> .\ 3k*x* .\ st
Ak| 3 o T G sy T
= Lt —
x>0 { | 30%x? 504
- 3' 5! ccccccccccccc oo

1
Q.No.38.:Evaluate Lim| X .
ol x—1 logx

Sol: Lim| X — 1| _ | Xlogx={x=1)
x-l x—1 logx x>l (x—1)logx

.. Using L’ Hospital Rule, we get

1
Lim _Alogx—1 | _ = Lim| —& = % Ans.

_ 1
x—l1 (X lj+10g x—1 72+
X

> | =

Q.No.39.:Find Lt{ (f, X)( _ }

) f7(x) b - X a
SOl"xI—‘EaL(X)—f(a) x—a} xL—JEa{ f(x)—f(a)(x—a) }
3 £ (x)x—f "(x)a—f(x)+f(a)

o P X —fla)x—fx)a +f(a).a}
)

_ —af (x)-f " (x)+f " (a)
S X ) =) —xf (@) Fla)—af /(x)+af '(a)}

_ xf 7 (x)+f " (x)—af ”(x)-f " (a)
_xI:Ea_x.f 7(x)—f " (x ) "(x)—xf “(a)+f "(a)+f "(a)—af "(x)+af ”(a)}

Applying the limits, we get

{ af ”(a)+f ”(a)—af ”(a)-f " (a) }
f”(a)—f (a)+f "(a)—af "(a)+f "(a)+f "(a)—af "(a)+af "(a)
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Q.No.40.:Evaluate Lim{l— ! }

x=0| X e*—1

Sol.: Lim[l _ } [oo X 00 form]

x—=0 X  e*—1

=Lim|:(ex_$} {Qform}
x—0 X(ex =) 0

.. Using L’ Hospital Rule, we get

X _ X _
=Lim e -1 = Lime—1 {9 form}
x=0l xe* +(e* =1).1| x=0(x+1)e*-110

.. Using L’ Hospital Rule, we get

X
=Lim © = ! = l.Ans.
x=0(x+1)e* +e* 1+1 2

Q.No.41.:Evaluate Lim[

x—0

l—Lzlog(l+ x)} .
X X

Sol.: Lim{l - Lzlog(l + X)} [(oo - w)form]

x—=0 X X
2 3
= Lim l—i X_x_+x__ ...... = Lim l—lx+... :l.Ans.
x—0] X x2 2 3 x—=0 2 3 2
1/x
Q.No.42.:Prove that Lim(-'_x)—e — .
x—0 X 2
C (1+x)*—e 0 : 1/
Sol.: Lim————. {—form} [ Lim(1+x)'* = e}
x—0 X 0 x—0

We first evaluate (1+x)"/*.

Lety = (1+x)l/x.

2 .3 2
logyzllog(l+x)=l RN U PR [ .
X X 3 2 3

2

X X
wherez = ——+——... .
2 3
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=e 1—£+£x2 — e
2 24
x 11 ,
(1+X)1/X_e € 1_5+ﬁx —...|—€ 1 11 1
- Lim =Lim =Lime| ——+—x+... |=——e.Ans.
x—0 X x—0 X x—0 2 24 2
This completes the proof.
eXsinx —x — x>
Q.No.43.:Evaluate Lt 5 .
x—=0 x* + xlog(1 - x)
X 1 2
Sol.: Lt ezsmx X —X
x—=0 x* + xlog(l - x)
Using the expansion of e* sin x and log(l - X), we get
2 3 <3
T+ X+t . K=t -x-x2
L ! 3!
= Lt
X X —X———— =
3
3 3
XX+ —x o, —x—x> S Xt
= Lt = Lt _—2 Ans
x—0 X3 X4 x—0 3
2 -2
XT = X = = T
2 3 2 3
1+x)/* e+ X 1le
Q.No.44.: Prove that Lim 2 =—,
x—0 X2 24
1+x)/* —e+2 0
Sol.: Lim > 2 .{—form} [ Lim(1+x)'/* =e}
x—0 X 0 x—0

We first evaluate (1+x)"/*.
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Lety = (1+x)/*.
1 1 x? X3 X x?
slogy =—logll+x)=—| x—+——.. |=14+|——+——.. |=1+7Z,
&y X g( ) x[ 2 3 J [ 2 3
2
wherez:——+x?—

. 24
Lim
x—0 x2 x—0 X2
. |11 .. 11
= Lim| —e+terms containing powers of X |=—e.
x—0| 24 24

This completes the proof.

tanhx —2sin X + X

Q.No.45.:Evaluate Lim 5

x—0 X

tanhx —2sin X + X

Sol.: Lim s

x—0 X
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[ X3 5 J ( <3 5
X+—+—+......... -2l x——
31

(1—2+1)X+(é—1+;+1jx3+[1—2+2 2 1

S S (X
L 2 120 24 12 120 24

x—0

Ty
_ 1y 120 14

x—0 5

o ,
Q.No.46.:Evaluate Limxsm(smx) Sin_ X

x—0 X6

Sol.: We make use of one standard series to obtain this limit

. X3 X5
simx=xXx——+——

31 ey T

x—0 6

2
. X3 XS X3 X5
’ X sin X—37'+57‘— ...... — X—37‘+57‘— ......
. XSIn(sinx)—Ssin- X . . . . !
Now Lim ( ) =Lim

X x—0 6

Expanding by Binomial expansion, we get
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4 _6 4 2 4 6 2 4
31 5! 3! 3! 5! 5! 3! 5!

=Lim

x—0 X6
O Lyttt 2 1 T N .
. 120 12 120 120 36
=Lim
x—0 X6
L (e X+ |
—Lim18 =—. Ans
x—0 X6 18
xsinx _ h 2
Q.No.47.:Evaluate Lime c;)s (X\/_)
x—0 X
Xsinx _
Sol.: Lim © CfSh(Xﬁ)
x—0 X

We make use of two standard series to obtain this limit

xsinx . (xsin x)2 (xsin x)3 (x sin x)4
e =1+xsinx + + + o
2! 3! 41

X2 2 X3 3 X4 4
=1+xsinx +—(sinx)” + =—(sinx)” +=—(sinx)* +..evvevec.e.
2! 3! 4!

Now using expansion of sin x

2
. 3 5 2 3 5
e“‘“:1+>{x—x—+x—+ ........... J+X—(X—X—+X—+ ........... J
31 5! 21 31 5!
3 3.5 3 & 3.5 4
S I +— | X——+—+..
3! 31 5! 4! 3! 5!
2
_1+X2 1__2 X_4_ +ﬁ _X_2 X_S_
T 5 PRETTEE
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Now expanding by Binomial theorem,

. 2 4 4 2 5
eXSIHX:1+X2 I—X—+X—+ ........... +X_ 1_2 X_+X_+ """""
6 120 2 6 120

Collecting terms of same type

e)‘sm"=1+xz+ﬁ+x—6 (i)
PR
2 4 6
cosh x :1+X—+X—+X—+ ................
21 4! 6!

2 4 6
COSh(\/EX): I+ 2 + n + 8 R

2! 4! 6!
4 6
BT T (i)
6 90
Lt et sinx —cosh(\/ax)
x—0 X4
4 6 4 6
IS G RAE. P I [ VIS SISO
Lt 120 0
B x—0 X4
x* X x* x6
—_—t—+...... - —+—+......
3 120 6 90
L 4
x—0 X

ns.
x—0 X4
2 x2 3/2 , .3
. 2x°=2e" +2cosx” “+sin” X
Q.No.48.:Prove that Lim 2 =-1.
x—0 X
2
o 2x2—2e* +2cosx>’? +sin’ x
Sol.: Lim 7 =_1

x—0 X
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We use sinx series for expansion of sin® x

sin3xz{x—ﬁ+@— .......... :l3:x3|:l—ﬁ+ﬁ— .......... T
3! 5!

6 120

Using Binomial Theorem

=x3|:1—ﬁ+ﬁ— .......... }
2 40

Similarly
3/2 3/2 3/2 3 6
cosx> ( )2 ( )4 ( )6 ................ =1—X—+X—— ................
21 6! 2 24
o 2x2—2eX +2cosx>? +sin’ x
. Lim
x—0 X4
4 6 3 6 2 4
x2 -2 1+ x4+ ) [ PR, P I PR
) 21 3! 2 24 2 40
=Lim
x—0 X4
6 6
xS T o (R
24 2 40
=Lim 7] =—1. Ans
x—0 X
Q.No.49.:Evaluate Lim 1+ xcosx —cosh x ~ log(l +x) .
x—0 tanx — x
Sol: Lim 1+ xcosx —cosh x —log(1 + x)
x—0 tanx — x
x> x* x> x4 x> x> x4
1+x|1-——+——...... | 1+—+—+...... Xt ———+......
14! 21 41 2 3 4
=Lim
x—=0 x> 2x°
X+—+——X........
3 15
x> x4 x* x® x> x*
X l——+——...... - —+—+...... - ———+......
) 21 4! 4! 6! 3 4
=Lim
x—0 x> 2x°
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Neglecting terms greater than x>

Q.No.50.: The current i in a circuit containing an inductance L, a capacitance C and an
alternator of angular frequency @ and maximum e.m.f. E., is given by

. oE 1 . o
1= 5 (Cos ot —cos nt) where n = —. Find the limiting form of the

2 JLC

Lin“—-®

expression for i, when @ — n.

Sol.: Since Lim OE (cosmt —cosnt) 9form
h ®—n Lin2 — (,)2 ) 0

.. Using L’ Hospital Rule, we get

- Lim E(cos ot — cosnt)+ Ewt(—sin mt)
©—n -2m0L

E(cosnt —cosnt)+ Ent(— sinnt)
—2nL

Ex0— .
_ X0 Ent(sm nt) _ Esin t . Ans.
—2nL 2L

Q.No.51.:A column of length ¢ has a vertical load P and horizontal load F at the top, and

the transverse deflection is given by

3
D:g taIHM—l , where mzzﬂ.ShowthataS P—-0, D%&.
P| m/ El 3EI
Sol.: Given D :g taIHM—l , where m? :3.
P| m¢ El

NowLimD = Limg[
P—0 P—0 P

=Lim—
P—0 P m/

tanm/ 1} F/
m/{
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2 2 2
= LimF—g 1P +3(£ A = LimF—gx% 1+ 2P,
P—0 P | 3 EI 15\ EI P—»0 P 3EI 05 EI

3 3
=Lim& 1+ 2P, =%.
P—0 3EI 05 EI

3
Thus as P%O,D%%.
3EI

seeksk ckesteske skesksk skesteske sResksk
dedteste sRsksk ekek

ecleck



" Differential Calculus

Partial Differentiation ‘

(Total Differentials, Explicit Function, Implicit Functions
and Total Differential Coefficient)»
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Prepared by

Dr. Sunil
. NIT Hamirpur (HP) /
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Explicit Function:

A function, where the dependent variable say y, is expressed in terms of the

independent variable say x, then that function is called explicit function.

Example: y = 4x3 +3x2 +5x +9.

Implicit Functions:

A function, where one of the various variables cannot be expressed explicitly in

terms of the other variables, then that function is called implicit function.

Example: Consider the relation x> + y> +3axy = 0.

In this case, we obtain dl by differentiating throughout w.r.t. x.
dx
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Total Differentials:
Let u be a function of x and y i.e. u =1(x,y).

Then the total differential of u is defined and written as

du = a—ud +a—udy
ox ady

Similarly, if u be a function of x,y and z i.e. u=A1(x,y, z).
Then the total differential of u is defined and written as
Ju Ju Ju

du=—dx+—dy+—dz.
ox dy 0z

Evaluation of g—yfor an implicit function:
X

Let u = f(x, y) be an implicit function = u = f(x,y) =0 or const.

=du=0. ...(1)
Also when u be a function of x and y, i.e.u=1(x,y),
then the total differential of u is defined and written as du = ?dx ?dy ...(i1)
X
al
From (i) and (ii), we get a—dx +8_ud =0 =2 dy __ox __Ux )
ox dy dx  du uy
dy

Total Differential Coefficient:
Let u =f(x,y), where x = ¢(t), y =wy(t).
Then u is ultimately a function of t.

Then the total differential coefficient of u w.r.t. t is defined and written as

du _du dx au dy

dt  ox dt ay dt
Similarly, if u =f(x,y,z), where x = ¢(t), y =y(t) and z=E&(t).
Then the total differential coefficient of u w.r.t. t is defined and written as
du_oude dudy dude
dt odx dt dy dt oz dt

Remark: u =f(x,y) and t = x, then from du = a—Ud—X +— ou dy , we have
dt

dt ox dt 9y’
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du_du dudy

dx  ox dy dx’

du . . . ..
where d_ is the total differential coefficient of u w.r.t. x.
X

Now let us solve some problems related to Total Differentials and Total Differential
Coefficient:

Q.No.1: Find the total differential of u in the following cases:-
(i) u=yx+y and (i) u= log(x2 + yz).
Sol.: (i) Since u = \x +y

.a_u_—l and a_u_—l
Uox 2x+y dy 2x+y
Then du:a—udx+a—udy:;(dx+dy)
ox dy 2\ Jx+y
2 2
(ii) Sinceuzlog(x2+y2).'.a—u= 3 X 3 anda—uz 3 y 5
X Xx“+y dy x“+y

Then du= a—udx +a—udy = 2xdx+2ydy .
aX ay X2 + yz

Q.No.2: If x* +y® =3axy, find ?.
X

Sol.: Given x° +y3 —3axy =0.Solet u=x’+y’—3axy=0.

au =3x? - 3ay and au =3y? —3ax.
0x dy

Ju

du ) )
Hence dy _ _ox _ _(3X 3aY)_ ay — X

dx aj - (3y2—3ax)_ y2—ax .
dy

2

Q.No.3: If u = sin_l(x —y),wherex =3t, y = 4¢3 . Prove that the total differential

. . 1/2
coefficient of u w. r. t. tis equal to 3(1 - tZT .

Sol.: Given u =sin '(x —y), where x = 3t,y = 4t> .
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_au: 1 a_u: -1 du _3, dd_u_12t

T ox 2 2
X oyl W finxoyp & dy
Then total differential coefficient of u w. r. t. t is
du_du dx du dy
dt  ox dt 9dy dt
1 -1 342 3(1 - 4t )

du
- 3
dt i-x-yP 1-x-y) \/1 Be-acf \/1 -4 F-e?
du 1/2
:E=3(1—t27 :

Q.No.d: If u = sin(x? + y2), where a®x® +b%y? = c2, find the total differential

coefficient of u w. r. t. X.

Sol.: Given u = sin(x2 + yz), where a’x? + b2y2 =c

Let f =a’x*+ b2y2 —c2.
2
.'.a—f:2a2x, a—f=2b2y and ﬂz—f—)‘:—%.
ox ay dx f, b“y

Since we know the total differential coefficient of u w. r. t. X. is
du_u o dy

dx ox dy dx
du 2, .2 2 o) a’x a’ 2, .2
:>—:2xcos(x +y )+2y.cos(x +y ) - =2 1——2 xcos(x +y )
dx by b

Q.No.5: Find the total differentials in the following cases:
(a) u= (2)(2 —4y3)3, (b) u= tani .
y

Sol.: Since we know the total differential of u is du = g—dx + g—udy

X y

(a) Here u = (2)(2 - 4y3)3 .

g_“ = 3(2X2 - 4y3)2,(4x) = 12)((2)(2 - 4y3)2,
X
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and g—“ = 3(2x2 —4y3)2(—12y2)= —36y2(2X2 —4y3)2.
y
Hence du = g—udx + g—udy = 12x(2x2 - 4y3)2dx - 36y2(2x2 - 4y3)2dy
X y

= 12(2)(2 - 4y3)2(xdx - 3y2dy) . Ans.

(b) Here u = tan> . - a_u = secz(i}(lj and 8_u = secz(ij{_ %J
y o ox y)\y dy y)\ y
Hence du = a—udx + a—udy = secz(i}(ljdx + secz(ij{— %]dy
ox  dy y)\y y)U y

= secz(i}(ydx;zxdyj . Ans.
y y

Q.No.6: Find the total differential coefficient of u = sin(ij , where x = e',
y

2

y=t" w.r.t. t.

or

. L[ x . du .
Given u = sm(—j, where X = et, y = t? , find d_ as a function of t.
y t

Verify your result by direct substitution.

Sol.: We have d_uza_u‘d_x_ka_u.ﬂ: cos—~ l.et+ cos~ | =2 bt
dt oJx dt dy dt y)y yAo y?

t
Also u = sin(ij =sin e_2 .
y t

du el ) t%et —e'.2t t—=2) ¢ e!
S —=Cos| — | 2 = 3~ [ cos| — | as before.
dt t t t t

Q.No.7: If u = xlogxy, where x> +y> +3xy—1=0, find total differential coefficient of

u w.r.t. Xx.
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Sol.: Given u = xlogxy, where x>+ y3 +3xy—-1=0.
Since we know that total differential coefficient of u w.r. t. X is
du du a_u d_y

E £+aydx ..... (1)

1
Now a_u: x| —.y [+1.logxy =1+logxy . Also a_u: X, L.x X .
ox Xy ady Xy y
of
— 2 2
Let f =x°+y’+3xy—1, then d_y:_a_X:_(3x2+3y):_(x2+y) .
dx ai (3y +3x) (y + X
dy
Substituting the values of a_u’ a_u and d_y in (i), we get
X dy dx

2 2
d_u:a_u+a_u.d_y:(l+]0gxy)+ X . —X2+y =1+10ng—XX2+y . Ans.
dx dx dy dx y Yo+ X yly” +x

Q.No.8: Find the total differential coefficient of x?y w.r.t. x where x and y are
connected by x2 + Xy + y2 =1.

Sol.: Let u = xzy, where x and y are connected by x* + Xy + y2 =1.

Since we know that total differential coefficient of u w.r. t. x is

du_ou dudy (i)
dx dx dy dx

Now a_u: 2xy . Also a_u: x?
) d

X y
Letf=x2+xy+y2—1 ,

of
d_y:_a_x__(2x+y) (2x+vy)

then = =— .
dx ai (2y+x) (X+2y)
dy
0 d
Substituting the values of —u, a_u and Y in (i), we get
ox dy dx
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o2
du:a_u+a_u.d_y:2Xy+X2. _2x+y :2xy(x+2y) x*(2x +y)
dx dx Jdy dx X +2y (x +2y)

N d_u: x(xy+4y2 —2X2). Ans.
dx (x +2y)

Q.No.9: (i) If f(x,y)=0, ¢(y,z)=0,

show that 8_f8_(p% = a—fa—(P
dy dz dx Jx dy

(ii) If the curves If f(x,y)=0 and ¢(x,y)=0 touch,

show that at the point of contact a_fa_(p = 8_f8_(p .
ox dy dy ox
Sol.: (i) Givenf(x,y)=0, ¢(y,z)=0=df =0 and d¢ =0.
i.e. a—fdx +a—fdy =0 and a—(de+a—(pdz =0 .
ox ady ady 0z
of Ll
dy o dz _ 9y i
= i if ...(1) and dy = ai(P e e (i1)
ady 0z
%
oM dy O Ofdydi o _ar| g |dz_ o

. - ——= = —. —_— =
dy dx ox dy dz dx ox dy | 99 |dx ox
dy
3 29 dz _ ot 3
dy 9z dx ox dy
(i) Let the curves f(x,y)=0 and ¢(x,y) =0 are touching at a point (a,b).

Now the slope of the tangent of the curve f(x,y)= 0 at point of contact is

of
dy __ox -
i if ...... 1)
dy

and the slope of the tangent of the curve @(x,y)=0 at point of contact is
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el
§X._._E£; .
i aﬁ L (i1)
dy

Now since the curves f(x,y)=0 and @(x,y)=0 are touching so that their slope of the

tangents are same.

Hence from (i) and (ii), at the point of contact 8_f 8_(p of a(P
ox 9y 8y ox
Q.No.10: If x% + y2 +72 - 2xyz = 1. Show that dx : + dy 4 dz 0.

\/l—y2 \/l—z2

Sol.: Given x%+y?+z2-2xyz=1.
Let u:x2+y2+zz—2xyz—1:0 .

Here u be an implicit function = du =0. ..(1)

Here u be a function of x,y and z, i.e.u=1(x,y, z).

Then the total differential of uis du —a—d +3—ud +a—udz
X y
Jou Jou Jdu
= —dx+—dy+—dz=0. [by(@ ...(i
x 3y y o [by (1] (i1)
du Jdu Ju
Evaluate: — and —
ox 8 oz

Since u:X2+y2+22—2xyz—1 .

ou 2(X yz) ou =2(y—xz) and a_u = 2(z - xy).
ax 8 0z
Hence (i) becomes  (x —yz)dx + (y —xz)dy + (z—xy)dz=0. ....(ii1)

Find: (x —yz), (y—xz) and (z—xy).
Since we have given x° + y2 +z° - 2xyz =1

=>X2—2XyZ=l—y2—22 = )(2—2)(yz+y222 =1—y2—22+y222

= (x —yz) =( 2X1 z) = X yZ)Z\/h—y2i1—Z2j.
Similarly, (y-xz)= \/il —x? il e ,
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and (z—xy)zﬂ‘l—xzil—yzi.
Hence (ii1) becomes w/il—yz il—z2 idx+\/il—xz il—z2 idy+\/il—xz il— y2 idz =0.

Last step: Dividing by \/(1 - XZXI - y2x1 - 22) , we get

dx N dy N dz
\/l—x2 \/l—y2 \/1—22

0.

Q.No.11: If u = x2 + y2 , where x =acost ,y =bsint. Find (ji_ltl and verify the result.

Sol.: Given u = x> + y2.

We have du = a_u 03 ou dy =2x.a(—sint)+2y.bcost =2(ybcost —xasint)

. +—.
dt oJx dt Jdy dt
Also u = x> +y2 =a’cos’t+bsin’t.

((11_ltl = a22c0st(— sint) + b?2sin t(cost) = 2[— (acost)(asint)+ (b sint)(bcost)]

=2(ybcost —xasint) as before.

Q.No.12: If ax” +by? +cz® =1 and Ix + my+nz =0, then prove that

dx _dy dz
bny—cmz clz—anx amx—bly
Also find dy and dz .
dx dx

Sol.: Let f = ax> +by? +cz” -1 and ¢ =Ix + my+nz .
~f=0=df=0and ¢=0 =dp=0.
of of of

Now df = —dx + —dy + —dz = 2axdx + 2bydy + 2czdz = axdx + bydy + czdz = 0 ....(1)
ox ady 0z

Also dq):@dx +@dy+@dz:ldx+mdy+ndz:0 ...(i1)
ox ady 0z

Solving (i) and (ii), we get
dx dy dz

bny —cmz " clz—anx  amx-— bly
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dx dy dx dz

Now consider = and = .
bny—cmz clz—anx bny—cmz amx —bly

ﬂ: clz —anx and %: amx — bly Ans.
dx bny-cmz dx bny-cmz

Q.No.13: If x>y —e* +xsinz=0 and x> +y> +2z> =a* . Find 9 and 2.
dx dx
Sol.: Let f =x%*y—e* +xsinz=0 and 0 = x> +y>+z> -a’ =0.
~f=0=df =0 and ¢=0 = dp=0.
Now df = a—fdx +a—fdy+a—fdz = (2xy—eX +sinz)dx +x%dy +xcoszdz = 0 ()
0x dy 0z
Also d¢ = g—q)dx +%dy +?dz =2xdx + 2ydy + 2zdz = xdx + ydy + zdz =0 ...(i1)
X y z

Solving (i) and (ii), we get
dx dy dz

xzz—yxcosz xzcosz—z(ny—eX+sinz) y(2xy—ex+sinz)—x3

Now consider dx = dy

X“Z— yXcosz xzcosz—z(2xy—ex+sinz)

and dx _ dz

x%z - yxcosz y(2xy —e”* +sin z)— x>

dy )(Zcosz—z(ny—eX +sinz) dz _ y(2xy—eX +sinz)— x>

We get — = 5 and 5 .Ans.
dx X“Z—yXCcOSZ dx X“Z— yXcosz
y _ x-y dy logx
Q.No.14: If x’ =e” 7, then prove that — = —
dx  (1+logx)
Sol.: Given x¥ =¢e*77Y.
Taking log on both sides, we get
logx¥ =loge*™” = ylogx=x-y = ylogx—x+y=0.
Let u=ylogx —x+vy. (1)

Differentiate (i) partially w. r. t. X and y separately, we get

LUy _y-x

du
. d —=(1 +1).
X X X an ady (logx+1)
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du y—X
dy  ox X X—y ylogx .
Hence —=-=2= = = (@) [ex—y=ylogx
dx o (logx+1)  xllogxtl)  x(i+logx) < [XTY=ylogx]
dy
1
Now since ylogx=x-y = Ylogx=1-> = X(1+logx) S P A S
X X X x  (1+1ogx)
Substituting the value of Y in (1), we get
X
dy _ logx
dx  (1+logx)
This completes the proof.
Q.No.15: Using partial differentiation, find j—y when x¥ +y* =C.
X
Sol.: Given xY +y* =C = x¥+y*-C=0
Let f(x,y)=x¥+y*-Cc (i)

Differentiate (i) partially w. r. t. X and y separately, we get

f _ _
a—:yxy '+ y*logy and a—f:xylogx+xyX L
ox dy

y—1 x—1
Butﬂ:—f—":—Y(X 1+y IOg}II).Ans.
dx f, X(Xy_ logx +y*~ )

Q.No.16.: Find d_ltl as a total derivative and verify the result by direct substitution if

2tsin3t .

u=x> +y2 +z2 and xzeZt, y:eZtcos3t, zZ=¢
Sol.: Here u is a function of x, y, z are and X, y, z are in turn functions of t. Thus u is a
function ‘t’ via the intermediate variables x, y, z. Then
du dudx dudy oJudz
=t — " ——

dt ox dt dydt oz dt

=2x.2e*" + 2y.(262t cos 3t —3e?! sin 3t)+ 22(26:2t sin 3t +3e*" cos 3t)
Rewriting in terms of X, y, z

=2x.2x+2.y(2y - 3.z)+ 2z(2z + 3y)
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=4(x2 +y? +z2)
or in terms of t

((11—11 = 4(e4t +et (0052 3t +sin > 3t)): et

Verification by direct submission:
u=x’+ y2 +z2 =e* +e* cos? 3t+e*sin? 3t = 2e"

du
dt

=8e*t,

Q.No.17.: Find the total differential coefficient of xzy w.r.t. X when x, y are connected
by x2 +xy+y2 =1.

Sol.: Let u= x2y , then the total differential is

du= a_u dx + a—udy
ox dy
Thus the total differential coefficient of u w.r.t x is
du_du dudy
dx oJx dydx
du =2xy+ x2 dy
dx dx

From the Implicit relation f = xzxy +y =1, we calculate

ﬂ_f_x__2x+y

dx f, X+2y

SO d_u: 2xy+x2.ﬂ: 2xy+x2 -
dx dx

(2x + y)
(X + 2y)
2
d_u: Xy—X (2X+y)'
dx (x +2y)
Q.No.18.: The altitude of the right circular cone is 15 cm and is increasing at 0.2 cm/sec.
The radius of the base is 10 cm and is decreasing at 0.3 cm/sec. How fast is

the volume changing?
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Sol.: Let x be the radius and y be the altitude of the cone. So volume V of the right
. . 1 5
circular coneis V = gnx y.

Since x and y are changing w.r.t time t, differentiate V w.r.t. t.

dv _avdx avdy
dt ox dt dy dt

= l75(2)(yd—x +x? gj
3 dt dt

It is given that x = 10, y =15, ((11—1( =-0.3 and % = 0.2, substituting these values

d_\t] = %n[Z.lO.lS(— 0.3)+10? (0.2)] = _Tmn cm’/sec

. . . 707
i.e, volume is decreasing at the rate of ER

Home Assignments

Q.No.1.: Find (jl—ltlwhen u= sin(EJ and x =e', y=t2. Verify the result by direct
y

substitution.

t—2 et
Ans.: ——e'cos| — |.
t3 t?

Q.No.2.: Find ((11_lt1 given u = sin_l(x ~y), x=3t y= 4t3. Verify the result by direct
substitution.
—1/2
Ans.: 3(1 - t2)

Q.NoJ3.: If u= x3yeZ where x =t, y = t> and z=1Int, find (;—ltl att=2.

Ans.: 6t° ; 192.
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Q.No.4.: Find (ji_Ltl’ if u= tan_l(lj and x=¢' —e " and y=e'+e7".
X
-2

Ans.: 5 —
e” +e

2t

Q.No.5.: If x, y are related by X2 — y2 =2 and u= tan(x2 + yz), find j_u
X

Ans.: 4x sec? (2)(2 - 2).

Q.No.6.: If u= tan_l(lj and y = x* find du atx = 1.
X dx

3x2 3

Ans.: ; —atx=1.

1+x6

Q.No.7.: In order that the function u =2xy — 3x2y remains constant. What should be the

rate of change of y (w.r.t. t) given that x increases at the rate of 2cm/sec at the
instant when x =3 cmand y =1 cm.

2 2
Ans.: ﬂ = —3—cm/ sec ; y must decrease at the rate of 3—cm/sec.
dt 21 21

Q.No.8.: Find the rate at which the area of a rectangle is increasing at a given instant
when the sides of the rectangle are 4 ft and 3 ft and are increasing at the rate of
1.5 ft/sec. and 0.5 ft/sect respectively.

Ans.: 6.5 sq. ft/sec.

Q.No.9.: Find (a). :—i and (b). j—i, given z=xy” +x°y, y=Inx.

Ans.: (a). Here x is the independent variable

£=%+a—zﬂ=y2+2xy+2y+x
dx oJx dydx

(b). Here y is the independent variable

%=%+%d—xzxy2 +2)(2y+2)(y+)<2
dy dy dxdy

Q.No.10.: Find the differential of the function f(X,y) =Xxcosy—ycosx.
Ans.: df =(cosy + ysin x)dx — (x sin y + cos x )dy

Q.No.11.: Find the differential of the function u(x,y,z))=e*¥*.
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Ans.: du = e™?*(yzdx + zxdy + xydz).
.. d ) )
Q.No.12.: Find d_ltl for the functions u = x> — yz, x =e'cost, y = elsint att=0.

Ans.: 2¢?'(cos 2t —sin2t); At t=0, (:1—?22

t

Q.No.13.: Find (;—ltl for the functions u = In(x +y+ z); X=e , y=sint, z=cost.

. -t
cost—sint—e
Ans.:

cost+sint+e "

Q.No.14.: Find (;—ltl for the functions u = sin(eX + y), x=1(t), y=g(t).

Ans.: (;—ltl = [cos(eX + y)]exf'(t)+ [cos(eX + y)k'(t).

Q.No.15.: Find (;—ltl for the functions u = x* when y = tan ! t, Xx=sint.
Ans.: y.x¥ ! cost+xYIn x. >
1+t
NEXT TOPIC

Transformation of independent variables (Composite Functions),

Jacobian, Properties of Jacobians

et ckeksk el skekek elek
dedfesie skeskesk ek

ek



ST 2 ' o —
* Differentkial Calculkus

Indeterminate Forms
00, 000’ 1°° 2
Preparedl by

Dr. Sunil
NIT Hamirpur (HP)

[}

Indeterminate forms-Problems of 0°, «°, 1~:

1
Q.No.1.: Evaluate Lt (smxjx .

x—0\ X

1

Sol.: Let y = Lt (smxjx ll°° formJ
x—0\ X
Taking log of both sides, we get
. 1 1 . log[ sin XJ .
logy = Lt log(smxjx = Lt —log( s1nxj =Lt —2>7 [—form}
x—0 X x—0 X X x—0 X 0
Now apply Cauchy’s Rule, we get
log y= Lt [ ‘x ](xcosxz—smxj [ Lt ‘x :1}
x—0\ S1In X X x—08S1n X
XCOSX —sinx 0
=Lt ——— —form
x—0 X2 0

Applying Cauchy’s Rule again, we get

COSX — X SIN X — COS X —xsinx —sinx
logy = Lt = Lt = Lt =0
x—0 2x x—0 2x x—0 2

logy =0
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.-.y=e0 =1. Ans.

1

Q.No.2.: Evaluate Lt (1 — x2 Jlog(i—x) .

x—1
Sol.: Let y = le(l —x? )1og(i—x) l0° form|
X

Taking log of both sides, we get

1

logy = Lt log(l — x? Jlog(1—x)
x—1

1 2 oo
= Lt ———.logl|l - —f
x—1log(1—x) og( ) ) [ orm}

Applying Cauchy’s Rule, we get

1
(-2x)
1-x2 2x(1-x) 2x
1 =Lt —— =1Lt = Lt =1
08y x—1 1 (_1) x—1 il—XZi x—>1(1+X)
1-x

log.y =1

.-.y=e1 =e. Ans.

1
L +a) +o +ak |x o
Sol.: Lety = Lt {al T4 a“} ll form]
n

x—0
X X X
1 |:al + ay B TR + a, :l
n
= Lt
x—0 X
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Applying Cauchy’s Rule, we get

logy = Lt n o (af loga; +ajlogay +........... +a) logan)
x=0aj +a) +......+a, n
n)l
= o .H(logal +loga, +......... + logan)
1
logy = log(aa,........... +a, )
[ fogu)- 12
X u dx
1
y=(ajag .. an)n Ans
Q.No.4.: Evaluate Lim(1 + tan x )" *.
x—0
Sol.: Let y = Lim(1 + tan x )™ . [17 form]

x—0

Taking log on both sides, we get

logy = log[Lirg(l +tanx )™ X} = [Lim{log(l +tanx )% ﬂ = [Lim{cot x log(1 + tan x)}}
X—>

x—0 x—0
r 2 3
=LimM = Lim tanx—tan x+tan X oo
x—0[  tanx x—0 tan X 2 3
I tanx tan”x
=Lim|1- + — e oo | =
x—0 2 3
Sy = el =e.
Hence Lim(1+tanx)* =e. Ans.
x—0
1
Q.No.5.: Evaluate Lim(cosx),2 .
x—0
1
Sol.: Let y = Lim(cosx),2 . [1” form]

x—0

Taking log on both sides, we get
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1

. .1 .
. logy = Limlog(cosx )2 = le—zlog(cosx) =Lim
x—0 x—0 x x—0 X

{9 form}
0

Apply Cauchy’s rule, we get

log(cosx)
—.

{ ! sin x} ) 0
logy = Limt% S gy - 20X, —form
x—0 2x x—0 2x 0

Apply Cauchy’s rule, we get

2
1
logy = Lim[— See XJ =——,

x—0 2 2
sy = e /2.
Hence Lim(cosx) , = e 12 Ans.
x—0 X

1 tan x
Q.No.6.: Evaluate Lim[—j .

x—0\ X

tan x
Sol.: Lety = Lim[—j ) [ooO form]
x—0\ X

Taking log on both sides, we get

. IR . 1 . ( tanx 1
logy = Limlog| — = Limtanxlog| — |=Li xlog —
x—0 X x—0 X x—0\ X X

= Limx log[lj { Lim( fan Xj = 1}
x—0 X x=0\ X

Apply Cauchy’s rule, we get
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tan X
Hence Lim(—j =1.Ans.
x—0\ X

1

2
Q.No.7.: Evaluate Lim( fan X j .
x—0 X

1

2
Sol.: Lety = Lirn( tan ij ) [1° form]
x—0 X
Taking log on both sides, we get
t il 1 t log( tan x j ;
logy = Limlog il L Lim—-log M Lim—— X 2 —form
x—0 X x—0 x 2 X x—0 x2 0

Apply Cauchy’s rule, we get

X xseczx—tanx
tan x x2

2
. . X Xsec”x—tanx
logy =Lim = Lim| . 3
x—0 2X x—0| tan x 2x
. X sec” x — tan x 0 ) X
=Lim . —form - Lim =1
x—0 2%3 0 x—0\ tan X
Again, apply Cauchy’s rule, we get
. sec2 X + x.2secxsecx tanx — 5602 X . 2x sec2 X tan x
logy = Lim 5 = le—z
x—=0 6x x—=0 6Xx
. sec’xtanx . sec’x tanx  sec’0 1
=Lim——— =Lim . = =—.
x—0 3x x—=0 3 X 3 3
. tan X
. Lim =1
x—0 X

Ly=e
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1

. (tanx |2
Hence Lim| X" —e3 Ans.
x—0 X

Q.No.8.: Evaluate Lim(cotx)""*.
x—0

Sol.: Let y = Lim(cot x " . [ 00" form)]
x—0

Taking log on both sides, we get

i R t
logy = Limlog(cot x )" * = Limsin x log(cotx) = lem .
x—0 x—0 x—0 cosecx

{i form}

Apply Cauchy’s rule, we get

cosec’x . 2 .
cot x cosecx sin” x sin x

log y=Lim = Lim = Lim—2 = Lim 5
x—=0 cosecxcotx x=0 cot“x  x—0sinxcos“x x—0cos”x

=0.

.'.y:eozl.

Hence Lim(cotx)™* =1.Ans.
x—0

1

X 4p* )x
Q.No.9.: Evaluate Lirn[a ] .

x—0 2
1

X X \x
Sol.: Let y = Lim(a b J . [17 form]

x—0 2

Taking log on both sides, we get

1

X X \x 1 X X
logyzLimlog(al ;b J :Lim—log(a b ] {%form}

x—0 x—0 X 2

Apply Cauchy’s rule, we get

logy = Lim
B a* +b*

oy =l oy

X X
2 (a logx—;b IOgXJ:IOga;IOgb:%log(ab):log(ab)l/z.
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1
X X \x
Hence Lim(a ;b ] = \/% . Ans.

x—0

1
Q.No.10.: Evaluate Lirn( tan X J *.

x—0 X

1
Sol.: Lety = Lim(tanxjX .

x—0 X

form]

Taking log on both sides, we get

logy = Limlog
x—0 X

= Lim—log =
x—0 X X

x—0 X

1 tan x
i logl ——
tan X \x 1 tan X . X
Lim———=.

Apply Cauchy’s rule, we get

X xsec’ X —tanx
| tanx’ x2
logy =Lim

x—0 2

. X X sec2 X —tan x
= Lim| . 3
x—0| tan x 2X

xsec2 X —tanx

2x2

=Lim
x—0

Again, apply Cauchy’s rule, we get

SeC2 X + X.2secxsecx tan x —SCC2 X 2x SeC2 X tan X

logy = Lim =Lim
gy x—0 4x x—0 4x
2 2
_ Lip XseC x.tanx:O.sec 0:0.
x—0 2 X 2
sy = e =1

. (tanx \x

Hence Lim| * =1.Ans.
x—=0\ X

1

i 2
Q.No.11.: Evaluate Lim( sinh x j .

x—0 X

o] L

[1”

{9 form}
0

Lim( X j:l}
x—0\ tan X

Lim( tan Xj - 1}
x—0 X
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1

1 2
Sol.: Let y = Lim( Smhxj" : [1° form]
x—0 X

Taking log on both sides, we get

logy = Limlog

x—0

{9 form}
0

Apply Cauchy’s rule, we get
{ X  Xcoshx — sinhx}

| sinh x
inh x )2 1 sinh x log X
(503 _ g L5908 ™)
X x—0 x X x—0 X

. M 2 _ .

log y = Lim sinh x X _ Lim( x .xcosh X —sinh xj

*—0 2x x—0\ sinh x 2x3

=Lim xcoshx —sinhx . {9 form} Lim( - X j =1

x—0 2%3 0 x—0\ sinh x
Again, apply Cauchy’s rule, we get
log y = Lim x sinh X 4+ cosh X — cosh x - Lim x sinh X _ Liml sinh x _ l .

x—0 6x2 x—0  6x2 x—>06 X 6

Ly=e
R
. [ sinhx )42
Hence le(—jx —¢e!/® Ans.

x—0 X

X

Q.No.12.: Evaluate Lim
x—0 xlog x

_ X
Sol.: Let y = Lim I=x [9 form}
x—0 x log x 0

Applying Cauchy’s Rule, we get

_¢X
y = leM = Lim— XX

x—=0  (1+logx) x—0

Taking log of both sides, we get
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1
logy:Lim—xlogx:Lim—lOﬁ =Li X =Limx=0
x—0 x—0 L x=>0 1 x>0
X X2
logy =0
s y=1.Ans.
X tanT
Q.No.13.: Prove that Lim(Z - —j =T,
X—a a
X tanT
Sol.: Let y = Lim(Z——j .. [1° form]
X—a a
Taking log of both sides, we get
logy = Lim tan(zjlog(Z —ij [cox0form]
X—a 2a a

log(Z - Xj 0
= Lim—a {6 form}

X—a X
cot| —
( 2aj

Apply Cauchy’s rule, we get

bt
logy = Lim a =—.
x—>a T 2 T T
——cosec”| —

a (2aj

Ly= eZ/TC
nX

X tang

Hence Lim(Z——j =e?'™ Ans
X—a a

1
Q.No.14.: Prove that Lt (8— x? Jlogl2—x) =e.

x—2

1

Sol.: Let y= Lt (8—x3)m

x—2

Taking log on both sides, we get
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1
logy = Xlizlog(8— xﬂ@ = Lim IOg(\/g - X3)

x—2 log \/E— X

Apply Cauchy’s rule, we get

—3x?

3 2
log y =Lim8=*" = Lim X 2:2:1
x—2 —1 x—24+4+3Xx +X 12

2—-X
logy =1
s y=e.Ans.

1
Nz -
Q.No.15.: Prove that Lt {M}X =el2,

x—0 x2

1
—1) [.2
Sol.: Let y = Lt [M}X

x—0 X2

2 4 2
=y= Lt 2 I+t X, 1|
x—0 X2 2 4
Taking log on both sides, we get
x> X x°
log| I+ —+............ ) —+—F
0 = = L1m
2X| I+ ——+ ...
12 360
lo L
AT
1
y=¢!2. Ans.

B N _162
Q.No.16.: Prove that Lt [cosﬁ} =e 2

N—ooo

N—oo

B N
Sol.: Let y= Lt {cos—}
N
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NZ
. BZ B4
y—Iﬁl_r)g.[l N +4!N4 Forieenn

Taking log on both sides, we get

2 B> _ B
logy = Lim.N“log| 1- + o
SRS S T TNEPTING
2 4
Lim N2loel 1| B _ B
:>10gy-]l_q,1_r>E.N log{l [Z!Nz 4!N4+ ........... ﬂ

2 4 2 4 2
- LimN|[ BB B _ B
=logy= Iﬁl_)IE.N [[2!N2 4!N4+ ........... }FZ(Z!NZ 4!N4+ ........... o

= logy=—Lim.N* ( B~ _ B Forenn, j+ B’ (1— p’ Forenn, j Foren, }

N—oo

B 2 4 4 2[32
= logy =—Lim.N? P~ _ B Forvererenns +B 1- S Forrerenn,
SYETRE (Z!NZ 41N j SN'| 12N?
B 2 1B4
= logy =—Lim.N? p ———— e
R | 2IN*  12N*
B 1 B’
=logy=—-Lim.| —— F o = logy = ——
2y N%Lg 12N =T
BZ
s y=e 2 .Ans.
ax +1)" -
Q.No.17.: Prove that Lt( J =e?,
x—oo\ ax — 1
ax+1)"
Sol.: Let y= Lt [17 form]
Y —eo\ ax —1
X —>o0 —

Taking log on both sides, we get

1
{ log[l + } log{l + 1} - log[l - 1}
(ax + J C L ax] _ . ax ax

logcy= Lt xlo
gy X —>00 g ax—l X —>00 1[1_1} X —>00 l

X ax X
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begtorstor— Mokt
T

2 1
10gy=Lim—[1+—+ ........ }
3a’x?

X—o0 q
2
logy =—.
a
2
s y=e?. Ans.

1
1 X—a
Q.No.18.: Evaluate Lt {—(\/E +\/zj:l .
X—>oo| 2 X a
1
X—a
Sol.: Let y= Lt {l(\/g+\/gll
x—o0| 2 X a

Taking log on both sides, we get

log{;(\/i+\/§j:l_2\/g(x_a) 2

X
logy = Vax 245 —| =Z5x0
&y X—a a+x \/Z 2a

logy =0.
s y=1.Ans.
_Xsinx
Q.No.19.: Prove that Lt — =—1.
x—0 xlogx
1— sin x
Sol.: Let y = Lt X
x—0 xlogx
1— sinx. X 1—x* —xX(1+1
y = Lt#:mm X LtM
x—0  xlogx x—0xlogx x-0 1+logx

y = Lim—x*
x—0

Taking log on both sides, we get
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logy = Lim—xlogx = Lim— l(;gx [i form}

x—0 x—0 00

X

Applying Cauchy’s rule, we get

-1
logy:_ilzxzo
x2

y=1.Ans

m
Q.No.20.: Evaluate Lt (cosij .

m—co m

m
Sol.: Let y= Lt (cosij

m-—>oo m

Taking log on both sides, we get

X
log(cosj
logy = Lt mlog[cosij: L — 1

m-—>oo m m-—>oo 1/m

{9 form}
0

1 ( . xj( 1 j
| —sin— | -—
cos— m/A m

logy = Lt n = Lt (—tanij=0

m-—oo 1 m—oo

.'.y:eozl.Ans.

1-cos x
Q.No.21.: Evaluate Lt (—j .

x—0\ X
1 1-cosx
Sol.: Let y= Lt (—j
x—0\ X

Taking log on both sides, we get

x—0 x—0 X x—0 X

logy = Lim(cosx —1)logx = Limw(x logx)= LimM {9 form}
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Apply Cauchy’s rule, we get

logy = Lim 2% g
x—0 1

logy=0..y =e’ =1. Ans.

Q.No.22.: Evaluate Lim(tanx)*>**.
T

X—=
2

COS X

Sol.: Let y = Lim(tanx)
T

X

Taking log on both sides, we get

logy = Limcosx log(tanx)
Hg

~ Lim log(tan x)
T secx

Apply Cauchy’s rule, we get

.SCC2 X

. COSX
tanx  _Lim >—=0.
X_% sin” X

= Lim
T
T secX.tanx

.'.y:eozl.Ans.

kR

dedteste sRsksk eckesk

desfeste ckeksk el skekek

[ oo? form]

[0 o form]

[i form}

sk
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(D - Differential Calculus

e

| Partial Differentiation
[Transformation of independent variables (Composite Functions),
: Jacobian, Propertieé of Jacobians] :
Prepared by

Dr. Sunil
NIT Hamirpur (HP)

—/

Composite function:

If u=f (xl, Xy X3yereeruereens ) and the independent variables X,,X,,X;,.ccocene are
further functions of other variables t,, t,, t,........ .
by the relations, x, :¢(t1,t2,t3, ............... ), X, =yt ty, by, ) etc.
Then u is said to be a composite function of the variables t,, t,, t;,........ ,
For example if u to be function of x, y, i.e. u=f (X, y) and further if x ,y are function of
t;,ty, ie. x=0(t,,t,) andif y=wy(t,t,,).
Then u is a composite function of variables t;, t,,

Transformation of independent variables:
Now the necessary formulae for changing of independent variables are obtained:
u_dudx udy du_dudx dudy

a—tl—ga—tl ay.atl 5 atz _ax‘atz ayatz N
Further, if u = f(x, y) and if t, = fl(x, y) and t, = f2(x, y).
Then the transformation equations are

o oy
ox dt; ox dt, ox
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du du atl du dty
ay atl dy at2 dy
Expansion:

Extending the above results, we may obtain.

Incase u=f(x,y,z) and x = @y(t;,t. 1), y=0s(t1. 12, t5), 2= @5(ty, 2. 13).
Then the transformation equations are

du Jdu Jdx du ay ou 0z

o ox oy dyay oz oy’
du du Jx du ay ou 0z

A, ox o, dy o, 9z ot
du _du dx du dy du 0z

dt; 0x Oty dy Oty 0z ot
Further, if u = f(x, y,z) , 4= fl(x, y,z) t, = fz(x, y,z) and t; = f3(x, y,z). Then

a_u:a_u atl au atz au at3
ox atl'ax at2 ox 8t3 ox
du _ du d; L ou du dt, Lou du oty
8y 8‘[1 dy oty dy Oty dy

a_u:a_u atl au atz au at3
oz atl'az at2 oz 8t3 oz
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Jacobian:

Definition: If u and v are functions of two independent variables x and y, then the

aow
ox dy| _du dv du ov

determinant =,
dv oVl 9x dy dy ox
ox dy
is called the functional determinant or Jacobian of u, v with respect to X, y, and is
denoted by the symbol J(u’ Vj or u. V).
xy) dx y)
Similarly, if u, v, w are functions of three independent variables X, y, z, then the Jacobian
u oW
ox dy o0z
. . u,v,w)| 9, vyw) [dv dv 9v
of u, v, w with respect to x, y, zis J = =— — —.
X,Y,Z dx,y,z) |0x dy oz
ow ow  dw
ox dy 0z

Properties of Jacobians:
L. If u, v are functions of r, s where r, s are functions of X, y
d(u,v) o(u,v) 9r,s)
= X .
dx,y) dlrs) alxy)
Proof: Since u, v are composite functions of X, y

~du_du Jr au Js

then

— = —— =u,r, +Uugs,,
ox or ax s Ox

du _du or au Js

— =Uu,ry + UGSy,

dy ar ay s ay Y

ov_ov dor 9v 0s

— =+ —.—— = VI, VS,

dx  Or Ox 0s Ox

v o

ay or dy Js dy v

Now a(u,V)>< a(l‘,S) _ Uy, u5.rx Iy
Ar,s) Ax,y) |vp villsx Sy

Interchanging rows and columns in the second determinant, we get
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du
u,ouglne sy fuenctugsy, ur tugsy| 5
Ve Vl[ty Syl Vil F VS Vi Hvesy| [9Y

ax

ou

dy| d(u, v)
v ax.y)
dy

IL. If J,is the Jacobian of u, v, with respect to x, y and J, is the Jacobian of x, y, with

respect to u, v, then J;J, =1 1i.e.

ou.v) 9x.y)
d(x,y) du,v)

=1.

Proof: Let u = u(x, y) and v = v(X, y), so that u and v are functions of x, y.

Suppose on solving for x and y, we get x = ¢ (u, v) and y = Y (u, v).

du du Jdx du dy
—=l=—.—+——==uxXx,tuy,
ou ox du dy du y
du du dx du dy
—=0=—.—+——==ux, +tuy,
ov ox dv dy dv y
ov ov 0x dv dy
—=0=—.—4+——==v X, tV)Yy,
du ox dv dy du Y
ov ov 0x dv dy
—=l=——+——==Vv.X, tVy,
ov ox dv dy dv Y
NOW a(u, V)Xa(X, y) — uX uy'Xu Xv )
a(x’ Y) a(u’ V) Vx  Vy|[Yu Vv

Interchanging rows and columns in the second determinant, we get

Xy Yol (WX, Uy, ux +uy,

v yV

VX, FVY, VX VY,

Now let us solve some more problems:

Q.No.l.: If r = \/xz + y2 , 0= tan_lz, evaluate 3 r.6
X

Sol.: Given r = \/xz + y2 , 0= tan_ll.
X
or X or y
Now —=——, —=———
ox VxZ+y? dy VX2 +y?

1 0
=1
o
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N ) et vl (R
0x y2 x> x2 + y2 ) X x% + y2

2
y
1+— 1+ 21—
x? x>
o ar| | X y |
~0(r,0) _[ox  ady| _ \/xz+y2 \/xz+y2
“o(xy) |90 90 |y x
dx dy x2+y? xP4y?
B <2 y2 2 +y2 1

B (X2+y2)3/2+(xz+y2)3/2 B (x2+y2)3/2 B X2 +y2 '

Q.No.2.: If x =rsinBcos®, y =rsinOsin¢, z =rcos0,

show thatM:r2 sin@.
o(r,0,0)
o 00 do sinBcosd rcosBcosd —rsinBsin

a(x,y, dy dy 0 o .
Sol.:M:—y 24 —y:smesmq) rcosOcos¢ rsinBcosd

a(r, o (1)) g; gg gi) cos© —rsin© 0

a 30

Taking out common factor (r from second column and rsin8 from third column)

sinBcos¢ cosOcosd —sind

=r’sin® sinBsin¢® cosOsind cosd

cos© —sin® 0
Expanding by third row
2 . cosOcos¢p —sin sinBcosd —sin
=r1"sinB4cosO . . )
cosOsin®  coso® sin@sin¢®  cos¢®

= r’sinBlcos 9(cos cos’ 0+ cos Bsin’ ¢)+ sin G(Sin cos’ 0 +sin Osin’ ¢)J
=r’sin 9(cos2 0 +sin” 9) =r’sin®

Q.No3.: If u :f(y—z,z—x,x—y), prove that 8_u+8_u du _

+—=0.
ox dy 0z

Sol.: Suppose u; =y—z,u, =z—X,u3=X-Y. @)

su= f(y—z,z—x,x—y) becomes u = f(ul,uz,u3). (i1)
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From (i) and (ii) we conclude that u is composite function of x, y, z.

~du_ du du;  du du, N ou du;

S = . + . .
ox du; dx du, Ox duy OX

Now M _g M2 _ 4 95,
ox ox ox
.. (ii1) becomes 8_u = _a_u + 8_u
ox ou, duj
Similarly 2% =~ 9%, 9%
dy  duy du

du du du
and —=-———+—.

oz du; du,
Adding (iv), (v) and (vi), we get
a_u + a_u + 8_u = 0, which is the required result.
ox dy 0z

Q.No4.: If w=1(x,y), x=rcosH,

2
show that (a_wj +i(a—w
al’ r2 86

Sol.: The given equations define w as a composite function of r and 6.

ow odw 0x ow dy ow ow .
—=——+——=—.cos0+—.sin0
or O0x dr dy dr OXx
:a—wza—fcose+a—fsin6

or  0x dy
Also a_w :a_wa_x+a_w@ :a—w(—rsin6)+a—w(rcosﬁ)

00 odx 90 dy 00 Ox 0

1 ow of . of
= ———=——-sin0+—cos0.

r 9o ox dy

Squaring and adding (i) and (ii), we get

(awjz l(awjz (asz of \
— |+ = === +|=—| .
or 2\ 00 ox ady

d
Q.NoS.: If z= 1/X2 + y2 and x>+ y3 +3axy = 5a2, find the value of d—Z,
X

y =rsinf,

[ w=f(x,y)]

(ii1)

(iv)

v)

(vi)

(ii)
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when X =y =a.

Sol.: The given equation are of the form z =f(x,y) and ({)(x, y)=c

*. z is the composite function of x.
dz _ 0z dx oz dy _dz  odzdy

22 =2 2Y (i)
dx T ox dx 8y dx odx Jdydx

Now %% ( )—1/2 ox

\/x +y

Similarly, 2%=__Y

Also, differentiating x>+ y3 +3axy = 5a2, we get

d d d
3x +3y2 y+3aly+3ax—y—0:>(y +ax) ed —(x2+ay)
dx dx dx
.ﬂ__x2+ay
Cdx y2+ax
2
. From (i), we getﬂz X + Y (— x2+ayj
dx \/xz+y2 \/)(2+y2 y tax
{%} __a  a a2+a2_0
dx |x=a  [2 2 2., .2 92442
X Va?+a? Wal+a? a’+a

d
Q.No.6.: If u=xe’z , where y = Va?—x?, z=sin’x, find d_u
X

Sol.: Here u is a function of x, y and z while y and z are functions of x.
du_dudx dudy drdz
"dx  ox dx 9y dx dydx

1 1/2 )
= eyz.1+xeyz.5(a2 —XZT (— 2X)+ xe¥.2sin x cos x
2

Xz )
=eY| z————+xsin2x |. Ans.
a?—x?

Q.No.7.: If (p(x, y,z)=0, show that (8 j (azj a—X =-1.
dz )\ ox )\ dy ),
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Sol.: The given relation defines y as a function of x and z. Treating x as constant

99
[a_yj —_0z
9z ), 3£
dy
The given relation defines z as a function of x and y. Treating y as constant
d
[%j __ox
ox ) dp
0z
9%
Similarly, x| 9y
a), 90
ox
Multiplying, we get [ﬁj [%J a—X = —1. Hence prove.
9z ), \ 0x y dy ,

2 2 2 2
Q.No.8.:  Prove that J §+a z = J f+a i ,
ox*> dy’ odu’ ov

where X =ucosa—vsina, y=usino+vcosa.

or

By changing the independent variables u and v to x by means of the

: . . 0%z 9%z
relations X =ucoso—vsina, y=usina+ vcosa, show that —t
ou” dv
. 9% 9%
transforms into —-+—-.
ox“ dy
Sol.: Here z is a composite function of u and v
dz 0z dx dz dy oz . oz
—=—.—+—.—— =coso—+sinoa—
du 0Jx du 9y du ox dy
:i(z)— cosai+ sinoti z :i— cosoci+sin01i (1)
du X ay du ox dy

Als oz _ oz d—X+% &y —sina%+cosa%

° v ox dv dy dv ox ay
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=—(z)= —sin(>ti+cos0ti z :—z—sina—+sinai. (i1)
ov X dy ov ox ady

Now we shall make use of the equivalence of operations as given by (i) and (ii)

9%z 9 (azj 9 . 0 dz . oz
——=—] — | =] COSO0—+SIN0— || COSO.— +SIno.—
ou? duldu ox ay ox dy

) 9%z N %z ., 3%z
= cos” a— +cosasina +sinacosa +sin”o—
ox oxdy dyox dy
2 2 2
= cos’ aa—§+2cosasina z +sin? aa—i . (ii1)
ox oxdy ady
%’z _ 9 (oz .0 d .z dz
—=—|—|=| —sinoa— +cosa— | —sino— +coso—
ovZ  ov\ov ox ady ox ady
., 9%z . 0%z . 0%z , 9%z
=sin“ 0—= —sinacosa —cosasina +cos“o—
ox> 0xay dyox dy?
2 2 2
:sinzaﬁ—Zcosasina 0z +cos2a£. (iv)
ox oxdy dy?

0%z N 0%z 3 9%z N 0%z
du? ov? ox? oy’

Adding (iii) and (iv), we get . Hence prove.

Q.No.9: If u:f(r,s), r=x+y, S=X—Yy, prove that a—u+a—u=28—u.
ox dy or

Sol.: Since u =f (r,s) and r, s are the function of x and y.

. u is the composite function of x and y.

du Jdu Jr Odu Js du Jdu du or ds )
— et > —=—+— w—=1land — =1 1)
o0x oOr dx OJs ox ox or O0s o0x o0x

du Jdu dr Ju 0Is du Jdu Jdu or os ..
M_ua e Ha_u L tand Z=-1| i)
dy or dy o0s dy dy or Os y ady

Now by adding (i) and (i1), we get

du du Jdu Jdu du du
—t et — et ———
Ox dy oJr 0ds or OJs
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_,Ou ou_,du
ox dy  or

Hence this proves the result.

Q.No.10: If u=f(x,y),x =rcos®, y=rsin0, then

[auf au ) [auf 1(@}2
— |+ = == +=| = .
ox ady or 2\ 08

Sol.: Here u is a composite function of r and 0

So we have
a_u = a_ua_x+8_ua_y since a_x = cos0, a_y =sin0
or O0x or Jdy or or or
= a—ucos(9+a—usin6

ox y
By squaring, we get

2 2 2
[3—?) = (g—zJ cos” 0+ [g—;] sin® 0+ 2(3—2)[3—3} cos0.sin® . (1)
Similarly we can get
du _du dx du du ox dy

—=— —+—.— since — =-rsinB, — =rcosO
00 0Jx 00 dy 00 00 00

= —ra—u.sine + ra—u.cose
ox y

By squaring, we get

2 2 2
(a_uJ = —rz(a—uJ sin2 0+ a_u .00529—2(8—11). a_u sin©cos 0
20 ox dy ox )\ dy

2 2 2
:i(a_uj :(a_u] sin® 0@ + du cosze—z(a—u} au sinBcosO . (i1)
2106 ox dy ox )| dy

Now by adding (i) and (i1), we get

2 2 2 2
[a_uJ + i(a—uj = (a_uJ (cos2 0+ sin’ 9)+ a_u (cos2 0 +sin 9)
or > 00 ox dy
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2
Jdu
== +
or

22 -2
2l00)  (ox ay )

Hence this proves the result.

Q.No.11:If z be a function of x and y, and u and v be two other variables, such that

u=/x+my, v=/y—mx. Show that

2 2 2, 2
8_ 8_ (Ez +m {8 + 9z J, assuming that z is a function of u and v.

ox? 9y’ du’  9v
Sol.: Let us assume that z is a function of u and v.

a_zzazau 0z ov 8z 8z( )f%— 0z
0x Ju dx OJv Ox au ov Jdu Y

0z . . . . . . .
Let— ={f . Since f is a composite function of x and y. Noting that f is also a function of
X

uand v.

of of du of ov

= —=—
0Xx Jdu dx oJv ox

9%z 9 (azjau 0 az)av { . az}
— = +— “* By putting f = ~
X

ox2 duldx Jox oviox ) ox
a[ég_ % au a[gg_ %jav
“oul ou av Jox avl ou ov ) ox
0%z 0%z 9%z \ou 0%z 9%z | ov .
= ~m | —me— ()
ox2 ou? Judv | dx ovou ov? | 9x
Similarly 2 dz _0dz du 82 v o oz ", oz
dy T u 8y 8V 8y du ov

RN CACEICALY
oy duldy)ay ovidy)dy

0%z 0%z 0%z \ou 0%z 0%z | ov ..
= ImZZ 4y A mEZ 22|V (i)
ou? dudv ) dy Judv  9v2 ) dy

By adding (1) and (i1) we get,

0%z 0%z oul 9%z 0%z [avj 0%z 0%z
S T - A AR R
ox2 dy? ) ox| ou? oudv ox )| oudv ov2
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ou) 9% 9%z ov 822 0%z
+ — | m—F+l— |+| — E—
dy ov2 Juov ady 8u8v ov2

0%z 822_62822 ' 0%z ' 0%z 5 9%z
T o o Mooy Mawav a2
y u udv udv ov
2 2 2 2
+m28z+€maz+£maZ 6282

+
ov? dudv oudv ov>
2 2 2 2
:>a—+a—: (€2+m2 a—§+a—§ .
x> oy? du” ov
Hence this proves the result.

Q.No.12: If z= f(u,v) and u=x2 — 2xy — y2 and v =y. Show that

0z
3 =(x-y)=— "

Sol.: Clearly z is a composite function of x and y

dz dz du 0z v __0dz Oz (2X 5 ) 0z (O)

9x  du ox a_va_x X du )T ov
82 0z
_» )
= (x-y)— " (i)
Also

dz _dz du 82 ov
ay T u ay av ay

22 ax-ay) 24
0z 0z 0z .
:>a—y——2(X+Y)£+g. (i1)
Taking L.H.S., we get
oz oz _ 9z B _ dz oz
e 2= 2= (xe2(-9) 2|+ cfe2)en 224 2
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Hence this proves the result.

2 2
. u u : .
Q.No.13: Transform the equation —t == 0 into polar co-ordinates.
ox~ 9y
Sol.: The relations connecting Cartesian co-ordinates (x, y) with polar co-ordinates (r,0)

are X =rcos®, y=rsin0.

Squaring and adding, we get 2 =x%+ yz.

Dividing, we get 0 = tan_l(lj

X
.-.r:\/x2+y2 and G:tan_l(zJ
X
ﬁ: X :rcosezcose and
ox X2+y2 r
0 _ 1 (_lJ__ y B y _ rsin®  sin®
ox 2 2|~ I
X 1_,_% X (x2+y2)2 X“+y r r
X
Nowa—u—a—uﬁ+a—ua—e—a—ucose—smea—u
OXx or ox 00 dx or r 00
0%u a[auj of du
= —=—|— |=—,where f = —
ox2  ox \9x ox X
0%u of sin® of a(auj sin® 8(8uj
= ——=cos0—— —=cos0—| — |[-——— —| —
ox? or r 00 or\ dx r 00\ 0x
8[ du sin6 8uj sin® 8( du sin® auj
=cosO0—| cosO—— — |- —| cos0— — —
or or r 00 r 00 or r o0

zeazu_cose.sine 9%u _ cos0.sin® 9%u sin’ 6 9%u

BRI r o0 r 900 9% 99

sin0du  cos0O.sin® du cosO.sin® du
+ — —_— .
r or 2 00 2 00

@
Similarly, we get

d’u 0 (odu ., 0°u 2cosB.sin® 9’u cos’Bd’u
—5 === |=sin" 60—+ . +— >
dy° dy | dy or r ord0  r~ 00
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N cos? 0 du _ cos0.sin® Ju _ cos0.sin® Jdu

— —_——-— ii
r or r? 00 r’ 00 )
Adding (i) and (ii) we get
0’u  9%u ’ ) \azu cos’0+sin’00%u  cos’@+sin’6 du
—+— =Icos" 0 +sin“ 6} —-+ + —
ox> oy’ or’ r? 00° r or
_%u 197 1du
o’ r290° ror
O'u 0% 0% 10 10u_
ox? ay? o 1?09’ ror
Hence this proves the result.
Q.No.14: If v=r> and r’ =x%+ y2 +2z° then show that
0v 9%v 9*v 9*v 20v
sttty =t
ox~ dy- 9dz° dr° ror
Sol.: Let i = a—VE =322 = 3nx
ox dr ox r
2 2, .2
:a—zz3r+3x.i=3r+3x.3=3(r—“). Q)
ox X r r
Similarly we can find
0%y 3(r2 + yz) .
> = (ii)
ady r
2 2,2
v 3(r +z ) (i)

By adding (i), (ii) and (iii), we get
0%v 9*v 9%v 3(3r2 +x2+yi+ Z2) 3(3r2 + rZ) 3x4r?

+ + = = = =12r.
ox> 9y’ 0z’ r r T

(iv)

By differentiating v = r W.rt.T, we get

dv

=L =32,
dr
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42
Again differentiating, we get d—;, = 6r
r
2
2 2
~.LetR.H.S. d— 2 23 merabr =12, V)
dr? r dr r

Hence from (iv) and (v), we get
0°v 9% a2 _ 9% 20v
+ +—
ox* oy’ T2 o rar

Hence this proves the result.

Q.No.15: If z= f(x,y), X =UucosO—vsinQ, y =usin+ vcosa, prove that
0%z N 0%z B 0%z N 0%z
ox> 9y’ ou? ov? .

Sol.: Since z is a composite function of u and v

Thus oz %.a—x+%.a—y=%.cosa.+%.sina=f
du  9x du dy dv  0Xx ady
Now, 22 (22) 3030 3x 2t
" ou? oulou Jdu 8x'8u 8y Jou
2 2z 2z . 2z 2z
= —— =cos 0| cosOL— +sino +sino| cosa +sinot—
ou? ox? oxdy oxdy oy>
2 2 2 2
jﬂzcos2a£+2czosasina 0z +s1n2za— @)
ou? ox> oxdy dy?
dz dz dx 0z dy .0z 0z
Similarly, — = —.—+—.— = —sind—+cos0t—=¢g
ov 0x dv dy dv ox ady
i a(gj_a_f_a_fax of dy
ov: oviov) ov 9x ov dy ov
: . 2z 2z . 2z 2z
=—sinaf —sinot— +cosa. +cosaf —sino +coso—
x> 0xdy 0xdy dy?
2 2 2 2
= E = sin’ (x—z —2cosasin o, z +cos? ocE (i1)
ov? ox> oxdy dy”

Now by adding (i) and (i1), we get
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0%z 9%z ( ’ .2 )822 ( ’ ) \822 0%z 0%z
2 —2: COS™ Ol + SsIn a—2+ COS™ O+ s1In o) > = > 7.
du” dv ox dy~ dx~ dy

Hence this proves the result.

Q.No.16: If f(p, t, v)=0. Prove that (@j X(Ej x(ﬁj =—1.
dt Jy_. \dv/,—. \dp)_

Sol.: When v =cthen
f; =f(p,t,v)=f(p,t,c)=f(p,t)=0

Now (@j _-an/a
dt ),_. of;/dp
®
Similarly (ij _Zdh/ov (i1)
dv p=c af2 /at
and | 9Y| 9B/ (iii)
dp)_. ofz/ov

Multiplying (1), (i1) and (ii1), we get
[@j X[gj X(d_vj _—Ofi /9t —of/ov_ —0f;/9p
dt Jy—e \dv /o \dp) _. of,/dp  of,/dt  Ofy/dv

)5
> | — = | —— - —=2
M)y \OP ) P )i,

Similarly 21 2 92 g 92 2
ot ot ov  ov
Thus, we get

[@j x[ij X(QJ :%x#xai:—lzR.H.S..
dt ),_. \dv),_. \dp)_ ot ofj/dp v

Hence this proves the result.

Q.No.17: If f(u,v)=0, u=/x+ my+mz and v = X2+ y2 +2% . Hence show that

(¢y — mx)+ (ny — mz)% +(0z— nx)% =0.
ox dy

Sol.: Since f is a composite function of x, y, and z. Then we have
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Of _Of du of ov_ of _ of  of

a2, AN YA Pl (i)
Ox duodx dvodx Ox du av
g O W o W
dy du dy ov dy ay au av
and a—f = nﬁ 2Z8_f (iii)
0z du av
Solving (i) and (ii), we get
of of 8f of
Yo~ X =
of “ox Oy and of _ ax ay
du ly — mx ov  2xm-—2/ly
) (oo
. Vo —na—f+ ZZa—f n —ax o +2z —ax o
"9z ou ov ly —mx 2(mx — ty)

Z—n
of /0z of /0z

_ 0z _ of/ox

. 3z Tox  of/oz
:>(fy—mx)+(ny—mZ)g‘i‘(fZ—nX)g—0' %__af/ay
dy of /0z

Hence this proves the result.

Q.No.18.: If z=f(x,y), x=u+v, y=uv, prove that

ax du ov
Jdz 0z Oz
(ll) (ll V) ay a_v — E

Sol.: Here z is a composite function of u and v

Hence %:%.a—x+%.a—y:(l)%+vﬁ :%+Va—Z (1)
du Jx du dy du ox dy o0x dy
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Similarly we get
Jz 0z ax dz dy (1)8_2 Jz _dz oz

o _%r tuZl 22 (ii)
ov  0x ov 8y ov ox dy Odx 09y

dz 0z 0z dz 0z oz Jz 0z oz
Letu——-v—=u—+ V——V——uv——u——v—:>(u V)

du Jdv  Ox dy  Ox ady ox  ox ox

Hence this prove the (i) relation.
Let us subtract (ii) from (i), we get

dz 0Jz 0z 0z 0z 82 0z
9z 0z _0z 0z 0z 0z _( O

ov du OJx dy Ox ay dy

Hence this proves the (ii) relation.

Q.No.19.: If z = f(r, S, t) and r = 3 s = Y and t = E, prove that
y z X
Ju Ju Ju
X—+y—+z—=0
ox ~dy 0z
Sol.: Here a_u =a—u£+a—u§+a—u ot 8u 1 8u (0)+(—i}a—u
dx Or Ox s Ox dt ox ory 8s x2 ) ot
_ldu_zdu
y or x2 ot

Similarly, we get
a_u ldu x a_u du 1ldu yodu
dy z o y2 or dz  x0ds 72 0s

du du du Xxdu zdu ydu Xxdu zdu yoadu
S X—ty—tI— =t T T

ox ~ dy 3 yor xXx0dt zds yodr xdt z3s

Hence this proves the result.

9’z 9%z
Q.No.20: If z= f(X y) and x =rcos0, y =rsin0express the equation a—Z + a— =0
X y

in terms of r 0. Is the equation in terms of r and 0 valid at r =0.

Sol.: Let x =rcos® andy =r1sin@ =r = NS +y2
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or —;—cose
ax [X2+y2
89 B y _ y :_sine
du _du Jr au d0 du sin® du
= — cos0— —
ox  or ox 89 9x  or r 09
2
:au:i(auj of hef_a_
a2 oxlox,) ox ox
0%u of sin®of 0 (auj sin® 9 (auj
= ——=c0s0.—— 0s0—| — —| —
ox2 ox r 86 or \ 0x r 00\ odx
8( du sin6 auj sin® 9 ( du sin6 auj
=c0s0.—| cosO— — — $s0.—— —
or or r 00 r 00 or r 00

0%u  2sinB.cos® 0’u sin’O 9%u sin’O Ju
—~ . + —t —
or> r Jr.00 2 9% r or

= COS2

sinBcos® du sinB.cos® du @
22 98 2 o8

Similarly, we get

’u 02 d%u . 2sinB.cos® d’u  cos’® d%u  cos’O du
oy> or’ r oro8 2 902 ror
sinBcos® du sin6.cos® du .
- 5 —+ 5 — (i1)
r or r or
By adding (i) and (ii), we get
2 2 2 2
8_L21 8_L21 = (sin2 6+ cos’ G)a—; + iz.(sin2 0+ cos’ G)a—g + l.(sin2 0+ cos’ G)a—u
ox“ dy o r 00° r or

_Pu, 10% 1
or 2 98% r or

From this equation, we get
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When r = 0 then we have

0%z . .
w = 0. Thus the equation is valid.

Hence this proves the result.
QNo2l: If x=u+v+w, y:u2+V2+w2, =0 +v+w then prove that

Jdu VW

x (w-v)u-w)’
Sol.: Let x=u+v+w

By differentiating w. r. t. X, we get

Ox du Jdv ow du Ov 8w .

— = —t—t— = —+t— =1 (1)

Ox O0x Jx OJx  OX ax x

Also y=u2+V2+w2

Again by differentiating partially w. r. t. X, we get

0220 1 2v Y oW Ly L LGV g (i)
ox ox ox 8x ax ax

and z=u> +v°> +w°>

Again by differentiating partially w. r. t. X, we get

02302 13329V 4320 200 20V adw (iii)
0x ox ox ox ox ox

du ov ow
Let —=a, —=band — =c¢

ox x ox
Putting these values in (i), (ii) and (iii), we get
at+b+c=1 (iv)
ua+vb+wc=0 )
wla+vih+wic=0 (vi)
a+tb+c=1 =D wat+wb+wc=w (vii)
ua+vb+wc=0 = wua+wvb+w>c=0 (viii)

Now subtracting (v) from (vii), we get
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(w-u)a+(w-vb=w

Now subtracting (vi) from (viii), we get

(wu—u?h+(wv—v2b=0ie

(w-u)a+(w=v)b=w = v(w-u)a+v(w-v)b=wv (ix)
and u(w—v)a—v(w-v)b=0 (x)
By solving, we get

vw

(v—u)lw-v)

viw-—uja—u(w-vja=vw = (v-u)w-v)a=vw = a =
u uw
H — =
enee ox (u=—v)u-w)
Hence this proves the result.

Q.No.22: If x =coshB.cos¢, y =sinh0.sin¢ then show that

g 2 :l(cosh29—cos2¢).
0,0 2

A
Sol: Let | 22| =[98 99| _ 9x oy _9x dy

dy dy| 00 99 9o 99
00 00

b

- a_x =sinhOcos¢; a—X = —cosh0.sin¢
00 d

and a_y =cosh@Osin¢; a_x = sinh 0.cos ¢
00 fol0)

=] ( )g’ gj = (sinh 8.cos).(sinh 6.cos ®) + (cosh B.sin ¢).(cosh 6.sin ¢)

2

= cos’ (]).sinh2 6+ cosh” 0sin” 0

X —X X —X
) e” — e +e
Now here sinh 0 = and cosh© = 5
2 2 2 2
X —X X=X X X
e’ +e +2e e’ +e 1
— cosh’0 = = +—
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2 2
et +e* 1

and sinh’0=— "~
4 2
X2 —X2 X2 —X2
J ﬂ :COS2 ﬁ_l +Sin2¢ &4_1
0,0 4 2 4 2
eX2 —X2

X —X X —X
& *e —10052(1):1.e e —10052(1)
4 2 2 2
1{eX 4e 1 et +e "
=—| ———cos2¢ |= —.(cos 2h6 — cosZ(])) .+ ——— =cosh9
2 2 2 2
Hence this proves the result.
Q.No.23.: If u =E, sz, W =ﬂ, show that M: 4.
X y z d(x,y,z)
Sol.: Here u = —E, il =2 and w =2
aX x2 ay y2 aZ 22
d_z N_X G OW_Y
dy x 0dz 'y ox z
and a—u:z, v _z and ow _x
dz x Jx y ady z
. Taking L. H. S., we get
wvw_ d(u,v,w)
X,V,Z d(x,y,z)
u du dul | yz oz oy ¥z
ox dy oz x2 X z X ‘ Y
v dv odv z ZX X 1 ZX
=|— —_— — = — - — = V4 - X
ox dy 0z y y2 oy Xyz y
ow oW oWl |y x _xy -
ox dy 0z z z 72 Y z

:L{_E(M

- ij —z(— xy — yx) + y(zx + zx)
Xyz|l X zy
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= - ; . [(— yzZX + yzx)— z(- 2Xy)+ Y(ZZX)]

((0)+2xyz + 2xyz) = ! (4xyz)=4=R.H.S..
Xyz Xyz

Hence this proves the result.

. ,0 1
Q.No.24.: If x =rcos6, y =rsin0, prove that J( ! j =—.
X,y r

Sol.: Given that x =rcos© (1)
And y=rsin0 (i1)

From (i) and (i), we get

r=4x> +y2 and O=tan"' Y

X
Soweget =cos0
ox \/x +y? \/x +y?

And iz 2y = Y =sin0

dy 2\/XZ+y2 X2+y2

Similarly?:%(_%):_ 3
X +
1+(y] X Ty
X
And 3—9: S
X X"+
Coa
X
LetL. H.S.
or or

— y y
90 96| 9x 9y ax ay Ix2 +y2 x2+y? «/x2+y2 x> +y?

J(ﬁJ_B_X dy| _ar 98 08 or

ox ay
x? y2 x2+y2 1 1
= —+ = = = —
X2+y2\/xz+y2 X2+y2\/xz+y2 X2+y2\/xz+y2 \/X2+y2 r
=R.H.S..

Hence this proves the result.
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Q.No.25.: If x =pcosO, y =psin0, z = z, show that gix’y’z)) =p
p’ D)

Sol.: Let X =pcosO, y=psin0 and z = z

:a—X:cosﬂ,a—y:sine and %:O
op P ap
a—X:—psine, a—yzpcose and %=0
00 00 00
and a—X=O, a—y=0 d%zl
oz z oz
Taking L. H. S., we get
ox oOx Ox 5 0 0
— —— —| |cos® —psin
I 6 oz P

dx,y.z) |9y 9dy 9y

d(p.0,2z) [0p 00 0z

oo |y,

dp 09 oz

=|sin@ pcosO Ozl(pc0529+psin26)

= p(cos2 0 +sin” 9)=p =R. H.S..
Hence this proves the result.

Q.No.26.: If x =1 (u, V), y = (I)(u, V) are two functions which satisfy the equations

of _ 20 of _ a0

— — =—— and z is a function of x and y, then prove that

ou av’ 8V ou

3z 3%z (3% 9% (asz (asz
+ = + — | +|= |
du? av? |ax? 9y’ \adu v

Sol.: Given that %:%a—x+%a_y
du Jx du dy du

:%B_f 828(1):> (azj Kl
dx du dy du  dul\du

aug
_dg ox +8g dy
~9x du dy du

_Of(of 0%z 9z ' 9%z 39, 9% o0z
dul du 9x?> Ox Oxdu Oxdy du Oxdu ay
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L 00(of 0%z Lo 0°f L9 2z %, 0%0 0oz
du| ou axay ax "dydu ay2 du ayau ay

Now we have ——— =

2 2 2
of _ of a(afj_a(l)_ o°f

dxdu Judx ouldx) ou _ayav.
2 2
Similarly, we can have o9 =0= 9 .
dyou dyov

So that

9%z _of(0f 9%z 0%z 09, 0% dz|, 0¢(0f ' 3z Of 93¢ o’z i
ou?  dul ou 9x? axay ov  odxdu ay du| du "9xay ax ‘Jdydu  du gy?

Similarly, we can find

9’z _df[of 9% oz, 0’z a¢+a¢ oz | , 00 of 0%u L0z 0 0°f L 00 9%z 0%z i)
ov?2 vl av ox2 0xdy ov 0xdu ay av v 0xdy Ox Jyov oV ay

) of 9o of db

Since = =22 and > = &2

mee du ov ov Jdu

Taking L. H. S., we get

9%z 0% _ofof 9%z 9% Of 0°f oz)| Of(of 9%z 9’ 0z of 92
ouZ ovZ ouldu 9x2 0Jxdy ov 0xdv dy | ov|odu dxdy dJydu ox av'ay2

of (of 0’z 0%z of 0 0z| of(of 9%z  0°f 9dz of 9’z
e —+ — = = — =
ov(dv 9x> OJxdy du Jxou dy | du|dv dxdy dydv dx du gy>

(asz 9%z (asz 9%z (asz 9%z (asz 9%

= —| —H| | — ]| — ]| —

du) ox? \du) ay? \odv) o9x? \ov) oy?

LOf[ 0z 9% 9z % | of 9z 9 0z 9’
dv| Ox dudy dy dudx | du ax "Ovay ay "Ovox

[__ of  of _O}
" Judx  Ovox

(22,9 (a_f”a_f) L[ 2 o) A o o
ox>  9y? )\ du ov ov| dx dvdy| dul Ox dudy
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0% _ 9% 0
" 9vdy  dudy

2 2 2 2
= E+E (a—fj +(a—fj =R. H. S..
ox> 9y )\ ou ov
Hence this proves the result.

0
Q.No.27: If z = u?+ Vz, x =u? —v? andy = uv. Find the value of oz .
y

X
Sol.: Here a—Z = %B_u_i_a_zi = % = a—uZu + 2Va—V
0Xx oJdu dx ov ox oOx OXx ox
Now u?—v? =x.
Differentiating w.r.t. to x, we get
2ua—u—2va—vza—X :2ua—u—2va—V=1 , (1)
ox ox ox ox ox
and vu=y.
Differentiating w. 1. t. to X, we get
ov Ju
u—+v.—=0. i1
ox ox (i)
Solving (i) and (ii), we get
wo o
ox __0x  _ 1
O+u —-v-0 2u%+2v?
S L ek Sk
ox 2‘u2 +v? ) 2z ox Z‘u2 +v? j 2z
2 2
ox 2z 2z z
z
Hence — = —. Ans
ox

" Thank you
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* Differentkial Calculkus
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Errors and Apprommatlons

Prepared by

Dr. Sunil
NIT Hamirpur (HP)

Definition: Suppose u is a function of x and y i.e. u = f(x, y).
If there is a change in the value of x from x to (x +8x) and a change in the value of y
from y to (y+8y) (where 8x and Sy are small and may be positive or negative), then

there will be a change in the value of u (say) fromuto u+0du.
We may call this change in the value of x i.e. 0x as ‘increment in X’ or ‘error in X’.

Similarly, 8y may be called as ‘increment in y’ or ‘error in y’ and so du is the ‘increment
in the value of u’ or ‘error in the value of u’.

Now we have u =f(x, y). 1)
sou+du =f(x +8x, y+dy)

= du =f(x+8x, y+dy)-f(x, y). (i1)

Expanding f(x + 8x, y +8y) by Taylor’s theorem on two variables

2 2
syt (e 3B 2 )
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[We know that, Taylor’s series for a function of one variable is

f(x+h)=f(h)+ xf’(h)+X7?f”(h)+ ............

Also, Taylor’s series for a function of two variables is

f(x+h,y+k)=f(x,y)+ h? k. f(x,y)+— h2i+2hk Cl kzi f(x,y)+
’ ’ aX ay ’ 2 ax2 axay ayz e

Substituting the expansion of f(x +8x, y+ dy) in (ii), we obtain

of of 1 (0% o*f 9°f
du=|f X +—0 dx* +208xd +8y° — |.... —f(x, y).
! { (. y)+ (8}( X+ay j 2!(8}(2 X e yaxay dy’ j } (x.5)

As dxand 8y are supposed to be very-very small, therefore their squares and higher

powers can be neglected.

Thus du = a—Sx +a—f8
ox dy
Replacing 8x, dy, du by dx, dy, dz respectively, we have
du =a—fd +a—fdy :>8u—a—8X+a—uSy [-u=f(x, y)].
ox  dy ox  dy

This formula is used in calculating the effect of small errors or increments in measured
quantities and is useful in correcting the effect of small errors.

) then, 8u—g—8 +a—u8y+g—8z+ ..........

Remarks: If u =f(x, y, z,......
X ady z

Percentage error:

Definition: 8—X>< 100 is called percentage error in the value of x, where Ox is the change
X

or actual error in the value of x.
Similarly, ﬁ>< 1001s called the percentage error in y, and

8—u>< 100 is called the percentage error in u.
u



Differential Calculus: Errors and Approximations 3
Visit: https:/www.sites.google.com/site/hub2education/

where 8y and du are actual errors in y and u respectively.

. . ) . Ox
Relative error: If dx is the error in x, then relative error = — .
X

Now let us solve some problems related to errors and approximations:

Q.No.1.: Find the percentage error in the area of an ellipse, when an error +1 percent

1s made in semi-major axis and —1 is made in measuring the semi-minor

axis.
Sol.: Since, the area A of an ellipse is given by the relation A = Tab,

where a, b are its semi-major and semi-minor axis.

Here error in a and b are given, therefore we will treat a and b variables. Since, when a
and b are treated as variables = A is also a variable.
Taking differentials, we get
d(A) = d(mab) = md(ab) = w[d(a)b + a.d(b)]
= dA =mnb.da+ma.db

L AA T G Mgy 2GR D A A
A A A a b b Ta
dXAx 100 = %XIOO + %x 100 = percentage error in a + percentage error in b
a
=(+1D)+(-1)=0.

Hence percentage error in the area of an ellipse is zero.
2" method:

Since A =mab

Taking logarithms on both sides, we get

logA = log(mab) = logm+loga + logb.

Now taking differentials, we get

i.dA = 0+l.da +l.db

A a b

=3 %XIOO :@x100+d—;’x100 =(+1)+(-1)=0.Ans.
a

Q.No.2.: If an error committed in measuring the side of a square be 2%. Find the error
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in calculating the area.

Sol.: Since the area A of a square is A = x2, where x is the side of a square.

Taking log on both sides, we get
logA = logx2 =2logx.

Taking differentials on both sides, we get

idA = 2.ldx

A X

.'.%xloo = Z{d—XXIOO}
A X

= %age error in A = 2(% age error in x)=2x2=4%.Ans.

Q.No.3.: Find the % error in the area of an ellipse, when an error of +1% is made in
measuring the semi-major and semi-minor axis.

Sol.: Since A =mab, where a, b are its semi-major and semi-minor axis.

Taking logarithms on both sides, we get

log A = log(mab) = logm + loga +logb.

Now taking differentials, we get

i.dA = 0+l.da +l.db
A a b

= dXAXIOO =%x100+d—bbx100 =(+1)+(+1)=2%.Ans.
a

Q.No.4.: The time of swing t, of a pendulum, of length ¢ , under certain conditions is
/ r 2
given by t =27 \/:, , where g’ = g[—hj . Find the %age error in t due to the
g r+
errors of p% in h and q% in /.

Sol.: Given t =27 \/Z
g

Taking log on both sides, we get  logt = log2m + %logﬁ - %log g

2
1 1 r
= logt =log2mw+—log/ ——1lo
g 8 2 g 2 gg(r+hj
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= logt = log2n+%log£—%logg —logr +1log(r+h)

Taking differentials, we get
dt 1d¢ 1

= —=0+——-0-0+ dh
t 2/ r+h
:>g><100:l %xloo + dh %100
t 2/ r+h

L9000 lh = Lq+—P2 ] % .Ans.
r+h{ h 2 r+h
Q.No.5.: Using the concept of small errors, find an approximate value

of (10.02, 40.05, 29.97) where f(x, y, z)=xyz.

. 1
=%ageerrorint = Eq +

or

Let £(10.02, 40.05, 29.97) where f(x, y, z)=xyz.
Using the concept of small errors, find relative error, actual error and
approximate value of f.

Sol.: Let x =10, 6x =0.02, y =40, 9y =0.05, z =30, &z =-0.03.

Now f(x,y,z)=xyz.

Taking log on both sides, we get

logf =logx+logy+logz.

Taking differentials, we get

of _ox By, 02 002,005 =003 0054 00125+ (- 0.001) = 0.00225
f X 'y z 10 40 30

which is the relative error in f.

of =0.00225 £, but f =10x40x30 =12000. of =12000x0.00225=27.

. Approximate value of f =f +&f =12000+27 =12027.Ans.

Actual value = 12026.991

Q.No.6.: If (x, Y, Z) = X’iymzn and errors of p %, q % and r % are made in measuring
X, y, z respectively. Find the error in f(x,y, z) .

Sol.: Given f(x,y,z)=x"y"z" .

Taking log on both sides, we get
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logf = /logx + mlogy+nlogz.

Taking differentials, we get

S—fzﬁs—x+m§+n%
f X y zZ

= 8—f><100 = K(B—Xxlooj + m(ﬁxlooj + n(§x100j
f X y z
Hence %age error in f(x,y,z) = (¢(p+qm+rn)%. Ans.

Q.No.7.: The area S of a triangle is calculated from the length of sides a, b, and c. If a
be diminished and b be increased by small amounts x, prove that the
. . 8S  2(a-b)x
consequent change in area is given by — = - -
S ¢*—(a—Db)

Sol.: Hero’s Formula: A formula connecting the area of a A with its sides

A= \/s(s - a)(s - b)(s - c) , 8= L‘;—FC is semi-parameter.

- Area S:\/(a+12)+cj[a+l;+c_aj(a+lz)+c_bj(a+l;+c_cj
FEEEEEE

Taking log on both sides, we get

logS = %[(log(a +b+c)+logb+c—a)+loglc+a—b)+loga+b —c))—410g2]

Taking differentials, we get
8 1] Sa+d = -8 . da-db Sa+8b}
—= + + +

S 2|(a+b+c) (b+c—a) (c+a-b) a+b-c

g (- 2x) .
_2_0 (b+c—a) (c+a-Db) O}

B (b+z-a)‘(a+:-b):XL_(i_b)‘H(;-bJ

:){c+a—b—c+a—b:|: 2(a—b)x
c? —(a—b)2 c? —(a—b)2

. Ans.
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Q.No.8.: The edge of a cube is measured with a positive error of 0.05 cm. Find the
relative error in the computed volume, when the edge is found to be 7.5 cm.
Also find percentage error in the computed volume.

Sol.: Let x be the edge of the cube.

- volume V of the cube = x° . (1)

Taking log on both sides, we get

logV = logx3 =3logx . (i1)
Taking differentials, we get
i.dV = 3.ldx . (iii)
V X
3
.. Error in the computed volume =dV = 3—de = Bde = 3x%dx
X X

= dV =3x(7.5) x(0.05) = 8.44 cubic cm.

dV _3dx _3x0.05

Thus, relative error in the computed volume = — - =0.02. Ans.
X .

Now, percentage error in the computed volume = dVVx 100 =0.02%x100 =2% . Ans.

Q.No.9.; The diameter and altitude of a can in the shape of right circular cylinder are
measured as 4 cm and 6 cm respectively. The possible error in each
measurement is 0.1 cm. Find approximately the maximum possible error in
the value computed for the volume and lateral surface.

Sol.: Let the diameter and altitude of the can be denoted by D and H respectively.

Then radius :2.

(i) The volume V of the can is given by V = mr’h = gDzH [: f(D, H)]
v =2Yap+ Y gt = “ppHdD + D?aH]
oD oH 4

:%[2><4><6><0.1+42><0.1]=%(6.4)2 1.67 cubic cm. Ans.

(ii) The lateral surface S of the can is given by S =2nrh = tDH [= f(D,H)]
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ndas=Bap+ S an = n[HdD + DdH] = n[6x 0.1+ 4x0.1] = 7 sq. cm. Ans.

oD oH
Q.No.10.: The height of a tower is determined by observing the elevation 0 and ¢ of
its summit from two points in a direct line with the foot of the tower and at a
distance ‘a’ apart. Show that the error in the calculated height due to small
errors dO and d¢ is approximately a(sin2 0do — sin’ (l)dG)cosec2 0-9).
Sol.: Let h be the height of the tower AB and C and D, the two points of observation
so that B
CD=a, ZACB=0,
ZADB =¢. Let AC =x
From right angle ABAC, x =hcot0 (1)

From right angle ABAD, x+a=hcotd (i) 9
D
Subtracting (i) from (i1), we get a C X A
a = h(cot¢—cot6) = h c'osq) 3 Cf)se _plsin GCO.SQ)—.COSGSII](D _ héln(e'— )
sin¢g sin0 sin Osin ¢ sin@sin ¢

asinOsind .
=>h=——F-—|=116, 111

in(0- ¢)[ (6.0)] (iii)

Taking log on both sides, we get logh = loga + logsin 8 + logsin ¢ — logsin(6 — ¢)

Taking differentials, we get % = 045080 1o COSO 4o cos(8-9¢)

sin®  sind  sin(6—0) (d0-—do)

- dh _ c?se 3 905(6—(])) d04 905(]) N Cf)s(e—(l)) do
h sin @ sm(e—q)) sing  sin(6—¢)
sin(O—¢)cos9—cos(6—¢)sin6 sin(e—¢)cos¢+cos(9—¢)sin¢
= o de + T
sinOsin(0 - ¢) sin ¢sin(6 —¢)

_sin[(6-0)-6] .o, sin[(6—0)+¢]
sin@sin(6—¢)  sindsin(6—¢)

do

do

_ sin(~0) sin @ _ sin?Bdo —sin® 0dO
- sinBsin(0 — 0) sin ¢sin(0 — 0) - sin Osin ¢sin(6 — ¢)

[ sin(— ¢) = —sin q)]

b sin”0do—sin?9d® _ asinBsino sin’6dg —sin? (de

~dh=h, _ , .
=D in6singsin(©—-0)  sin(6—0) 'sinBsingsin(9—0) [using (i1D)]
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= a(sin2 0do — sin’ q)de)cosec2 0-9).
Hence prove.
Q.No.11.: In some torsion experiment an error of 0.5%, was made in measuring the

diameter x. Calculate the corresponding %age error in the stress f, where
T+-2fx3=0.
16

T, 3 —16 T |Hereonlyf and x will be treated as
Sol.: Here T+ —fx" =0=>f =—+— . i
16 11 %3 variablesas error occursin these.

Taking log on both sides, we get
—-16
logf =log ETH +1logT —3logx

Taking differentials on both sides, we get

i—f —0+0-3% o df—fXIOO = 3% 100 = —-3x(0.5) = -1.5%.Ans.
X X

Q.No.12.: In an experiment carried out to find the value of g error of 0.5% and 1% are
possible in the value of t and / respectively. Show that the maximum error in
the calculated value of g could not be more than 2%.

Sol.: Time period of pendulum is given by T =27 \/é (1)

Where T = time period, ¢ = length of pendulum, g = acceleration due to gravity.

On squaring (1), we get

T2=4n2£:g=4n2£2. (ii)
g T

On differentiating, we get

1 2 4 [de 4T
do = 4% —df— = ¢dT | = ——¢| — —2—
s {TZ T? } T? [f T}
d¢  _dT
dog =gl ——2—
. g[g J
:d—gz{%—zd—ﬂ (iii)
g l T
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Given, %age error in length, %x 100=1% @iv)

Yoage error in Time period, d?Tx 100 =.5% (v)

Putting the values from (iv) and (v) in (iii), we get
98 100 = 1-2(-.5)=(1+1)% =2%.
g

Therefore maximum error in the value of g =2%. Ans.

Q.No.13.: In measuring the value of angle 0, an error of 0.1° was made. Find the
corresponding error in the value of the sine of the angle.

0.1xm

Sol.: Given d0=0.1° = n Radian = 0.00175Radian

dy =? where y =sin0
-~ dy =cos6d6 = 0.00175cos 0 .Ans.
Q.No.14.: If H. .P. required to propel a steamer is proportional to the cube of its velocity

and square of its length, prove that a 2% increase in velocity and 3% increase

in length will require approximately a 12% increase in H. P.

Sol.: Given Pocv3¢? = P =kv>¢? | where k is the constant of proportionality.
Taking log on both sides, we get

logP =logk +3logv+2log /.

Taking differentials, we get

dp dv _d/

—=0+3—+2—
p v !

= %XIOO = 3(ﬂx100j+2(%x100J =(3%2)+(2x3)=6+6=12 % .Ans.
\'

Q.No.15.: The indicated horse power I of an engine is calculated from the formula

I= PLAN , where A = Ed2 . Assuming that error of r % may have been
33000 4
made in measuring P, L, N and d. Find the greatest possible error in L.
Sol.: Given I = PLAN .
33000

Taking log on both sides, we get
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logl =logP +logL +log A +log N —1log 33000

Taking differentials, we get

T 1> T 2

- logA =log| Fd? | = log ™ + logd

dl dP dL _ d(d) dN o8 0g(4 j 0By TOR
S S, e A

I P L ~dN N .

:logz+210gd

= ﬁ><lOO =£x100+£x100+2MXIOO+gx100
I P L d N

=r+r+2r+r=5r%. Ans.
. . . . 14
Q.No.16.: The time period of a simple pendulum is given by t = 2. \/: .
g

Find the error in t due to error &/ and &g in ¢ and g. What is the max. %age

error in t if there is an error of 1% in ¢ and g.

Sol.: Given t =2m. \/Z .
g

Taking log on both sides, we get
logt = log2n+%log£ —%logg .

Taking differentials, we get

gzo_i_ldﬁ 1dg
t 20 2¢g

:(ﬂxmoj:l(%xmoj—l d—g><100
t AN 2\ ¢

) = %(+ 1)- %(+ 1) = 0% (Not max). Ans.
(ii) = l(+ 1)—1(— 1) = +1% (Max)
2 2
(iii) = l(— 1)- l(+ 1) = —1% (Max). Ans.
2 2
@iv) = %(— 1)—%(— 1) = 0% (Not Max)

. Max. %age errorint =11 % . Ans.
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Q.No.17.: The slope of a hanging rod of uniform strength is given by y = A exp. (%xj,

where y is the radius at any height x above a fixed point at A is constant. Find

the change in y produced by small changes dw in w and of in f. Show that the
Yoage error in y is WX times the difference in the %age errors in w and f.

wx/f

Sol.: Given y=Ae
. . WX
Taking log on both sides, we get logy =logA + Tloge .

Taking differentials on both sides, we get

§:O+X(f8w—2w5fj
y f

oy = ﬂ(fﬁw - WSfJ _ ny[fﬁw - WSfJ A,
f f f wf

Also i><100 = x{

foy — wof } WX [fﬁw — wof
y

5 X100 = — }xl()()
f f

wi

=%[8_Wx100—i—fx100] Ans.

w
Q.No.18.: If R = % , find the max. error and the %age error in R if C =20with a
possible error of £ 0.1 and E =120with a possible error of +0.05.
Sol.: Given R = E .
C
Taking log on both sides, we get

logR =logE —logC.

Taking differentials on both sides, we get

SR _SE_8C  _ p_ R[S_E _S_Cj - 6{@ - (ﬂﬂ ~0.0324.(max)
R E C E C 120 | 20

which is the required max. error in R.

Now 6—R><100 = 8—E><100—8—C><100
R E C
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R 100=F29 100- 7% 100 = 2+ L = 0.54% (max). Ans.
R 20 120 2

which is the required max. % error in R.

Q.No.19.: In calculating the volume of a right circular cone, errors of +2% and minus
one percent are made in the height and radius of the base respectively. Find the
%age error in the volume. What is the percentage error in calculating value of
the surface area of the cone ?

Sol.: Given %age error in height = 2% and %age error in radius =—1%.

. . . . 1
Since we know that the volume of a right circular cone is V = gnrzh .

logV = log§+logn+210gr+logh

Taking differentials, we get

ﬂ:& dh = ﬂx100=&x100+%x100.

v r i h v r
. %age error in volume = 2(—1)+2 = 0% . Ans.
Q.No.20.: In estimating the cost of a pile of bricks measured as 6 by 50 by 4 feet, the
tape is stretched 1% beyond the standard length. If the count is 12 bricks to

Ifoot® and bricks cost Rs. 100 per 1000, find the approximate error in the cost.
Sol.: Let 7, b and h feet be the length, breadth and height of the pile so that its volume
V =/xbxh.
Taking log on both sides, we get
logV =log/+logb+logh.
Taking differentials, we get
oV o/ &b  oh
v T T

Since V = 6x50x4 =1200ft> and %me:B—;xlOO:i—hxlOO:l%.

OV = 1200(ij =36 ft3.
100

Number of bricks in 8V =36x12 =432,
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Thus error in the cost= 432><ﬂ =Rs. 43.20,
1000

which is less to the brick seller.

Q.No.21.: Two quantities x; and x,are related to each other by the formula,
Xy = a(xl)n , where a and n are constant quantities. Small errors of p % and
q% are made in measuring a and n, show that the calculated value of x,for a
given value of X" of x, will have a percentage error of p+nqlog, X".

Sol.: Given that %age errorina=p%.  %age error in n = q%

Since givenx, = a(x,)".

Taking log on both sides, we get logx, =loga+nlogx; .
Differentiating on both sides, we get % = da +dnlogx; + ndx;
X9 a X1
= %2 100 = 9 %100+ (d—nxl()()jnlogxl 9% 00
XZ a n Xl

= dX—ZXIOO =p+qnlog, X’+0=p+nqlog, X .
X2

Thus %age error in x, = (p+nqlog, X')% .

2.2

Q.No.22.: The acceleration of a piston is equal to rw? cosO+ c0s20. In

measuring 0 (= 30°) and w small error minus 1 percent each was detected.

Prove that calculated value of acceleration is minus 1.5%. Take 4r = /.

2.2
. . . r
Sol.: Given acceleration of a piston a = rw?cos20 +

cos20. (i)

Putting 4r =/ in (i), we get

2
™w
a=rw’cos0 +Tcos 20

2
2wWow + %2(— sin 20)36

da = rwz{Zcos O(S—W] + (— sin 9)(@]9 + c0s26 (S—Wj _sm 26 (@]9}
W 0 2 w 2 0

rcos20

da = 2rw cos 08w + rw 2 (—sin 6)50 +
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rw?| 2cos B[SWJ —sin B(SGJG + 698 26 [SWJ _5in20 (SGJB
da _ w 0 w 2 |6
a rwz[cosﬁ 4 08 26}
o . . 0w 20 o
Dividing and multiplying by 100 and putting — =-1%, ry =—1%, 6=30°, we get
w
5 {2(00530°)1% sin30°x1%x 300+ €82X30%) g, _ sin60 )x1%><3()°}
a
a c0s30°+ -2 60
2)(@ _(lxnj+(1 1j_ \/gxl E
da 2 2 6 2 2 2 2 6

% = —1.5% . Hence prove.

Q.No.23.: In a plane triangle ABC, if the sides and angles receive small variations, prove
that dacosC+dccosA =0; b, B being constant.

Sol.: To prove: dacosC+dccosA =0, b and B as constants

Here using projection formula: b =acosC+ccosA.

Differentiating, we get

db = dacosC + a(—sinC)dC + dccos A + c(—sin A)dA

0 = dacosC + a(—sinC)dC + dccos A —csin AdA

Now A+B=n-C

dA+dB=-dC=dA =-dC

0 =dacosC+asinCdA +dccosA —csinAdA

sinA _ sinC

= c¢sinA = asinC

Now using sin formula:
a

c

-.0=dacosC+dccosA +csin AdA —csinAdA

= dacosC+dccosA =0.

Hence this proves the result.

Q.No.24.: The side a of a triangle ABC is calculated from b, c, A. Small errors db, dc, dA

occur in the measured values of b,c, and A respectively. Prove that the error in
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a is given byda = cosBdc+cosCdb+bsinCdA.
Sol.: To prove: da =cosBdc+cosCdb+bsinCdA.
Here using projection formula: a =bcosC+ccosB.
Differentiating, we get
da = dbcosC+dccosB —bsinCdC—csinBdB.
Using sine formula:  csinB =bsinC
-.da = dbcosC + dccos B —bsin C(dB + dC)
But B+C=n—-A = dB+dC=-dA.
~.da=dbcosC+dccosB+bsinCdA.

Hence this proves the result.

Q.No.25.: Given the formula 1 = 1 + l If x and y are both in the error by r %, prove
Z Xy

that z is also in the error of r %.

Sol.: Since l = l+l
Z Xy

Taking differentials, we get — 22z = —x"2dx — y_zdy

= —l(ﬂxmoj = —l(d—xxmoj—l(ﬂxmoj =—L_I= —{l+lj =L
z\ z x\ X yly Xy Xy z

= (%XIOOJ =1% . Ans.

z
Hence z is also in the error of r %.

Q.No.26.: The quantity Q of water flowing over a notch is given by
Q= %x 0.64 x \/E X (H)S/ 2 where H is the head at the notch. What is the
% age error in Q caused by measuring H as 0.198 instead of 0.2?
Sol.: Since Q = %x0.64><\/@>< HY'2.
Taking log on both sides, we get

logQ = log%+ log0.64 +log./2¢g +%10gH.
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Taking differentials, we get SEQ =0+0+0+ %%I

= 9Q 100 = 3.(8—Hx100j = 2.(Mx100j =3 [+ 8H =0.2-0.198 = 0.002]
Q 2\ H 21 02 2

Hence %age errorin Q = 2.5 % . Ans.
Q.No.27.: A closed rectangular box with unequal sides a, b, ¢ has its edges slightly
altered in length by amount da, db and dcrespectively. Show that its volume

ob oc

da
and surface area remain unchanged then = = .
s az(b—c) bz(c—a) cz(a—b)

Sol.: Given volume of a rectangular box is V = abc.

Taking log on both sides, we get

logV =loga+logb+logc

Taking differentials, we get

W _ta % & S, 8 B _

— . Now since 8V =0= —+ 0
\" a b ¢ a b ¢
S % s, =—(35b+35cj
a b ¢ b c
Also S = 2(ab +bc +ca)
Taking differentials, we get
0 =2(adb + bda + bdc +cdb + cda +adc)  (since 8S=0)
= (a+c)db+(a+b)dc+(b+c)da=0
jsa:_(a+c)8b+(a+b)80 RPN P (a+c)db+(a+b)dc
(b+c) b c (b+c)
- {i_ a+c}8b :[a+b_g}&
b b+c b+c ¢
N b  d&c
bz(c—a) cz(a—b)'
da dc
Similarl = .
Y az(b—c) cz(a—b)
Hence % ob = o . Hence prove.

az(b—c) B b2(c—a) c2(a -b)
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Q.No.28.: The height h and semi-vertical angle a of a cone are measured and from then A
the total area of the surface of the cone including the base is calculated. If h

and a are in error by small quantity Sh and da respectively. Find the

. . . I
corresponding error in the area. Show further that, if o = e an error of +1%

in h will be approximately compensated by an error of —0.33° in «.

Sol.: Base radius r=htano .
Slant height !/ =hseca .
Area of base .y

Area of curved surface= 7trl .

Total surface area A = mir” + Trl = (e +¢) = Jtr(r +vh?+ rz)

= T.htan Ot(h tano +vh? +h? tan” Ocj = nth tan oi(h tan o + hsecar)

= 7th? tan oc(tanoc +secol). | = f(h,oc)

. 0A = a—ASh +a—A8(x
oh oo

= 2nh(tan2 oL+ tanosec oc)Bh +7h? (2 tanousec? oL+ sec” o, + tanasec ol tan OL)BOL

= 27t tanc(tan o+ seco)Sh + th? secoc(2 tanoLsecal + sec” o + tan’ OL)BOL , )

which gives the error in A.

Putting o = T and Sh=1% of h = L in (i), we have
6 100

1({1 2Yh _, 2(2 2 41 21th? 5
A =2th.——| —=+-—F—=|—+1h°. = | = —F—=+—+— Boc:—+2\/§nh oo .
\/5(\/3 ﬁjloo ﬁ(ﬁﬁ 4 3] 100

Since the error in h is to be compensated by the errorin o@ = 0A =0

radians

:L+ 3000=0= dor = — !
0 10043

= du = 1 7312 x57.3 degree l I radian=57.3° nearly

=—0.33 degree.

Q.No.29.: At a distance of 30 meter from the foot of the tower the elevation of its top is
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30°. If the possible error in measuring the distance and elevation are 2cm.
and 0.05degrees. Find the approximate error in calculating the height.
Sol.: h = xtana.
Taking log on both sides, we get
logh =log x +logtan x

Differentiating, we get

2 2
Oh _ Ox | STy g = Mox S

h X tan o0 X tan o0

Sx = tan o.8x + x sec LS

Given 8x =0.02, 8o =0.05° = 0.05.%rad.

8h = tan30°(0.02) + 30.sec> 30°(o.05.%) — 0.0464 m = 4.64 cm. Ans.

Q.No.30.: Find the %age error in the area of an ellipse if one % error is made in
measuring the major and minor axes.

Sol.: Area of an ellipse A =mab.

Taking log on both sides, we get

log A =logm+loga+logb

Differentiating, we get

8—A=8—21+8—b:>S—A><100=@><100+8—;><100=1%+1%=2%.

A a b A a

.. %oage error in area of an ellipse = 2%. Ans.

Q.No.31.: Two sides a, b of a triangle and included angle C are measured. Show that the
error Oc in the computed length of third side ¢ due to a small error in the angle
Cis given by dc = asinBOC.

Sol.: Given ¢® = a” +b* —2abcosC

Differentiating, we get

2¢8c = 2ada + 2bdb — 2[da.bcos C + adbcos C + ab(—sin C)8C]

As da=0b=0

+. 2cdc = —2[ab(~sin C)8C] = c8¢c = absin C.8C

By sin law in AABC, bsinC =csinB

- cdc = acsinB.0C = dc¢ = adC.sinB.
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Hence this proves the result.

Q.No.32.: Let T =27 \/Z . Find the maximum %age error in T due to possible error of
g

1% in ¢ and g respectively.

Sol.: GivenT =27 \/Z .
g

Taking log on both sides, we get
1 1

logT =log2n+—log/——logg.
2 2

Differentiating, we get

ST g4 100 1% :1(%_5_%%)

T 20 2¢g 200 g
8—T><100 = %age error in T= 1(%—@}000.
T g
Maximum %age error in T= %(i%_%}mo = %(ili 2)=+1.5%. Ans.
g
2 .
Q.No.33.: Let R = ane , find the %age error in R due to an error of 1% in v and
g
l%in 0.
2
2 .
Sol.: GivenR = $n29 (i)
g
Given ﬂ><100:1%, EXIOO:l%
\% 0 2

Taking log on both sides of (i), we get
logR =2logV +logsin20—logg
Differentiate on both sides, we get

dR dV cos20
—=2—
R V  sin20

.2d0.

Multiplying by 100, we get
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R 100=2 Y100 +(8cot 26 99 100] = 2.1+0c0t20 L =2+ O cor26. Ans.
R \% 0 2 2

Q.No.34.: If S = ﬁ, find the maximum relative error in S and maximum error in S.

If the values of A and W are 1.1 and 0.6 respectively with possible error in
0.01 and 0.02 in A and W respectively.
Sol.: Given S = ﬁ (1)
Now differentiating (i) w. 1. t. to A, we get
S (A-W)I-Al A-W-A -W

A A-wP  (a-wp a—wp "

Differentiating (1) w. r. t. W, we get
S (A-wW)o-A(-1) A (i)
oW (A-wy (A-wy

We know that dS = a—SdA + ﬁdW @iv)
0A oW

Now putting the values of (ii) and (iii) in (iv), we get

ds = isz + %dw
(A-W) (A-W)
Now givenA = 1.1, W =0.6, dA =0.01, dW =0.02.
Maximum error in S=
ds = %xo.on%xo.oz =96 001+ %002
(1.1-0.6) (1.1-0.6) 0.25 0.25

=0.024+0.088=0.112.

~. Maximum error in S =0.112. Ans.

Maximum relative error in S is given by % .

Now S = A = 11 :2:2.2.
A-W 1.1-05 05

a5 _0.112 _ 5 0500 = 0.51

s 22

-. Maximum relative error in S = 0.51. Ans.
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Q.No.35.: Use differentials to compute (0.9, —1.2) approximately where
f(x,y) = tan™' (xy).
Sol.: Given (0.9, —1.2).

Let x=1, o&x=-0.1,
y=-1,dy=-0.2.

- f(x, y) = tan_l(— 1)

Let f(x,y)=0, .-.06="—.
Now tan_l(xy) =0=—.

Taking log on both sides, we get  log0 =log tan_l(xy).
Differentiating, we get

56 1 dy + yo 1 -0.2+0.1 -0. . .
® tan"'(xy) 1+x°y tan” (xy) 1+1 6 1+1 2

- £(0.9,-1.2)=f(x+8x,y+8y)=0+86 = %’T—o.os =2.307. Ans.

Q.No.36.: If the sides and angles of a triangle ABC vary in such a manner that its

) ) . da db dc
circum-radius remains constant, prove that + + =0
cosA cosB cosC

Sol.: To prove: da + db + de =0

cosA cosB cosC

We know that, the circum-radius R of a AABC is given by

_a b ¢
2sinA  2sinB  2sinC’
Now a =2RsinA. [R is constant]
Differentiating, we get da =2RcosAdA = da__ 2RdA.
cosA
.. db
Similarly db=2RcosBdB = =2RdB.
cosB
dc
dc =2RcosCdC = =2RdC.

cosC
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Adding, we get —93 1 90 | ¢ o R(dA+dB+dC)=2RA(A+B+C) ()

cosA cosB cosC

Also A+B+C=7.=>d(A+B+C)=0.

. From (1), we get da + db + de =0
cosA cosB cosC

This completes the proof.
Q.No.37.: The area of a rectangle is found from measurements of side a and angle B and

C. Prove that error in the calculated value of area due to small error

da, OB, OC is given by (zéia+E OB +E oC jA.

a asinB asinC

Sol.: We know that area A = %ab sinC (1)
Now sin A _ sinB _ sinC b= a.smB

a b c sin A
Putting in (i), we get

) 1 1 Bsi
A= l(a)(a?mBJsmc _ 1,2 sinBsinC (i) [-A+B+C=n]
2 sin A 2 sm[n -(B+ C)]

Taking log of (i1) on both sides, we get
logA = log% + 2loga +logsin B +1logsinC —log sin[(B + C)] (1i1)

[ sin[r— (B +C)] = sin(B + C)]
Differentiating (iii), we get

S_A: 20a N COSB8B+ COSCSC— cos(B+C)(

A a sin B sinC sin(B+C)

3B +8C)

_ 2—8a+8B Cf)SB B C.OS(B +C) L 5C Cf)SC B C.OS(B +C)
a | sinB  sin(B +C) sinC sin(B+C)
B 2_8a N SB_COSB sin(B + C) —sin Bcos(B + C)
a i sin(B+C)sinB

N BC{ cosCsin(B+C)—sinCcos(B+ C)}

sin(B+C)sinC
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20a sinC oC sinB .
=——+0B— : +—— (iv)
a sinBsin(B+C) sinC sin(B +C)

A+B+C=nt=B+C=n—A = sin(B+C) =sin(n—A)
Putting this value in (iv), we get

8_A_28a+ 0B sinC oC sinB

: —t (v)
A a sinBsinA sinC sin A

sinA _sinB _ sinC

According to sine formula:
a b c

c_ sinC b _sinB

- o 2 - .
a sinA a sinA

Putting these values in (v), we get

A 26a ¢ 6B b oC
R +— +—

A a asinB asinC
SA = [zﬁa + ?B + b .SC JA, which is the required proof.
a asinB asinC

Q.No.38.: In a plane triangle, if the sides a, b be constant, prove that the variations of its
angles are given by the relations
dA dB _ £

\/az—bzsinzA \/bz—azsinzB ¢

the letters have their usual significance.

9

Sol.: By sine formula, — 1 _b = asinB =bsinA (1)
sinA sinB

Taking differentials, we get acosB.dB =bcosA.dA

dA  dB dA +dB
acosB  bcosA acosB+bcosA

@) |- Ifizgthen each=a+C
b d b+d

Now acosB = a\/l—sinzB = \/a2 —a’sin’B = \/a2 —b’sin’ A [using (1)]

bcosA = b\/l—sin2 A= \/b2 —b’sin’A = \/b2 —a’sin’B [using (1)]

acosB+bcosA=c [By projection formula]
Also A+B+C=n1 = A+B=n—-C sothat dA+dB=-dC
.. From (ii), dA dB = —d—C .

\/az—bzsinzA \/bz—azsinzB ¢
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Q.No.39.: If there is a small error d¢ in measuring the side ¢ in a triangle, show that
relative error in the area of the triangle is equal to

{1 1 1 1 }ac
-+ + - —.

s s—a s—b s—-c|4

or
If A be the area of a triangle, prove that the error in A resulting from a small error

in ‘c’ is given by

0A = %[s_1 +(s—a) +(s=b)"=(s —c)_l]ﬁc :

Sol.: Let 0Ais the error in A, then relative error in A :SXA.

0A |1 1 1 1 |dc
Now to prove: — =|—+ + - —.
A s s—a s—b s—c|4

or O0A :%[s_1 + (s—a)_1 + (s—b)_1 —(s —c)_1 ]SC

Since, we know that A = \/s(s - a)(s - b)(s - c) )

Taking log on both sides, we get
logA = llogs + llog(s —a)+ llog(s -b)+ llog(s —c).
2 2 2 2

Differentiating on both sides, we get

0A 1|0s Os 0s 0s—0c )
—=——+ + + . )
A 2|s s—a s-b s—c

Sinces=Lb+C:>85=8—2C.

Putting in (i), we get

SA 1[&: 5 & sc} SC[I 1 1 1}
— ==+ + =—|—+ + —

A 4 4

S s—a s—b_s—c s s—a s—b s-—c
:>?SA=%[s_1+(s—a)_l+(s—b)_l—(s—c)_1]6c.

Hence this proves the result.

seeksk ckesleske sesksk skesleske sResksk
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Differential Calculus
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- Taylor’s and Maclaurin’s Infinite Series -

'

Prepared by

Dr. Sunil
NIT Hamirpur (HP)

Maclaurin’s Theorem:
Statement: If f(x) can be expanded in ascending powers of x, then

2 3 n
f(x) = £(0) + xf(0) +%f”(0) +%f”’(0) ot X 7 (0)
! ! n:

Proof: Suppose f(x)=ay+a;x + azx2 + a3x3 F oo +a,X +oee (1)
where ag, a; , a2 ,a3 ,...... are constants to be evaluated.

Differentiating (i) w. r. t. X, we get

f'(x)=a, +2a,x+3a,x> +4a,x’ +....+na x"" +.... (ii)
Differentiating (i1) w. r. t. X, we get

f”(x)=2a, +3.2a,x +4.3a,x* +....+n(n—Da x" 7 +.... (iii)
Differentiating (ii1) w. 1. t. X, we get

f7(x)=3.2.1a, +4.3.2a,x +....+n(n—1)(n —2)a, x" > +...... (iv)
Similarly, if we go on differentiating, we get

f"(x) =n(n—1)(n-2).....3.2.1.a, + terms containing x V)
Putting x =0 1in (1) to (v) , we get

2 =£0), a,=1(0), a,= P a, =0 e, =20
2 3! n!

Putting these values of constants in (1), we get
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3 n

2
f(x) = £(0) + x£"(0) +%f”(0) +%f”’(0) R

f"0)+.e. .
n!

This completes the proof.

Taylor’s Theorem:

Statement: If f (x + h) can be expanded in ascending powers of x, then

f(x+h):f(h)+xf’(h)+§f"(h)+§f”’(h)+ ....... +);I: f (h)+.eee .

Proof: Suppose f(x+h)=ay +a;x +a,x% +a3x> +.....4+a,x" +..... (i)
where ag, a; , a2 ,a3 ,...... are constants to be evaluated.

Differentiating (i) w.r.t. X, we get

f'(x+h)=a, +2a,x +3a,x> +4a,x” +...+na x"" +.... (ii)
Differentiating (i1) w.r.t. x, we get

f”(x+h)=2a, +3.2a,x +4.3a,x” +...+n(n—Da x" 7 +.... (iii)
Differentiating (ii1) w.r.t. X, we get

f”(x+h)=32.1a; +4.32a,x +.....+n(n—-1)(n—2)a x"> +...... @iv)
Similarly, if we go on differentiating, we get

f"(x+h)=n(n-1)(n-2).....3.2.1.a, + terms containing x V)
Putting x = 0 in (1) to (v), we get

ap=f(h), a, =f"(h), a, :%, a, = f,;(!h) pveeees ,a, = fnrf!h).

Putting these values of constants in (1), we get

f(x +h) = f(h)+xf(h) + X?Tf”(h) + X—jf”’(h) ot ’;’ £7(h) + oo

This completes the proof.

Remarks:

(1) Puth =0, we get

f(x):f(O)+xf’(0)+x7jf"(0)+x?jf"'(0)+ ....... + );I: f70)+ e .
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2 3 n
X X X
y:y(0)+Xyl(0)+?y2(0)+?}I3(O)+ ....... +Fyn(0)+ ............ .

which is a Maclaurin’s expansion.

(ii) If we interchange x and h, we get

’ h2 77 h3 1244 hn n
f(h+x)=f(x)+hf (X)+Ef (x)+§f (X)+....... + ,f (X)+ e .
! ! n!
(iii) If we replace x by a and h by (x - a), we get
_ 2 _ 3 _ n
F(x) = f(a)+ (x —a)f (a) + ;) £7(a)+ & ;) £7(a) + ... +uf“ (a)+......
! ! n!

Taylor’s Theorem for functions of two variables:

Statement: Prove that

2
0 0 1(, 9 0
f(X+h’Y+k):f(X’y)+[ha_x+k$jf+5(ha_x+k$J f+... .

Proof: Considering f(x +h,y+k) as a function of a single variable x, we have

af(x,y+k)+h_232f(x,y+k)

filx+h,y+k)=f(x,y+k)+h
(x+h,y+k)=f(x,y+k) o R

+o (1)

Now expanding f(x,y + k) as a function of y only, we obtain

2 32
f(x,y+k):f(x,y)+k¥y’y)+%%+ ...... ...(ii)

..(1) takes the form

of(x.y) , k? %f(x.y)

flx+h,y+k)=f(x,y)+k
(x+h,y+k)=1f(x,y) o T 8y

2 32
N f(x,y)+kaf(X’Y)+k—a f(X’Y)+ .....
X ady 21 oy?
2 32 2 32
+h—a— f(x,y)+k—af(X’Y)+k——a f(X’Y)+ ......
2! 9x2 dy 21 9y?
2 2 2
Hence f(x+h,y+1<):f(x,y)+ha—f+1<a—f+l h2 90 o 9 29t .
ox ady 2 ox? oxdy oy>

In symbols we write it as
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2
0 0 1(, o 0
f(x+h,y+k):f(x,y)+(ha—x+ngf+5[ha—x+kg] ft..... .

Now let us expand some well known functions by using these theorems:
2 3 n

2 4 6
.No.2.: Prove that coshx = 1+X—+X—+X—+ .........
Q
21 4! 6!

Sol.: Since coshx = (ex + e_x)

1
2

X' X
Hence, coshx =1+ —+—+—+........ .

21 41 6
3 5 7

Similarly, sinhx = (" —e™) = x+ -+ X 1 X 4.
2 3151 71

x> x° X

Q.No.3.: Prove that sinx =x——+———+........ .
31 507!

Sol.: Let y =sinx =y, = sin[x +n_27tj

.'.y(O):O, yl(O):l, yZ(O):O, y3(0)=—1, yn(O):O and so on
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Now Maclaurin’s series is
2 3

£(x)=£(0)+xf ’(0)+%f "(0)+%f 7 (0)4 o
X2 X3
= Y(0)+ 23100+ 2 32 0)+ % 330 ..
NI
=Xt ———t ...
31 51 7!
2 4 6
Similarly, cosx = 1——+X——X—+ ........ .
2! 4! 6!
3
Q.No.4.: Prove that tanx = x +3_+EX5 S .

Sol.: Let y =f(x)=tanx.

2x =1+tan’x.

sy =f7(x)=sec
y, =f ”(x)=2tanx.sec’ x = 2tan x(l+tan2 x): 2tan x + 2tan> x
y3 =f 7 (x) = 2sec’ x + 6tan® xsec® x = 2sec? x(l+3tan2 x)

= 2(1 +tan” XXI +3tan’ X) = 2(1 +4tan® x +3tan® x).
yy4 = f¥(x)=16tanx +40tan’ x + 24tan’ x .

ys =fV(x) = 16(1+ tan? X)+ 120 tan> x(1+ tan’ x)+120 tan* X(1+ tan? x).

Putting x =0, we get
y(0)=0, y,(0)=1, y,(0)=0, y3(0)=2, y4(0)=0, y5(0)=16 and so on.

Now, Maclaurin’s series is
2 3 4 5

_ 0) 421 7 (0)+ X 7 (0)+ XV (0)+ X v
f(x)=f(0)+ xf (O)+2!f (0)+3!f (O)+4!f (0)+5!f (0) —
X3 5
Stanmx=x+—2+—.16+..........
317 51
3
X 5
> tanx =X+—+—X" +........ .
3 15

Q.No.5.: Prove that log(1+x)= x—%+——7+? ............ .
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Sol.: y =log(l+x)

=(1+x)7, y, = (D)1+x)7, y3=(D=2)1+x)7

T T x)

ys = (0E2)E3)+x), ys = (C1)E2)3)-4)1+x)7

Putting x =0, we get
y(0)=0, y,(0)=1, y,(0)=-1, y3(0)=2, y,(0)=-6, ys(0)=24.........
Now, Maclaurin’s series is

2 <3 <4 <3

f(x)= y(0)+Xy1(0)+%y2(0)+§y3(0)+Zy4(0)+;y5(0) ..........

Q.No.6.: Expand tan”! x in powers of x by Maclaurin’s theorem.

Sol.: Here f(x)=tan"' x

af ()=
1+x

1
5= (1 + xz)_ =1-x2+xt=xC+xd [by Binomial theorem]

f7(x)=—2x+4x>—6x> +8x oo
f”(x)=-2+12x% =30x* +56x°.............
fV(x) = 24x =120x> + oo

fY(x)=24-360x%+..............
Putting x =0, we get

f(0)=0, £°(0)=1, £7(0)=0, f”(0)=-2, f¥(0)=0, £'(0)=24.

F) = £(0) 4 xF 7 (0)+ £ 7 (0)+ 2 f 7 (0)+ X (0)4 X £¥(0)
X)= X 2‘ 3‘ 4| 5' ........
X3 XS
=X——+—.........
3 5

, 4 6
Q.No.7.: Prove that e*¥"* =1+ x? IR .
3 120
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or

X sinx

Find the expansion of e as far as the terms in x°.

Sol.: Here if we use Maclaurin’s theorem, we need successive derivatives of e**"*

b

which is inconvenient to obtain. We, therefore, make use of the two standard series.

X X2 X3 . X3 X5 X7
e =1+x+—+—.......... , SINX=X——+———+ .

21 3! 3t 507!

. : 2 . 3 . 4

exsulx — ]+(Xsinx)+ (XSInX) + (XSInX) + (XSlnX)

2! 3! 4!

x> RS 3 x° 4
:1+Xsinx+?(sinx) +§(Sinx) +—|(sinx) +

2 4 4 2 4 6 2 4
B e B PRI I P [ L B e
6 120 2 6 120 6 6 120

Collecting terms of the same nature, we get

X sin X 2 1 1 4 1 1 1 6
e =l4+x" 4+ ——+— X"+ ———+— X F .
6 2 120 6 6

e*SinX =14 x2 +—4+X—6 ...........
120
X
Q.No.8.: Apply Maclaurin’s theorem to find the expansion of xe " as far as the term
e+

n x.
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i 1

Sol.: Let f(x)= e:+1 , £(0)= 3

f(x)= ) _ ¢
(ex + 1) (ex + 1)2 ’

~f7(0)=

1
4

e’ + l)ex —e".Z(eX + l)ex _ (ex + l)ex l(l—eX )Jex —2e?* eyt —2e™

f7(x)= (
T ek
(ex .,ezx)

A

£f7(0)=0

(e" + 1)4 (e" + 1)3

nf7(0)=-1

£ (x) = (eX + I)S(eX - Zezx)— (eX —e™ ) 3(eX + 1)3.6:X

1]

2 3

8

£(x) =£(0)+ xf ’(0)+%f 7(0)+ 2 7 (0)+ eerrrer

3!

= X
e*+1 2 4 48

Q.No.9.: Prove that log(secx)= X?+%.—+—.X—+ ......... .

Sol.: Let y =logsecx ,then

d_y_ 1
dx secx 1

secxtanx

= tanx

3

X 2
But tanx = x+—+Ex5 Foeeen

Integrating w. r. t. X , we get

x> x*

2 x°
Y=ttt
2 12 15 6

where a(is the constant of integration

To evaluate ap, Butx =0, y=0, and ...

a0=0
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2 4 6
Hence log(secx)z— lx—+i S
3 4 1516
2 4 6
Remarks: logcosx = —logsecx = — —+l X—+£ L

Q.No.10.: If x> + 2xy2 - y3 +x =1, expand y in the ascending powers of x.
Sol.: Here y is implicit function of x and so to get an expansion for y, we shall obtain first

(y)o, (y ')0, (y ”)O, etc. by a little different method and use Maclaurin’s theorem.
Here x> + 2xy2 - y3 +x=0 (1)

Put x =0, we get — (y)3ol =0 .. (y)o =-1 (i1)

Differentiating (i) w. r. t. X , we get

3x2+2y24xyy =3y’y ‘+1=0 (iii)

Put x =0 and (y)o =—1 in (iii), we get

2-3(y )y +1=0 ~.(y) =1 (iv)
Differentiating (ii1) w. 1. t. X, we get

6x +8yy 4x y 2 —4xyy " —6yy - 3y2y22 =0 v)

Putting x =0, .. (y)y =—1,(y )y =1 in (v), we get

—8+6-3(y")y=0 ~(y")y=—2= (vi)

Now by Maclaurin’s theorem

2 3

X ’7” X ”r
e T (0 I

y =(y), +x(y )0+2! o

2 3

y = £(0)+xf ’(0)+%f ”(O)+%f 460 (0) EE—

Substituting the values of
¥)=-1, y)p=1, (y")= —% from (ii), (iv) and (vi) etc.

2
2
Then the required expansion of yis y =1+x — %5 .........
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1
Hence y =1+X—§X .........

Q.No.11.: Expand logcos(x +h) in powers of h by Taylor’s theorem.
Sol.: Letf(x + h)=logcos(x + h)

- f(x)=logcosx

f'(x)= (—sinx)=—tanx

COSX

f”(x)=—sec’x

f ”(x) = —2secx.secx tan x = —2sec” X tan X

Now by Taylor’s series
h? x>
f(x +h)=f(x)+hf '(x)+?f " (x)+;f SO EE—
Substituting the values of f(x), f “(x), f 7 (x), f ”(x)in the above equation, we get
2 3
logcos(x +h)=logcos x + h(—tanx )+ ?(— sec? x)+ ;(— 2sec? x tanx) .........

h? h?
logcos(x +h)=logcosx —htanx —Tsecz—3—sec2 xtanXx +.......... . Ans.

Q.No.12.: Use Taylor’s theorem to express the polynomial 2x3 +7x% +x+6 in
powers of (x —2).

Sol.: Let f(x)=f [2 +(x - 2)], using Taylor’s theorem, we get

Rt (- 2= F2)4 (2 @)+ B by =2V oy

2! 31
Now f (x):2x3+7x2+x+6

£’ (x)=6x>+14x +1

f” (x)=12x+14

£ (x)=12

f(x)=52, f'(2)=53, f”7(2)=38, £7(2)=12, £V (2)=0

(X - 2)2 ” X— 2)3 ”7”
X f7(2)+ T f”(2)+

—

Af(x)=f2+(x=-2)]=fQ)+(x-2)f "(2)+
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20+ 72+ x+6=52+53(x —2)+19(x =2 +2(x - 2)°.
This is the required result.

Q.No.13.: Calculate the approximate value of V10 to four decimal places using

Taylor’s expansion.

Sol.: Let f(x+h)=vx+1=+/9+1=4/10

where x=9and h=1

~f(x)=+x -~ f(9)=3

, 1 _12 , 1
£/ (x)=— £7(9)=—
W-1x )=
” 1 3/2 ” 1
f = — =
() 4X () 4x27

Now Taylor’s series is

£(x +h) = £(x)+ hf '(x)+%f ()42 7 (x)+

J10 = £(9)+1xf ’(9)+%f ”(9)+%f Q)

or \/ﬁz3+l—lxlxi+lx ! Foveereeen
6 2 4 27 6 8x8l1

=3+4.16666—.00463+.00025
=3.1623 (app.).

This is the required result.

Q.No.14.: Expand sin(x +h)(y + k) in powers of h and k by Taylor’s theorem.
Sol.: Here F(x +h, y+k)=sin(x + h)(y + k)

- F(x, y) =sinxy @)
By Taylor’s theorem

1 .
F(x+h,y+k)=F(x, y)+ (hE +kE, )+ E(hZFXX +2hkE,, + kZFyy) (i)

Differentiate (i) partially w. r. t. X and y, we get
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Fx = i(sin Xy) = ycosxy,
ox

F,, = y(=sinxy)y = —y”sinxy

E

= i(x cosxy) = cosxy + x(—sinxy)y = cosxy — xysinxy.
Xy a

X

Putting the values of F(x +h,y+ k), E,, Fy, Fex» ny in (ii), we get
sin(x + h)(y + k) = sin xy + hy cos xy + kx cos xy

2

+ %[h2 (— y2 sin xy)+ (2hk COSXYy — Xysin xy) +k2 (— X~ sin xy)]+ ..........

= sinxy + (hy + kx)cos xy + % [th cosxy — (hy + kx)2 sin xy]+ .......... . Ans.

Q.No.15.: Expand e siny by Taylor’s theorem in powers of x and y as for as terms of
second degree.
Sol.: Here f(x,y)=e*siny, £(0,0)=0
f (x,y)=e*siny, £,(0,0)=0
fy(x, y)=e*cosy, fy(O, 0)=1
fox(x,y)=e"siny, f,(0,0)=0
fyy(x,y)z—eX siny, fyy(O, 0)=0

1

fry (x,y)=e*cosy, fiy (0,0)
X2 y2
f(x,y) = £(0,0)+xf, (0,0)+ yt, (0, O)+?fxx (0,0)+ xyf,, (0, O)+?fyy (0,0)+.....

sefsiny =0+ x(0)+ y(1)+ xy(1)+0
e¥siny = y+ Xy +......... . Ans.

y

Q.No.16.: Expands tan™' 2 in the neighbourhood of (1, 1) by Taylor’s theorem.
P X

Sol.: Here f(x,y)=tan! % Q)

a=1b=1
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, putting x =y =1 1n (i), we get

f£(1,1)= tan_IGJ =tan"'(1) =

&8

By Taylor’s theorem, we get

£, y) = £, 1)+ (x = 1), (1L D)+ (y = 1), (1,1)

+ % [(x — 1 f (L1)+2(x = 1)y = 1)f,, (L 1)+ (y = 17f,, (1, 1)]+ ......... (ii)
Differentiate (i) partially w. r. t. X and y, we get
f, = %tan_l(ij =— N j’_ " ~f (L1)= 1_1—1 = % (cx=y=1)
fy:%ta _1(§J:_x2j-y2 fy(l’l)_ﬁZ%
S e e A L
fyy _% ijyzj _X_zisz fyy(l’l):__:_%
fxy:% ijyzj .-.fxy(l,l):%zo

Putting the values of f (1, 1), fy (1, 1), fy (1, 1), fXy (1, 1) etc. in (i1), we get

qy ® 1 1 1
t —=———x-1)+=\y-1)+—
o x 4 2(X ) 2(y ) 2!

+ {(x - 1)2% +2(x =1y =120+ (y - 1)2(— %H oo

2 2
Hence, tan_ly :g_(x—lj+(y_—lj+ ! {(X 1) (y 1) }+ ........... . Ans.

X 2 2 )21 2

Q.No.17.: Expand x2y +3y—2 in powers of (x —1) and (y +2) using Taylor’s
Theorem.

Sol.: Expansion f(x, y) in powers of (x —a) and (x —b) is given by

£(x, y) = £(a, b)+|(x —a)f, (a, b) + (y ~ b)f, (a. b)]
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+ % [(X —a)’f (a,b)+ 2(x —a)y —b)fy (a,b)+ (y = b)*f,y (a, b)]

1| (6= 2P ey (a,0)+3(x —a)*(y ~ b)fyyy (a, b)

= +.. @)
| +3(x —a)(y —b) £y (a,b)+ (y = b)fy, (a. b)

Here f(x,y) = x’y+3y—-2, a=1, b=-2.

f(1,-2)=1"%(-2)+3(-2)-2=-10

fo=2xy, f(,-2)=2(1)(-2)=-4; fo=x>+3, f,(1.-2)=1"+3=4

f. =2y, foo =(L-2)=2(-2)=—4; £, =2x, foy(L—2)=2(1)=2

fo, =0, foo=(0-2)=0; fo.=0, f(1,-2=0

fry =2 foy = (L=2)=2; fy =0, f,,(1,—=2)=0

foyy =0, foyy =(1,-2)=0.

All higher order partial derivatives vanish.

..From (1), we get xzy +3y—-1=1(x,y)

=—10+[(x—1)(—4)+(y+2)(4)]+%[(x—1)2(— 4)+ 2(x 1)y +2)2) + (y + 2)2(0)]

# X170+ 3617+ 2)2)+ 3 - 1y + 2P(0)+ (v +2P0)

=-10-4(x—1)+4(y+2)-2(x 1) + 2(x = 1)y + 2)+ (x = 1)*(y + 2).

Now let us solve some more problems:

sinx -

Q.No.1.: Use Maclaurin’s theorem to expand €™ " in a power series up to term

containing x'.

2 .3
: X° X
Sol.: Since we know that e* =1+x + o + ;+ ................
‘ 237
and SINX =X ——+———+ ottt
3151 7!
) 2 ) 3
; ) sin X sin X
.'.eS‘nX:1+smx+( ) +( )  eereeereeersessaeesnees

2! 3!
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3
X3{ X2 X4 X6 }
+—|l-——F———+........ T
31 30 51 7

Using Binomial expansion, we get

] 2 4 6 2 2 4 6
N A RN X I N
3t 51 7! 2! 3! 50 7!

X3 X2 X4 X6
+—|1-3 —+———+......... Fo i,
31 3151 171

Collecting terms of the same nature, we get

p

. X 1

el x ==X X
2 8

This is the required expansion.

Q.No.2.: Obtain by Maclaurin’s theorem the first five terms in the expansion of

log(1+sinx).
x? x>
Sol.: We know f(x)=f(0)+ xf ’(O)+?f " (0)+;f S (0) EE— @)
Here f(x)=1log(l+sinx) ..f(0)=1og(1+0)=0 = f(0)=0
f'(x)= ——.COSX = COS‘X =f’(0)=1
1+sinx I+sinx
f”( ):(l+smx)( smx)2 COs"X _ —sinx i :>f”(())——1
(1+sinx) (1+sinx)
. 2 . .
£ (x) = (1+smx) (—cosx)—2(1+smx)cosx(— smx—l) g (O):l

(1 +sin x)2
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Similarly £ ¥ (0)=—-2 and f ¥ (0)=5 and so on.

Substituting these values in (i), we get
2 3 4 5
. X X X X
10g(1+SlIlX) =0+x +;(—1)+;(l)+z(— 2)+;(5)+ .............

x2 x3 x* X

=X —t— =, JAns.
2 6 12 24

Q.No.3.: Expand log[l —log(1- x)] in powers of x by Maclaurin’s theorem as for as the

term containing x>,

Sol.: Since we know that

2 3 4
X X X
10 1—X B e 1
g(l-x) >3 (i)
2 3 4
t t t
logll—t)=—X——————— e, il
gl-t) 573 (ii)

Putting t = log(1—x)in (ii), we get

2
2 3 4 2 3 4
log[l—log(l—x)]z{x+%+%+%+ .......... :l—l{x+x—+x—+x—+ .......... }

Collecting terms of the same nature, we get

3
log[l—log(l—x)]z x+%+ ................. .

This is the required expansion.

Q.No.4.: Expand cos’ x using Maclaurin’s series.
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Sol.: f(x)= cos’x = %(cos?ax +3cosx) = f(0)=0

f '(x)zi(—3sin3x—3sinx) =f’(0)=0
7”7 3 ’”

f (x):Z(—cos3x—cosx) =f"(0)=-3

f '”(x):%(9sin3x+sinx) =f"”(0)=0

v (x) = %(270053){ +cosx) = IV (0)=21

Now Maclaurin’s series is

2 3 4 2n

X X X X
f(x)=1(0)+xf "(0)+—1f 7(0)+—f 7 (0)+ —f" (0)+.......... +2—£27(0)........
()= 100+ 5 701+ 1 700+ 701+ 1 0) < 1(0)
Substituting these values, we get

2 4
cos’x =1-3% +21% — ... =1—§x2+zx4— ................ .

2! 4 2 8

This is the required expansion.

Q.No.5.: Use Maclaurin’s theorem or otherwise show that:

2 4

COSX __ _X_ X_ _
(a)e =e|l 2!+4!(4) ...................

(b) e cosbx =1+ ax +l(a2 +b2)x2 +éa(a2 —?abz)x3 o
X

2 3
(¢) a* =1+xloga +%(loga)2 +%(loga)3 F oo,

Sol.: (a) It is required to prove that

et =e 1—%+%(4)— ...................

f(x)= e " =f(0)=e
f’(x)=e"*(~sinx)=f(x)(~sinx) =f’(0)=0
f7(x)=f"(x)(~sinx)—f(x)cosx =f"(0)=—e

£ (x)=f"(x)(=sinx)—f "(x)cosx —f " (x)cos x +f(x)sin x =f"”(0)=0
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fV(x)=f 7 (x)(~sinx)—f 7 (x)cos x —2[f 7 (x)cos x +f " (x (= sin x)]

+f 7 (x)sinx +f(x)cos x

=f " (x)(=sinx)=f " (x)cosx —2f ”(x)cosx —2f " (x)(—sinx)

+f 7 (x)sinx +f(x)cos x = £1V(0) = 4e

Now Maclaurin’s series is

2 3 4 2n
£(x) = £(0)+ xf " (0)+ 2 f 7 (0)+ 2—f " (0) + =™ (0) 4 ......... + X2 (0)+
2! 3! 4! 2n!
Substituting, we get
2 3 4
COSX __ X_ _ X_ X_
e —e+x.0+2!( e)+3!(0)+4!(4e)+ ..................
2 4
X
= e—;e+z(4e) ..................
2 4
) QD
=¢ 1—;4'?(4) ..................

This is the required expansion.

(b): It is required to prove that

e cosbx =1+ ax +l(a2 +b2)x2 +%a(a2 - 3b2)x3 +
X

f(x)=e™ cosbx = f(0)=1
f’(x)=e* cosbx + e (—bsin bx)

= af (x )+ e™ (~ bsinbx ) =f’(0)=a
f”(x)=af '(x)—blaeax sin bx +eaXbcosbe = f£”(0)=a’-b>

£ (x)=af " (x)- bla(aeax sin bx + be® cos x)+ b(aeaxciosbx +be* sin X)J

— £ ”(0) = ala® —b?)- b(ab +ab) = ala® —b?)- 2b% = ala? ~3b?)

Now Maclaurin’s series is

2 3 4 2n

f(x) = £(0)+ xf ’(O)+%f 7(0)+ 2 7 (0)+ 2 £ (0) 4 oo + 22 (0)....

3! 4! 2n!
Substituting, we get



Differential Calculus: Taylor and Maclaurin’s Theorems 19
Visit: https:/www.sites.google.com/site/hub2education/

2 3
e™ cosbx =1+ax + (a2 —bz)%+ a(a2 - 3b2)%+ ...........
This is the required expansion.

(©): f(x)=a*

Now Maclaurin’s series is

2 3 4 2n

X X X H X
£(x)=1£(0)+xf "(0)+=—f 7(0)+=—f " (0)+=—£" (0)+.......... +2—£27(0)........
()= 10)+ x¢ (027 0)+ 7 0)+ 2 (0) 10)
Now f(x)=a*, £(0)=1
f’(x)=a*loga, f’(0)=1loga

f”7(x)=a*(loga)’, f7(0)=(loga)’

f”(x)=a*(loga)’, 7 (0)=(loga)

Substituting the values, we get

2 3
a =1+xloga+%(loga)2 +%(loga)3 F oo,

This is the required expansion.
Q.No.6.: Obtain the Maclaurin’s expansion of tan(% + xj and hence find the value of
(46°—=30’) to four decimal places.

Sol.: Let f(x)= tan(%+xj, f(0)=tan==1
£ (x)=sec? E4x|, £7(0)=sec? T =2
(x) = sec [4 xj ©)=sec?
f”(x):25602(§+than(§+xj, £7(0)=2(2f.1=4

£7(x)= 4sec2(g+ xjtanz(g+ xj+ 25604(§+ xj, £7(0)=4(V2f.1+202) =16

Now Maclaurin’s series is

2 3 4 2n

’ X 4 X 7”7
£x) = £0)+x 70+ 7 (0)+ 51 7 (0)+ 2 =
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o 4x%  16%°
sotan| —+x |[=14+2x+—+ Fooeereennn
4 2 3

Now tan(46°—30') = tan| 45°+1~ | = tan| T4 1%
2 4 120
14 n )
Hence tan(46°—30)=14+2.—+2] — | 4. =1.0537. Ans.
120 120

Q.No.7.: Expand loge[x +x2 + lj up to first four terms by Maclaurin’s theorem. Hence

calculate the value of log, 2 by putting x = 0.75 in the expansion.

Sol.: Let f(x)zloge(x+\/x2+1), £(0)=1logl =0

1 X 1
f’(x) 1+ = : £7(0)=1
x+(\]x2+1)[ \/X2+1J \/X2+1

’7 —X ’”

f (X):W’ £7(0)=0
7 _1 3X-2X 77

£ (x)= vt T, v £ (0)=-1

(x +1)3 2(x +1)5
FV(x) = 3.2x 6 15x°.2x £V (0)=0

X
YT T SER W [

Hence by Maclaurin’s series, we get

To calculate log, 2, put x = 0.75

3 S
log2 = .75—('73—5')+('75—5|)+ ................ =0.6974 .Ans.

Q.No.8.: Expand sin"! x is a series of power of X.

Sol.: f(x)=sin"'x - f(x)= ! S = (1—)(2T1/2
I-x
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f"(x)z[—%}(l X T3/2 2x) = (1 . T3/2

_(_X2T3/2 (__j(l XZTS/Z (C2x)= (1—x2T3/2+3x2(1—x2T5/2

f iV(x)z (?j(l—xZTS/Z(—Zx)+6x(l—XZTS/Z +3x2(_75j(1—x2T5/2(_ 2x)
—axli-x2 rexli- 2 sk - X2

x(l—xz)_5/2+15x3(1—xz)_7/2

9
f¥(x)= 9(1— XZTS/Z +9x(—%)(1— xzfm(—zx) + 45x2(1— xzfm + 15x3(— %)(1— XZTW(— 2x)

=9x(1—x2T5/2 +90X2(1—X2T7/2 +105X4(1—X2T9/2

Now put x =0 in all, we get

f(0) =0, f'0)=1, £"0)=0, f"O)=1, fY©0)=0, f¥(0)=9

Now by Maclourins theorem
f(x)=£(0)+xf '(0)+ X’ f "(O)+X—3f "'(O)+X—4f iV(o)+"—5f Y(0)+
X)= X ? 3' 4' 5' ....................

Substituting the values of f(0) = 0, f'0)y=1, £"0)=0, f"(0)=1,
fV0)=0, £Y(0)=9, we get

3
. = X 9
sin 1x:0+x+0+—3' +O+x5><—5'+ ...................

.'.sin_lx:x+ix3+0+ 1.3 X2 F o, . Ans
2.3 245
Other Method:
1 1/2
f(x)=sin"'x - f(x)= > :(l—xz)_
1-x

By binomial expansion

f,(x):1_[_%}2+(—;)(—;—1]X4_(-§)(-;—QH—Z) ,
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Now put x =0 in all, we get

f0)=0, f'O)=1, £"0)=0, f"©O)=1, ¥0)=0, £'©0)=9
x? x> x x>y
f(X)=f(0)+xf'(0)+5f”(0)+§f"'(O)+Zf (O)+§f () EE—

Substituting the values of f(0) =0, f'o)=1, £"0)=0, f£"'0O)=1,

fV0)=0, £Y(0)=9, we get
3
sin”' x =0+x+0+x—'+0+x5><%+ ...................

smlx—x+Lx +0+ 1.3 x>
2.3 245

4
Q.No.9.: Prove that (sin_1 x)z =x° +X? F o

Sol.: Let f(x)= (sin_1 x)2

Now Maclaurin’s series is

f(x)=£(0)+ xf ’(0)+X7?f ” (0)+X?jf (0)+’%f” (0) E— +%f2“(0) ........
(sm X)2 £(0)=0
f’(x)= (sin_lx) ! , f'(0)=0

1-x
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f7(x)= Z{Sin_1 X(—%j(l—xzyyz(— 2% )+ (1— XZTI/Z.(l— XZTI/Z}

_ 2:xsin—1x(1—xzf3/2+(1—x2ﬂ £7(0)=2
x(1—x2T”2(1—x2T3/2 +xsin~! x(?jﬁ—xﬁm

(—2x)+ sin_lx(l—xzyy2 +(—1)(1—X2T2(— 2x)

=2 {x(l—xzfz+3x2sin‘1x(1—x2T5/2+sin‘1x(1—x2T3/2 +(1—x2T2(2x)H

f ///(X): 2

f ’77 (0) — 0

Substituting the values, we get

2 3 4
F(X)= 0+ X0+ 24 20+ o8t s
2! 3! 41

X4

(Sil’l_1 X)2 = X2 +?+ .........................

This is the required expansion.

1

Q.No.10.: Prove that X _«x +lx3 S T
1-x2 3
sin~' x
Sol.: Let f(x)=
1-x2

Now Maclaurin’s series is

F(6)=£0) 51 0)+ 67 (0)+ X670+ 21 0ot 5 120)..o
f(x) = sin”_ x : £(0)=0
1-x2
’ 1 1 2 Y372 2 F1/2 S Y1/2
f’(x)=sin (x)(—gj(l—x T (—2x)+(1—x T (1—x T
= (x)(l—xz)_3/zsin_lx+(1—x2)_1/2, f7(0)=1

f”(x)=3x%sin"! x(l— X2T5/2 +sin”! x(l— X2T3/2 +3x(1— XZTZ, f7(0)=0
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£ (x)= 3x2(1— XZTUZ(I— XZTS/Z +3x%sin™! [—%)(l— XZTWZ(— 2x)
o T e T it 2 20

+3x(—1)(1—x2T3(— 2X)+3(1—X2T2, f7(0)=4
Substituting the values, we get

- =1 2 3
f(x)= X C 0t x I+ 0+ 4+
2 21 |

2 4
Sol.: Since we know that cosx =1—-— +%— ..................
_1/2 1 3 2 5 3 . .
and (1+x) =1- EX + gx - EX F o, [by Binomial theorem]

2 4
(cosx)(l—x)_l/zz(l—x—+x—— ........... J(l—i+§x2—lix3+ ............... ]

....................

Which is the required expansion.

3 4
x> X
Q.No.12.: Prove that e*cosx =1+ x ————+

Sol.: Since we know that
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2 (30 44
e =l Xt —F —F—F e
21 31 41
2 4
and COSX = 1= 42— — s,
21 41
X x> x* x4 x> x*
setcosx=1+Xx+—+—+—+...... I——+ =
2 6 24 21 4
EETE SO S SN SN SO S SN S o
2 24 2 24 2 4 48 6 12
x' x* xb X
et ———F——
246 24 48 (24)
x> x* x> x* x* X Xt
=l-——Ft—+Xx——F———F+—F —F .
2 24 2 2 4 6 24
=l+x——x == x*
30 4
X :
6
which is the required expansion.
X2
Q.No13.: Prove that sin(eX — 1)= Xt x¥ s .
2 24
2 (30 4

Sol.: Since we know that e* =1+ X+ —+—+—+rerrrrrenrn.n.
2 6 24

2 .3 4
.'.sin(ex—l):sin T Xt e -1
2 6 24
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2.3 3
sin(ex—l):x 1+24 25 —X—(1+§x+§x2+ix3+ ............... j+ .....
2 6 24 6 2 6 24
Applying the Binomial theorem, we obtain
x2 x> x4 x3( 3 2 3 j
=X+t—+—+———[ 1+ =X+ X"+ —X" +.rrrre.
2 6 24 6 2
203 44 (3 A (56
=X+ —F—F————— —— ——
24 6 4 12 48
2
S S ,
2 24

which is the required expansion.

3
Q.No.14.: Prove that e*“®* =1+ x + x> —X——%x4 F s
Sol.: Let xcosx =y
2 3 4
~eY :1+y+y—+y—+%+ .................... (1)
Put y = xcosxin (1), we get
2 3 4
et o X :1+XCOSX+X7COSZX+X—COS3X+X—COS4X+ ................... (i1)
Using the expansion of cos x
2 4
CosX =1l——+—— .,
2 24
2 3
7 4 2 2 4 3 2 4
s I PN PRELN R SRR R
2 24 2 2 24 6 2 24
4
4 5 S T | s
Using Binomial expansion, we get
S x2 2x? 2x*
=l+x——+—+....... +— |-+ —+........
24 2 2 24
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X x x2 x*t x0 X x X x* oax® 458
=l+X -ttt —— —

- — +....
2724 2 2 24 6 4 48 24 48 (24)

x2 x3 11x4
=l4+xXx+——————F . ,
2 3 24
which is the required expansion.
X X x?
Q.No.15.: Prove that =l——4— . .
eX -1 2 12
Sol.: Since we know that
2 3
e =l X
X X _ X
X1 2 3 2 3
[1+x+++ ............... —IJ X+—+—+........
_ X _ 1
X X2 X X2
x[1+++ ........... ] (1+2++ ......... J
-1
2
X X
={1+—+—+..... 1
( X ] 0

Also we know that

(1+Z)_1 =1-z+272° -

Apply this expansion in (i), we get

X X X X o 1 1
=l-———F— 4+ — 4+ —F =l-—4+x"|——4+— |
2 6 4 36 6 2 4

2
P ,
2 12

which is the required expansion.
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Q.No.16.: Prove that log(l + ex): 10g2+%+%2—1x9;42+ .............
Sol.: Let f(x):log(1+ex) = £(0) =log2
frix :1+1e" ¢ :f’(o):%
f”( ):(1+ex)3x er_(ex+62x_62x)
(1+ex)2 (1+ex)2
X
== £7(0)="1
(1+e")2 - 4

X 3x 2X 2X 3x X 3x
e +e +2e" —2e" —2e e —e "
= = =f"7(0)=0

(1+e")4 (1+e")4

fiV(X)Z (1+ex)4(ex—363")—(6)‘—63)‘)4(1+ex)3eX __1
(1+ex)8 8

Putting the values, we get

x? x> x*
f(x)=£(0)+xf "(0)+=—f " (0)+=—f 7 (0)+=—F" (0)+.crevvevrer.....
2! 3! 4!
2 4
:10g2+§+x__x_+ .................
2 8 192
which is the required expansion.
X 2 4
Q.No.17.: Prove that log G S S .
e*—1 2 24 2880
X X
Sol.: f(x)=1log N =e"
e’ -1 x=0e* —1

Applying L — Hospital’s rule

e* +xe*

Lim =1l=e=1

x—0 eX

~a=0 =f(0)=0
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£ ):ex—l (ex—l xex+ex)—xe.eX et -x—1
xe* (eX_1)2 X(ex—l)

Applying L — Hospital’s rule

X X X
et —x-1 ) e” —1 . e 1
Lim =Lim =Lim =_
x—0 x‘ex—lj x>0 xe* +e* -1 x-0xe* +2e* 2

f’(o)=%

£7(x)= X(ex—l ex—l)—(ex—x—l ex+xex—1)_ —e?X 4 x%e* +2e*!

XZ(XGX _ 1)2 CxZ%M 4 x%—2x2e
Applying L — Hospital’s rule
—eX +x%eX +2¢!

Lim
x—0 x2e?* +x2 —2x%e*

Putting x = 0, we get

’” 1
f7(0)=——
0)=—
Applying Maclaurin’s theorem and putting the values, we get
x? x> x*
f(x)=£(0)+xf "(0)+=—f " (0)+=—f " (0)+=—F" (0)+.coevvevrer.....
2! 3! 4!
2 4
=0t = 0t
2 24 2880
x x> x4
=——-— Foreeerreeneenn ,
2 24 2880

which is the required expansion.

sinxj x> x* x°

..........

Q.No.18.: Prove that log(

sin x YT
Sol.: log( j =log 3t S5t 7l
X
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6

2 3
x> x* x 1{ x> x* 1 x> x*
= et | | | —— s
3t 50 7)) 2130 5! 31 31 5!
SIS SIS SN | £ S S
6 120 5040 2{ 36 14400 360
I SONE SUNRE SRR SR
6 120 5040 72 720
2
6 120 72 5040 720
o x x
& 180 2835 T

which is the required expansion.

- 2 4 6
Q.No.19.: Prove that log( sinh Xj = r 2 L
X 6 180 2835
x> x> xS
) X = ; + 5 ? ........... o0
Sol.: log(mj =log : : :
X X

[ [X3 X5 X6
=logl 1+| —+—+—+
3t 5t 7!

2
x2 x* x® 1 x? x* «x°
=l ———t— | =t —+ .
3t 5t 7)) 230 51 7!
ISR S SE | S S
6 120 5040 2|36 14400 360
xr x* x°
=——— i R
6 180 2835
which is the required expansion.
Q.No.20.: Prove that sinh™' x = log[x +Vx2+ 1}
Sol.: Let f(x)= log[x+\/x2 +1} =f(0)=0
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1

f'(x)=1+——=2x =f’(0)=1
20x% +1
f7(x)= —%(X2 +1T3/2.2x = —X(x2 +1T3/2 =f"”(0)=0

f”(x)= —X(—%)(xz +1T5/2.2x = (x2 +1T3/2(— 1) =f£"(0)=1

Applying Maclaurin’s theorem and putting the values, we get

2 3 4
£(x) = £(0)+xE 7 (0)4 2 7 (0)+ £ 7 (0)+ 2 1 (0) 4 v
2! 3! 4!
3 5
:0+x+0+%;+0+éi+

which is the required expansion.

3 5
Q.No.21.: Prove that tanh ' x = x + X + X? F e, .

Sol.: tanh™' x = %{logﬁ hl Xﬂ = %[log(l +x)—log(1—x)]

Since we know that

2 3 4 5

x© x7 xT X
logll+x)=x——+——-——""-4+——...c......
el ) 2 3 4 5
2 3 X4 5
and log(l—x):— X+—+—+—+—+. .
2 3 4 5
| 23 g4 S 2 3 4 S
tanh- x=—||xX——+———+——......... +X+—+—+—+—+.........
2 3 5 5 5 5
3 XS
=X t+t—F+—F
3 5

which is the required expansion.

Q.No.22.: Expand e secx .
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-1
2 3 4
Sol: secx = L P S
COS X 20 31 4
2 .3 4
. x© X7 X oyl
Consider y as [?+? I-i_ ............... J—(l y)

By binomial theorem

=1+y—y2+y3—y4+ .......................

2 3
X2 X3 X4 ][Xz X3 X4 J (Xz J
=1+ —F+———+.... | —t———t... +| ==t
20 3 4l 20 3 4l 2!

2
X2 X3 X4 ] [Xz J

=1+ —+———+...... - —+........
200 31 4 2!

3

2
sefsex =1+ x+x2+ EX F o . Hence proves the result.

Another method:

Let f(x)=e"secx

f'(x)=e*secx +e*secxtanx =e*secx(l+ tanx)

o f'(x)=f(x)(tanx +1)

f'(x)=f"'(x)1+tanx)+ f(x)sec? x

f(x)=f '(x)seczx+f(x)2seczxtanx+f "(x)1+tanx)+f '(x)sec? x

= 2f (x)sec” x tan X + 2f '(x)seczx +f"(x)(1+tanx).
Now put x =0 in all

f(0)=1, f'o)=1, t"0)=2, f"(0)=4,
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2 3

f(x):f(0)+xf'(0)+%f"(0)+%f”'(0)+ ....................
Substituting the values of f(0) =1, f'0)=1, £"0)=2, £"'(0)=4, we get
exseCX=1+x+x2x%+x3%+ ..................

exscx:1+x+x2+§x3+ .................. . Hence proves the result.
xe*+1 1x* 1 x*
Q.No.23.: Prove that — =l+—————F
e — 62! 30 4
2 2
[1+x+X2'+ ............. +1J [2+X+X2'+ ............. ]
Sol: (x) = = — _X —
2 X X 2 X X
1+x+—+—+......... -1 X[ 1+—+—+.........
2! 3l 21 3
-1
( 2 3 2 3 ]
=—|24+X+—F—F .. +—t—F .
3! 21 3l
i 2
X 2 3 X X2 X X2
= l+—+—+—+...... — —t—F . —+—+.......
2 2 21 3l 21 3
X X2 X3 X X2 X3 X X2 X3
= 1l+—+—+—+...... —1+—+—+—+...... —t—t—+......
2 2 2 4 12 2 6 24
2
X X2 X3 X X2 X3
I+—+—+—+...... I+—+—+—+...... +on
2 2 2 4
X X2 X3 X4 X X2 X3 X4 X2 X3 X4 X3 X4
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2
XX X[ X oxty
36 Tt 361 2 T e g T
%ex +1 = 1+g%—%% o . Hence proves the result.
e” — ! !
2 X0 5 4
Q.No.24.: Prove that (1+x)* =1+x —7+gx F oo .
Sol.: Let f(x)=(1+x)*
logf(x) = xlog(l+ x)
2 .3 _4
Since 10g(1+x)=x—X—+X——X—+ ......................
2 3 4
3 4 U5
x> X7 X
~logf(x)=xlogl+x)=x> -+ =2 4 .
gf(x)=xlog(l+x) >t 33
, 2 3 4
f &)=2x—3x +4X _x F o
f(x) 2 3 4

£ (x)=x(1+x)"

£7(x)=(1+x) " +x(x =1)1+x)* 2

f7(x)=(x-D)1+x) 2 +x=1)1+x) 2 +x(1+x) 2 +x(x=1)x =2)1+x )

V(%)= x(x =1)(x =2)0+ %)+,

Now Maclaurin’s series is

2 3 4 2n
£(x) = £(0)+ xf " (0)+ 2 ” (0)+ £ " (0)+ £ (0) oo + X f2(0).....
! ! A1 2n!
3
xS
2 6
3
e+ x) =142 = X . ,
which is the required expansion.
o 2n
Q.No.26.: Prove that cosh®x =1+ Ex2 +Zx4 F e _1 z 3 +3 x2"
2" 8 4= onl

Sol.: We know that cosh3x = 4cosh> x —3coshx
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~.cosh®x = %[cosh 3x +3cosh x]

Let f(x)z%[cosh3x+3coshx] = f(0)=1
Differentiating f(x), w. r. t. X

f'(x):i[3sinh3x+3sinhx] =f’(0)=0
Again differentiating w. 1. t. X, we get

f ”(x):i[9cosh3x+3coshx] =f"”(0)=3
Again differentiating w. r. t. X, we get

£ (x):i[27sinh3x+3sinhx] =f"”(0)=0

Again differentiating w. r. t. X, we get

fV(x)= %[81cosh3x +3coshx] = f V(0)=21
£20(x) = %[32“ cosh3x + 3c0shx] = £21(0) = i(32n + 3)

Now Maclaurin’s series is

2 3 4 2n

’ X ’” X 7 X i X 2n
f(x)=f(0)+xf "(0)+—F 7(0)+—f 7 (0)+ —f"V (0)+.......... +=——f“"(0)........
()= £(0)+xt " O)+ 517 0)+51 7 0)+ 1 (0) 1(0)

2 3 4 2n 2n

=1+x.O+X—.3+X—.0+X—.21+ ............. +l(3+—3)x

2! 3! 4 4 2n!

3x2 7x*
=l —F——

Q.No.27.: Prove that tanl{
X

G ek )

Vi+x2 -1

Sol.: Let y = tan_l[
X

}, Put x =tan®©
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_1f sec6—1 0

- f(x)=y =tan 1( j:_

tan 0 2
ﬂ=l, X =tan@, .'.d—X:secze
de 2 de
_dy 1 1

£7(0)= e
£7(0)= ﬁ
O e et
£ (0)= %
£V (0) == 12(1-10x> + 26x*)

(1+x2)5

Now Maclaurin’s series is

x> x> x* x>
_ ’ ~ ’7” a 77 ~ 1v ~ v
f(x)=f(0)+xf "(0)+ 5 f7(0)+ 3 £ (0)+ a £V (0)+ 5 £¥(0)
1 SRS
= X——F+—F i
2 3 5
This completes the proof.
1 X—x ! x> x
Q.No.28.: Prove that cos™ =MT—2| X——+—+.. .
X+x7 35

x—x!
1

Sol.: Let f(x)=y = cos_l[ j, X =tan0.

X+X

.2 2
y=cos_1 tan® —cot O — cos”! sin“©—cos~ 0 0= -2 tan x
tan 0+ cot O 1
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f,,(X)__zl —-2x }_ 4x
(1+xz)Z (1+xz)2

iy (2)6x%2)
f7(x)=—2—_~
(1+x2)3
£1¥(x) = (- 2)12x +12x% +36x° +12x) _ —48x +48x°
(1+X2)4 (1+x2)4

£ () = —48(1-10x2 + 26x*)

) (1+)<2)5

Now Maclaurin’s series is

2 3 4 5
_ , X ” X 7" X iv \
f(x)=f£(0)+xf (0)+—2!f (O)+—3!f (0)+—4!f (0)+—5!f (0) EEE—

3.5
=2 X m o .
3 5

This completes the proof.

2
Q.No.29.: Prove that sec? =1+x°+ §x4 F o

Sol.: Let f(x)=sec?x
f’(x)=2sec? x tan x
f ”(x)=4sec? x tan” x +2sec” x = 2sec’ X(Ztan2 X +seczx)

f”(x)=4secx.secx tan x = 2tan> X +sec” X + 2sec> x(4tanxsec2 X +2sec’ x tan x)

Now Maclaurin’s series is

2 X3 4 5

f(x)=£(0)+ xf ’(O)+%f ” (0)+§f (0)+%fiv (O)+%fv (0)

:1+X2+§x4+ ..................

This completes the proof.
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4
. X
Q.No.30.: Prove that e*sin’x =e* +x’ +?+ .............

Sol.: Let f(x)=e*sin’x
f'(x)=e" (sin2x+sin2x)
f7(x)=e" (sin2 X + sin 2x)+ e*(sin 2x + 2cos 2x) = e* (sin2 X + 2sin 2x + 2cos 2x)
f”(x)=e" (sin2 X + 2sin 2x + 2cos 2x)+ e* (sin 2x + 4 cos 2x + 4sin 2x)
=e* (sin2 X + 3sin 2x — 4sin 2x + 6¢os 2x): e* (sin2 x —12sin 2x + 4 cos 2x)

f¥(x)=e* (sin2 x —12sin 2x + 4cos 2x + 4 cos 2x)

Now Maclaurin’s series is

F(x) = £(0)+ xf '(o)+"72!f . (0)+—%f ()4 g (O)+;fv 0)

This completes the proof.

2 3 4
y y |y
No3R2:If x=y——+"——"—+ ... ,
Q Y 2 3 4
2 3 4
Provethaty=x+X—+X—+X—+ ..................
21 31 4!
y .y oy
Sol.:Givenx:y—7+?—T+ .......... =logl+y)=l+y=e*=y=e* -1

Let f(x)=y=e* -1

Then f ' (x)=¢*, f 7(x)=¢*, f 7(x)=¢*, fV(x)=¢*, f¥(x)=¢*.
Now put x =0, we get

£7(0)=0, f7(0)=1, £ ”(0)=1, £V (0)=1 £¥(0)=1

Now by Maclaurin’s theorem

£(x) = F(0) 4 xf '(o)+"72!f . (0)+—%f () X g (O)+;fv 0)
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This completes the proof.

26
Q.No.33.: If x®> +y®> + xy—1=0, Prove that y = l—g—gxz F o .
Sol.: Here x> +y> +xy—1=0 ()
Putting x = 0, we get y3 =1 (yo=1 (i1)
Differentiating (i) w. r. t. X, we get
3x% +3y%y +xy; +y=0 (iii)
Put x=0and (y)0=1 in (iii), we get
’ ’ 1 .
yp=-1=)=—3 (iv)
Differentiating (iii) w. 1. t. X, we get
6x+6y(y ) +3y2y +y +xy"+y =0 v)
, I .

Puttingx =0, (y)0o=1, (y)0= 3 in (v), we get

1 ’” 1 ” 1
6.1.—+3 -—+0y —-—=0

9 (y )0 3 y 3
(y)o=0 (vi)

Differentiating (v) w. 1. t. X, we get

6+12yyy” + 6(y')3 +6yyy’ + 3y2y'” +y+xy”+y"+y"=0 (vii)

Puttingx =0, (y)0o=1, (y')0= —%, (y”)0 =0 in (vii), we get
(=2 (v

Now by Maclaurin’s theorem

2 3 4 5
_ ’ X (v” X (v” Xo(v ) X (Y
= (9)0+x(y)0+ 2y )0+ 2y o+ (v¥)+ : 2L T—
X x° x> 52
=l-—+—.0- e
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This completes the proof.

Q.No.34.: Expand logsin(x + h)in powers of h by Taylor’s theorem.
Sol.: Let f(x +h)=logsin(x +h)

f'(x)=

——.COSX = cotX
sin x

f”(x)=—cosec’x

f ”(x) = 2cosecx cosecx cot X = 2cosecx cot X

Now by Maclaurin’s theorem

x? x> x* x>
_ ’ Y 4 =\ a4
f(x +h)=£(0)+xf «»+-2!f (0)+ 3!f «»+-4!f (0)+ 5!f (0) P
2 3
logsin(x +h) = logsin x + hcot x +?(— cos eczx)+?2cos X COLX + rvernnn..

) h%cosec’x  2h? 2
=logsinx + hcotx — + COSEC X COtX +.cvvrnnnnn. .

2! 3!

This completes the proof.
Q.No.35.: Prove that

sin !(x +h)=sin*+

Sol.: Let y =sin"'(x +h)
N
1—(x+h)2

, x+h

]

h_@+hfP2_@+h)zh4x+hfrzpz@+hn
=Genp]”?

b—&+hff”—3&+hfh—@+hfr

J=canp]

’”77

y:

/2
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_ [1— (x + h)ZJ— 3(x+h)%.

D=enp]”?

Put x =0 in all, we get

.= 1 ” X " 2X2—1
(y)p =sin'h, (1= O h=7T—"55 0" h=T"—"%7

Now by Maclaurin’s theorem

2 3

’ X 44 77
y =(y), +x(y )0+7(y )o +?(y | S

h h? X hd o 2x?

V1-x2 +5(1_X2)3/2 BEY (1_X2)5/2 '

This completes the proof.

=sin'h+

Q.No.36.: (i) Expand 4x% +5x +3 in power of (x—1),

(ii) Expand x> =2x2+5x -7 in power of (x —1).
Sol.: f(x)=4x?+5x+3, f’(x)=8x+5, f”(x)=8
f(x)=f(1+(x-1))

Using Taylor’s theorem, we get

fl1+(x =1)] = £(1)+ (x = 1)f 1)+ (=10 ”(1)+ (x=1) £ (1) 4.

2! 3!

f(1)=4(1)?+501)+3=12
f'(1)=8+5=13, f"1)=8,

(X—1)2.8

fll+(x-1)]=12+13(x-1)+ =12+13(x —1)+(x—1)* 4.

which is the required expansion.

{i): f(x)= x> —2x%2+5x -7

f’(x)=3x>+4x+5, f7(x)=6x-5, £ 7 (x)=6

Using Taylor’s theorem, we get

4 (U= 10+ o0 @)+ S b = oy

2! 3!
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f)=011-2+5-7=-3
f

"1)=3-4+5=4,f")=2, £7(1)=6

fli+(x=1)]==3+(x—1)4+ (x ;!1)2 P ;!1)3 6

=3+4(x-1)+(x—-1P+(x-3).
which is the required expansion.
Q.No.37.: Arrange 7+ (x +2)+3(x + 2)3 +(x+ 2)4 —(x+ 2)5 in power of x using
Taylor’s theorem.

Sol: f(x)=7+(x+2)+3(x+2P +(x+2) = (x +2F, f(0)=7+2+3.84+16-32=17

f/(x)=1+33(x+2f +4(x +2) = 5(x +2)*,

=1+9(x2+4x+4)+4(x+2)3—5(x+2)4, f(0)=1+36+32-80=~11
£7(x)=18x +36 +12(x2 + 4x + 4) 20(x + 2)%, £7(0)=36+48-160 = ~76
f7(x)=18+24x +48 —60(x +2), £f7(0)=18+48—-249 =174
f1V(x) = 24 —120x — 240, £1V(0) = 24 - 240 = 216
f¥(x)=-120 £¥(0)=-120
Now by Maclaurin’s theorem
X2 X3 X4 i X5
_ ’ S ’” ~ 7”77 o 1V ~ v
f(x)=f(0)+ xf "(0)+ 2!f (0)+ 3!f (0)+ 4!f (0)+ 5!f ((0) EE—
Putting these values, we get
2 3 4 5

17+ 1+ — 76+ —17a+ 2 216+ 2 —120
1 2 6 24 120

=17 -11x —38x* = 29x> —9x* - x’
which is the required expansion.

2
Q.No.38.: Prove that log(l—x+x2): —X +X—+gx3 +lx4 —lx5 —lx6
2 3 4 5 3

Sol.: f(x)= log(l— X + xz)
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2x —1

f/(x)=—"77—— f7(0)=-1
() 1_X+X2’ ()
_ 2hH _ 2
f”(X):(l X+X )2 (2X 1) , f”(O):l
(1—)(+x2)2
4 2 3 1he @yl
f,,,(X)ZIOX +2x°“+4+28x" —12x —8x f”'(O):4

(1 —-X+ XZ)4
Similarly £(0)=6, £*(0)=-24, £*/(0)=-240

Now by Maclaurin’s theorem

) G 5
f(log(l—x+x )):f(o)+xf (0 )+—f "(0)+ 2 ”’( 0)+ ?f” (o)+§fV(o)+ .................
2 3 4 5 ' 6 '
—0—x 4 X 6+X——24+ X 240
217 317 1247 120 6.120
2
S SV L
2 '3 4 53

which is the required expansion.

Q.No.39.: Use Taylor’s theorem to prove that

tanh™! (x+h)= tan" x + (hsinz). snll z_ (hsin 2)2 s1n222 +(hsin 2)3 s111332 S T ,

where z = cot ' x

Sol.: Given f(x+h)=tan"'(x+h) = f(x)=tan"' x

Now f ' (x)= 12: 12 =sin’z = f "(x) = cotz l‘.'z:cot_li
I+x I+cot“z

= —2sin> zcosz and so on

. —-1.2x 2X —2cotz
f7(x)= =

) (1+X2)2 __(1+x2)2 (1+cot z)2

Putting these value in the expansion of Taylor’s theorem
h? h’
f(x +h)=f(x)+hf " (x )+2—f "(x)+—f 7 (x)F o

2
_ ) h )
=tan ' x +hsin’z +?(— 2sin’ z.cosz)+ ...............

zZ_ (h sin z)2. sin 22 +

=tan"' x + (hsinz). Slrll
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This completes the proof.

Q.No.40.: Expand cos x in powers of (x - Ej .

Sol.: f(x)=cosx

f’(x)=—sinx, f”(x)=-cosx, f”(x)=sinx

(o e )
Aot 2l

which is the required expansion.

Q.No.41.: Obtain the expansion of tan”! x in the powers of [x - Ej

Sol.: f(x)=tan™ x = fBJr [X _gﬂ

Using Taylor’s theorem

NGt PYCR PR

o,
2! 4 3! 4}
f(x)ztan_lx
’ 1 ST 1
f (x)= =f =
) 1+x2 [4J T’
I+—
16
T
f”(X): _2X

—

ST )
1 XZ)Z -t (‘J
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3n?
()= 285 -1) wa(zj:@
(1+x2)3 4 [“_WZT

16

Substitute the values, we get

1
Q.No.42.: Find the value of a and b such that the expansion of log, (1+x)- xl(;bax) in
+ bx

ascending powers of X may begins with terms containing x* and show that

this is ———x*.
36
2 .3 4 5 6
X X X X X
Sol.: log (1+x)=x——+———4+———+ ..
z:(l+x)=x 2 3 4 5 6
(1+bx) " =1=bx+ (bx)* = (bx)* + (bx )* = (bx)> + (bx)° = rerrrene.
x(1+ax)(1+bx)_1 = (x+axzx1—bx+(bx)2 —(bx)3 S LU )
=x—bx? +b*x> —b’x* +ax? —abx> +ab’*x* —ab’x’ —..........
2 3 4
Now loge(1+x)—M: x— X —x+x2(b—a)
1+bx 2 3 4

Applying the given conditions, we get

b—a—l:O:>b—a:l
2 2

L ab—b?—a = ab—b? =—%
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a=b-—

b(b—lj—bz L L S T
2 3 3

. 1
Terms containing x4 = x4£b —ab? _ZJ

Q.No.43.:Prove that

3 5
%(f(a+2x)—f(a)): xf’(a+x)+%f”’(a+x)+%f"(a+x)+ ..............

Sol.: Let us first expand f(a +2x)
y =f(a+2x)="f(x+(a+x))

3 5
=f(a+x)+xf’(a+x)+%f”’(a+x)+%fv(a+x)+ .............. (i)

Similarly expanding f(a) by Taylor’s theorem, we get
y=f(a)=f(-x+(a+x))

2 3 4
=fla+x)+ xf’(a+X)+%f"(a+X)—%f”’(a+x)+%fw(a+x)+ .............. (ii)

Adding (i) and (ii) and dividing by 2, we get

2 3 4
fla+2x)-f(a)]=f(a+x)+ xf’(a+x)+%f"(a+X)+%f”’(a+x)+%f“’(a+x)+ ......

2 3 4
—fla+x)+ xf’(a+x)—%f”(a+X)+%f”’(a+x)—%f“’(a+x)+ ......

1 1 X3 XS
E[f(a +2x)-f(a)] = 5 2xf’(a+x)+ Z?f”'(a +x)+ Z?fv(a X))+

3 5
= xf’(a+X)+%f”’(a+x)+%f"(a+x)+.....

which is the required expansion.

Q.No.44.: Prove that logx = (x —1)— %(X - 1)2 + %(x - 1)3 F o
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x-1) 1{x-1 2 1({x-1 3

( )

= | — | +— s U, .
X 20 X 30 x

Sol.: Let f(x)=1logx =f(1+(x 1))

By Taylor’s theorem, we get

=10+ (000 + B ) B )

2! 3!

:O+(X—1).1+(X_1)2 —1+(X—1)3 2+(X_1)4.

T THE 1 -6+,
oy B o e,
Now logx = f(x) = [1— X:j = —£(x)
—f(x)= f(1)—("X 1]f’(1)—(X;ljzf”(l)—(x:j3f”’(1)— .............

...f(x):[X;1J+(X;1J2%+(X;IT%+ .................. .

which is the required expansion.

2
Q.NodS.: If y = [log(x +va?+x2 H , Expand y up to four terms by Maclaurin’s

theorem.

2
Sol.: y = [log[x +a® +x° ﬂ

[.2 .2
2 { atx +X}log(x+\/a2+x2)=—2 log(x+\/a2+x2)

Yi =
Va2 +x2 | x++a? +x2 aZ+x

2- 210g(x ++a% +x? ).(x2 + aZTI/Z.x

1)

Yii =



Differential Calculus: Taylor and Maclaurin’s Theorems 48
Visit: https:/www.sites.google.com/site/hub2education/

2()(2 + 212)3/2[)(()(2 + azyl/z +10g(x +va? +x2 ﬂ - 2xlog(x ++/a’ + Xz)ﬁ(xz + az)l/z.x
(x2 +az)3

Yii =

Putting x = 0, we get

y(0) = (log. a)’

31(0)= 2 log. )

2
(0)= =
yll( ) a2
21
i(0)= O3ga
a

Now by Maclaurin’s Theorem, we get

2 3 4 5

_ 0)+ 221 7 (0)+ 2 7 (0)+ XY R

f(x)=£(0)+xf "(0)+ 2!f (0)+ 3!f (0)+ 4!f (0)+ 5!f () S

log(x ++a’+ xz) = (loge a)2 +z(log2 a)x +£2.x2 +(3L210ge a)x3 Foereen .
a a a

This completes the proof.

Q.No.46.: Apply Maclaurin’s theorem to prove that

2 X4 X6

X
logsecx = —+—+—.
12 45

Sol.: Here f(x)=logsecx

f’(x)= tanx

f”(x)=1+tan’x

f”(x)=2tan x(1+ tan’ x)

1V (x) = 2sec? x(1+ tan’ x)+ 2tan x(2tan xsec’ X)

£V (x) = 4tan x sec’ x(4+6tan2 x)

i (x)= 16sec? x +48tan” x sec x + 72 tan” x sec” x + 120 tan* x sec? x

£(0)=0: £7(0)=0; £7(0)=1; £”7(0)=0; £V (0)=2; £V (0)=0; £ (0)=2.

Now by Maclaurin’s Theorem, we get
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x? x> x* x> x®
_ ’ Y R 2 eV > eV i
f(x)=£(0)+xf " (0)+ 2!f (0)+ 3!f (0)+ 4!f (0)+ 5!f (0)+ 6!f () EE S
Substituting the values from above, we get
2 46
logsecx = —4+—+—+.........
2 12 45

This completes the proof.
Q.No.47.: Expand cos(x +h)(y + k)by Taylor’s theorem.

Sol.: f(x +h)(y +k)=cos(x +h)(y +k)
f(x) = cosxy

By Taylor’s Theorem, we get

1
F(x+h,y+k)=F(x, y)+ (hF, +KF, )+ Z(hZFXX +2hk + F, + kszy)

E =-sinxyy, F =-sinxyx, F, = —y2 cosxy, Ky = —x?cos Xy,

Ey = —[xy COs Xy +sin xy]

Putting the values, we get
F(x+h,y+ k) = cosxy —sin xy(hy + kx)— %(hzy2 COSXYy + k2x2cos xy)
+ 2hk(xy cos xy)+ 2hk sin xy
. 1 . 2
= cosxy —sin xy(hy + kx) - Y 2hk sin xy + (hy +kx)” cosxy.
This completes the proof.

Q.No.48.: Expand e* cosy in the neighbourhood at f [1, %) .

Sol.: e* cosy

Differentiating, we get

— X _ X
f, =e"cosy, f,, =e" cosy,

0 . 0 :
fry 25(6" cosy)z—ex siny,  f, 25(6" cosy)z—ex siny

= a—(— e” sin y)= —e" cosy

yy y
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f(a,b)=f(a,b)+(x - 1)f, (a.b)+(y—1)f, (a, b)

’ % [(X —1)f,, (. b)+ 2(x —1)(y = 1)f (2, b) + (y = 1)*£, (a. b)]+ ........

(8- G l-3lE)

This completes the proof.

Q.No0.49.: Expand e* log(l + y) by Maclaurin’s theorem, in powers of x and y upto terms

of third degree
Sol.: Let f(x,y)=e*log(l+y) =1(0,0)=0
f (x,y)=e*log(l+y) =1 (0,0)=0
eX
fy(x, y)=1+y :>fy((), 0)=1

f(x,y)=e*log(l+y) =f_(0,0)=0

eX

(1+y

)2 00 e

(L+y) (1+y)

f . (x,y)=e'log(l+y) =1 (0,0)=0

XXX

foy(x.y)= =f,(0,0)=1

—

X

et =00
foy (% y) =L e’ = (0,0)=-1

(1+y)’ (1+y)’
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2¢*
fyyy(x’ y):(1+y)3 =1, (0, 0)=2

Now Maclaurin’s theorem of f(x, y) gives

f(x,y)=£(0,0)+xf, (0,0)+yf, (0,0)+%[x2fxx (0,0)+2xyf,, (0,0)+y’f, (0,0) ]

1
+§[X3fxxx (0,0)+3x°yf,,, (0,0)+3xy’f,, (0,0)+y'f,, (0,0) |+...

:0+x(0)+y(1)+%[x2(0)+2xy(1)+y2(—1)]

+%[x3 (0)+3x%y(1)+3xy* (-1)+y’ (2)]+

2

y 2 2 L
=y+xy—"—+—(x’y—xy’ |+—=y’ +.... Ans.
y+xy= 2( y=xy’) 37

Q.No.50.: Find Taylor’s series for logcosx about the point g

Sol.: We know that by Taylor’s expansion

h? h?
f(x+h)="f(x)+ hf’(x)+?f”(x)+?f”(x)+ ...............

If x=a, and h=x-—athen,

£ = £a)+ (x—a)a) s C = ) B s

2! 3!
Now f(x)=logcosx 1)
f(a)= f[gj =logcos— = —log2 (i1)
f'(a)=f Gj: tan— = —/3 (iii)
f”(a) f"(gjz—sec2§=—4 (iv)

~.From (i), (ii), (iii), (iv), we get

logcosx = —log2—(x —a)\/g—%(x —al)2 — e
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=—[log2+(x—a 3+%(x—a)2+ ........... }

logcosx = —log2 —(x — a)\/g—%( - a)2 ...........
This completes the proof.

Q.No.51.: Expand Min powers of h, k up to second degree terms.
x+h+y+k

(X + h)(y + k)

Sol.: Here f(x +h,y+k )=
x+h+y+k

Puth =k = 0, we have f(x, y)=—>

X+y
(x+y).y—xy.1 y2 x>
f, = = , f,=———, bysymmetry
" (x+y) x+y? 7 (x+y)
2 2
f oo 2y f oo 2x

XX

x+yP 7 (x+y)

f o (x + y)2.2x —X2.2(X +y) B 2x(x + y)—2x2 . 2xy

v (x+y)* x+y)  x+y)
(x +h)(y +k) 12 2
by Ty =1l y)+|hf, +kfy]+5[h £y + 20kEy, + K [

2 2
= hY 2+k X 5
x+y | (x+y)f  (x+y)

_ 2 _ 2
+~l[h2. 2y ++2hk 2xy 34—k2. 2x 3}+
2 (x+y) (x+y) (x+y)

2 2 2

Xy y X y )
= + 2.h+ 2k— 3h
x+y (x+y)f (x+y)f  (x+y)
2
+ 2Xy3.hk— X o .
(x+y) (x+y)

This completes the proof.
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Q.No.52.: Expand f(x, y) = sin xy in powers of x —1and (y — g} as for as terms of 2™

degree.

Sol.: sinxy =sin[(x 1)+ (1)] Hy B Ej : (EH

2 2
Here h =1, and y :g
We know that

1 .
£l(x+h)(y + k)] = £ (x, y)+ [nf, +Kf, ]+ > [h2t, + 2hk,, + szyy] Q)

fo= aa_x_sm(x - 1)(Y —gj = (y —gjcos(x - 1)(y —gj

£, - i:sin(x -1)(y _Ej_  (x ~T)cos(x _1)(y _Ej

2)] 2

fry = aiXKy —gjcos(x - 1)(y _gﬂ
-costi=1f v Jo 52 [t hinc1fy-Z |
e oo

£,y = —(x—1Psin(x —1)(y—£j

2

2

< tx ) (y + k)] = sinf(x 1)+ 1]{@ _gj +E}

Substituting the values in (i), we get

sin xy = sin(x — 1)[y —gj + Hy - gj.COS(x - 1)(y - gj + g(x —1)cos(x — 1)[}’ - gﬂ
ot
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+n[cos(x —1)[y—§j—(y—gj(x —1)sin(x —1)(y—§ﬂ

_ {%2 (x —1)% sin(x — 1)(y —gﬂ :

This completes the proof.

Q.No.53.: State and prove Taylor’s theorem. Use it to expand f(x)=logsinx in powers
of (x —2).
Sol.: Taylor’s Theorem:

Statement: If f (x + h) can be expanded in ascending powers of x , then

Proof: Suppose f(x)=a,+a;x+ a2x2 + a3x3 +..... +a,x" ... @)
where ag, a; , a» ,a3 ,...... are constants to be evaluated.

Differentiating (i) w.r.t. X, we get
f/(x +h) = a; + 2a,x +3a3x* +4a, x> +....+na, x" 4. (ii)

Differentiating (i1) w.r.t. X, we get

f/(x +h) = 2a, +3.2a3x +4.3a,x* +....+n(n —Da, x"2 + ... (iii)
Differentiating (iii) w.r.t. X, we get
f7(x+h)=3.2.1a; +4.3.2a,X +.....+n(n—1)(n —2)a, x" > +...... (iv)
Similarly, if we go on differentiating, we get
f"(x+h)=n(n-1)(n-2).....3.2.1.a, + terms containing x )
Putting x =0 in (i) to (v) , we get
a():f(h),alzf/(h),azz ('),a3: (), ........ ,a, = ().
2! 3! n!

Putting these values of constants in (i), we get

/ x’ Il X " x"
f(x +h) =f(h)+xf (h)+?f (h)+?f (h)+....... +—'f“(h)+ ............ .

! ! n!

This completes the proof.
(b): f(x)=1logsinx = logsin[(x —2)+2]
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Now by Taylor’s expansion, we get

2
logsin[(x —2)+2]=£(2)+ (x = 2)f " (2)+ (x _2'2) £ 7 (2) 4 oo
2
= logsin 2+ (x —2)cot2 — (x _2'2) cos e02(2)+ .........
. . (X - 2) 2
- logsinx =logsin2 + (x —2)cot2 — 5 COSEC 2+ v

This completes the proof.

.1 2 2,2
Q.No.54.: Prove that e**" * =1+ax+ (ax) + a(l a )+ x> +
21

.2
) sin
Hence show that e® = 1+sin0 +

0 +zsin39+ ............. .
3!

Sol.: We will first expand sin”! x by Maclaurin’s theorem

f(x)=sin"'x, f(0)=0, £’ (0)=——=1, £”7(0)=0, £ (0)=1
1-(0)

According to Maclaurin’s theorem

f(x)=£(0)+f ’(O)+X72!f ” (O)+X??f ”(0)+

3 5

A | X
SS8m O X=X+—+—+..........

3! 5!

1 ax 3 ax >

asin x=ax+—+—+
3 5!

We know that
2 3

X
e =1+ X+ —F—F e,
2! 31

2 3

{ xS } aZ{ X } a3|: X }

=l+a/x+—+—+..... +— | X+—+—+...... +— | X+—F+—+......
315! 2117731 5! 3117731 5!

Using Binomial theorem

.1
i . (asm )2
soetsm X =1+(asm 1x)+—+
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X3 X5 a2x2 X2 X4 213X3 X2 X4
=l+a|x+—+—+..... + 142 —+—+...... + 1+|3—+—+.....
31 5! 2! 3! 5! 3! 31 5!

Combining the terms of similar powers of x

(ax)2 N al(l2 + az)x3 N 212(22 + az)x4
! 3! 4!

-
e X =14+ax+

R L . 1)

Hence this proves the result.

(b): In equation (i) put a =1, and sin"!x =0, so that x =sin@

Substituting the values in (1), we get

)
. sin“0 2 .
e® =1+sin0+ S

Hence this prove the result.

QNo.55.: Expand sin (m sin”! x) in ascending powers of x up to x>,

Sol.: Let f(x)= sin(msin_1 x)

£ (x) _ mcos(msin_1 x)

- \/1—X2

m 1-x> (= sin m)(sin_1 X)ITI 3 mcos(m sin”! XX— 2x)
V1-x2 V1-x2

f”(x): 1 5
—X

cos(m sin”! x)x

Ji—x? :l —m[mf(() £ (x)x]

— m{— msin m(sin_1 x)+
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2 —
Now f(0)=0, f’(0)=m, f”(0)=0, f”’(o):_m(ml 1)
According to Maclaurin’s theorem

f(x)=£(0)+f ’(o)+"7jf " (O)+X??f S50 (0) R

Substituting the values, we get

m(mz' —1)X3 N m(m2 —1)111232 5

f(x)=mx —

Hence this prove the result.

Q.No.56.: If y =sin log(x2 +2Xx + 1) , prove that

y:2X—X2—§X3+§X4— ......... .

Sol.: y = sinlog(x + 1)2 =sin 2log(x +1) = f(x)
£(x) = 2cos2log(x +1)

x+1
g ozt ) g 149
(x +1) (x+17 (x+1)
£ 7(x) = —4[(x +1)%f 7 (x)-2(x + 1)f(x)]_ kx +1)%f 7 (x)-f ’(x)]

(x+1)4 (
Now f(0)=0, f’(0)=2, f”(0)=-2, f”(0)=—4

According to Maclaurin’s theorem

2 3
f(x)=£(0)+f ’(O)+%f ”(O)+%f (A () EE—
=2x x> =23 X

Hence this prove the result.
Q.No.57.: Expand Jx in powers of x —1 up to involving (x — 1)4.

Sol.: f(x)=+/x
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Letf(x)=f[1+(x—1)]

According to Maclaurin’s theorem

(=1, (x=1)

fl(1+x - 1)) = £(1)+ (x —1)f " (1)+£ " (1) 5 3

Now f(x)=+/x,  f()=1

’ 1 , 1
f/(x)=—=, £/(1)=~
) 2x ) 2
’” 1 ” 1
777 1 3 1 7 3
f S P =2
W2 -

Substituting the values in (1), we get

(=1 117 3(=1 15(-1)"
2 4 2! g8 3! 16 4!

Hence this proves the result.

f(x)=1+

Q.No.58.: Expand tan_l(x + g} about the point x = 0.

Sol.: Let f(x +h)= tan_{x +%} where h =g

According to Maclaurin’s theorem

h? h?
f(x+h):f(x)+hf'(x)+?f”(x)+?f”'(x)+ ................. 6)
Now f(x)= tan"'x, £(0)=0
, 1 ,
f’(x)= , f7(0)=1

(x) — (0)
’” 2X ’7”
f7(x)=- £f7(0)=0

[(1+x2)2.2—8x(1+xz)}

£ (x)= - ,
(1+)(2)Z

f ’77 (O) — _2
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. 2 .
FV(x)= X, 8 OXT givig)—g

(1+xz)3 (1+xz)3 (1+xz)4

Substituting these values in (i), we get

T 753 TCS

f(x+h):tan_l x+E = atx =0.
2) 2 2231 225

Hence this prove the result.

Q.No.59.: Expand y* in the neighborhood of point (1, 1) up to the second degree term.

Sol.: Let f(x,y)=y*

fL,)=1" =
fo(x.y)=y*logy, £ (1,1)=0
f,(x,y)=xy*™", f (L) =1
fo (x.y) = y* (logy)?, fex (1,1)=0
foy(x,y)=x(x=1)y*72, fo (L) =0

X
fo (. y)=xy* logy+2—, f (LD =1
y

By Taylor’s theorem

(x—a)’

f(x,y)=f(a,b)+(x —a)f, (a,b)+(y - b)f, (a.b)+ f(a.b)+(x—a)(y —b)f,,(a.b)

Substituting a=1, and b =1, we get

f(x,y) = £ (L) +(x =), (L1)+(y - 1)f, (Ll)+%fxx (LD)+(x —a)(y —1)f,, (L.1)

O+(x=1)(y-1).1+0+0



Differential Calculus: Taylor and Maclaurin’s Theorems 60
Visit: https:/www.sites.google.com/site/hub2education/

Hence this proves the result.
Q.No.60.: Expand sin(x +b) in a series in ascending power of b and complete the value

when x = g and b = 0.01radian.

Sol.: Let f(x +b)=sin(x +b)

From Taylor’s series
b? b’
f(x +b)=f(x)+bf '(x)+5f (x) 4+ —F 7 (X)+eoeens

Now f(x)=sinx, f’(x)=cosx, f”(x)=—sinx

Substituting the values, we get
b’ b’ b*
sin(x + b) = sinx + bcosx —Zsinx —;cosx +zsinx F o

Putting x = g, and b =0.01radian

2
sin E+0.Ol =sin£+0.0lcos£—wsin£— ......................
3 3 3 21

V3 oop L 0:0001 43
2

- sin(0.01) = 0.01.5—7.— ............. =0.8710. Ans.

—_— 2 . . . .
Q.No.61.: Is Maclaurin’s expansion of e 1 valid in any interval ? Give reason.

Sol: Let f(x)=¢V*", £(0)= 12:0
el/x

According to Maclaurin’s theorem

2 3

f(x) = £(0)+ xf ’(0)+%f ”(O)+%f S (0) E—

Nowf'(x)ze_l/xz.x—i, £f(0)=

(o e 6 A2 )=
X X el/X" 6

£ (x) = e—l/xz'%_e—l/xz.z_j_e—l/xz %_i_e—l/xz 24 £7(0) = oo

b
X X X X5
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2
Hence f(x) becomes equal to infinity when we apply Maclaurin’s series to e VX for any

/x2

interval of x. Hence the Maclaurin’s expansion of e /X" is not valid in any interval.

Q.No.62.: Use Taylor’s theorem to expand f(x,y)= X2 + Xy + y in powers of (x —1)
and (y—2).

Sol.: Differentiating f(x,y)= x2 + Xy + y2 partially w.r.t. X and y, we get

fo=2x+y, fy=x+2y, f =1, fiu =2, fiy =2, fu =0, £, =0, fy= 0,

y Xy
fyyy =0.

The Taylor’s series expansion of f(x, y) in powers of (x —1) and (y—2) is
Ey) =12+ [(x = Dfy (1L2)+ (y - 2)F, (1,2)]+1,[(x — 1) (12)+ 2(x = 2)(y - 2)f 4y (1.2)
1
(2P by 02 L= 1P P 12143525~y (12

+3(x =1y = 2)7 Fyyx (12)+ (y = 2) £ (1,2)]+ .........
Here f(1,2) =7, fy(1,2) =4, f(1,2) = 5, fuy(1, 2) = 1, fyx = fyy = 2, efc.

Substituting these values
f(x,y)=7+4(x-1)+5(y-2)+ [2 (x -1 +2(x=1)(y = 2)+2(y=2)+2(y—2)* ]+0+ .......
Q.No.63.: Expand f(x,y) = eXer in Taylor’s series up to terms up to terms of second

degree in the form ag + b;x +b2y+clx2 +Co Xy +c3y2 o

(a). by direct use of Taylor’s theorem.
(b). by expanding "™ in a series of powers of x +y.
(¢). by multiplying together the separate expansion of e* and €.

Sol.: a. f=e*"Y, f, =e**Y, fy=e*™Y, fix =e*™, £y =e*Y, £, =e*Vetc.

Since the series in powers of x and y, the expansion is about (0, 0) (i.e. Maclaurin’s
series) so f =fy =1f, = fx =fyy =f,yat (0,0) = 1.
By Taylor’s theorem

2 2
+2xy +
ety =1+X+y+%+ .........

b. Expanding in powers of x +y
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oo 2 3
sty _ o (x+y)" (x+y) | (x+y)
=> B =1+(x+y)+ ot

€

n=0

¢. Term wise series multiplication

s[5 2[5 2)

a0 n! 0 n!
2 3 2 3
:(1+x+—+—'+ ......... J(1+y+y—+}]3—' ......... J
2 2
_ x Yy
=1+(x+y)+ > + Xy + > Foeene

Q.No.64.: Expand f(x,y) =eYIn(1 + x) in powers of x and y and verify the result by

direct expansion.

Sol.: f =eYIn(1+x)

f, =e¥ ! , fy=eYIn(l+x), f,, = ey, fox = i . fyy=eYIn(l+x),
1+x y Yo l4x (1+x)? yy
2e” —eY ey

Frxx =y Fypy =eVI(1+X), frgy =) Fyyy =

ex)y? Y Hnll+x). - foy +x)? " 7 1+x

Evaluating these derivatives at x =0, y =0,
f(0,0)=0, £(0,0)=1, f1(0,0)=0, fiy=1, fyy (0,0) =-1, f£(0,0)=0,
fXXX(O’ 0) = 2’ fyyy(o, 0) = 0’ fxxy (O,O) = _1 ’ fyyX(O’ 0) = 1

The Taylor’s series expansion up to third degree terms is

e¥In(l+x) =£(0,0)+ xf (0,0)+ yf, (0,0)+ % [x 2f . (0,0)+ 2xyfy (0,0)+ yzfyy (0,0)]

0,0)+y>f 0,0)]+ ........

yyy(

1
i 3 [X 3fXXx (0.0)+3x 2yfxxy (0,0)+ 3Xy2fy}’x (

:0+x.1+0+%[—x2 +2.lxy+0]+%[2x3 ~3x%y +3xy? +0]

2 3 2 2
x e xy 2L B
2 32 2

Verification by series multiplication:
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oo n
We know that e* = ) X—' and
o
2 3
In(1+x)= x—
3
2 3 2 3
SO eyma+x)=1+y+1—+z—= ......... x| x4 X
21 3! 2 3
Multiplication term by term up to third degree
2 3 2 2
eyma+x):x—§—+§—+xy—§—z+fl—+ .........
2 3 2 2

Q.No.65.: Find Taylor’s expansion of f(x,y)= cot ™! Xy in powers of (x + 0.5) and
(y —2) up to second degree terms. Hence compute f(—0.4, 2.2)

approximately.

Sol.: Here f(x,y)= cot ™! Xy

-y =X _ 2xy3 _ 2x3y
o 1+)(2y2 ’ T 1+ xzy2 for (1+X2y2)2 ’ fyy (1+x2y2)2 ’
o &2y2_1)

v (1+xzy2)2

. — . 1
Evaluating these derivatives at the point x = 5 y=2

f(x,y)= cot_l(x,y) at x = —%.y =2

f[—l.Zj = cot_l[—l.Zj = cot_1 (— 1) = 3_75
2 2 4

1
fo=-l fy=o fy=0, fi=-2, fyy=—0

1

Expanding cot™" xy in Taylor’s series in powers of (x + 0.5) and (y —2), we get

f(x,y)=cot ' xy =f(~0.52)+ (x + 0.5)f, (- 0.5,2)+ (y — 2)fy (-0.5)+ % [(x +0.5)°
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X F oy (2 0.5)+2(x +0.5)(y = 2)x f 1y (- 0.5.2)+ (y —2) £,y (- 0.5,2)]+ .........

3n y-2 1 2 1 2
=——x+05)+—+—| =-2(x+0.5)" ==y =2)" | +.........
% - (cr09)+ X 2 2 a0 1527
Put x =—0.4 and y = 2.2 to compute

cot[(~0.4),(2.2)] = (- 0.4,2.2) = %‘— (0.1)+%— (0.1)? —%(.2)2 =2.29369.

seeksk ckesleske skesksk skesleske sResksk
defesk ckskesk ek

ecleck

Home Assignments

Q.No.1.: Expand f(x,y)= x>+ y3 + xy2 in powers of (x —1) and (y —2) using Taylor’s

series.
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Ans.: 13+7(x =1)+16(y=2)+3(x =1)* +4(x 1)y =2)+ 7(y = 2)* + (x - 1)
+(x=1y-2)* +(y-2).
Q.No.2.: Obtain Taylor’s expansion of (1 +X— y)_1 in powers of (x—1) and (y—1).

Ans.: 1—x+y+x2—2xy+y2+ ..........

Q.No.3.: Expand cosx cosy in powers of x and y up to fourth degree terms.

Ans.: 1—%(}(2 + y2)+i(x4 +6x2y2 + y4)+ ..........

Q.No.4.: Obtain the expansion of ¢*¥ in powers of (x —1) and (y—1).

(X_1)2+(X_1)(y_1)+(y_1)2+ .......... :l

Ans.: e{1+(x—1)+(y—l)+ 5 5

Q.No.5.: Find the Taylor’s expansion of e* cosy about the pointx =1, y = g .

- 2
Ans: = 1+(x_1)_(y_ﬁj+ﬂ_(x_1)(y_2j_ﬂ+ ........... |

Q.No.6.: Find the Maclaurin’s expansion of e*In(l+y) up to terms of 34 degree.

2 2. .2 3
Ans.:y+xy—y—+(xy—xy)+y—+ ...........
2 2 3

Q.No.7.: Expand e® sinby about origin up to 34 degree term.

Ans.: (by + abxy)+é(3a2bx2y - b3y3 )+ .........

Q.No.8.: Find Taylor’s expansion x¥ about (1, 1).
Ans.: 1+ (x —1)+(x —1)(y—1)+%(x —1)2 F o

Xy + hk + hy + xk)

(
No.9.: E d
Q.No *pan (x+y+h+k)

in powers of h and k up to second degree terms.
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2

2 2 2 X

Ans.: —Y 4+ Y h4 ko YT p2, Y
Xy (x+yP  (x+y)?  (x+yP (x+y)° (x+y)

Q.No.10.:Calculate Inl(1.03)1/ 3 +(O.98)1/ 4—1] approximately by wusing Taylor’s

expansion up to first order terms.

Ans.: 0.005.
Q.No.11.: Compute tan_l(%j approximately.
Ans.: 0.6904.

Q.No.12.: Find Taylor’s expansion of /1+ x + y2 in powers of (x —1) and (y—0).

_ _1)2 2
Ans.: \/§|ZI+X41—(X 1) +YT+ .......... :l

32
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