
 

 

    

    

    

    

    

Introduction 

• Partial differentiation is the process of finding partial derivatives.  

Let u be a function of x and y i.e. u = f(x, y). 

• A partial derivative of several variables is the ordinary derivative with respect to 

one of the variables when all the remaining variables are held constant.  

• All the rules of differentiation applicable to function of a single independent 

variable are also applicable in partial differentiation with the only difference that 

while differentiating (partially) with respect to one variable, all the other 

variables are treated (temporarily) as constants. 

 

Differential Coefficient:  

If y is a function of only one independent variable, say x, then we can write  

y = f(x). 

Then, the rate of change of y  w.r.t.  x   i.e. the derivative of  y  w.r.t.  x  is defined as  
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where yδ  is the change or increment of y corresponding to the increment δx  of the 

independent variable x. 

 

 

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    
    

    

    

Partial DifferentiationPartial DifferentiationPartial DifferentiationPartial Differentiation    

(Partial Differential Coefficient) 

Prepared by 
 

 

 

 

Dr. Sunil 

NIT Hamirpur (HP) 



Partial Differentiation: Partial Differential Coefficient                

 Visit: https://www.sites.google.com/site/hub2education/ 

 

2

Partial Differential Coefficient:  

Let u  be a function of  x  and  y  i.e.  u = f(x, y). 

Then the partial differential coefficient of  u  (i.e. f(x, y)  w.r.t. x (keeping y as constant) is 

defined and written as  
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Similarly, the partial differential coefficient of u  (i.e. f(x, y)  w.r.t.  y (keeping x as 

constant) is defined and written as  
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Notation:  
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Geometrical Interpretation of partial derivatives:  

(Geometrical interpretation of a partial derivative of a function of two variables) 

)y,x(fz =  represents the equation of surface in xyz-coordinate system. Let APB  

be the curve, which is drawn on a plane through any point P on the surface parallel to the 

xz-plane.  

As point P moves along the curve APB, its coordinates z and x vary while y remains 

constant. The slope of the tangent line at P to APB represents the ‘rate at which z changes 

w.r.t.  x’. 

 

 

 

 

 

 

 

                                   Figure 1                                                                 Figure 2  

Thus  α=
∂

∂
tan

x

z
 = slope of the curve APB at the point P (see fig.1). 

Similarly,  β=
∂

∂
tan

y

z
 = slope of the curve CPD at the point P (see fig.2). 

Higher Order Parallel Derivatives: 

Partial derivatives of higher order, of a function f(x, y, z) are calculated by 

successive differentiate. Thus, if u = f(x, y, z) then 
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The partial derivative 
x
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 obtained by differentiating once in known as first order partial 

derivative, while 
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i.e. the order of differentiation is immaterial if the derivatives involved are continuous. 

Note 2: In the subscript notation, the subscript are written in the same order in which 

differentiation is carried out, while in ''∂  notation the order is opposite, for example 
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Note 3: A function of 2 variables has two first order derivatives, four second order 

derivatives and 2
nd

 of n
th

 order derivatives. A function of m independent variables will have 

m
n
 derivatives of order n. 

 

Now let us solve some problems related to the above-mentioned topics: 
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Q.No.2.: If  ( ) ( )ayxayxfu −φ++= , then prove that 
2

2
2

2

2

x

u
.a

y

u

∂

∂
=

∂

∂
. 

Sol.: Here ( ) ( )ayxayxfu −φ++= . 

( ) ( )ayxayxf
x

u
−φ′++′=

∂

∂
∴  and ( ) ( )ayxayxf

x

u
2

2

−φ ′′++′′=
∂

∂
 

Also ( )( ) ( )( )aayxaayxf
y

u
−−φ′++′=

∂

∂
 

 and ( )( ) ( )( )
2

22

2

u
f x ay a x ay a .

y

∂
′′ ′′= + + ϕ − −

∂
 

( ) ( ) ( )[ ]
2

2
22

2

2

x

u
.aayxayxfa

y

u

∂

∂
=−φ ′′++′′=

∂

∂
.  

2

2
2

2

2

x

u
.a

y

u

∂

∂
=

∂

∂
⇒ . 

This completes the proof. 

Q.No.3: Show that 
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Sol.: Now
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From (i) and (ii) given limit is zero as  ( ) ( )0 ,0y ,x →  separately. 

But from (iii) limit is not zero, but is different for different values of m. 

Hence the given limit does not exist. 
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From (i) and (ii) given limit is zero as  ( ) ( )0 ,0y ,x →  separately. 

But from (iii) limit is not zero, but is different for different values of m. 

Hence the given limit does not exist. 
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Partial Differentiation: Partial Differential Coefficient                

 Visit: https://www.sites.google.com/site/hub2education/ 

 

7

( ) ( ) 22

22

0,0y,x xy

xy
Lim

−

+
∴

→
=

222

222

0x xxm

x.xm
Lim

−

+

→
=

1m

1m
1Lim

1m

1m

x

x
Lim

1m

1m
2

2

0x2

2

2

2

0x2

2

−

+
=

−

+
=

−

+

→→
. Ans. 

Q.No.6.: If 
r

1
u =  , where 

2222 zyxr ++= . Show that 0
z

u

y

u

x

u
2

2

2

2

2

2

=
∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Since 
2222 zyxr ++= .  

Differential partially w. r. t. x , we get x2
x

r
r2 =

∂

∂

r

x

x

r
=

∂

∂
⇒ . 

Now here 
r

1
u =  ,  

Differential partially w. r. t. x , we get   
322 r

x

r

x
.

r

1

x

r

r

1

x

u
−=−=

∂

∂
−=

∂

∂
. 

35

2

6

23

6

2
23

6

23

2

2

r

1

r

x3

r

rx3r

r

r

x
.r3r

r

x

r
.r3.x1.r

x

u
−=

−
−=

−
−=∂

∂
−

−=
∂

∂
∴             ...(i) 

Similarly,  
35

2

2

2

r

1

r

y3

y

u
−=

∂

∂
                                                                           ...(ii),      

   
35

2

2

2

r

1

r

z3

z

u
−=

∂

∂
                                                                                          ...(iii) 

Adding (i), (ii) and (iii), we get  

[ ] 0
r

3

r

3

r

3
r.

r

3

r

3
zyx

r

3

z

u

y

u

x

u
333

2

53

222

52

2

2

2

2

2

=−=−=−++=
∂

∂
+

∂

∂
+

∂

∂
. 

This completes the proof. 
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               (iii)  
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( )ysinxxsiny

ysinxcosy

x

u

+

+
=

∂

∂
.                                                                                             ....(ii) 

Differentiate (ii) partially w. r. t. y, we get 

( )( ) ( )( )
( )2

2

ysinxxsiny

ycosxxsinysinxcosyycosxcosysinxxsiny

x

u

yxy

u

+

++−++
=









∂

∂

∂

∂
=

∂∂

∂
.  (iii) 

 Differentiate (i) partially w. r. t. y, we get 

( )
( )ysinxxsiny

ycosxxsin

y

u

+

+
=

∂

∂
.                                                                                               (iv) 

Differentiate (iv) partially w. r. t. x, we get 

( )( ) ( )( )
( )2

2

ysinxxsiny

ysinxcosyycosxxsinycosxcosysinxxsiny

y

u

xyx

u

+

++−++
=









∂

∂

∂

∂
=

∂∂

∂
.   (v)  

Hence from (iii) and (v), we get  
xy

u

yx

u
22

∂∂

∂
=

∂∂

∂
.  

This completes the proof. 

(ii) Here 












 +
=

xy

yx
logu

22

.                                                                                        ...(i) 

Differentiate (i) partially w. r. t. x, we get 

( ) ( )
( ) ( )22

2232

222

22

22 yxx

yx

xy

yyx
.

yx

1

xy

yyxx2xy
.

xy

yx

1

x

u

+

−
=

−

+
=

+−

+
=

∂

∂
.                          (ii) 

Differentiate (ii) partially w. r. t. y, we get 

( )( ) ( )( )

( ) ( ) ( )222223

3

223

22232

yx

xy4

xyx

yx4

xyx

xy2yxy2xyx

x

u

yxy

u

+
−=

+
−=

+

−−−+
=









∂

∂

∂

∂
=

∂∂

∂
.   (iii) 

 Differentiate (i) partially w. r. t. y, we get 
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( ) ( )
( ) ( )22

2232

222

22

22 yxy

xy

xy

xxy
.

yx

1

xy

xyxy2xy
.

xy

yx

1

y

u

+

−
=

−

+
=

+−

+
=

∂

∂
.                         (iv) 

Differentiate (iv) partially w. r. t. x, we get 

( )( ) ( )( )

( ) ( ) ( )222232

3

232

22322

yx

xy4

yyx

xy4

yyx

xy2xyx2yyx

y

u

xyx

u

+
−=

+
−=

+

−−−+
=









∂

∂

∂

∂
=

∂∂

∂
.  ..(v) 

Hence from (iii) and (v), we get  
xy

u

yx

u 22

∂∂

∂
=

∂∂

∂
. 

This completes the proof. 

(iii) Here 







=

y

x
tanlogu .                                                                                              ....(i) 

Differentiate (i) partially w. r. t. x, we get 

y

x
tany

y

x
sec

y

1
.

y

x
sec.

y

x
tan

1

x

u

2

2 ==
∂

∂
.                                                                                  ....(ii) 

Differentiate (ii) partially w. r. t. y, we get 

y

x
tany

y

x
tany

y
.

y

x
sec

y

x
sec

y
.

y

x
tany

x

u

yxy

u

22

22
2 









∂

∂
−








∂

∂

=








∂

∂

∂

∂
=

∂∂

∂
                        

                           

y

x
tany

y

x
tan

y

x
secx3

y

x
tan

y

x
secx

23

222 −

= .                                                    (iii) 

 Differentiate (i) partially w. r. t. y, we get 

y

x
tan

y

x
sec

.
y

x

y

x
.

y

x
sec.

y

x
tan

1

y

u

2

22

2 −=












−=

∂

∂
.                                                                    (iv) 

Differentiate (iv) partially w. r. t. y, we get 
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y

x
tany

y

x
tany

y
.

y

x
secx

y

x
secx

x
.

y

x
tany

y

u

xyx

u

24

2222
2 









∂

∂
−








∂

∂

−=








∂

∂

∂

∂
=

∂∂

∂
 

                          

y

x
tany

y

x
tan

y

x
secx3

y

x
tan

y

x
secx

23

222 −

= .                                                       (v) 

Hence from (iii) and (v), we get  
xy

u

yx

u 22

∂∂

∂
=

∂∂

∂
.  

This completes the proof. 

(iv) Here 







−







= −−

y

x
tany

x

y
tanxu 1212 .                                                                  (i) 

Differentiate (i) partially w. r. t. x, we get 






























+

−+







−

+

=
∂

∂ −

y

1

y

x
1

1
.y

x

y
tanx2

x

y
.

x

y
1

1
x

x

u

2

2

21

2

2

2

2  

     y
x

y
tanx2

yx

yyx

x

y
tanx2

yx

y

x

y
tanx2

yx

yx 1

22

32
1

22

3
1

22

2

−=
+

+
−=

+
−+

+
−= −−− .         (ii) 

Differentiate (ii) partially w. r. t. y, we get 

22

22

22

222

22

2

2

2

2

yx

yx

yx

yxx2
1

yx

x2
1

x

1

x

y
1

1
.x2

x

u

yxy

u

+

−
=

+

−−
=−

+
=−









+

=








∂

∂

∂

∂
=

∂∂

∂
           (iii) 

Differentiate (i) partially w. r. t. y, we get 


































−

+

+−

+

=
∂

∂ −
2

2

2

21

2

2

2

y

x

y

x
1

1
.y

y

x
tany2

x

1
.

x

y
1

1
x

y

u
.                                                 

( )
y

x
tany2

yx

yxx

y

x
tany2

yx

xyx

yx

xy

y

x
tany2

yx

x 1

22

22
1

22

23

22

2
1

22

3
−−− −

+

+
=−

+

+
=

+
+−

+
=  
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y

x
tany2x

y

u 1−−=
∂

∂
∴ .                                                                                                     (iv) 

Differentiate (iv) partially w. r. t. x, we get 

22

22

22

2

2

2

1
2

yx

yx

yx

y2
1

y

1
.

y

x
1

1
y21

y

x
tany2x

xy

u

xyx

u

+

−
=

+
−=

+

−=







−

∂

∂
=









∂

∂

∂

∂
=

∂∂

∂ −
.       (v) 

 Hence from (iii) and (v), we get  
xy

u

yx

u 22

∂∂

∂
=

∂∂

∂
. 

 This completes the proof. 

Q.No.10:If  ( )xyz3zyxlogu 333 −++= , show that 
( )2

2

zyx

9
u

zyx ++

−
=









∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Since 








∂

∂
+

∂

∂
+

∂

∂









∂

∂
+

∂

∂
+

∂

∂
=









∂

∂
+

∂

∂
+

∂

∂

z

u

y

u

x

u

zyx
u

zyx

2

. 

Here ( )333 zyxlogu ++= .                                                                                                .(i) 

Differentiate (i) partially w. r. t. x ,y  and z  separately, we get  

( )
xyz3zyx

yzx3

x

u
333

2

−++

−
=

∂

∂
,  

( )
xyz3zyx

xzy3

y

u
333

2

−++

−
=

∂

∂
 and  

( )
xyz3zyx

xyz3

z

u
333

2

−++

−
=

∂

∂
, 

( )
( ) ( )zyx

3

xyz3zyx

zxyzxyzyx3

z

u

y

u

x

u
333

222

++
=

−++

−−−++
=









∂

∂
+

∂

∂
+

∂

∂
∴ . 

Hence 








++∂

∂
+








++∂

∂
+








++∂

∂
=









++








∂

∂
+

∂

∂
+

∂

∂

zyx

3

zzyx

3

yzyx

3

xzyx

3

zyx
 

                                                       
( ) ( ) ( )222

zyx

3

zyx

3

zyx

3

++

−
+

++

−
+

++

−
=  

                                                       
( )2zyx

9

++

−
= . 

 Hence    
( )2

2

zyx

9
u

zyx ++

−
=









∂

∂
+

∂

∂
+

∂

∂
. 

 This completes the proof. 
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Q.No.11: If 
xyzeu =  , show that  ( ) xyz222

3

ezyxxyz31
zyx

u
++=

∂∂∂

∂
. 

Sol.: Here 
xyzeu =  . Now ( ) xyee

zz

u xyzxyz =
∂

∂
=

∂

∂
. 

[ ] ( ) ( ) xyz2xyzxyz2xyzxyzxyz
2

exyzxxeyzexxexzexyxye
yz

u

yzy

u
+=+=+=

∂

∂
=









∂

∂

∂

∂
=

∂∂

∂
∴  

And hence ( )[ ] [ ] [ ] yzexyzxe1xyz2exyzx
xzy

u

xzyx

u xyz2xyzxyz2
23

+++=+
∂

∂
=













∂∂

∂

∂

∂
=

∂∂∂

∂
  

                               [ ] [ ] xyz222xyz222 e1xyz3zyxexyzzyx1xyz2 ++=+++= .  

This completes the proof. 

Q.No.12: If ( ) 2/12yxy21zu
−

+−== , prove that 

                (i) 32zy
y

z
y

x

z
x =

∂

∂
−

∂

∂
 , (ii) ( ) 0

y

u
y

yx

u
x1

x

22 =








∂

∂

∂

∂
+









∂

∂
−

∂

∂
. 

Sol.: (i) Here ( ) 2/12yxy21z
−

+−= .                                                                            ....(i) 

Differentiate (i) partially w. r. t. x and y separately, we get  

( ) ( ) ( ) 2/322/32 yxy21yy2yxy21
2

1

x

z −−
+−=−+−−=

∂

∂
. 

and ( ) ( ) ( )( ) 2/322/32 yxy21yxy2x2yxy21
2

1

y

z −−
+−−=+−+−−=

∂

∂
. 

Hence ( ) ( )( ) 




 +−−−




 +−=
∂

∂
−

∂

∂ −− 2/322/32 yxy21yxyyxy21yx
y

z
y

x

z
x   

                              ( ) [ ] 3222/32 zyyxyxyyxy21 =+−+−=
−

. 

This completes the proof. 

(ii)  To show: ( )∂

∂

∂

∂

∂

∂

∂

∂x
x

u

x y
y

u

y
1 02 2−







+









 = . 

Here ( ) 2/12yxy21u
−

+−= .                                                                                           ....(i) 

Differentiate (i) partially w. r. t. x and y separately, we get  

( ) 2/32yxy21y
x

u −
+−=

∂

∂
 and ( )( ) 2/32yxy21yx

y

u −
+−−=

∂

∂
. 
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Now ( ) ( ) ( ) 




 +−−
∂

∂
=









∂

∂
−

∂

∂ − 2/3222 yxy21yx1
xx

u
x1

x
 

( ) ( ) ( ) ( )







−

∂

∂
+−++−

∂

∂
−=

−− 22/322/322 x1
x

yxy21yxy21
x

x1y

( ) ( ) ( ) ( ) ( )







−+−+−+−








−−=

−−
x2yxy21y2yxy21

2

3
x1y

2/322/522  

( )
( ) ( ) 














+−
−

+−

−
=

2/322/52

2

yxy21

x2

yxy21

x1y3
y

( ) 













+−

−+−−
=

2/52

222

yxy21

xy2yx4x2yx3y3
y  

( ) ( )
( ) 2/52

22
2

yxy21

xy2yxx2y3y

x

u
x1

x +−

−+−
=









∂

∂
−

∂

∂
∴ . 

Again ( )( ) 




 +−−
∂

∂
=









∂

∂

∂

∂ − 2/3222 yxy21yxy
yy

u
y

y
 

( )( ) 2/3232 yxy21yxy
y

−
+−−

∂

∂
=  

( ) ( ) ( ) ( ) ( )y2x2yxy21
2

3
yxyy3xy2yxy21

2/523222/32 +−+−







−−+−+−=

−−

( )
( )( )

( ) 2/52

32

2/32

2

yxy21

yxyxy3

yxy21

y3xy2

+−

−−
+

+−

−
=

( )( ) ( )( )

( ) 2/52

3222

yxy21

yxyxy3yxy21y3xy2

+−

−−++−−
=

( ) 2/52

4322432322

yxy21

y3xy6xy3y3xy6y3xy2yx4xy2

+−

+−+−+−+−
=  

( ) 2/52

3222

yxy21

xy2yxy3xy2

+−

+−−
=

( )
( ) 2/52

22

yxy21

xy2yxx2y3y

+−

−+−−
=  

or ( ) 








∂

∂
−

∂

∂
−=









∂

∂

∂

∂

x

u
x1

xy

u
y

y

22 . 

Hence ( ) 0
y

u
y

yx

u
x1

x

22 =








∂

∂

∂

∂
+









∂

∂
−

∂

∂
. 

This completes the proof . 

Q.No.13: If 














++
= −

22

1

yx1

xy
tanu , prove that ( ) 2/322

2

yx1
yx

u −
++=

∂∂

∂
. 
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Sol.: Here 














++
= −

22

1

yx1

xy
tanu .                                                                             ...(i) 

Differentiate (i) partially w. r. t. y, we get  

( )













++∂

∂
=

∂

∂ −

22

1

yx1

xy
tan

yy

z
 

( )22

22

22

22

22 yx1

y2.
yx12

1
.xyx.yx1

.

yx1

yx
1

1

++

++
−++

++
+

=  

( ) ( )
( ) ( ) 222222

223

2222

222

2222

22

yx1yxyx1

xyxyxx

yx1yx1

xyyx1x
.

yxyx1

yx1

+++++

−++
=

++++

−++

+++

++
=  

( )
( )

( ) ( ){ } 22222

2

222222

3

yx1x1yx1

x1x

yx1yxyx1

xx

+++++

+
=

+++++

+
=  

( ) 222 yx1y1

x

+++
= .                                                                                                  ...(ii) 

Differentiate (ii) partially w. r. t. x ,we get 

( ) 













+++∂

∂
=









∂

∂

∂

∂
=

∂∂

∂

222

2

yx1y1

x

xy

z

xyx

z
 

( ) ( )

( ) ( )
( )( ) ( )

( ) ( ) 222222

22222

2222

22

2222

yx1yx1y1

y1xy1yx1

yx1y1

yx12

x2
.y1x1.y1yx1

+++++

+−+++
=

+++













++
+−+++

=  

( )( )
( ) ( )

( )
( ) ( ) ( ) 2/3222/32222

22

2/32222

2222

yx1

1

yx1y1

y1

yx1y1

xyx1y1

++
=

+++

+
=

+++

−+++
= . 

Hence 

( ) 2/322

2

yx1

1

yx

z

++
=

∂∂

∂
.  

 This completes the proof. 

Q.No.14: If 0yx4tz 222 =+−+  and 0y3x2tz 333 =+−+ ;  
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                 Evaluate 
x

z

∂

∂
 and 

x

t

∂

∂
.  

Sol.: Here 0yx4tz 222 =+−+  and 0y3x2tz 333 =+−+ . 

Differentiate partially the given equations w. r. t. x, considering z and t as function of 

x, we get 

04
x

t
t2

x

z
z2 =−

∂

∂
+

∂

∂
 

 and 0x6
x

t
t3

x

z
z3 222 =−−

∂

∂
+

∂

∂
. 

Solve these equations simultaneously for  
x

z

∂

∂
 and 

x

t

∂

∂
. 

( ) 222222 tz6zt6

1

zx12z12

x

t

t.3.4x6.t2

x

z

−
=

+−

∂

∂

=
+−

∂

∂

.

( ) ( ) ( )zttz6

1

zxz12

x

t

xtt12

x

z

22 −
=

−

∂

∂

=
−

∂

∂

⇒ . 

Considering ( ) ( )zttz6

1

xtt12

x

z

2 −
=

−

∂

∂

 and ( ) ( )zttz6

1

zxz12

x

t

2 −
=

−

∂

∂

. 

We get  
( )
( )

( )
( )tzz

tx2

zttz6

xtt12

x

z 22

−

−
=

−

−
=

∂

∂
 and 

( )
( )

( )
( )ztt

zx2

zttz6

zxz12

x

t 22

−

−
=

−

−
=

∂

∂
 . Ans. 

Q.No.15: If 
y

ke
u

ya4

x

2

2−

= , then prove that 
2

2
2

x

u
a

y

u

∂

∂
=

∂

∂
 . 

Sol.: Here 
y

ke
u

ya4

x

2

2−

= , then ya4

x

2/322

2
ya4

x

2

2

2

2

e.
y2

1
k

ya4

x
e.

y

k

y

u
−−











−+














=

∂

∂
 

                                                     











−=

−

2/32/52

2
ya4

x

y2

1

ya4

x
ke

2

2

 . 
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Also ya4

x

2/322

ya4

x

2

2

2

2

e
ya2

kx

ya4

x2
e

y

k

x

u
−−

−=








 −
=

∂

∂
 

and 











−=













 −
−−=

∂

∂
∴

−−−

2/322/54

2
ya4

x

2

ya4

x

2/32

ya4

x

2/322

2

ya2

1

ya4

x
ke

ya4

x2
e.

ya2

kx
e.

ya2

k

x

u 2

2

2

2

2

2

 

y

u

a

1

x

u
22

2

∂

∂
=

∂

∂
⇒ , hence 

2

2
2

x

u
a

y

u

∂

∂
=

∂

∂
 . 

 This completes the proof. 

Q.No.16: If t4

r

n

2

et
−

=θ , find what value of n will make 
tr

r
rr

1 2

2 ∂

∂θ
=









∂

∂θ

∂

∂
. 

Sol.: Here t4

r

n

2

et
−

=θ .                                                                                                   ....(i) 

Differentiate (i) partially w. r. t. r, we get  

t4

r

1nt4

r

nt4

r

nt4

r

n

2222

e.rt
2

1

t4

r2
e.te

r
.tet

rr

−
−

−−−
−=








−=

















∂

∂
=

















∂

∂
=

∂

∂θ
. 

t4

r

31n2

2

e.rt
2

1

r
r

−
−−=

∂

∂θ
.                                                                                                  ...(ii) 

Differentiate (ii) partially w. r. t. r, we get 

















∂

∂
−=

















−
∂

∂
=









∂

∂θ

∂

∂ −−−
− t4

r

3
1n

t4

r

31n2

22

er
r2

t
ert

2

1

rr
r

r
 

                  






























−−=

























−+−=

−−−−−
t4

r4
2

1n
t4

r

3t4

r

2
1n

222

e
t2

r
r3

2

t

t4

r2
e.re.r3

2

t
 






























−−=









∂

∂θ

∂

∂
∴

−−
t4

r4
2

2

1n
2

2

2

e
t2

r
r3

r2

t

r
r

rr

1
                                                                  ...(iii) 

Now 











+=+














=

















∂

∂
=

∂

∂θ −−
−−

−
−−

1n2n
2

t4

r

t4

r

1n

2

2
t4

r

nt4

r

n
ntt

4

r
ee.nt

t4

r
e.tet

tt

2222
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
























+= −

−
n

t4

r
te

2
1nt4

r2

 .                                                                                    ...(iv) 

But 
tr

r
rr

1 2

2 ∂

∂θ
=









∂

∂θ

∂

∂
 =






























−−⇒

−−
t4

r4
2

2

1n
2

e
t2

r
r3

r2

t


























+−

−
n

t4

r
te

2
1nt4

r2

  

=

























−−⇒

t2

r
r3

r2

1 4
2

2

























+ n

t4

r2

. =

























−−⇒

t2

r
3

2

1 2


























+ n

t4

r2

  

n
2

3
=−⇒ . Hence

2

3
n −= . Ans. 

Q.No.17: If ( )gxntsinAeu gx −= −
, where A , g , n are positive constants, satisfies the  

                heat conduction equation 
2

2

x

u

t

u

∂

∂
µ=

∂

∂
, then prove that 

µ
=

2

n
g . 

or 

The equation 
2

2

x

u

t

u

∂

∂
µ=

∂

∂
 refers to the conduction of heat along a bar without radiation, 

show that if ( )u Ae nt gx
gx= −−

sin , where A , g , n are positive constants then g
n

=
2µ

. 

Sol.: Here ( )gxntsinAeu gx −= −
,we have ( )ngxntcosAe

t

u gx −=
∂

∂ − . 

Also ( ) ( ) ( )( )[ ]ggxntcosegxntsingeA
x

u gxgx −−+−−=
∂

∂ −−  

              ( ) ( ) ( )[ ]gxntcosegxntsinegA gxgx −+−−= −−
 

              ( ) ( )[ ]gxntcosgxntsinAge gx −+−−= −
 

and ( )( ) ( )( ){ }[ ggxntsinggxntcoseAg
x

u gx

2

2

−−−−−−=
∂

∂ −
 

                         ( ) ( ){ } ( )]gegxntcosgxntsin gx −−+−+ −
 

              ( ) ( ) ( ) ( ) ( )[ ]gxntcosgxntsingxntsingxntcosgAge gx −+−+−−−−−= −
 

              ( ) ( )[ ] ( )gxntcoseAg2gxntcos2gAge gx2gx −=−−−= −−
. 
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Also given 
2

2

x

u

t

u

∂

∂
µ=

∂

∂
 ( ) ( )gxntcoseAg2ngxntcosAe gx2gx −µ=−⇒ −−

 

                                       
µ

=⇒
2

n
g

2
 . Hence 

µ
=∴

2

n
g .  

 This completes the proof. 

 

Q.No.18: (a) Show that at the point for surface .constzyx zyx = , where x = y = z     

                   
)exlog(x

1

yx

z2 −
=

∂∂

∂
. 

                  (b) If 
xyzeu =  ; find the value of 

zyx

u3

∂∂∂

∂
 . 

Sol.: (a) Given .constzyx zyx = , where x = y = z. 

Taking log both sides, we get      

clogzlogzylogyxlogx =++  

Differentiating  z  partially w. r. t. x [keeping y as constant] , we get  

( ) ( ) 0
x

z
zlog1xlog1 =

∂

∂
+++  

zlog1

xlog1

x

z

+

+
−=

∂

∂
⇒ .  Similarly, 

zlog1

ylog1

y

z

+

+
−=

∂

∂
. 

Now 








+

+
−×









+

+
−

∂

∂
=

∂

∂









∂

∂

∂

∂
=









∂

∂

∂

∂
=

∂∂

∂

zlog1

ylog1

zlog1

xlog1

zy

z

x

z

zx

z

yyx

z2

 

                   

( ) ( )

( )
( )( )

( )32
zlog1

ylog1xlog1

z

1

zlog1

ylog1

zlog1

z

1
xlog10.zlog1

+

++
−=









+

+
×

+

+−+
=     

Since x = y = z,  

( )
( ) ( ) ( ) )exlog(x

1

xlogelogx

1

xlog1x

1

xlog1

xlog1

x

1

yx

z
3

22 −
=

+

−
=

+
−=

+

+
−=

∂∂

∂
∴ . 

Hence 
)exlog(x

1

yx

z2 −
=

∂∂

∂
. This completes the proof. 

(b) Here 
xyzeu =  . 

 Now ( ) xyee
zz

u xyzxyz =
∂

∂
=

∂

∂
. 
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[ ] ( ) ( ) xyz2xyzxyz2xyzxyzxyz
2

exyzxxeyzexxexzexyxye
yz

u

yzy

u
+=+=+=

∂

∂
=









∂

∂

∂

∂
=

∂∂

∂
∴  

And hence ( )[ ] [ ] [ ] yzexyzxe1xyz2exyzx
xzy

u

xzyx

u xyz2xyzxyz2
23

+++=+
∂

∂
=













∂∂

∂

∂

∂
=

∂∂∂

∂
                               

[ ] [ ] xyz222xyz222 e1xyz3zyxexyzzyx1xyz2 ++=+++= . Ans. 

Q.No.19: If ( ) ( )yxygyxxfz +++= , show that 0
y

z

yx

z
2

x

z
2

22

2

2

=
∂

∂
+

∂∂

∂
−

∂

∂
. 

Sol.: Since ( ) ( )yxygyxxfz +++= .                                                                             ...(i) 

( ) ( ) ( )yxygyxfyxxf
x

z // +++++=
∂

∂
∴  . 

and   ( ) ( ) ( ) ( )yxygyxfyxxfyxf
x

z //////

2

2

+++++++=
∂

∂
∴ .                                     ...(ii) 

Also    ( ) ( ) ( )yxgyxygyxxf
y

z // +++++=
∂

∂
. 

and ( ) ( ) ( ) ( )yxgyxgyxygyxxf
y

z //////

2

2

+++++++=
∂

∂
∴ .                                     ...(iii) 

Now since ( ) ( ) ( )yxygyxfyxxf
x

z // +++++=
∂

∂
. 

( ) ( ) ( ) ( )yxygyxgyxfyxxf
yx

z //////
2

+++++++=
∂∂

∂
∴ .                                          ...(iv) 

Putting these values in  
2

22

2

2

y

z

yx

z
2

x

z

∂

∂
+

∂∂

∂
−

∂

∂
, we get  

0
y

z

yx

z
2

x

z
2

22

2

2

=
∂

∂
+

∂∂

∂
−

∂

∂
. This completes the proof. 

Q.No.20: If 
y

x

x

z

z

y
u ++= , then show that 0

z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Since u
y

z

z

x

x

y
= + + .                                                                                              ...(i) 

Differentiate (i) partially w. r. t. x, y and z separately, we get  
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  







−=

∂

∂
2x

z

y

1

x

u
,  










−=

∂

∂
2y

x

z

1

y

u
 and  








−=

∂

∂
2

z

y

x

1

z

u
. 

Hence  0
z

y

x

1
z

y

x

z

1
y

x

z

y

1
x

z

u
z

y

u
y

x

u
x

222
=








−+










−+








−=

∂

∂
+

∂

∂
+

∂

∂
.  

This completes the proof. 

Q.No.21: If ( )byaxeu byax −φ= +
 , then prove that abu2

y

u
a

x

u
b =

∂

∂
+

∂

∂
. 

Sol.: Since ( )byaxeu byax −φ= +
.                                                                                  ....(i) 

Differentiate (i) partially w. r. t. x and y separately, we get  

( ) ( )abyax.ebyax.ae
x

u /byaxbyax −φ+−φ=
∂

∂ ++  , 

and ( ) ( )( )bbyax.ebyax.be
y

u /byaxbyax −−φ+−φ=
∂

∂ ++   

Now ( ) abu2byaxabe2
y

u
a

x

u
b

byax =−φ=
∂

∂
+

∂

∂ + . 

This completes the proof. 

Q.No.22: If θ= cosrx , θ= sinry , then show that  

               (i) 
x

r

r

x

∂

∂
=

∂

∂
,   (ii) 

∂θ

∂
=

∂

∂θ x

r

1

x
r . 

Sol.: (i)  Given θ= cosrx , θ= sinry  
222 ryx =+⇒                                              ......(i) 

Differentiating (i) w. r. t. x partially (keeping y as constant), we get 

x

r
r20x2

∂

∂
=+  θ==

∂

∂
⇒ cosrx

x

r
r  θ=

∂

∂
⇒ cos

x

r
                                                  ......(ii) 

Also since θ= cosrx  θ=
∂

∂
⇒ cos

r

x
.                                                                         ....(iii) 

Comparing (ii) and (iii) ,we get 
x

r

r

x

∂

∂
=

∂

∂
. Ans. 

This completes the proof. 

(ii) To show : 
∂θ

∂
=

∂

∂θ x

r

1

x
r . 



Partial Differentiation: Partial Differential Coefficient                

 Visit: https://www.sites.google.com/site/hub2education/ 

 

22 

Now since θ= cosrx , θ= sinry  
x

y
tan =θ⇒  

x

y
tan 1−=θ⇒  

222

2

2 yx

y

x

y
.

x

y
1

1

x +

−
=







 −

+

=
∂

∂θ
∴ . 

Now 
r

y

r

y
.r

yx

y
.r

x
r

222

−
=







 −
=











+

−
=

∂

∂θ
.                                                                     ...(i) 

since x r= cosθ  ∴ = −
∂

∂θ
θ

x
r sin  ⇒ = − = −

1

r

x y

r

∂

∂θ
θsin .                                        .....(ii) 

Comparing (i) and (ii) ,we get  
∂θ

∂
=

∂

∂θ x

r

1

x
r . This completes the proof. 

Q.No.23: If  θ= cosrx , θ= sinry , prove that  

                (i)  























∂

∂
+









∂

∂
=

∂

∂
+

∂

∂
22

2

2

2

2

y

r

x

r

r

1

y

r

x

r
 

                (ii)  0
yx 2

2

2

2

=
∂

θ∂
+

∂

θ∂
    ( )0y,0x ≠≠  

Sol.: (i)  Given x r= cosθ , y r= sinθ . 

[By looking at the answer we find that we need partial derivative of r w. r. t. x and y. 

Therefore, let us express r as an explicit function of x and y] 

Squaring and adding θ= cosrx , θ= sinry ; we find that 

222 yxr +=       i.e.   22 yxr += .                                                                              ...(i) 

Differentiating (i) w. r. t. x partially (keeping y as constant), we get 

( ) ( )
r

x

yx

x
x.yxx2.yx

2

1

x

r

22

2/1222/122 =
+

=+=+=
∂

∂ −−
.                                       ...(ii) 

Similarly, differentiating (i) w. r. t. y partially (keeping x as constant), we get 

( ) ( )
r

y

yx

y
y.yxy2.yx

2

1

y

r

22

2/1222/122 =
+

=+=+=
∂

∂ −−
.                                         .(iii)    

Again differentiating(ii) w. r. t. x partially (keeping y as constant), we get 
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( ) ( )

3

2

3

22

2222

2

r

y

r

xr

r

r

x
.xr

r

x

r
xr

r

r
x

xx
x

r

r

x

xx

r
=

−
=

−
=∂

∂
−

=∂

∂
−

∂

∂

=








∂

∂
=

∂

∂
. 

Again differentiating(iii) w. r. t. y partially (keeping x as constant), we get 

( ) ( )

3

2

3

22

2222

2

r

x

r

yr

r

r

y
.yr

r

y

r
yr

r

r
y

yy
y

r

r

y

xy

r
=

−
=

−
=

∂

∂
−

=
∂

∂
−

∂

∂

=








∂

∂
=

∂

∂
. 

L.H.S.=
r

1

r

r

r

yx

r

x

r

y

y

r

x

r
3

2

3

22

3

2

3

2

2

2

2

2

==
+

=+=
∂

∂
+

∂

∂
. 

R.H.S.=
r

1

r

r

r

1

r

yx

r

1

r

y

r

x

r

1

y

r

x

r

r

1
2

2

2

22

2

2

2

222

=











=











 +
=












+=
























∂

∂
+









∂

∂
. 

∴ =L H R H. .S. . .S.  This completes the proof. 

(ii) It is given that θ= cosrx , θ= sinry . Dividing ,we get 
x

y
tan =θ  

x

y
tan 1−=θ∴  .                                                                                                                ...(i) 

Differentiating (i) w. r. t. x partially (keeping y as constant), we get 

222

2

2

2

2

1

yx

y

x

y

x

y
1

1

x

y

x

x

y
1

1

x

y
tan

xx +
−=








−

+

=








∂

∂

+

=
∂

∂
=

∂

∂θ − .                                 ...(ii) 

Again differentiating (ii) w. r. t. x partially (keeping y as constant), we get 

( )( ) ( )

( ) ( )222222

22

222

2

yx

xy2

yx

x2.y0yx

yx

y

xx +
=

+

−−+
=











+
−

∂

∂
=

∂

θ∂
.                                    ...(iii) 

Differentiating (i) w. r. t. y partially (keeping x as constant), we get 

22

2

2

2

2

1

yx

x

x

1

x

y
1

1

x

y

y

x

y
1

1

x

y
tan

yy +
=









+

=








∂

∂

+

=
∂

∂
=

∂

∂θ − .                                        ...(iv) 

Again differentiating (iv) w. r. t. y  partially (keeping x as constant), we get 

( )( ) ( )

( ) ( )222222

22

222

2

yx

xy2

yx

y2.x0yx

yx

x

yy +
−=

+

−+
=











+∂

∂
=

∂

θ∂
.                                         ...(v) 

Adding (iv) and (v), we get 
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( ) ( )
.S.H.R0

yx

xy2

yx

xy2

yx
.S.H.L

2222222

2

2

2

==
+

−
+

=
∂

θ∂
+

∂

θ∂
=  This completes the proof. 

Q.No.24: If ( )22 byhxy2axfu ++=  and ( )22 byhxy2axv ++ϕ= , prove that 

              








∂

∂

∂

∂
=









∂

∂

∂

∂

y

v
u

xx

v
u

y
. 

Sol.: Given ( )22 byhxy2axfu ++=                                                                               ...(i)  

and ( )22 byhxy2axv ++ϕ=                                                                                         ....(ii) 

Differentiating (ii) partially w. r. t. x and y separately, we get 

( )( ) ( )hy2ax2.hy2ax2.byhxy2ax
x

v /22/ +ϕ=+++ϕ=
∂

∂
 

( )( ) ( )hx2by2.hx2by2.byhxy2ax
y

v /22/ +ϕ=+++ϕ=
∂

∂
 

Now L.H.S.= ( )[ ]hy2ax2..f
yx

v
u

y

/ +ϕ
∂

∂
=









∂

∂

∂

∂
 

                  ( ) ( ) ( )( ) h2..fhy2ax2.hx2by2..fhy2ax2..hx2by2.f ///// ϕ+++ϕ++ϕ+=  

                  ( )( )[ ] ///// .f.h2ff.hx2by2.hy2ax2 ϕ+ϕ+ϕ++= .                                       ....(iii) 

        R.H.S.= ( )[ ]hx2by2..f
xy

v
u

x

/ +ϕ
∂

∂
=









∂

∂

∂

∂
 

                  ( ) ( ) ( )( ) h2..fhx2by2.hy2ax2..fhx2by2..hy2ax2.f ///// ϕ+++ϕ++ϕ+=  

                  ( )( )[ ] ///// .f.h2ff.hx2by2.hy2ax2 ϕ+ϕ+ϕ++= .                                           (iv) 

From (iii) and (iv), we have  
∂

∂

∂

∂

∂

∂

∂

∂y
u

v

x x
u

v

y







 =









 . This completes the proof. 

Q.No.25: If ( ) ( )tfyxu 22 −= , where t = x y, prove that  

                ( ) ( ) ( )[ ]tf3ttfyx
yx

u ///22
2

+−=
∂∂

∂
 

Sol.: Given ( ) ( ) ( ) ( ) ( ) ( )xyfyxyfxxyfyxtfyxu 222222 −=−=−= .                                (i) 

Differentiating (i) partially w. r. t. x and y separately, we get 
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( ) ( )[ ] ( )[ ] ( ) ( ) ( )xyfyxyyfxxyxf2yxyf.yyxyf.xxyf.x2
x

u /3/2/2/2 −+=−+=
∂

∂
 

( ) ( ) ( )[ ]xyfyxyyfxxyxf2
yx

u

yxy

u

yx

u /3/2
22

−+
∂

∂
=









∂

∂

∂

∂
=

∂∂

∂
=

∂∂

∂
∴  

            ( )[ ] ( ) ( )[ ] ( ) ( )[ ]xyf.y3xxyf.yxyf.xxxyf.yxxxyxf2 /2//3/2//2/ +−++=  

            ( )[ ] ( ) ( )[ ] ( ) ( )[ ]tfy3txfytfxtyfxtfx2 /2//3/2//3/2 +−++=  

            ( ) ( ) ( ) ( )tfxyyxtfy3tfx3 //33/2/2 −+−=  

            ( ) ( ) ( ) ( )tfyxxytfyx3 //22/22 −+−=  

            ( ) ( ) ( ) ( )tf3yxttfyx /22//22 −+−=  

Hence ( ) ( ) ( )[ ]tf3ttfyx
yx

u ///22
2

+−=
∂∂

∂
.  This completes the proof. 

Q.No.26: If u and v are functions of x and y defined by usineux v−+= ,   

               ucosevy v−+= , then prove that  
x

v

y

u

∂

∂
=

∂

∂
. 

Sol.: Given usineux v−+=  and ucosevy v−+= . 

Differentiating both the equations partially w. r .t. x and y separately, we get 

usin
x

v
e

x

u
ucose

x

u
1

vv









∂

∂
−+

∂

∂
+

∂

∂
= −−   [ ] usin

x

v
eucose1

x

u
1 vv

∂

∂
−+

∂

∂
=⇒ −−               (i) 

usin
y

v
e

y

u
ucose

y

u
0 vv










∂

∂
−+

∂

∂
+

∂

∂
= −−   [ ] usin

y

v
eucose1

y

u
0

vv

∂

∂
−+

∂

∂
=⇒ −−            (ii) 

ucos
x

v
e

x

u
)usin(e

x

v
0

vv









∂

∂
−+

∂

∂
−+

∂

∂
= −− [ ] usin

x

u
eucose1

x

v
0 vv

∂

∂
−−

∂

∂
=⇒ −−       (iii) 

ucos
y

v
e

y

u
)usin(e

y

v
1 vv










∂

∂
−+

∂

∂
−+

∂

∂
= −−   [ ] usin

y

u
eucose1

y

v
1

vv

∂

∂
−−

∂

∂
=⇒ −−        (iv) 

Multiplying (i) by usine v−
 and (iii) by [ ]ucose1 v−+  and then adding, we get  

v2

v

e1

usine

x

v
−

−

−
=

∂

∂
                                                                                                                  (v)     

Multiplying (ii) by [ ]ucose1 v−− and (iv) by  usine v−
 and then adding, we get  
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v2

v

e1

usine

y

u
−

−

−
=

∂

∂
                                                                                                                 (vi) 

From (v) and (vi), we get                     

x

v

y

u

∂

∂
=

∂

∂
.   This completes the proof. 

Q.No.27: If ( ) 22 yxyxz +=+ , show that 








∂

∂
−

∂

∂
−=









∂

∂
−

∂

∂

y

z

x

z
14

y

z

x

z
2

. 

Sol.: Since ( ) 22 yxyxz +=+  
yx

yx
z

22

+

+
=⇒ .                                                             ...(i) 

Differentiating  (i)  partially w. r. t. x and y separately, we get 

( ) ( )
( ) ( )2

22

2

22

yx

xy2yx

yx

1.yxx2.yx

x

z

+

+−
=

+

+−+
=

∂

∂
 

( ) ( )
( ) ( )2

22

2

22

yx

xy2xy

yx

1.yxy2.yx

y

z

+

+−
=

+

+−+
=

∂

∂
 

Now  L.H.S.= 
( ) ( )

2

2

22

2

222

yx

xy2xy

yx

xy2yx

y

z

x

z













+

+−
−

+

+−
=









∂

∂
−

∂

∂
 

                   
( ) ( )

( )( )
( )

2

2

2

2

22
2

2

2222

yx

yxyx2

yx

y2x2

yx

)xy2xy()xy2yx(













+

+−
=













+

−
=













+

+−−+−
=   

                   
( )

( )
( )

( )2
22

yx

yx4

yx

yx2

+

−
=









+

−
= .                                                                            (ii) 

R.H.S.= 
( )

( )
( )

( ) 











+

+−
−

+

+−
−=









∂

∂
−

∂

∂
−

2

22

2

22

yx

xy2xy

yx

xy2yx
14

y

z

x

z
14  

         
( ) ( ) 












+

−+
=













+

+−−+−−++
=

2

22

2

222222

yx

xy2yx
4

yx

)xy2xy()xy2yx()xy2yx(
4  

        
( )

( )2
2

yx

yx4

+

−
= .                                                                                                             (iii) 

From (ii) and (iii), we have  L.H.S.=R.H.S. This completes the proof. 
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Q.No.28: If 
yxu = , show that 

xyx

u

yx

u 3

2

3

∂∂∂

∂
=

∂∂

∂
. 

Sol.: Since 
yxu = .                                                                                                            (i) 

For 
yx

u
2

3

∂∂

∂
, first differentiate (i) partially w. r. t. y and then twice w. r. t. x 

xlogx
y

u y=
∂

∂
∴ . Now differentiate twice w. r. t. x, we get 

( )xlogy1xxlogyxyx.xlog
x

1
.x

yx

u 1y1y1y1yy
2

+=+=+=
∂∂

∂ −−−−  and 

( )( ) ( )( )[ ]y1yxlogy1x
x

y
.xx1y.xlogy1

yx

u

xyx

u 2y1y2y
2

2

3

+−+=+−+=












∂∂

∂

∂

∂
=

∂∂

∂ −−− .  (ii) 

For 
xyx

u3

∂∂∂

∂
, first differentiate (i) partially w. r. t. x , then  y  and then  x 

1yyx
x

u −=
∂

∂
∴ . Now differentiate partially w. r t. y, we get 

( ) 1y1y1y
2

xxlogy1xxlogx.y
x

u

yxy

u −−− +=+=








∂

∂

∂

∂
=

∂∂

∂
.  

Now again differentiate partially w. r. t. x, we get 

( )( )[ ]y1yxlogy1x
xy

u

x

2y
2

+−+=












∂∂

∂

∂

∂ − .                                                                       (iii) 

Hence from (ii) and (iii), 
xyx

u

yx

u 3

2

3

∂∂∂

∂
=

∂∂

∂
 .  This completes the proof. 

Q.No.29: If 1
uc

z

ub

y

ua

x
2

2

2

2

2

2

=
+

+
+

+
+

, where u is a function of x , y , z ; prove that 

                








∂

∂
+

∂

∂
+

∂

∂
=









∂

∂
+









∂

∂
+









∂

∂

z

u
z

y

u
y

x

u
x2

z

u

y

u

x

u
222

. 

Sol.: Since 1
uc

z

ub

y

ua

x
2

2

2

2

2

2

=
+

+
+

+
+

. 

Now  differentiate partially w. r. t. x, we get 
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( )

( ) ( ) ( )
0

uc

x

u
z

ub

x

u
y

ua

x

u
xx2.ua

22

2

22

2

22

22

=
+










∂

∂
−

+
+










∂

∂
−

+
+










∂

∂
−+

 

( )

( ) ( ) ( )
0

uc

x

u
z

ub

x

u
y

ua

x

u
xx2.ua

22

2

22

2

22

22

=
+










∂

∂

−
+










∂

∂

−
+










∂

∂
−+

⇒  

( )

( ) ( ) ( )22

2

22

2

22

22

uc

x

u
z

ub

x

u
y

ua

x

u
xx2.ua

+










∂

∂

+
+










∂

∂

=
+










∂

∂
−+

⇒  

( ) ( ) ( ) ( )22

2

22

2

22

2

2
uc

x

u
z

ub

x

u
y

ua

x

u
x

ua

x2

+










∂

∂

+
+










∂

∂

+
+










∂

∂

=
+

⇒  

( ) ( ) ( ) ( )









∂

∂








+
+

+
+








+
=

+
⇒

x

u

uc

z

ub

y

ua

x

ua

x2
22

2

22

2

22

2

2
 

( ) ( ) ( ) ( ) 






+
+

+
+








+
÷

+
=

∂

∂
⇒

22

2

22

2

22

2

2
uc

z

ub

y

ua

x

ua

x2

x

u
 

Similarly ( ) ( ) ( ) ( ) 






+
+

+
+








+
÷

+
=

∂

∂
22

2

22

2

22

2

2
uc

z

ub

y

ua

x

ub

y2

y

u
, 

( ) ( ) ( ) ( ) 






+
+

+
+








+
÷

+
=

∂

∂
22

2

22

2

22

2

2
uc

z

ub

y

ua

x

uc

z2

z

u
 

Now L.H.S.= 
( ) ( ) ( )

( ) ( ) ( )

2

22

2

22

2

22

2

2

2

2

2

2

2222

uc

z

ub

y

ua

x

uc

z2

ub

y2

ua

x2

z

u

y

u

x

u















+
+

+
+

+









+
+









+
+









+
=









∂

∂
+









∂

∂
+









∂

∂
 

                                                              

( ) ( ) ( ) 













+
+

+
+

+

=

22

2

22

2

22

2

uc

z

ub

y

ua

x

4
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R.H.S.= 








∂

∂
+

∂

∂
+

∂

∂

z

u
z

y

u
y

x

u
x2

( ) ( ) ( )

( ) ( ) ( ) 













+
+

+
+

+















+
+

+
+

+
=

22

2

22

2

22

2

222222

uc

z

ub

y

ua

x

uc

z2
.z

ub

y2
.y

ua

x2
.x2

 

                                                   

( ) ( ) ( ) 













+
+

+
+

+

=

22

2

22

2

22

2

uc

z

ub

y

ua

x

4
 

                                                   = L.H.S. 

Hence 








∂

∂
+

∂

∂
+

∂

∂
=









∂

∂
+









∂

∂
+









∂

∂

z

u
z

y

u
y

x

u
x2

z

u

y

u

x

u
222

. This completes the proof. 

Q.No.30: If ( ) 2/1222 zyxv
−

++= . Show that 0
z

v

y

v

x

v
2

2

2

2

2

2

=
∂

∂
+

∂

∂
+

∂

∂
 . 

Sol.: Since  ( ) 2/1222 zyxv
−

++= , we have  

( ) ( ) 2/32222/3222 zyxxx2.zyx
2

1

x

v −−
++−=++−=

∂

∂
 . 

and 

( ) ( ) ( ) 







++








−+++−=




 ++−
∂

∂
=

∂

∂ −−−
x2.zyx

2

3
xzyx.1zyxx

xx

v 2/52222/32222/3222

2

2

  

         ( ) [ ] ( ) ( )2222/522222222/5222 zyx2zyxx3zyxzyx −−++=−++++−=
−−

    ..(i) 

Similarly, ( ) ( )2222/5222

2

2

zy2xzyx
y

v
−+−++=

∂

∂ −
.                                                  ...(ii) 

and        ( ) ( )2222/5222

2

2

z2yxzyx
z

v
+−−++=

∂

∂ −
.                                                  ...(iii) 

Adding (i), (ii) and (iii), we have  

( ) ( ) 00zyx
z

v

y

v

x

v 2/5222

2

2

2

2

2

2

=++=
∂

∂
+

∂

∂
+

∂

∂ −
 . 

 This completes the proof. 
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Q.No.31: If 
mrV = , 

2222 zyxr ++= , then show that  

                ( ) 2m
zzyyxx r1mmVVV −+=++ . 

Sol.: Since 
2222 zyxr ++=   x2

x

r
r2 =

∂

∂
∴   

r

x

x

r
=

∂

∂
⇒  

Now 
mrV =  2m1m mxr

r

x
.mr

x

V −− ==
∂

∂
∴  and  

( ) ( ) 







−+=









∂

∂
−+=

∂

∂
∴ −−−−

r

x
r2mxrm

x

r
r2mxrm

x

V 3m2m3m2m

2

2

 

( )[ ]4m22m

2

2

rx2mrm
x

V −− −+=
∂

∂
⇒ .                                                                           ......(i) 

Similarly, ( )[ ]4m22m

2

2

ry2mrm
y

V −− −+=
∂

∂
                                                               ......(ii) 

and     ( )[ ]4m22m

2

2

rz2mrm
z

V −− −+=
∂

∂
.                                                                    .....(iii) 

Adding (i), (ii) and (iii), we get 

( )[ ] ( )[ ] ( ) 2m2m4m22m
zzyyxx r1mm2m3rmrr2mr3mVVV −−−− +=−+=−+=++ . 

This completes the proof. 

Q.No.32: If ( )ztanytanxtanlogu ++=  , then prove that  

                2
z

u
z2sin

y

u
y2sin

x

u
x2sin =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here ( )ztanytanxtanlogu ++= .                                                                       ....(i) 

Differentiate (i) partially w. r. t. x, y and z separately, we get   

ztanytanxtan

xsec

x

u 2

++
=

∂

∂
,  

ztanytanxtan

ysec

y

u 2

++
=

∂

∂
  and  

ztanytanxtan

zsec

z

u 2

++
=

∂

∂
. 

Now L.H.S.= 
z

u
z2sin

y

u
y2sin

x

u
x2sin

∂

∂
+

∂

∂
+

∂

∂
 

                   
ztanytanxtan

zcos

1
.zcoszsin2

ycos

1
.ycosysin2

xcos

1
.xcosxsin2

222

++

++

=  
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( )

( )
2

ztanytanxtan

ztanytanxtan2
=

++

++
= = R.H.S. 

 This completes the proof. 

Q.No.33: If 
( )

22

22

yx

yxxy
u

+

−
=  ; ( ) 00,0u = , show that 

xy

u

yx

u 22

∂∂

∂
≠

∂∂

∂
 at 

0y

0x

=

=
  . 

Sol.: For ( ) ( )0,0y,x ≠ , ( ) ( )
22

22

yx

yxxy
y,xu

+

−
=  ( given )                                                ....(i) 

Differentiating (i) partially w. r. t. x, we get  

( ) ( )( ) ( )
( ) 














+

−−−+
=













+

−

∂

∂
=













+

−

∂

∂
=

∂

∂
222

232222

22

23

22

22

yx

x2.xyxyx3yx
y

yx

xyx

x
y

yx

yxxy

xx

u
 

     

( ) ( ) 













+

−+
=















+

+−−+
=

222

4224

222

2244224

yx

yyx4x
y

yx

yx2x2yyx2x3
y  

∴For ( ) ( )0,0y,x ≠  , ( )
( )

( )222

4224

x

yx

yyx4xy
y,xu

x

u

+

−+
==

∂

∂
.                                           ...(ii)   

For ( )0,0
x

u

∂

∂
, let us consider ( ) ( ) ( )

0
x

00
Lim

x

0,0u0,xu
Lim0,0

x

u

0x0x
=

δ

−
=

δ

−δ
=

∂

∂

→δ→δ
. 

which exists.  ( ) 00,0
x

u
=

∂

∂
∴ . 

For the existence of ( )0,0uyx , i.e. 
( )0,0x

u

y 








∂

∂

∂

∂
 

Consider 
( )

( ) ( )
1

y

0y
Lim

y

0,0uy,0u
Lim

x

u

y 0y

xx

0y0,0

−=
δ

−δ−
=

δ

−δ
=









∂

∂

∂

∂

→δ→δ
, which exists. 

( )
1

x

u

y 0,0

−=








∂

∂

∂

∂
∴ .                                                                                                     ...(iii)   

Again because for ( ) ( )0,0y,x ≠ , ( ) ( )
22

22

yx

yxxy
y,xu

+

−
=  ( given )                                 ....(i) 

Differentiating (i) partially w. r. t. x, we get  

( ) ( )( ) ( )
( ) 














+

−−−+
=













+

−

∂

∂
=













+

−

∂

∂
=

∂

∂
222

322222

22

32

22

22

yx

y2.yyxy3xyx
x

yx

yyx

y
x

yx

yxxy

yy

u
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( ) ( ) 













+

−−
=















+

+−−−
=

222

4224

222

4224224

yx

yyx4x
x

yx

y2xx2y3yx2x
x  

∴For ( ) ( )0,0y,x ≠  , ( )
( )

( )222

4224

y

yx

yyx4xx
y,xu

y

u

+

−−
==

∂

∂
.                                          ...(iv)   

For ( )0,0
y

u

∂

∂
, let us consider ( ) ( ) ( )

0
y

00
Lim

y

0,0fy,0f
Lim0,0

y

u

0y0y
=

δ

−
=

δ

−δ
=

∂

∂

→δ→δ
. 

which exists.  ( ) 00,0
y

u
=

∂

∂
∴ . For the existence of ( )0,0uxy , i.e. 

( )0,0
y

u

x









∂

∂

∂

∂
 

Consider 

( )

( ) ( )
1

x

0x
Lim

x

0,0u0,xu
Lim

y

u

x 0y

yy

0x
0,0

=
δ

−δ
=

δ

−δ
=









∂

∂

∂

∂

→δ→δ
, which exists. 

( )
1

y

u

x
0,0

=








∂

∂

∂

∂
∴ .                                                                                                         ...(v)   

∴ From (iii) and (v), we get 
xy

u

yx

u 22

∂∂

∂
≠

∂∂

∂
 at 

0y

0x

=

=
. 

i.e. ( ) ( )0,0u0,0u xyyx ≠ .  

This completes the proof. 

Q.No.34: If t4

r

n

2

etθ

−
= , find the value of n which will make 

t

θ

r

θ
r

rr

1 2

2 ∂

∂
=









∂

∂

∂

∂
. 

Sol.:  Given t4

r

n

2

etθ

−
=  . 

t4

r

1nt4

r

n

22

ert
2

1

t4

r2
.e.t

r

θ −
−

−
−=








−=

∂

∂
 

t4

r

1n32

2

et.r
2

1

r

θ
r

−
−−=

∂

∂
∴  

























−+−=









∂

∂

∂

∂ −−
−

t4

r2
erer3t

2

1

r

θ
r

r
t4

r

3t4

r

21n2

22












−−=

−
−

t2

r
3ert

2

1 2
t4

r

21n

2
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












−=









∂

∂

∂

∂
∴

−
− 3

t2

r
et

2

1

r

θ
r

rr

1 2
t4

r

1n2

2

2

 

Also 













+=














+=

∂

∂ −
−

−−
−

2

2
t4

r

1n

2

2
t4

r

nt4

r

1n

t4

r
n.et

t4

r
.etent

t

θ

222

. 

Since 
t

θ

r

θ
r

rr

1 2

2 ∂

∂
=









∂

∂

∂

∂
 is given 

∴













+=














−

−
−

−
−

t4

r
n.et3

t2

r
.et

2

1 2
t4

r

1n
2

t4

r

1n

22

 

t4

r
n

2

3

t4

r 22

+=−⇒                     
2

3
n −=∴ . Ans. 

Q.No.35: If  )r(fu = , where 
222 yxr += , prove that ( ) ( )r' f

r

1
r'' f

y

u

x

u
2

2

2

2

+=
∂

∂
+

∂

∂
. 

Sol.:  Given 
222 yxr += .                                                                                                 (i) 

Differentiating partially w. r. t., we get 
r

x

x

r
x2

x

r
r2 =

∂

∂
⇒=

∂

∂
 

Similarly, 
r

x

y

r
=

∂

∂
. 

Now )r(fu =  ( ) ( )r' f
r

x

x

r
.r' f

x

u
=

∂

∂
=

∂

∂
∴  

Differentiating again w. r. t. x, we get 

( ) ( ) ( )
x

r
.r'' f

r

x
r' f

x

r

r

1
.xr' f

r

1

x

u
22

2

∂

∂
+









∂

∂
−+=

∂

∂
                    

                                                         ( ) ( ) ( ) ( )








∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
− w

x
uvv

x
uwu

x
vwuvw

x
∵  

        ( ) ( ) ( )
r

x
.r'' f.

r

x
r' f

r

x
.

r

x
r' f

r

1
2

+−= ( ) ( ) ( )r'' f
r

x
r' f

r

x
r' f

r

1
2

2

3

2

+−=  

       ( ) ( )r'' f
r

x
r' f

r

xr
2

2

3

22

+
−

= ( ) ( )r'' f
r

x
r' f

r

y
2

2

3

2

+=               [using (i)] 
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Similarly,  ( ) ( )r'' f
r

y
r' f

r

x

y

u
2

2

3

2

2

2

+=
∂

∂
 

( ) ( ) ( ) ( )r'' f
r

r
r' f

r

r
r'' f

r

yx
r' f

r

yx

y

u

x

u
2

2

3

2

2

22

3

22

2

2

2

2

+=
+

+
+

=
∂

∂
+

∂

∂
∴  

( ) ( )r' f
r

1
r'' f

y

u

x

u
2

2

2

2

+=
∂

∂
+

∂

∂
. Hence prove. 

Q.No.36: If  ( )θsinrcosex θcosr=  and ( )θsinrsiney θcosr= , 

                prove that 
θ

y
.

r

1

r

x

∂

∂
=

∂

∂
, 

θ

x
.

r

1

r

y

∂

∂
=

∂

∂
.  

                Hence deduce that  0
θ

x

r

1

r

x

r

1

r

x
2

2

22

2

=
∂

∂
+

∂

∂
+

∂

∂
.     

Sol.: Given ( )θsinrcosex θcosr= . 

( ) ( ) θsin.θsinrsin.eθsinrcos.θcos.e
r

x θcosrθcosr −=
∂

∂
∴                

         ( ) ( )[ ]θsinrsinθsinθsinrcosθcose θcosr −=  

         ( )θsinrθcose θcosr +=                                                                                               (i) 

( ) ( ) ( ) θcosr.θsinrsin.eθsinrcos.θsinr.e
θ

x θcosrθcosr −−=
∂

∂
 

      ( ) ( )[ ]θsinrsinθcosθsinrcosθsinre θcosr +−=  

      ( )θsinrθsinre θcosr +−=                                                                                              (ii) 

Also   ( )θsinrsiney θcosr=  

( ) ( ) θsin.θsinrcos.eθsinrsin.θcos.e
r

y θcosrθcosr +=
∂

∂
 

     ( ) ( )[ ]θsinrsinθcosθsinrcosθsine θcosr +=  

     ( )θsinrθsine θcosr +=                                                                                                 (iii) 

( ) ( ) ( ) θcosr.θsinrcos.eθsinrsin.θsinr.e
θ

y θcosrθcosr +−=
∂

∂
 

     ( ) ( )[ ]θsinrsinθsinθsinrcosθcosre θcosr −=  
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     ( )θsinrθcosre θcosr +=                                                                                               (iv) 

From (i) and (iv), we get  
θ

y
.

r

1

r

x

∂

∂
=

∂

∂
                                                                               (v) 

From (ii) and (iii), we get 
θ

x
.

r

1

r

y

∂

∂
−=

∂

∂
                                                                           (vi) 

From (v), we get 
θr

y
.

r

1

θ

y
.

r

1

r

x 2

22

2

∂∂

∂
+

∂

∂
−=

∂

∂
 

From(vi), we get 
r

y
r

θ

x

∂

∂
−=

∂

∂
 

∴
θr

y
r

θr

y
r

θ

x 22

2

2

∂∂

∂
−=

∂∂

∂
−=

∂

∂
 

0
θr

y
.

r

1

θ

y
.

r

1

θr

y
.

r

1

θ

y
.

r

1

θ

x

r

1

r

x

r

1

r

x 2

2

2

22

2

22

2

=
∂∂

∂
−

∂

∂
+

∂∂

∂
+

∂

∂
−=

∂

∂
+

∂

∂
+

∂

∂
. 

Q.No.37: Prove that if 

( )
y4

ax
2

e.
y

1
y) ,x(f

−
−

= , then yxxy ff = . 

Sol.: Given 

( )
y4

ax
2

e.
y

1
y) ,x(f

−
−

=

( )
y4

ax

2

1
2

e.y

−
−−

= . 

( )
( )











 −
−

∂

∂
=

∂

∂
=

−
−−

y4

ax

x
.e.y

x

f
f

2
y4

ax

2

1

x

2

 

    

( )
( )

( )
( )

y4

ax

2

3

y4

ax

2

1
 

22

e.axy
2

1

y4

ax2
.e.y

−
−−

−
−−

−−=






 −
−=  

( ) ( )
( )











 −
−

∂

∂
+−=

∂

∂
=

−
−−

−
−−

y4

ax

y
.e.ye.y

2

1

y

f
f

2
y4

ax

2

1
 

y4

ax

2

3

y

22

 

     

( )
( )

( )

( )[ ]21y4

ax

2

3

2

2
2

1

2

3

y4

ax

axy2e.y
4

1

y4

ax
.yy

2

1
.e

22

−+−=












 −
+−= −

−
−−−−

−
−

 










∂

∂

∂

∂
=

y

f

x
fxy  
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( )
( )

( )[ ]
( )

( )
















−+−+−










 −
−

∂

∂
= −

−
−

−

−
−−

axy2.eaxy2.
y4

ax

x
.ey

4

1 1y4

ax

21
2

y4

ax

2

3
22

 

     

( )
( )

( )[ ] ( )








−+−+−
−

−= −−

−
−−

axy2axy2
y4

ax2
e.y

4

1 121y4

ax

2

3
2

 

     

( )

( )[ ]








+−+−−
−

= −

−
−−

2axy2
2

1

y

ax
.e.y

4

1 21y4

ax

2

3
2

 

     ( )
( )

( )











 −
−−=

−
−−

y2

ax
3e.axy

4

1
2

y4

ax

2

5
2

. 










∂

∂

∂

∂
=

x

f

y
fyx ( )

( ) ( )
( )
















−

+−−−=

−
−−

−
−−

2

2
y4

ax

2

3

y4

ax

2

5

y4

ax
.e.ye.y

2

3
ax

2

1

22

 

      ( )
( )

( )











 −
+−−−=

−
−−

y2

ax
3e.y.ax

4

1
2

y4

ax

2

5
2

 

     ( )
( )

( )











 −
−−=

−
−−

y2

ax
3e.axy

4

1
2

y4

ax

2

5
2

. 

Hence yxxy ff = . 

Q.No38.: Find the value of 
2 2

2 2 2 2

1 z 1 z

a x b y

∂ ∂
+

∂ ∂
 when 

2 2 2 2 2 2a x b y c z 0+ − = . 

Sol.: Here 
2 2 2 2 2 2a x b y c z 0+ − = 2 2 2 2 2 2c z a x b y⇒ = +  

( )2 2 2 2 2

2

1
z a x b y

c
∴ = +        (i) 

Differentiating (i) partially w.r.t. x, we get 

2

2

z 1
2z .2a x

x c

∂
=

∂

2

2

z a x

z c z

∂  
⇒ =  

∂  
                                 (ii) 

Differentiating (ii) partially w.r.t. x, we get 
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2 2

2 2 2

z
z.1 x

z a x

x c z

∂ 
− ∂ ∂=  

∂  
 

2 2

2 2 2

a a x
z x

c z c z

  
= −  

  

2 2 2 2
2 2 2 2

2 2 2 2 2 2

a a x a
z c z a x

c z c z c z .c z

 
 = − = −   

 
 

       ( )
2

2 2

4 3

a
b y

c z
=  2 2 2 2 2 2a x b y c z 0 + − = ∵  

2 2 2 2

2 4 3

z a b y

x c z

∂
⇒ =

∂
        (iii) 

Similarly, 
2 2 2 2

2 4 3

z a b x

y c z

∂
∴ =

∂
        (iv) 

Consider 
2 2 2 2 2 2 2 2

2 2 2 2 2 4 3 2 4 3

1 z 1 z 1 a b y 1 a b x
. .

a x b y a c z b c z

∂ ∂
+ = +

∂ ∂

2 2 2 2

4 3

1
b y a x

c z
 = +   

                                           ( )2 2

4 3

1
c z

c z
=   2 2 2 2 2 2a x b y c z 0 + − = ∵  

2 2

2 2 2 2 2

1 z 1 z 1

a x b y c z

∂ ∂
+ =

∂ ∂
. Ans. 
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Indeterminate forms: 

If the value of a function f(x) when x = a takes one of the following forms, i.e. 

,1  ,   ,0  ,   ,   ,0  ,
0

0 00 ∞
∞∞−∞

∞

∞
∞×  

then the function is said to be in an indeterminate form. The value of the function is 

obtained by finding the limit of f(x) as x approaches or tends to a. All the indeterminate 

forms, by a little arrangements or (simplification), can be brought to the form .
0

0
 

(i) Problems solved by using different algebraic laws  

First of all, we will discuss some problems which can be solved easily by 

simplifying the given function with the help of different algebraic laws: 

 

Q.No.1.: Prove that 
2

5
8x2x1x3xLt 22

x
=





 +−−++

∞→
 . 

Sol.: L.H.S. 




 +−−++=

∞→
8x2x1x3xLt 22

x
                                          [ ]form ∞−∞  

Multiplying and dividing by




 +−+++ 8x2x1x3x 22 , we get 

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    

Indeterminate FormsIndeterminate FormsIndeterminate FormsIndeterminate Forms    

∞
∞∞−∞

∞

∞
∞× 1  ,   ,0  ,   ,   ,0  ,

0

0 00  
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L.H.S.





 +−+++





 +−+++




 +−−++

=
∞→ 8x2x1x3x

8x2x1x3x8x2x1x3x

Lt
22

2222

x
 

           
( ) ( )

( ) ( )

2 2

x 2 2

x 3x 1 x 2x 8
Lt

x 3x 1 x 2x 8
→∞

+ + − − +
=

+ + + − +
 

            

( ) ( )x 2 2

5x 7
Lt

x 3x 1 x 2x 8
→∞

−
=

+ + + − +
. 

Divide the numerator and denominator by x, we get 

L.H.S.

22

x

x

8

x

2
1

x

1

x

3
1

x

7
5

Lt

+−+++

−

=
∞→ 2

5

11

5

001001

05
=

+
=

+−+++

−
= = R.H.S. 

This completes the proof. 

Q.No.2.: Prove that 
3

1

2x

x25x41
Lim

2x
=

−

+−+

→
. 

Sol.: L.H.S.= 
2x

x25x41
Lim

2x −

+−+

→
.                                                                    [

0

0
form] 

Multiplying and dividing by x25x41 +++ , we get  

L.H.S.= 
2x

x25x41
Lim

2x −

+−+

→
×

x25x41

x25x41

+++

+++
 

          
( ) ( )

( )[ ]
( )

( )[ ]x25x412x

2x2
Lim

x25x412x

x25x41
Lim

2x2x +++−

−
=

+++−

+−+
=

→→
  

          
[ ] 3

1

6

2

x25x41

2
Lim

2x
==

+++
=

→
 = R.H.S.   

This completes the proof. 

Q.No.3.: Prove that  5
5x45x6

x5
Lim

5x
−=

+−−

−

→
. 

Sol.: L.H.S.= 
5x45x6

x5
Lim

5x +−−

−

→
. 

Multiplying and dividing by 5x45x6 ++− , we get  
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L.H.S.= 
5x45x6

x5
Lim

5x +−−

−

→
×

5x45x6

5x45x6

++−

++−
 

          
( )[ ]

( ) ( )

( )[ ]
( )x52

5x45x6x5
Lim

5x45x6

5x45x6x5
Lim

5x5x −−

−+−−
=

+−−

++−−
=

→→
 

           
[ ]

.S.H.R5
2

55

2

5x45x6
Lim

5x
=−=

−

+
=

−

−+−
=

→
 

 This completes the proof. 

Q.No.4.: Evaluate 
3

2222

x x

x......321
Lim

++++

∞→
. 

Sol.: 
( )( )

3x3

2222

x x6

1x21xx
Lim

x

x......321
Lim

++
=

++++

∞→∞→
                                    

∞

∞







form     

                                                      
3

1

x6

x

1
2

x

1
1x

Lim
3

3

x
=









+








+

=
∞→

. Ans. 

Q.No.5.: Evaluate 
4

3

n n

n
Lim

∑
∞→

. 

Sol.: 

( )

4

2

n4

3

n n

2

1nn

Lim
n

n
Lim








 +

=
∞→∞→

∑ ( )
4

22

n n4

1nn
Lim

+
=

∞→
 

4

1

n4

n

1
1n

Lim
4

2
4

n
=









+

=
∞→

. Ans. 

Q.No.6.: Evaluate 
22

33

ax ax

ax
Lim

−

−

→
. 

Sol.: Since 
( )( )

( )( )axax

aaxxax
Lim

ax

ax
Lim

22

ax22

33

ax +−

++−
=

−

−

→→
 

                                       

( )
( )

Ans.   .a
2

3

a2

a3

ax

aaxx
Lim

2

22

ax

==

+

++
=

→

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

    

    

    

    

    

 

 

 

Homogeneous Expression: 

An expression of the form 
n

n
22n

2
11n

1
n

0 ya...yxayxaxa ++++ −−
, 

where each term of degree ‘n’ , is called Homogeneous expression in x and y and of 

degree or order ‘n’. 

Homogeneous Function: 

If this expression equal to some quantity ‘u’ , then ‘u’ is called Homogeneous 

Function in x and y of degree ‘n’ . 

Now n

n

22n

2

11n

1

n

0 ya...yxayxaxau ++++= −−  

          




















++








+







+=

n

n

2

210

n

x

y
a.....

x

y
a

x

y
aax    









=⇒

x

y
fxu n . 

Also, we can write a Homogeneous Function in x and y of degree 'n' as  







=

y

x
fyu n

. 

Similarly, a Homogeneous Function in x ,y and z of degree ‘n’  can be written as  

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    

    

Partial DifferentiationPartial DifferentiationPartial DifferentiationPartial Differentiation    

(Homogeneous Functions and Euler’s Theorem) 
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







=

x

z
,

x

y
Fxu n  or  








=

y

z
,

y

x
Fyu n

 or 







=

z

y
,

z

x
Fzu n . 

Here 'u' is dependent variable and x, y, z are independent variables. 

Euler’s Theorem:  

Statement: If  ‘u’ is a homogeneous function of x and y of degree ‘n’, then  

nu
y

u
y

x

u
x =

∂

∂
+

∂

∂
 . 

Proof: Given ‘u’ is a homogeneous function in x and y of degree ‘n’.  

Then we may write 







=

x

y
fxu n .                   (i) 

Differentiating (i) partially w.r.t. x [keeping y as constant], we get   

n n 1

2

n 2 n 1

u y y y
x f nx f

x x x x

y y
         x yf nx f .

x x

−

− −

∂      
′⇒ = × − +     

∂      

   
′= − +   
   

  

Similarly, differentiating (i) partially w.r.t. y [keeping x as constant], we get   









′=








′=

∂

∂ −

x

y
fx

x

1

x

y
fx

y

u 1nn . 

Now   
n 2 n 1 n 1u u y y y

x y x x yf nx f y x f
x y x x x

− − −   ∂ ∂      
′ ′+ = − + +        ∂ ∂         

 

                             
n y

n x f nu
x

  
= =  

  
. 

This completes the proof. 

Extension of Euler’s Theorem:  

Statement: If  ‘u’ is a homogeneous function of x and y of degree ‘n’, then show that  

( )u1nn
y

u
y

yx

u
xy2

x

u
x

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂
. 

Proof: Since ‘u’ is a homogeneous function in x and y of degree ‘n’ then 

nu
y

u
y

x

u
x =

∂

∂
+

∂

∂
.                                                 [by Euler’s Theorem]                    ..... (i)   

Differentiating (i) partially w. r. t. x [keeping y as constant], we get   
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2 2

2

u u u u
x y n .

x x x y x

∂ ∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂ ∂
 

Multiplying by x, we get    

x

u
nx

yx

u
xy

x

u
x

x

u
x

2

2

2
2

∂

∂
=

∂∂

∂
+

∂

∂
+

∂

∂
  ( )

x

u
x1n

yx

u
xy

x

u
x

2

2

2
2

∂

∂
−=

∂∂

∂
+

∂

∂
⇒ .                   ......(ii) 

Again, Differentiating (i) partially w. r. t. y [keeping x as constant], we get 

y

u
n

y

u

y

u
y

xy

u
x

2

22

∂

∂
=

∂

∂
+

∂

∂
+

∂∂

∂
. 

Multiplying by y, we get    

y

u
ny

y

u
y

y

u
y

xy

u
xy

2

2
2

2

∂

∂
=

∂

∂
+

∂

∂
+

∂∂

∂
 ( )

y

u
y1n

y

u
y

xy

u
xy

2

2
2

2

∂

∂
−=

∂

∂
+

∂∂

∂
⇒ .                     .....(iii) 

Adding (ii) and (iii), we get  

( ) ( ) ( )u1nnnu1n
y

u
y

x

u
x1n

y

u
y

yx

u
xy2

x

u
x

2

2
2

2

2

2
2 −=−=









∂

∂
+

∂

∂
−=

∂

∂
+

∂∂

∂
+

∂

∂
 . 

This completes the proof. 

Now let us solve some problems related to the above-mentioned topics: 

Q.No.1.: Verify Euler’s theorem, when 
323 yyx3xz −−= . 

Sol.: Since 
323 yyx3xz −−=   

xy6x3
x

z 2 −=
∂

∂
∴  and 22 y3x3

y

z
−−=

∂

∂
. 

( ) ( ) ( ) z3yyx3x3y3x3yxy6x3x
y

z
y

x

z
x 323222 =−−=−−+−=

∂

∂
+

∂

∂
∴ . 

Also 







=






















−







−=

x

y
fx

x

y

x

y
31xz 3

3
3 . 

⇒z is a homogeneous function of x  and y of degree 3. 

∴By Euler’s theorem, we get z3nz
y

z
y

x

z
x ==

∂

∂
+

∂

∂
 . 

Hence, Euler’s theorem is verified. 
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Q.No.2.: If 

2/1

2/12/1

3/13/1

yx

yx
u













+

+
= , then  prove that  u

12

1

y

u
y

x

u
x −=

∂

∂
+

∂

∂
. 

Sol.: Here 

2/1

2/1

3/1

6/1

2/1

2/1

2/1
2/1

3/1

3/1
3/1

2/1

2/12/1

3/13/1

x

y
1

x

y
1

x

x

y
1x

x

y
1x

yx

yx
u





















































+









+

=


































+














+

=












+

+
= −  

                                                 







=





























+









+

= −−

x

y
fx

x

y
1

x

y
1

x 12/1

2/1

2/1

3/1

12/1 . 

⇒u is a homogeneous function of x  and y of degree 
12

1
− . 

∴By Euler’s theorem, we have  u
12

1
nu

y

u
y

x

u
x −==

∂

∂
+

∂

∂
 . 

Hence the result. 

Q.No.3.: If 







=

x

y
fu  , then show that 0

y

u
y

x

u
x =

∂

∂
+

∂

∂
. 

Sol.: Here 







=








=

x

y
fx

x

y
fu 0 .  

⇒  u is a homogeneous function of x and y of degree 0. 

Hence by Euler’s theorem, we have  

0u.0nu
y

u
y

x

u
x ===

∂

∂
+

∂

∂
. 

Hence the result. 

Q.No.4.: If 







=

x

y
xyfu  , then show that 
















=

∂

∂
+

∂

∂

x

y
xyf2

y

u
y

x

u
x . 

Sol.: Here 







=
















=








=

x

y
Fx

x

y
f

x

y
x

x

y
xyfu 22

 . 

⇒  u is a homogeneous function of x and y of degree 2. 

Hence by Euler’s theorem, we have  
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















===

∂

∂
+

∂

∂

x

y
xyf2u.2nu

y

u
y

x

u
x . 

Hence the result. 

Q.No.5.: If 







+







= −−

x

y
tan

y

x
sinu 11

, find the value of  
y

u
y

x

u
x

∂

∂
+

∂

∂
. 

Sol.: Here 







=



























+

















=







+







= −−−−

x

y
fx

x

y
tan

x

y

1
sinx

x

y
tan

y

x
sinu 011011 . 

⇒  u is a homogeneous function of x and y of degree 0. 

Hence by Euler’s theorem, we have  

0u0nu
y

u
y

x

u
x ===

∂

∂
+

∂

∂
. 

Hence the result. 

Q.No.6.: Verify Euler’s Theorem on homogeneous functions in the following cases:- 

              (i)  ( )
( )
( )5/15/1

4/14/1

yx

yx
y,xf

+

+
=  ,    (ii)  ( ) zyxz,y,xfu ++==  

              (iii) 












 +
= −

y

yx
tanz

22
1 ,    (iv)  








+







= −−

x

y
tan

y

x
sinu 11

  

               (v)  







=

x

y
logxz 4 . 

Sol.: (i) Here ( )
( )
( ) 








=





























+









+

=
+

+
=

x

y
fx

x

y
1

x

y
1

x
yx

yx
y,xf 20/1

5/1

4/1

20/1

5/15/1

4/14/1

  

( )y,xf⇒  is a homogeneous function of x and y of degree 
20

1
. 

Hence by Euler’s theorem, we have 

( )
( )5/15/1

4/14/1

yx

yx

20

1
nf

y

f
y

x

f
x

+

+
==

∂

∂
+

∂

∂
.          (i) 
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Again since  ( )
( )
( )5/15/1

4/14/1

yx

yx
y,xf

+

+
=   

Differentiating partially w. r. t x and y respectively, we get 

( ) ( )

( )25/15/1

5/44/14/14/35/15/1

yx

x
5

1
yxx

4

1
yx

x

f

+









+−








+

=
∂

∂
−−

 

Multiplying by x, we get 

( ) ( )

( )25/15/1

5/14/14/14/15/15/1

yx

x
5

1
yxx

4

1
yx

x

f
x

+









+−








+

=
∂

∂
                                          (ii) 

( ) ( )

( )25/15/1

5/44/14/14/35/15/1

yx

y
5

1
yxy

4

1
yx

y

f

+









+−








+

=
∂

∂
−−

 

Multiplying by y, we get 

( ) ( )

( )25/15/1

5/14/14/14/15/15/1

yx

y
5

1
yxy

4

1
yx

y

f
y

+









+−








+

=
∂

∂
                                         (iii) 

Adding (ii) and (iii), we get 

( ) ( ) ( ) ( )

( )25/15/1

5/15/14/14/14/14/15/15/1

yx

yx
5

1
yxyx

4

1
yx

y

f
y

x

f
x

+

++−++
=

∂

∂
+

∂

∂
 

                     
( )
( )5/15/1

4/14/1

yx

yx

20

1

+

+
=                                                                    (iv) 

Hence, the Euler’s Theorem is verified. 

(ii) Here ( ) 







=






















+








+=++==

x

z
,

x

y
fx

x

z

x

y
1xzyxz,y,xfu 2/1

2/12/1
2/1  

( )z,y,xfu =⇒  is a homogeneous function of x ,y and z of degree  
2

1
. 

Hence by Euler’s theorem, we have  

( )zyx
2

1
u

2

1
nu

z

u
z

y

u
y

x

u
x ++===

∂

∂
+

∂

∂
+

∂

∂
. 
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Again since ( ) zyxz,y,xfu ++==  

Differentiating partially w. r. t x , y and z respectively, we get 

x2

1

x

u
=

∂

∂
 , 

y2

1

y

u
=

∂

∂
 and

z2

1

z

u
=

∂

∂
 

( )zyx
2

1

z2

1
z

y2

1
y

x2

1
x

z

u
z

y

u
y

x

u
x ++=++=

∂

∂
+

∂

∂
+

∂

∂
∴ . 

Hence, the Euler’s Theorem is verified. 

(iii) Here 







=














+








=













 +
= −−

y

x
fy1

y

x
tany

y

yx
tanz

0

2

10
22

1 . 

z⇒  is a homogeneous function of x ,y and z of degree  0. 

Hence by Euler’s theorem, we have 

0z.0nz
y

z
y

x

z
x ===

∂

∂
+

∂

∂
. 

Again since  












 +
= −

y

yx
tanz

22
1 . 

Differentiating partially w. r. t x and y respectively, we get 

( ) 222222

2

22
yx

1
.

y2x

xy
x2.

yx2

1

y

1
.

y

yx
1

1

x

z

++
=















++
+

=
∂

∂
 

( )
( )

22

222

222

22

22

2

22
yx

yxy
.

y2x

1

y

yxy2.
yx

1

2

y

.

y

yx
1

1

y

z

+

+−

+
=




















+−

+

+
+

=
∂

∂
 

     ( )
( )

22

2

22
yx

x
.

y2x

1

+

−

+
= . 

( ) ( )
( )

0
yx

x
.

y2x

1
y

yx

1
.

y2x

xy
x

y

z
y

x

z
x

22

2

222222
=















+

−

+
+















++
=

∂

∂
+

∂

∂
∴ . 

Hence, the Euler’s Theorem is verified. 
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(iv) Here 







=



























+

















=







+







= −−−−

x

y
fx

x

y
tan

x

y

1
sinx

x

y
tan

y

x
sinu

011011 . 

⇒  u is a homogeneous function of x and y of degree 0. 

Hence by Euler's theorem, we have  

0u0nu
y

u
y

x

u
x ===

∂

∂
+

∂

∂
. 

Again since 







+







= −−

x

y
tan

y

x
sinu 11

. 

Differentiating partially w. r. t x and y respectively, we get 

22222

2

22 yx

y

xy

1

x

y
.

x

y
1

1

y

1
.

y

x
1

1

x

u

+
−

−
=







 −

+

+









−

=
∂

∂
. 

2222

2

222 yx

x

xyy

x

x

1
.

x

y
1

1

y

x
.

y

x
1

1

y

u

+
+

−

−
=

+

+








 −









−

=
∂

∂
. 

0
yx

x

xyy

x
y

yx

y

xy

1
x

y

u
y

x

u
x

22222222
=















+
+

−

−
+















+
−

−
=

∂

∂
+

∂

∂
∴ . 

Hence, the Euler’s Theorem is verified. 

(v) Here 







=








=

x

y
fx

x

y
logxz

44 . 

⇒   z is a homogeneous function of x and y of degree 4. 

Hence by Euler's theorem, we have  









===

∂

∂
+

∂

∂

x

y
logx4z4nz

y

z
y

x

z
x 4 . 

Again since  







=

x

y
logxz

4 . 

Differentiating partially w. r. t x and y respectively, we get 
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33

2

43 x
x

y
log.x4

x

y

x

y

1
.x

x

y
log.x4

x

z
−







=







 −
+







=

∂

∂
 and 

y

x

x

1

x

y

1
.x

y

z 4
4 =








=

∂

∂
 

Hence, the Euler’s Theorem is verified. 

Q.No.7.: If 
yx

yx
logu

44

+

+
= , show that 3

y

u
y

x

u
x =

∂

∂
+

∂

∂
. 

Sol.: Here 
yx

yx
logu

44

+

+
=

yx

yx
e

44
u

+

+
=⇒ . 

ue  is a homogeneous function of x and y of degree 3. 

Hence by Euler’s theorem, we have 
( ) ( ) uu

uu

e3ne
y

e
y

x

e
x ==

∂

∂
+

∂

∂
. 

uuu e3
y

u
ye

x

u
xe =

∂

∂
+

∂

∂
⇒ . 

Hence  3
y

u
y

x

u
x =

∂

∂
+

∂

∂
.  

Hence the result. 

Q.No.8.: If 














+

−
= −

yx

yx
sinu 1 , show that 

y

u

x

y

x

u

∂

∂
−=

∂

∂
. 

Sol.: Here 














+

−
= −

yx

yx
sinu 1  








=





























+









−

=














+

−
=⇒

x

y
fx

x

y
1

x

y
1

x
yx

yx
usin 0

2/1

2/1

0
. 

usin⇒  is a homogeneous function of x and y of degree 0. 

Hence by Euler’s theorem, we have  

( ) ( )
0usin.0usinn

y

usin
y

x

usin
x ===

∂

∂
+

∂

∂
. 

0
y

u
ucosy

x

u
ucosx =

∂

∂
+

∂

∂
⇒  0

y

u
y

x

u
x =

∂

∂
+

∂

∂
⇒ . 

Hence 
y

u

x

y

x

u

∂

∂
−=

∂

∂
. 

 Hence the result. 
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Q.No.9.: If u x
y

x

y

x
=






 +






ϕ ψ , show that 

              (i) x
u

x
y

u

y
x

y

x

∂

∂

∂

∂
ϕ+ =





 . 

             (ii) 0
y

u
y

yx

u
xy2

x

u
x

2

2
2

2

2

2
2 =

∂

∂
+

∂∂

∂
+

∂

∂
 . 

Sol.:(i) Here 21 uu
x

y

x

y
xu +=








ψ+








ϕ=  (say) 

Then 
y

u
y

x

u
x

y

u
y

x

u
x

y

u
y

x

u
x 2211

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

Now since 1u  and 2u  are homogeneous function of x and y of degree 1 and 0 

respectively. Then by Euler’s theorem, we have 









ϕ==

∂

∂
+

∂

∂

x

y
xnu

y

u
y

x

u
x 1

11  and 0nu
y

u
y

x

u
x 2

22 ==
∂

∂
+

∂

∂
. 

Hence 0
x

y
x

y

u
y

x

u
x

y

u
y

x

u
x

y

u
y

x

u
x 2211 +








ϕ=

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 









ϕ=

∂

∂
+

∂

∂
⇒

x

y
x

y

u
y

x

u
x .  

Hence the result. 

(ii) Again, since 1u  and 2u  are homogeneous function of x and y of degree 1 and 0 

respectively. Then, by extension of Euler’s theorem, we have 

( ) ( ) 0
x

y
x.111u1nn

y

u
y

yx

u
xy2

x

u
x

2

2
2

2

2

2
2 =








ϕ−=−=

∂

∂
+

∂∂

∂
+

∂

∂
. 

Hence x
u

x
xy

u

x y
y

u

y

2
2

2

2
2

2

2
2 0

∂

∂

∂

∂ ∂

∂

∂
+ + =  .  

Hence the result. 

Q.No.10.: If ( ) 3/122 yxu += , prove that u
9

2

y

u
y

yx

u
xy2

x

u
x

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂
 . 

Sol.: Here ( ) 







=






















+=+=

x

y
fx

x

y
1xyxu 3/2

3/1
2

3/23/122 . 
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⇒  u is a homogeneous function of x and y of degree 
3

2
. 

Hence by extension of Euler’s theorem, we have 

( ) u
9

2
1

3

2

3

2
u1nn

y

u
y

yx

u
xy2

x

u
x

2

2
2

2

2

2
2 −=








−=−=

∂

∂
+

∂∂

∂
+

∂

∂
 .  

Hence the result. 

Q.No.11.: If 














+

+
= −

yx

yx
sinu

22
1 , then show that utan

y

u
y

x

u
x =

∂

∂
+

∂

∂
.    

Sol.: Here














+

+
= −

yx

yx
sinu

22
1  








=



















+

+

=














+

+
==⇒

x

y
fx

x

y
1

x

y
1

x
yx

yx
)say,z(usin 1

2

2

22

. 

⇒  z is a homogeneous function of x and y of degree 1. 

Then, by Euler’s theorem, we have  znz
y

z
y

x

z
x ==

∂

∂
+

∂

∂
. 

⇒ + =x u
u

x
y u

u

y
ucos cos sin

∂

∂

∂

∂
 . 

  utan
y

u
y

x

u
x =

∂

∂
+

∂

∂
⇒ .   

 Hence the result. 

Q.No.12.: If 

2/1

2/12/1

3/13/1
1

yx

yx
sinu













+

+
= − , then  prove that 

                (i)  utan
12

1

y

u
y

x

u
x −=

∂

∂
+

∂

∂
. 

                (ii) ( )utan13
144

utan
uyxyu2ux 2

yy
2

xyxx
2 +=++ . 

 

Sol.: (i) Here

2/1

2/12/1

3/13/1
1

yx

yx
sinu 









+

+
= −  
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2/1

2/1

3/1

6/1

2/1

2/1

2/1
2/1

3/1

3/1
3/1

x

y
1

x

y
1

x

x

y
1x

x

y
1x

usin





















































+









+

=



























+









+

=⇒ −








=





























+









+

= −−

x

y
fx

x

y
1

x

y
1

x 12/1

2/1

2/1

3/1

12/1 . 

usin⇒  is a homogeneous function of x  and y of degree 
12

1
− . 

Then, by Euler’s theorem, we have   

usin
12

1
usinn

y

)u(sin
y

x

)u(sin
x −==

∂

∂
+

∂

∂
  

usin
12

1

y

u
ucosy

x

u
ucosx −=

∂

∂
+

∂

∂
⇒   

utan
12

1

y

u
y

x

u
x −=

∂

∂
+

∂

∂
⇒  .                                                                                           ...(i) 

 Hence the result. 

(ii)  Differentiating (i)  w. r. t. x  partially, we get   ( )x
2

xyxxx uusec
12

1
yuuxu −=++  

Multiplying by x , we get           

( )x
2

xyxxx
2 xuusec

12

1
xyuxuux −=++ .                                                                   .....(ii)     

Differentiating (i) w. r. t. y  partially, we get   

 ( )y
2

yyyxy uusec
12

1
yuuxu −=++ . 

Multiplying by y , we get                

 ( )y
2

yy
2

yxy yuusec
12

1
uyyuyxu −=++ .                                                                 ......(iii) 

Adding (ii) and  (iii), we get 

( ) ( ) ( )yx
2

yxyx
2

yy
2

xyxx
2 yuxu1usec

12

1
yuxuyuxuusec

12

1
uyxyu2ux +








−−=+−+−=++

                                        utan
12

1
utanusec

144

1
utan

12

1
1usec

12

1 22 +=















+=   

                                       ( ) ( )12utan1utan
144

1
utan

12

1
utanutan1

144

1 22 ++=++=  
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                                       ( )utan13utan
144

1 2+= .   

Hence the result.   

Q.No.13.: If 
( )









ψ+








ϕ+

−

+
=

x

y

x

y
x

1m2

yx
u

m22

, show that  

                  ( )m22

2

2
2

2

2

2
2 yxm2

y

u
y

yx

u
xy2

x

u
x +=

∂

∂
+

∂∂

∂
+

∂

∂
 . 

Sol.:  Here 
( )

321

m22

uuu
x

y

x

y
x

1m2

yx
u ++=








ψ+








ϕ+

−

+
=  (say) 

Then 
y

u
y

x

u
x

y

u
y

x

u
x

y

u
y

x

u
x

y

u
y

x

u
x 332211

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

Now since 1u , 2u  and 3u  are homogeneous function of x and y of degree 2m , 1 and 0 

respectively. Then by Euler’s theorem, we have 

11
11 mu2nu

y

u
y

x

u
x ==

∂

∂
+

∂

∂
, 22

22 unu
y

u
y

x

u
x ==

∂

∂
+

∂

∂
 and 0nu

y

u
y

x

u
x 3

33 ==
∂

∂
+

∂

∂
. 

Hence 21
332211 u.1u.m2

y

u
y

x

u
x

y

u
y

x

u
x

y

u
y

x

u
x

y

u
y

x

u
x +=

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
.  

Again, since 1u , 2u  and 3u  are homogeneous function of x and y of degree 2m, 1 and 0 

respectively.  

Then, by extension of Euler’s theorem, we have 

( ) ( ) ( ) ( ) ( )
1m2

yx
1m2m2u111u1m2m2u1nn

y

u
y

yx

u
xy2

x

u
x

m22

212

2
2

2

2

2
2

−

+
−=−+−=−=

∂

∂
+

∂∂

∂
+

∂

∂

 Hence ( )m22

2

2
2

2

2

2
2 yxm2

y

u
y

yx

u
xy2

x

u
x +=

∂

∂
+

∂∂

∂
+

∂

∂
 . 

 Hence the result. 

Q.No.14.: If ( )yxsinu += , show that 

                 ( ) ( )yxcosyx
2

1

y

u
y

x

u
x ++=

∂

∂
+

∂

∂
. 

Sol.: Here ( )yxsinu +=  . 
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( ) ( ) 







=






















+=+==⇒ −

x

y
fx

x

y
1xyxsay,zusin 2/1

2/1
2/11 . 

⇒  z is a homogeneous function of x and y of degree 
2

1
. 

Then, by Euler’s theorem, we have  x
z

x
y

z

y
nz z

∂

∂

∂

∂
+ = =

1

2
. 

 ( )yx
2

1
usin

2

1

y

u

u1

1
y

x

u

u1

1
x 1

22
+==

∂

∂

−
+

∂

∂

−
⇒ −

 . 

 ( ) ( ) ( ) ( )yxcosyx
2

1
yxsin1yx

2

1

y

u
y

x

u
x 22 ++=+−+=

∂

∂
+

∂

∂
⇒ . 

 Hence ( ) ( )yxcosyx
2

1

y

u
y

x

u
x ++=

∂

∂
+

∂

∂
.  

Hence the result. 

Q.No.15.: If 




 += − 221 yxsinz , then show that   ztanzyxyz2zx 3

yy
2

xyxx
2 =++ . 

Sol.: Here 




 += − 221 yxsinz ( ) 








=+=+==⇒

x

y
xf

x

y
1xyxsay,uzsin

2

2
22 . 

⇒  u is a homogeneous function of x and y of degree 1. 

Then by Euler’s theorem, we have  unu
y

u
y

x

u
x ==

∂

∂
+

∂

∂
. 

zsin
y

z
zcosy

x

z
zcosx =

∂

∂
+

∂

∂
⇒ ztan

y

z
y

x

z
x =

∂

∂
+

∂

∂
⇒ .                                                  (i)                               

Differentiating (i)  w. r. t. x  partially, we get    

( )x
2

xyxxx zzsecyzzxz =++  

Multiplying by x , we get                          

( )x
2

xyxxx
2 xzzsecxyzxzzx =++ .                                                                           ......(ii)     

Differentiating (i) w. r. t. y  partially, we get    

( )y
2

yyyxy zzsecyzzxz =++  

Multiplying by y , we get                           



Partial Differentiation: Homogeneous Equation and Euler’s Theorem   

Visit: https://www.sites.google.com/site/hub2education/ 

 

15 

( )y
2

yy
2

yxy yzzseczyyzyxz =++ .                                                                           ......(iii) 

Adding (ii) and  (iii), we get 

  ( ) ( ) ztan)z(tanzsecyzxzyzxzzseczyxyz2zx 2
yxyx

2
yy

2
xyxx

2 −=+−+=++ . 

                                         ( ) ( ) ztanztanztan1zsecztan 322 ==−=  . 

Hence the result.   

Q.No.16.: If ( )2iyxivu ±=+ , and 
v

u
w = , prove that 0

y

w
y

x

w
x =

∂

∂
+

∂

∂
. 

Sol.: Here ( )2iyxivu ±=+  ixy2yxivu 22 ±−=+⇒ . 

Thus  







=




























−

=
−

==
x

y
fx

x

y
2

x

y
1

x
xy2

yx

v

u
w 0

2

0
22

. 

⇒  w is a homogeneous function of x and y of degree 0. 

Then, by Euler’s theorem, we have   

0w.0nw
y

w
y

x

w
x ===

∂

∂
+

∂

∂
. 

Hence 0
y

w
y

x

w
x =

∂

∂
+

∂

∂
.  

This completes the proof. 

Q.No.17.: If ( )3ibyaxivu ±=+ ,show that 

              (i)    x
u

x
y

u

y
u

∂

∂

∂

∂
+ = 3 , 

             (ii)   x
v

x
y

v

y
v

∂

∂

∂

∂
+ = 3 , 

             (iii)  ( 0
y

w
y

x

w
x =

∂

∂
+

∂

∂
 where 

v

u
w = . 

Sol.: (i) Here ( )3ibyaxivu ±=+   )ybxa3yb(i)xyab3xa(ivu 22332233 ±+−=+⇒ . 

Thus 







=






















−=−=

x

y
fx

x

y
ab3ax)xyab3xa(u 3

2
2332233 . 
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⇒  u is a homogeneous function of x and y of degree 3. 

Then, by Euler’s theorem, we have   

w.3nw
y

w
y

x

w
x ==

∂

∂
+

∂

∂
. 

Hence w3
y

w
y

x

w
x =

∂

∂
+

∂

∂
.  

This completes the proof. 

(ii) Here ( )3ibyaxivu ±=+   )ybxa3yb(i)xyab3xa(ivu 22332233 ±+−=+⇒ . 

Thus 







=






















±








=±=

x

y
fx

x

y
ba3

x

y
bx)ybxa3yb(v 32

3
332233 . 

⇒  v is a homogeneous function of x and y of degree 3. 

Then, by Euler’s theorem, we have   

v.3nv
y

v
y

x

v
x ==

∂

∂
+

∂

∂
. 

Hence v3
y

v
y

x

v
x =

∂

∂
+

∂

∂
.  

This completes the proof. 

(iii) Here ( )3ibyaxivu ±=+   )ybxa3yb(i)xyab3xa(ivu 22332233 ±+−=+⇒ . 

Thus  







=





























±

















−

=
±

−
==

x

y
fx

x

y
ba3

x

y
b

x

y
ab3a

x
ybxa3yb

xyab3xa

v

u
w 0

2
3

3

2
23

0

2233

2233

. 

⇒ w is a homogeneous function of x and y of degree 0. 

Then, by Euler’s theorem, we have   

0w.0nw
y

w
y

x

w
x ===

∂

∂
+

∂

∂
. 

Hence 0
y

w
y

x

w
x =

∂

∂
+

∂

∂
.  

This completes the proof. 
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Q.No.18.: If ( ) 2/1222 zyxv
−

++= ,then show that v
z

v
z

y

v
y

x

v
x −=

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here ( ) 2/1222 zyxv
−

++=  







=






















+








+=⇒ −

−

−

x

z
,

x

y
fx

x

z

x

y
1xv 1

2/1
22

1  

⇒  v is a homogeneous function of x ,y and z of degree −1. 

Hence by Euler’s theorem, we have  

vv).1(nu
z

v
z

y

v
y

x

v
x −=−==

∂

∂
+

∂

∂
+

∂

∂
. 

Hence the result. 

Q.No.19.: If ( )yxsinu 1 += −
, prove that 

              
ucos4

u2cos.usin

y

u
y

yx

u
xy2

x

u
x

32

2
2

2

2

2
2 −

=
∂

∂
+

∂∂

∂
+

∂

∂
 . 

Sol.: Here  ( )yxsinu 1 += − ( ) 







=






















+=+=⇒

x

y
fx

x

y
1xyxusin 2/1

2/1
2/1 . 

usin⇒  is a homogeneous function of x  and y of degree 
2

1
 

∴By Euler’s theorem, usin
2

1
usinn

y

)u(sin
y

x

)u(sin
x ==

∂

∂
+

∂

∂
  

⇒ + =x u
u

x
y u

u

y
ucos cos sin

∂

∂

∂

∂

1

2
 .⇒ + =x

u

x
y

u

y
u

∂

∂

∂

∂

1

2
tan  .                              ...(i) 

 Differentiating (i)  w. r. t. x partially, we get    

( )x
2

xyxxx uusec
2

1
yuuxu =++  

Multiplying by x , we get                

( )x
2

xyxxx
2 xuusec

2

1
xyuxuux =++            ......(ii)     

Differentiating (i) w. r. t. y partially, we get    

( )y
2

yyyxy uusec
2

1
yuuxu =++  

Multiplying by y , we get                 
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( )y
2

yy
2

yxy yuusec
2

1
uyyuyxu =++           ......(iii) 

Adding (ii) and  (iii), we get 

( ) ( ) ( )yx
2

yxyx
2

yy
2

xyxx
2 yuxu1usec

2

1
yuxuyuxuusec

2

1
uyxyu2ux +








−=+−+=++  

                                        utan
2

1
utanusec

4

1
utan

2

1
1usec

2

1 22 −=















−=   

                                       ( ) ( )
ucos

ucos21

4

utan
2

ucos

1

4

utan
2usecutan

4

1
2

2

2

2 −
=








−=−=  

ucos4

u2cos.usin

y

u
y

yx

u
xy2

x

u
x

32

2
2

2

2

2
2 −

=
∂

∂
+

∂∂

∂
+

∂

∂
⇒  .  

Hence the result.   

Q.No.20.: If 














+

+
= −

y3x2

yx
tanV

33
1 , prove that  

                V2sinV4sin
y

V
y

yx

V
xy2

x

V
x

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂
. 

Sol.: Here 














+

+
= −

y3x2

yx
tanV

33
1  z

x

y
fx

x

y
32

x

y
1

x
y3x2

yx
Vtan 2

3

2
33

=







=





















+









+

=
+

+
=⇒  (say). 

⇒  z is a homogeneous function of x  and y of degree  2. 

Then by Euler’s theorem, we have   z2nz
y

z
y

x

z
x ==

∂

∂
+

∂

∂
. 

Vtan2
y

V
Vsecy

x

V
Vsecx 22 =

∂

∂
+

∂

∂
⇒  

V2sinVcosVsin2Vcos.
Vcos

Vsin
2

Vsec

Vtan2

y

V
y

x

V
x 2

2
====

∂

∂
+

∂

∂
⇒ .         ....(i) 

Differentiating (i) partially w. r. t. x [keeping y as constant], we get  

x

V
2.V2cos

yx

V
y

x

V

x

V
x

2

2

2

∂

∂
=

∂∂

∂
+

∂

∂
+

∂

∂
. 

Multiplying by x, we get    
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x

V
V2cosx2

yx

V
xy

x

V
x

x

V
x

2

2

2
2

∂

∂
=

∂∂

∂
+

∂

∂
+

∂

∂
   

( )
x

V
x1V2cos2

yx

V
xy

x

V
x

2

2

2
2

∂

∂
−=

∂∂

∂
+

∂

∂
⇒                                                 . ..(ii) 

Again, Differentiating (i) partially w. r. t. y [keeping x as constant], we get 

y

V
2.V2cos

y

V

y

V
y

xy

V
x

2

22

∂

∂
=

∂

∂
+

∂

∂
+

∂∂

∂
. 

Multiplying by y, we get    

y

V
V2cosy2

y

V
y

y

V
y

xy

V
xy

2

2
2

2

∂

∂
=

∂

∂
+

∂

∂
+

∂∂

∂
  

( )
y

V
y1V2cos2

y

V
y

xy

V
xy

2

2
2

2

∂

∂
−=

∂

∂
+

∂∂

∂
⇒ .                                            .....(iii) 

Adding (ii) and (iii), we get  

( ) ( ) V2sin1V2cos2
y

V
y

x

V
x1V2cos2

y

V
y

yx

V
xy2

x

V
x

2

2
2

2

2

2
2 −=









∂

∂
+

∂

∂
−=

∂

∂
+

∂∂

∂
+

∂

∂
 

                                                V2sinV4sinV2sinV2cosV2sin2 −=−= . 

Hence V2sinV4sin
y

V
y

yx

V
xy2

x

V
x

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂
.  

Hence the result. 

Q.No.21.: If 







=

x

z
,

x

y
fxu n , show that  nu

z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here 







=

x

z
,

x

y
fxu n .Let 1t

x

y
=  , 2t

x

z
=  

( ) fxt,tfxu n
21

n ==∴  

Differentiating partially w. r. t x , y and z respectively, we get 
















 −

∂

∂
+






 −

∂

∂
+=









∂

∂

∂

∂
+

∂

∂

∂

∂
+=

∂

∂ −−
2

2
2

1

n1n2

2

1

1

n1n

x

z

t

f

x

y

t

f
xfnx

x

t
.

t

f

x

t
.

t

f
xfnx

x

u
 

2

1n

1

1n1n

t

f
zx

t

f
yxfnx

x

u

∂

∂
−

∂

∂
−=

∂

∂
⇒ −−− , 
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1

1n

1

n2

2

1

1

n

t

f
x

x

1

t

f
x

y

t
.

t

f

y

t
.

t

f
x

y

u

∂

∂
=

















∂

∂
=









∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂ −
, 

2

1n

2

n2

2

1

1

n

t

f
x

x

1

t

f
x

z

t
.

t

f

z

t
.

t

f
x

z

u

∂

∂
=

















∂

∂
=









∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂ −










∂

∂
+









∂

∂
+









∂

∂
−

∂

∂
−=

∂

∂
+

∂

∂
+

∂

∂
∴ −−−−−

2

1n

1

1n

2

1n

1

1n1n

t

f
xz

t

f
xy

t

f
zx

t

f
yxfnxx

z

u
z

y

u
y

x

u
x . 

Hence ( ) nut,tfnx
z

u
z

y

u
y

x

u
x 21

n ==
∂

∂
+

∂

∂
+

∂

∂
. 

 Hence the result. 

Q.No.22.: If 
222 yx

ylogxlog

xy

1

x

1
u

+

−
++=  show that  0u2

y

u
y

x

u
x =+

∂

∂
+

∂

∂
. 

Sol.: Here 







=



















+










−+=
+

−
++= −−

x

y
fx

x

y
1

x

y
log

x

y

1
1x

yx

ylogxlog

xy

1

x

1
u 2

2

2

2

222
. 

⇒   u is a homogeneous function of x and y  of degree 2− . 

Hence by Euler’s theorem, we have  u2
y

u
y

x

u
x −=

∂

∂
+

∂

∂
.  

Hence 0u2
y

u
y

x

u
x =+

∂

∂
+

∂

∂
. 

Q.No.23.: If ( )














++

++
=

zyx

zyx
logz,y,xf

555

, show that 4
z

f
z

y

f
y

x

f
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here ( )














++

++
=

zyx

zyx
logz,y,xf

555

 
zyx

zyx
e

555
f

++

++
=⇒                    ...(i)  

 







=





















++









+








+

=⇒
x

z
,

x

y
fx

x

z

x

y
1

x

z

x

y
1

xe 4

55

4f
. 

⇒  fe  is a homogeneous function of x,  y and z of degree  4. 

Hence by Euler’s theorem, we have 
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( ) ( ) ( ) f

fff

e4
z

e
z

y

e
y

x

e
x =

∂

∂
+

∂

∂
+

∂

∂
. 

⇒ ffff e4
z

f
ze

y

f
ye

x

f
xe =

∂

∂
+

∂

∂
+

∂

∂
⇒ 4

z

f
z

y

f
y

x

f
x =

∂

∂
+

∂

∂
+

∂

∂
.  

Hence the result. 

Q.No.24.: If 














−−

+−
=

zxyzxy

zyx
sinu

222

, show that  0
z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here 







=





















−−









+








−

=














−−

+−
=

x

z
,

x

y
fx

x

z

x

z
.

x

y

x

y

x

z

x

y
1

sinx
zxyzxy

zyx
sinu 0

22

0
222

. 

⇒  u is a homogeneous function of x ,y and z of degree 0. 

Then by Euler’s theorem, we have    

0u.0nu
z

u
z

y

u
y

x

u
x ===

∂

∂
+

∂

∂
+

∂

∂
.  

Hence the result. 

Q.No.25: Given that F(u) = V(x , y , z), where V is a homogeneous function of x , y , z of 

                degree n , then prove that 
)u(F

)u(F
n

z

u
z

y

u
y

x

u
x

/
=

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here V(x , y , z) is a homogeneous function of x , y , z of degree n , then by Euler's  

theorem nV
z

V
z

y

V
y

x

V
x =

∂

∂
+

∂

∂
+

∂

∂
 )u(nF

z

)u(F
z

y

)u(F
y

x

)u(F
x =

∂

∂
+

∂

∂
+

∂

∂
⇒  

                                                        )u(nF
z

u
)u(Fz

y

u
)u(Fy

x

u
)u(Fx =

∂

∂
′+

∂

∂
′+

∂

∂
′⇒  

                                                        
)u(F

)u(F
n

z

u
z

y

u
y

x

u
x

/
=

∂

∂
+

∂

∂
+

∂

∂
⇒ . 

Hence the result. 
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NEXT TOPIC 

Total Differentials,  

Explicit Function, Implicit Functions  

and  

Total Differential Coefficient  

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

    

    

    

    

    

 

(ii) Indeterminate forms-Problems of ∞×
∞

∞
0  ,  ,

0

0
. 

Cauchy’s Rule or L’Hospital’s Rule: 

Suppose we are interested to find the value of  

( )
( )

a xat
x

xf
=









φ
, where ( )[ ] ( ) 0afxf ax ===   (i) 

( )[ ] ( ) 0ax ax =φ=φ = .   (ii) 

Then 
( )
( )

ax
x

xf

=









φ
is of the form 

0

0
 . 

Then by L’Hospital’s Rule, “we differentiate the numerator and denominator w.r.t. x 

separately. If once again, we find indeterminate form 
0

0
, we have further repetition of the 

process till we get some definite result”. 

Proof:The limiting value of 
( )
( )

( )
( )x

xf
 Lt

x

xf

ax
ax

φ
=









φ →
=

 

Putting hax += in
( )
( )







φ→ x

xf
 Lt

ax
, we have when ax →  then 0h →  

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    

Indeterminate FormsIndeterminate FormsIndeterminate FormsIndeterminate Forms    

Cauchy’s Rule or L’Hospital’s Rule 

Prepared by 
 

 

 

 

Dr. Sunil 

NIT Hamirpur (HP) 



Indeterminate Forms-
0

,   ,   0
0

∞
× ∞

∞
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( )
( )

( )
( )ha

haf
Lt

x

xf
 Lt

0hax +φ

+
=









φ
∴

→→
 

Using Taylor’s Theorem, we get  

( )
( )ha

haf
Lt

0h +φ

+
=

→

( ) ( ) ( )

( ) ( ) ( ) .....a  
! 2

h
a  ha

........a  f
! 2

h
a  hfaf

Lt
2

2

0h
+′′φ+′φ+φ

+′′+′+
=

→
 

( ) ( )

( ) ( ) .........a  
! 2

h
a  h

........a  f
! 2

h
a  hf

Lt
2

2

0h
+′′φ+′φ

+′′+′

=
→

( )
( ) 









=φ

=

(ii) and (i) from 0a

and 0af∵
 

As 0h ≠ , we have 

( ) ( )

( ) ( ) .........a  
! 2

h
a  

........a  f
! 2

h
a  f

Lt
0h

+′′φ+′φ

+′′+′

→

( )
( )

( )
( )x  

x  f
Lt

a  

a  f

ax ′φ

′
=

′φ

′
=

→
 

In case both ( )a  f ′  and ( )a  ′φ  are zero, the above process can be repeated and we shall get 

( )
( )

( )
( )

( )
( )x  

x  f
Lt

a  

a  f

x  

x  f
Lt

axax ′′φ

′′
=

′′φ

′′
=

φ →→
and like this we can have further repetition of the 

process till we get some definite results. 

Note: Cauchy’s rule is also be applicable to 
∞

∞
 form. 

Q.No.1:Evaluate 
( )

20x x

1xlogxcosx
Lim

+−

→
. 

Sol.:
( )

20x x

x1logxcosx
Lim

+−

→
.  

Apply Cauchy’s Rule (i.e. differentiate the numerator and denominator w.r.t. to x 

separately), we get 

x2

x1

1
xsinxxcos

Lim
0x

+
−−

=
→

 

Again apply Cauchy’s Rule, we get 









form  

0

0









form  

0

0



Indeterminate Forms-
0

,   ,   0
0

∞
× ∞

∞
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( )
2

1

2

x1

1
xcosxxsinxsin

Lim
2

0x
=

+
+−−−

=
→

. Ans. 

Q.No.2:Evaluate 
xsinx

xcos2ee
Lim

xx

0x

−+ −

→
. 

Sol.:  

xsin

x

x

xcos2ee
Lim

2

xx

0x
×

−+
=

−

→
 

2

xx

0x x

xcos2ee
Lim

−+
=

−

→ 







=

→
1

xsin

x
Lim

0x
∵  

x2

xsin2ee
Lim

xx

0x

+−
=

−

→  

2
2

211

2

xcos2ee
Lim

xx

0x
=

++
=

++
=

−

→
. Ans. 

Q.No.3:Evaluate 
xlogx1

xx
 Lim

x

1x +−

−

֏

. 

Sol.
xlogx1

xx
 Lim

x

1x +−

−

֏

 

Apply Cauchy’s Rule, we get 

( )

x

1
10

1xlog1x
 Lim

x

1x

+−

−+
=

֏

 

( ) ( ) ( )

2

xx

1x

x

1
00

xlog1xxlog1x/1x
Lim

−−

+++
=

→

( ) ( )





















+=+=

==

=∴

xlog1xxlog1y
dx

dy

 x to t.r.  w.ateDifferenti

xlogxlogylog

xy  Let

x

x

x

 

2−= Ans. 

Q.No.4:Find the values of a, b and c so that 2
xsinx

cexcosbae
Lim

xx

0x
=

+− −

→
. 

xsinx

xcos2ee
Lim

xx

0x

−+ −

→ 







form  

0

0









form  

0

0









form  

0

0









form  

0

0
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4

Sol.:
xsinx

cexcosbae
Lim

xx

0x

−

→

+−
. 

This is of 
0

0
form, if 0cba =+− . (i) 

Apply Cauchy’s Rule, we get 

xsinxcosx

cexsinbae
Lim

xx

0x +

−+ −

→
 

This is of 
0

0
form, if 0ca =− .  (ii)    

( ) xcosxcosxsinx

cexcosbae
Lim

xx

0x ++−

++
=

−

→ xcos2xsinx

cexcosbae
Lim

xx

0x +−

++
=

−

→
= 2

2

cba
=

++
(given)               

4cba =++⇒ .(iii) 

Solving (i), (ii) and (iii), for a, b, c, we get 

a = 1,  b = 2, and c = 1. Ans. 

Q.No.5:Evaluate xsinlogLim x
0x→

. 

Sol.:
xlog

xsinlog
Lt

e

e

0x→
. 









∞

∞
form  

Applying Cauchy’s Rule, we get 

x

1

xcos
xsin

1

Lt
0x

×
=

→
xcotxLt

0x→
=  = 1

xtan

x
Lt

0x
=

→
. Ans.       








=

→
1

xtan

x
Lt

0x
∵  

Q.No.6:Evaluate xlog.
x2

secLt
1x

π

→
. 

Sol.:                xlog.
x2

secLt
1x

π

→
( )form0×∞  








 π
=

→

x2
cos

xlog
Lt

1x
.

 

Applying Cauchy’s Rule, we get 









form  

0

0
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5









−×

π
×






 π
−

=
→

2

1x

x

1

2x2
sin

x

1

Lt









××π

××
=

→

x2

x
sinx

x12
Lt

2

1x







 π
×π

×
=

→

x2
sin

x2
Lt

1x π
=

2
. Ans. 

Q.No.7:Evaluate 







−

→
xcot

x

1
Lt 2

20x
. 

Sol.:We know that ........
15

x2

3

x
xxtan

53

+++=  









−∴

→ xtan

1

x

1
Lt

220x 





















+++−=

−

→

2
53

20x
......

15

x2

3

x
x

x

1
Lt  























+++−=

−

−

→

2

4
2

2

20x
......x

15

2

3

x
1x

x

1
Lt  





















+







++−−=

→
 xof powershigher  of terms.....x

15

2

3

x
21

x

1

x

1
Lt 4

2

220x
 

3

2
 xcontaining terms

3

2

x

1

x

1
Lt

220x
=








++−=

→
. Ans. 

Similar Problem:Evaluate 2

2
x 0

1
Lt cot x

x→

 
− 

 
( )∞ − ∞  form. 

Sol.: 2

2
x 0

1
Lt cot x

x→

 
− 

 

2 2

2 2 2 2
x 0 x 0

1 1 x tan x
Lt Lt

tan x x x tan x→ →

− 
= − = 

 
 

22 2

4
x 0

x tan x x
Lt

x tan x→

−  
=  

 
 

( )
2 2

2

4
x 0

x tan x
Lt 1

x→

−
=

x 0

x
Lt 1

tan x→

 
=  

∵  

2 2

4
x 0

x tan x
Lt

x→

−
=

0
  form

0

 
 
 

 

2

3
x 0

2x 2 tan x sec x
Lt

4x→

−
=

( )2

3x 0

2x 2 tan x 1 tan x
Lt

2x→

− +
=  

2

3
x 0

x tan x tan x
Lt

2x→

− −
=

0
  form

0

 
 
 
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6

2 2 2

2
x 0

1 sec x 3tan x sec x
Lt

6x→

− −
=  

( ) ( )2 2 2

2x 0

1 1 tan x 3tan x 1 tan x
Lt

6x→

− + − +
=  

2 2 4

2
x 0

1 1 tan x 3tan x 3tan x
Lt

6x→

− − − −
=  

4 4

2
x 0

4 tan x 3tan x
Lt

6x→

− −
=  

22

x 0

4 3tan x tan x
Lt

6 x→

+  
= −  

 
 

( )
34 0 4 2

1
6 6 3

− + − −
= = = . Ans. 

Q.No.8:Find the value of 
( )

7

22/34/x3

0x x

xsine.x
Lt

4

−

→
. 

Sol.:As 0x → , the required limit takes the indeterminate form 
0

0
. The denominator here 

is 7x and the application of Cauchy’s Rule will required us to differentiate the nominator 

and denominator at least seven times to come to the true value of the limit, which will be 

cumbersome. 

 We therefore, use the method of expansion by Macaulurin’s Theory, which is 

very convenient. 

Thus, using the expansion xe  

..........
4

x

!2

1

4

x
1e

2
44

4

x4














++= ..........

32

x

4

x
1

84

+++=  

And using the series for xsin  

( ) ( ) ( )
2/3

5232
22/32 ......

! 5

x

! 3

x
xxsin














−+−=

2/3
4

3 ........
6

x
1x












+−= ,                    

Now using Binomial Theorem, we get 
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7

( )











+













−−= ............

6

x

2

3
1xxsin

4
32/32












+−= ........

4

x
1x

4
3  

( )
7

22/34/x3

0x x

xsine.x
Lt

4

−
∴

→ 7

4
3

84
3

0x x

.........
4

x
1x.......

32

x

4

x
1x

Lt











+−−












+++

=
→

 

2

1
 xcontaining terms

2

1
Lt

0x
=








+=

→
. Ans. 

Q.No.9.:Evaluate 
2

x

0x x

xsin1e
Lim

−−

→
. 

Sol.:
2

x

0x x

xsin1e
Lim

−−

→
.                      








form

0

0
 

∴Using L’Hospital Rule, we get 

x2

xcose
Lim

x

0x

−
=

→
.                                








form

0

0
 

∴Again using L’Hospital Rule, we get 

2

1

2

xsine
Lim

x

0x
=

+
=

→
.Ans. 

Q.No.10.:Evaluate (a)
( )bx1log

ee
Lim

axax

0x +

− −

→
 ,  

(b)
xxtan

x2ee
Lim

xx

0x −

−−− −

→
. 

Sol.:(a)
( )bx1log

ee
Lim

x ax a

0x +

− −

→
.                 








form

0

0
 

∴Using L’Hospital Rule, we get 

( ) ( ) ( )( )
b

a2

b

bx1eea
Lim

b.
bx1

1

aeae
Lim

x ax a

0x

x ax a

0x
=

++
=

+

−−
=

−

→

−

→
.Ans. 

(b)
xxtan

x2ee
Lim

xx

0x −

−−− −

→
.                 








form

0

0
 

∴Using L’Hospital Rule, we get 
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8

( )
1xsec

2ee
Lim

1xsec

21ee
Lim

2

xx

0x2

xx

0x −

−+
=

−

−−−
=

−

→

−

→
. 








form

0

0
 

∴Using L’Hospital Rule, we get 

( )
xtanxsec2

ee
Lim

xtanxsec.xsec2

1ee
Lim

2

xx

0x

xx

0x

−

→

−

→

−
=

−+
= . 








form

0

0
 

∴Using L’Hospital Rule, we get 

( )
( )xtanxsecxsec2.xtanxsecxsec2

1ee
Lim

22

xx

0x +

−−
=

−

→
. 

( ) ( )
1

012

11

xtanxsec2xsec2

ee
Lim

224

xx

0x
=

+

+
=

+

+
=

−

→
. Ans. 

Q.No.11.:Evaluate 
30x x

xtanx
Lim

−

→
. 

Sol.:
30x x

xtanx
Lim

−

→ 







form

0

0
 

∴Using L’Hospital Rule, we get 

=
2

2

0x x3

xsec1
Lim

−

→ 







form

0

0
 

∴Again using L’Hospital Rule, we get 

=
x6

xtanxsec.xsec2
Lim

0x

−

→
=

x3

xtanxsec
Lim

2

0x

−

→ 







form

0

0
 

∴Using L’Hospital Rule, we get 

=
3

xtanxsec.xsec2.xtanxsec.xsec
Lim

22

0x

+
−

→
 

=
3

1

3

01

3

xtanxsec2xsec
Lim

224

0x
−=

+
−=

+
−

→
. Ans. 

Q.No.12.:Evaluate 
( )

2

x

0x x

x1logxe
Lim

+−

→
. 

Sol.:
( )

2

x

0x x

x1logxe
Lim

+−

→ 







form

0

0
 

∴Using L’Hospital Rule, we get  
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9

x2

1x

1
1.ee.x

Lim

xx

0x

+
−+

=
→ 








form

0

0
 

∴Again using L’Hospital Rule, we get 

2

3

2

)01(

1
e1.ee.0

2

)1x(

1
e1.ee.x

Lim
2

000

2

xxx

0x
=

+
+++

=
+

+++

=
→

 . Ans. 

Q.No.13.:Evaluate 
5

3

0x x

6

x
xxsin

Lim

+−

→
. 

Sol.: 
5

3

0x x

6

x
xxsin

Lim

+−

→ 







form

0

0
 

∴Using L’Hospital Rule, we get 

4

2

0x x5

6

x3
1xcos

Lim

+−
=

→ 







form

0

0
 

∴Again using L’Hospital Rule, we get 

30x x20

xxsin
Lim

+−
=

→ 







form

0

0
 

∴Again using L’Hospital Rule, we get 

20x x60

1xcos
Lim

+−
=

→ 







form

0

0
 

∴Again using L’Hospital Rule, we get 

x120

xsin
Lim

0x→
= 








form

0

0
 

∴Again using L’Hospital Rule, we get 

120

1

120

xcos
Lim

0x
==

→
. Ans. 

Q.No.14.:Evaluate 
xcosxcos

xsin2xsin2x2sin
Lim

2

2

0x −

−+

→
. 

Sol.: 
xcosxcos

xsin2xsin2x2sin
Lim

2

2

0x −

−+

→ 







form

0

0
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∴Using L’Hospital Rule, we get 

xsinxcosxsin

xcos2xcosxsin4x2cos2
Lim

0x +−

−+
=

→
 

x2sinxsin

xcos2x2sin2x2cos2
Lim

0x +−

−+
=

→ 







form

0

0
 

∴Again using L’Hospital Rule, we get 

4
21

01.40

x2cos2xcos

xsin2x2cos4x2sin4
Lim

0x
=

+−

++−
=

+−

++−
=

→
. Ans. 

Q.No.15.:Evaluate 
nx x

xlog
Lim

∞→
( )0n > . 

Sol.: 
nx x

xlog
Lim

∞→ 








∞

∞
form  

∴Using L'Hospital Rule, we get 

= 0
1

nx

1
Lim

nx

x

1

Lim
nx1nx

=
∞

==
∞→−∞→

. Ans. 

Q.No.16.:Evaluate
xtan

xsinx
Lt

30x

−

→
. 

Sol.:
xtan

xsinx
Lt

30x

−

→
 

Applying Cauchy’s rule, we get 

xsec.xtan3

xcos1
Lt

220x

−

→
 

Again applying Cauchy’s rule, we get 

( ) ( )[ ]xsec2xtanxtan2.xsec3

xsin
Lim

2340x +→ ( )xsecxtanxsecxtan6

xsin
Lim

2220x +
=

→
 

( ) 6

1

xsecxtanxsec6

1
Lim

2230x
=

+
=

→
. Ans. 

Q.No.17.:Evaluate 







−

→
xeccos

x

1
Lt 2

20x
. 

Sol.: 







−

→
xeccos

x

1
Lt 2

20x








−= −

→
xsin

x

1
Lt 2

20x
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


























++−−=

−

→

2
53

20x
...............

! 5

x

! 3

x
x

x

1
Lim




























++−−=

−

→

2
42

220x
...............

! 5

x

! 3

x
1

x

1

x

1
Lim  










































+−+−=

→
...............

! 5

x

! 3

x
21

x

1

x

1
Lim

42

220x
 

3

1

! 3

2
...............

! 5

x2

! 3

2
Lim

4

0x
−=−=














+−=

→
. Ans. 

Q.No.18.:Evaluate 







−

→
xcot

x

1
Lt

0x
. 

Sol.: 







−

→
xcot

x

1
Lt

0x








−=

→ xsin

xcos

x

1
Lt

0x xsinx

xcosxxsin
Lt

0x

−
=

→









−
=

→

x

xsin
x

xcosxxsin
Lt

20x
 

20x x

xcosxxsin
Lt

−
=

→
 

Applying Cauchy’s rule, ∴above equation is 








0

0
 form, we get 

0
2

xsin
Lt

x2

xsinxxcosxcos
Lt

0x0x
==

+−
=

→→
. Ans 

Q.No.19.:Evaluate 







−

→ a

x
cot

x

a
Lt

0x
. 

Sol.: 







−

→ a

x
cot

x

a
Lt

0x


















−=
→

a

x
sin

a

x
cos

x

a
Lt

0x

a

x
sinx

a

x
cosx

a

x
sina

Lim
0x

−
=

→
 

a

x
a

x
sin

a

x

a

x
cosx

a

x
sina

Lim

2
0x

−
=

→

a

x

a

x
cosx

a

x
sina

Lim
20x

−
=

→ 2

2

0x x

a

x
cosax

a

x
sina

Lim

−
=

→
 

Applying L hospital’s rule, ∴above equation is 








0

0
 form, we get 



Indeterminate Forms-
0

,   ,   0
0

∞
× ∞

∞
 

Visit: https://www.sites.google.com/site/hub2education/ 

 

12 

0
x2

a

x
sinx

Lim
x2

a

x
sinx

a

x
cosa

a

x
cosa

Lim
0x0x

==
+−

=
→→

. Ans. 

Q.No.20.:Evaluate  (a) 
x

x

1
xcot

Lim
0x

−

→
, (b) ( )

2

x 
tan1xLim

1x

π
−

→
. 

Sol.: (a) 
x

x

1
xcot

Lim
0x

−

→ 






 ∞−
form

0
 
















 −
=

−
=

−
=

→→→ xsin

x
.

x

xsinxcosx
Lim

xsinx

xsinxcosx
Lim

x

x

1

xsin

xcos

Lim
30x20x0x

 

.
x

xsinxcosx
Lim

30x







 −
=

→
1

xsin

x
Lim

0x
=









→
∵ . 








form

0

0
 

∴Using L’Hospital Rule, we get 

3

1

x3

xsin
Lim

x3

xcosxcosxsinx
Lim

0x20x
−=








−=







 −+−
=

→→
.Ans. 

(b) ( )
2

x 
tan1xLim

1x

π
−

→
[ ]form)0( ∞×  

( )

2

x 
cot

1x
Lim

1x π

−
=

→








form

0

0
 

∴Using L’Hospital Rule, we get 

π
−=

π
−

=
ππ

−

=
→

2

2

1

2

x 
eccos

2

1
Lim

21x
. Ans. 

Q.No.21.:Evaluate 




 − −

∞→

2y/gx22

y
e1yLt . 

Sol.: 




 − −

∞→

2y/gx22

y
e1yLt  

Substituting 
20n

2

y n

1
LimyLim

→∞→
=  

2

gxn1

0n n

e1

Lim

2






 −

∴

−

→
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∴Using L’Hospital Rule, we get 

gx2
n2

e.n2.gx2
Lim

2
gxn2

0n
=

−

→
. Ans. 

Q.No.22.:Evaluate ( )axcot
a

x
2logLim

ax
−








−

→
. 

Sol.: ( )axcot
a

x
2logLim

ax
−








−

→
[ ]( )0 × ∞ form  

( )axtan

a

x
2log

Lim
ax −









−

=
→ 








form

0

0
 

∴Using L’Hospital Rule, we get 

( ) a

1

axsac

a

1

a

x
2

1

Lim
2ax

−=
−









−×









−

=
→

. Ans. 

Q.No.23.:Evaluate

( ) 2/3x

2/1

0x 1e

xtanx
Lt

−→
. 

Sol.:

( ) 2/3x

2/1

0x 1e

xtanx
Lt

−→ ( ) 2/3x

2/3

0x 1e

x

xtan
x

Lt

−
=

→ 2/3
32

2/1

0x

...........
! 3

x

! 2

x
x

xtanx
Lim














+++

=
→

 














+++

=
→

...........
! 3

x

! 2

x
1x.x

xtanx
Lim

2
2/1

2/1

0x
1

...........
! 3

x

! 2

x
1

1
Lim

20x
=














+++

=
→

. Ans. 

Q.No.24.:Prove that 1e
n

e.............ee
Lim

n/nn/3n/2n/1

n
−=

++++

∞→
 

Sol.:TakingL.H.S.
n

e.............ee
Lim

n/nn/3n/2n/1

n

++++
=

∞→
 

Here, the series given in numerator is in geometric progression, 

where,  first term, a n/1e= , 

common ratio, r 1e n/1 >= , 
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            number of terms = n. 

The sum of series given in numerator is, nδ  

( ) ( ) { }
1e

1ee

1e

1ee

1r

1ra
n/1

n/1

n/1

nn/1n/1
n

n
−

−
=

−







 −

=
−

−
=δ∴  

So, L.H.S.=
{ }

( )
{ }

n.1
n! n

1
.........

n! 2

1

n! 1

1
1

1ee
Lim

n1e

1ee
Lim

n2

n/1

nn/1

n/1

n









−







++++

−
=

−

−

∞→∞→
 

{ }

n.
n! n

1
.........

n! 2

1

n

1

1ee
Lim

n2

n/1

n









+++

−
=

∞→

{ }









+++

−
=

∞→

1-n

n/1

n

n! n

1
.........

n! 2

1
1

1ee
Lim  

{ }
( )

( )1e
................01

1ee
Lim

0

n
−=

++

−
=

∞→
. = R.H.S. 

Hence this completes the proof.  

Q.No.25.:Prove that 
3

1

x

x......321
Lim

3

2222

x
=

++++

∞→
. 

Sol.: 
( )( )

3x3

2

x3

2222

x x

1x21xx
Lim

x

x
Lim

x

x......321
Lim

++
==

++++

∞→∞→∞→

∑
 

3

1

6

2

x

x

1
2

x

1
1x

Lim
3

3

x
==









+








+

=
∞→

.Ans. 

Q.No.26.:Prove that
a2

1
xaeccos

xa

xa
sinLt 221

ax
=−

+

−−

→
. 

Sol.:TakingL.H.S.
221

ax
xaeccos

xa

xa
sinLt −

+

−
= −

→ 22

1

ax xasin

xa

xa
sin

Lim
−

+

−

=

−

→
 

The given equation is in the form 








0

0
. So, apply “Cauchy’s Rule” ( i. e. differentiate 

numerator and denominator w. r. t. x  separately) 
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L.H.S.

( )( ) ( )( )
( )

( )x2.
xa2

1
.xacos

xa

1xa1xa
.

xa

xa
2

1
.

xa

xa
1

1

Lim

22

22

22

n
−

−
−

+

−−−+

+

−












+

−
−

=
→

 

( )
( )
( )

( )( )xaxa

x
.xacos

xa

a2
.

xa2

xa
.

x2

xa

Lim
22

2

ax

+−

−
−

+

−

−

++

=
→

 

( )( )

( ) 222ax xacos.xa.xa2.x2.x

xa.xa.a2.ax
Lim

−+−

+−+
=

→ ( ) 22ax xacos.xa.x2.x

xa.a
Lim

−+

+
=

→
 

( ) a2

1

0cos.a2.a2.a

a2.a
== = R.H.S. 

Hence this completes the proof.  

Q.No.27.:Evaluate 
yx

xy

yx yx

yx
Lim

−

−

→
. 

Sol.: 
yx

xy

yx yx

yx
Lim

−

−

→ 







form

0

0
 

∴Using L’Hospital Rule, we get 

( )

( )

( )

( )
( )
( ) ylog1

ylog1

ylog1y

ylog1y

ylog1y

ylogyy
y

y
y

0xlog1x

ylogy
x

y
x

Lim
y

y

y

yy

x

xy

yx +

−
=

+

−
=

+

−








=
−+

−








=
→

. Ans. 

Q.No.28.:Determine a, b, c such that  

( )
1

sinccosba
Lt

50
=

θ

θ−θ+θ

→θ
. 

Sol.:
( )

1
sinccosba

Lt
50

=
θ

θ−θ+θ

→θ
 

The given equation is in the form 








0

0
. So, apply “Cauchy’s Rule” , we get 

( )
40 5

coscsinb0cosba
Lt

θ

θ−θ−θ+θ+

→θ
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0cba =−+∴ cba =+⇒ . (i) 

Again apply “Cauchy’s Rule” , we get 

30 .20

sinccosbsinbsinb0
Lt

θ

θ+θθ−θ−θ−

→θ
 

The above equation is in the form 








0

0
. So, apply “Cauchy’s Rule” , we get 

20 .60

coscsinbcosbcosb2
Lt

θ

θ+θθ+θ−θ−

→θ
 

b3c0cb3 =⇒=+−∴ .(ii) 

The above equation is in the form 








0

0
. So, apply “Cauchy’s Rule” , we get 

θ

θ−θθ+θ+θ+θ

→θ .120

sinccosbsinbsinbsinb2
Lt

0
 

1
120

c

120

b

120

b4

.120

sinc

.120

cosbsin

120

b4
=−+=









θ

θ
−

θ

θθ
+

θ

θ
⇒  (given) 

120cb5 =−∴ . (iii) 

∴From (ii) and (iii), we get 

120.a   180,c   ,60b === Ans. 

Q.No.29.:Find the values of a and b such that 
( )

1
x

xsinbxcosa1x
Lim

30x
=

−+

→
. 

Sol.: 
( )

30x x

xsinbxcosa1x
Lim

−+

→ 3

5342

0x x

...
!5

x

!3

x
xb......

!4

x

!2

x
1a1x

Lim














−+−−


























−+−+

=
→

 

( )

3

3

0x x

...x
6

b

2

a
xba1

Lim

+







+−+−+

=
→ 








form

0

0
 

Since the given limit is equal to 1, we must have 

0ba1 =−+    (i) 

and 1
6

b

2

a
=+− . (ii) 

Solving (i) and (ii), we get 
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a = −
5

2
 , b = −

3

2
. Ans. 

Q.No.30.:Evaluate (a)
θ








 π
−θ

π
→θ tan

2
log

Lim

2

 ,   (b)








 π
−

−

π
→θ

3
xsin

xcos21
Lim

3

. 

Sol.: (a) 
θ








 π
−θ

π
→θ tan

2
log

Lim

2

. 








∞

∞
form  

∴Using L’Hospital Rule, we get 

2
x

xcos
Lim

sec

2
x

1

Lim
2

2

2

2

π
−

=
θ

π
−

=
π

→θ
π

→θ








form

0

0
 

∴Using L’Hospital Rule, we get 

( )
( ) 0x2sinLim

1

xsinxcos2
Lim

22

=−=
−

=
π

→θ
π

→θ

. Ans. 

(b) 








 π
−

−

π
→θ

3
xsin

xcos21
Lim

3 






 π
−

=
π

→θ

3
xcos

xsin2
Lim

3

 

∴Using L’Hospital’sRule, we get 

3
0cos

2

3
.2

=











= . Ans. 

Q.No.31.:Evaluate
( )

( )axax eelog

axlog
Lt

−

−

→
. 

Sol.:
( )

( )axax eelog

axlog
Lt

−

−

→















−










−
=

ax

x

ee

e

ax

1

( )axe

ee
Lim

x

ax

ax −

−
=

→
 

∴Using L’Hospital Rule, we get 
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( )
1

e0

e

eaxe

e
Lim

a

a

xx

x

ax
=

+
=

+−
=

→
. Ans. 

Q.No.32.:Evaluate
xsin

x2sinlog
Lt

0x→
. 

Sol.:
xsin

x2sinlog
Lt

0x→

( )
xsin

xcosxsin2log
Lt

0x→
=

( )
xsin

xcoslogxsin2log
Lt

0x

+
=

→
 

( )






+=

→ xsin

xcoslog

xsin

xsin2log
Lim

0x

( )
xsin

xcoslog
Lim

xsin

xsin2log
 Lim

0x0x →→
+=  

The second limit is of 
0

0
form and can be evaluated with the L’ Hospital’s rule  

0
xcos

xtan
Lim

xsin

xcoslog
Lim

0x0x
=

−
=∴

→→
. Ans. 

Q.No.33.:Evaluate xsinlogxLim
0x→

. 

Sol.: xsinlogxLim
0x→

  [ ∞×0  form] 



 −∞→

→
xlogLim

0x
∵  

x

1

xsinlog
Lim

0x→
= 









∞

∞
form  

Using L’Hospital Rule, we get 

xtan

x
LimxcotxLim

x

1
xsin

xcos

Lim
2

0x

2

0x

2

0x →→→
−=−=

−

= 







form

0

0
 

∴Using L’Hospital Rule, we get 

0
xsec

x2
Lim

20x
==

→
. Ans. 

Q.No.34.:Evaluate xlogxLim
0x→

. 

Sol.: xlogxLim
0x→

   [ ∞×0  form] 

x

1

xlog
Lim

0x→
= 









∞

∞
form  

∴Using L’Hospital Rule, we get 
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( ) 0xLim

x

1
x

1

Lim
0x

2

0x
=−=

−

=
→→

. Ans. 

Q.No.35.:Evaluate 








∞→ x

1
tanxLt

x
. 

Sol.: 








∞→ x

1
tanxLt

x


















=
∞→

x

1
cos

x

1
sin

xLt
x

1

x

1
cos

1
Lt

x

1

x

1
sin

Lt
x

0
x

1
=





















































=
∞→

→

. Ans.    














→

∞→

0
x

1

x

 

Q.No.36.:Evaluate x1aLt x

1

x 












−

∞→
. 

Sol.: x1aLt x

1

x 












−

∞→
 

Let 0y   ,x   y
x

1
→∞→∴= . 

Then x1aLt x

1

x 












−

∞→
=

( )
y

1a
Lt

y

0y

−

→

( )
alog

1

aloga
Lt

y

0y
==

→
. Ans. 

Q.No.37.:Evaluate 







−

→ ℓℓ

k

xsin

kxsin

x

A
Lt

20x
. 

Sol.: 







−

→ ℓℓ

k

xsin

kxsin

x

A
Lt

20x







 −
=

→ xsin

xsinkkxsin

x

A
Lt

20x ℓℓ

ℓℓ
 


































+−














∞−+−−














∞−+−

=
→

....................
! 5

x

! 3

x
x

........
! 5

xk

! 3

xk
xk........

! 5

xk

! 3

xk
kx

x

A
Lt

5634
2

55335533

20x ℓℓ
ℓ

ℓℓ
ℓ

ℓℓ
ℓ

 


































+−














∞−+−−














∞−+−

=
→

....................
! 5

x

! 3

x
x

........
! 5

xk

! 3

x
........

! 5

xk

! 3

xk

Ak
Lt

5634
2

542342

20x ℓℓ
ℓ

ℓℓ

ℓ

ℓ
 



Indeterminate Forms-
0

,   ,   0
0

∞
× ∞

∞
 

Visit: https://www.sites.google.com/site/hub2education/ 

 

20 

Using L’Hospital Rule, we get 



















∞+−

∞−−+∞−+
−

=
→

.............
! 5

x5

! 3

x3
1

............
! 5

x5

! 3
............

! 5

xk3

! 3

k

Ak
Lt

4422

442242

0x ℓℓ

ℓℓ

ℓ
 

( )22
22

k
! 6

Ak

6

k

6

Ak
−=












−= ℓ

ℓ

ℓ
. Ans. 

Q.No.38.:Evaluate 







−

−→ xlog

1

1x

x
Lim

1x
. 

Sol.: 
( )

( ) 








−

−−
=








−

− →→ xlog1x

1xxlogx
Lim

xlog

1

1x

x
Lim

1x1x
 

∴Using L’Hospital Rule, we get 



















+






 −

−+

→
xlog

x

1x

1xlog1
Lim

1x 2

1

x

1

x

1
x

1

Lim

2

1x
=



















+

=
→

. Ans. 

Q.No.39.:Find 
( )

( ) ( ) 








−
−

−

′

→ ax

1

afxf

x  f
Lt

ax
. 

Sol.:
( )

( ) ( ) 








−
−

−

′

→ ax

1

afxf

x  f
Lt

ax

( )( ) ( ) ( )
( ) ( )( ) 









−−

+−−′
=

→ axafxf

afxfaxx  f
Lt

ax
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 









+−−′

+−′−′
=

→ a.afaxfxafx.x  f

afxfa.x  fx.x  f
Lt

ax
 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )







′+′−+′−−′

′+′−′′−′+′′
=

→ a  afx  afafa  xfxfx  x.f

a  fx  fx afx  fx  f.x
Lt

ax
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )







′′+′′−′+′+′′−′+′−′′

′′−′′′−′′+′′′
=

→ a  afx  afa  fa  fa  xfx  fx  fx  x.f

a  fx  afx  fx  f.x
Lt

ax
 

Applying the limits, we get 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )







′′+′′−′+′+′′−′+′−′′

′′−′′′−′′+′′′
=

a  afa  afa  fa  fa  afa  fa  fa  a.f

a  fa  afa  fa  f.a
 

( )
( )

( )
( )

.
a  2f

a  f

a  4f

a  f2

′

′′
=

′

′′
= Ans. 
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Q.No.40.:Evaluate 








−
−

→ 1e

1

x

1
Lim

x0x
. 

Sol.: 








−
−

→ 1e

1

x

1
Lim

x0x
[ ]form ∞×∞  

=












−

−−

→ )1e(x

x)1e(
Lim

x

x

0x








form

0

0
 

∴Using L’Hospital Rule, we get 

=
1e)1x(

1e
Lim

1).1e(e.x

1e
Lim

x

x

0xxx

x

0x −+

−
=













−+

−

→→








form

0

0
 

∴Using L’Hospital Rule, we get 

2

1

11

1

ee).1x(

e
Lim

xx

x

0x
=

+
=

++
=

→
.Ans. 

Q.No.41.:Evaluate ( )







+−

→
x1log

x

1

x

1
Lim

20x
. 

Sol.: ( )







+−

→
x1log

x

1

x

1
Lim

20x
[ ]form)( ∞−∞  

2

1
...x

3

1

2

1
Lim......

3

x

2

x
x

x

1

x

1
Lim

0x

32

20x
=








+−=


























−+−−=

→→
. Ans. 

Q.No.42.:Prove that 
( )

2

e

x

ex1
Lim

x/1

0x
−=

−+

→
. 

Sol.: 
( )

x

ex1
Lim

x/1

0x

−+

→
.                           








form

0

0 ( )




 =+

→
ex1Lim

x/1

0x
∵  

We first evaluate ( ) x/1
x1+ . 

Let ( ) x/1
x1y += . ∴

( ) z1..
3

x

2

x
1..

3

x

2

x
x

x

1
x1log

x

1
ylog

232

+=













−+−+=














−+−=+= , 

where ...
3

x

2

x
z

2

−+−=   . 
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∴











+++=== + .......

!2

z
z1ee.eey

2
zz1  














+














−+−+














−+−+= .........

3

x

2

x

!2

1
...

3

x

2

x
1e

2
22

 









−+−= ......x

24

11

2

x
1e 2 . 

( )
2

1/x

x 0 x 0 x 0

x 11
e 1 x ... e

1 x e 1 11 12 24
Lim Lim Lime x ... e

x x 2 24 2→ → →

 
− + − − + −   ∴ = = − + + = − 

 
.Ans. 

This completes the proof. 

Q.No.43.:Evaluate
( )x1logxx

xxxsine
Lt

2

2x

0x −+

−−

→
. 

Sol.:
( )x1logxx

xxxsine
Lt

2

2x

0x −+

−−

→
 

Using the expansion of xsinex and ( )x1log − , we get  














−−−−+

−−













+−














++++

=
→

.............
3

x

2

x
xxx

xx............
! 3

x
x............

! 3

x

! 2

x
x1

Lt
32

2

2
332

0x
 














+−−−

−−













+−++

=
→

.............
3

x

2

x
xx

xx............x
 3

x
xx

Lt
43

22

24
3

2

0x 3

2

.............
3

x

2

1

............x
 3

x

Lt

4
3

0x

−
=









+−−














+−

=
→

. Ans. 

Q.No.44.: Prove that 

( )

24

e11

x

2

ex
ex1

Lim
2

x/1

0x
=

+−+

→
. 

Sol.:

( )

2

x/1

0x x

2

ex
ex1

Lim

+−+

→
. 








form

0

0 ( )




 =+

→
ex1Lim

x/1

0x
∵  

We first evaluate ( ) x/1
x1+ . 
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Let ( ) x/1
x1y += .  

∴ ( ) z1..
3

x

2

x
1..

3

x

2

x
x

x

1
x1log

x

1
ylog

232

+=













−+−+=














−+−=+= , 

where ...
3

x

2

x
z

2

−+−=   . 

∴











+++=== + .......

!2

z
z1ee.eey

2
zz1  














+














−+−+














−+−+= .........

3

x

2

x

!2

1
...

3

x

2

x
1e

2
22

 









−+−= ......x

24

11

2

x
1e 2 . 

( )

2

2

0x2

x/1

0x x

2

ex
e...x

24

11

2

x
1e

Lim
x

2

ex
ex1

Lim

+−







−+−

=
+−+

∴
→→

 

e
24

11
xofpowerscontainingtermse

24

11
Lim

0x
=



















+=
→

.  

This completes the proof. 

Q.No.45.:Evaluate 
50x x

xxsin2xtanh
Lim

+−

→
. 

Sol.:
50x x

xxsin2xtanh
Lim

+−

→
 

5

53

42

53

0x x

x.........
 ! 5

x

 ! 3

x
x2

.........
 ! 4

x

 ! 2

x
1

.........
 ! 5

x

 ! 3

x
x

Lt

+













−+−−














+++














+++

=
→
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












+++














++++













+++













−+−−













+++

=
→

.........
 ! 4

x

 ! 2

x
1x

.........
 ! 4

x

 ! 2

x
1x.........

 ! 4

x

 ! 2

x
1.........

 ! 5

x

 ! 3

x
x2.........

 ! 5

x

 ! 3

x
x

Lt
42

5

42425353

0x

( ) ( )














+++

++







+−+−+








++−++−

=
→

.........
 ! 4

x

 ! 2

x
1x

............x...x
24

1

120

2

12

2

24

2

120

1
x

2

1

3

1
1

6

1
x121

Lt
42

5

653

0x

( )

5

65

0x x

..............x....x
120

14

Lt

++
=

→ 60

7

120

14
== . Ans. 

Q.No.46.:Evaluate 
6

2

0x x

xsin)xsin(sinx
Lim

−

→
. 

Sol.:We make use of one standard series to obtain this limit 

.........
 ! 5

x

 ! 3

x
xxsin

53

−+−=  

Now 
6

2

0x x

xsin)xsin(sinx
Lim

−

→
=

6

2
5353

0x x

......
 ! 5

x

 ! 3

x
x......

 ! 5

x

 ! 3

x
xsinx

Lim













−+−−














−+−

→
 

6

2
53

5
53

3
5353

0x x

......
 ! 5

x

 ! 3

x
x

..........
 ! 5

x

 ! 3

x
x

!5

1
......

 ! 5

x

 ! 3

x
x

!3

1
......

 ! 5

x

 ! 3

x
xx

Lim













−+−−














+














−+−+














−+−−














−+−

=
→

 

6

2
53

5
426

3
42464

2

0x x

......
 ! 5

x

 ! 3

x
x

..........
 ! 5

x

 ! 3

x
1

!5

x
......

 ! 5

x

 ! 3

x
1

!3

x
......

 ! 5

x

 ! 3

x
x

Lim













−+−−














+













−+−+













−+−−













−+−

=
→

 

Expanding by Binomial expansion, we get 
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6

2
4242

2

42642464
2

0x x

......
 ! 5

x

 ! 3

x
......

 ! 5

x

 ! 3

x
21x

...........
 ! 5

x

 ! 3

x
51

!5

x
.........

 ! 5

x

 ! 3

x
31

!3

x
....

 ! 5

x

 ! 3

x
x

Lim



























+−+














+−−−













+












+













+−−+













+













+−−−














−+−

=
→

( )

6

76

0x x

....x.........
36

1

120

2

120

1

12

1

120

1
x

Lim

++







−−++

=
→

 

( )

18

1

x

....x.........x
18

1

Lim
6

76

0x
=

++

=
→

. Ans. 

Q.No.47.:Evaluate 
( )

4

xsinx

0x x

2xcoshe
Lim

−

→
. 

Sol.:
( )

4

xsinx

0x x

2xcoshe
Lim

−

→
 

We make use of two standard series to obtain this limit 

( ) ( ) ( )
.............

! 4

xsinx

! 3

xsinx

! 2

xsinx
xsinx1e

432
xsinx +++++=  

( ) ( ) ( ) .............xsin
! 4

x
xsin

! 3

x
xsin

! 2

x
xsinx1

4
4

3
3

2
2

+++++=  

Now using expansion of xsin  

2
53253

xsinx ...........
! 5

x

! 3

x
x

! 2

x
...........

! 5

x

! 3

x
xx1e














++−+














++−+=  

4
534

3
533

...........
! 5

x

! 3

x
x

! 4

x
...........

! 5

x

! 3

x
x

! 3

x














++−+














++−+  

2
52442

2 ...........
120

x

6

x
1

2

x
...........

120

x

6

x
1x1














−+−+














−+−+=  

4
428

3
426

...........
120

x

6

x
1

24

x
...........

120

x

6

x
1

6

x














−+−+














−+−+  
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Now expanding by Binomial theorem, 


























++−+














++−+= ..........

120

x

6

x
21

2

x
...........

120

x

6

x
1x1e

52442
2xsinx  

..........................
120

x

6

x
31

6

x 426

+

























++−+  

Collecting terms of same type 

.............
120

x

3

x
x1e

64
2xsinx +++=                                               (i) 

................
! 6

x

! 4

x

! 2

x
1xcosh

642

++++=  

( ) ................
! 6

x8

! 4

x4

! 2

x2
1x2cosh

642

++++=  

................
90

x

6

x
x1

64
2 ++++=                                    (ii) 

( )
4

xsinx

0x x

x2coshe
Lt

−

→
 

4

64
2

64
2

0x x

......
90

x

6

x
x1......

120

x

3

x
x1

Lt













++++−














++++

=
→

 

4

6464

0x x

......
90

x

6

x
......

120

x

3

x

Lt













++−














++

=
→

 

Neglecting terms having powers more than 4 

6

1

x

6

1

3

1
x

Lt
4

4

0x
=









−

=
→

. Ans. 

Q.No.48.:Prove that 1
x

xsinxcos2e2x2
Lim

4

32/3x2

0x

2

−=
++−

→
. 

Sol.: 1
x

xsinxcos2e2x2
Lim

4

32/3x2

0x

2

−=
++−

→
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We use xsin  series for expansion of xsin3  

( ) ( )
3

53
3 ..........

! 5

x

! 3

x
xxsin












−+−=

( ) ( )
3

53
3 ..........

120

x

6

x
1x












−+−=  

Using Binomial Theorem 

( ) ( )












−+−= ..........

40

x

2

x
1x

53
3

 

Similarly 

( ) ( ) ( )
................

! 6

x

! 4

x

! 2

x
1xcos

62/342/322/3
2/3 +−+−= ................

24

x

2

x
1

63

−+−=  

4

32/3x2

0x x

xsinxcos2e2x2
Lim

2

++−
∴

→
 

4

42
3

6364
22

0x x

........
40

x

 2

x
1x.........

24

x

 2

x
12......

! 3

x

! 2

x
x12x2

Lim













−+−+














−+−+














++++−

=
→

1
x

........
40

x

 2

x
x.........

24

x
......

 3

x
x

Lim
4

3
4

66
4

0x
−=














−++














−+














++−

=
→

. Ans. 

 

Q.No.49.:Evaluate 
xxtan

)x1log(xcoshxcosx1
Lim

0x −

+−−+

→
. 

Sol.:
xxtan

)x1log(xcoshxcosx1
Lim

0x −

+−−+

→
 

........x
 15

x2

 3

x
x

......
 4

x

 3

x

 2

x
x......

! 4

x

! 2

x
1......

! 4

x

! 2

x
1x1

Lim
53

4324242

0x
−++














+−+−−














+++−














−+−+

=
→

 

......x
 15

x2

 3

x

......
 4

x

 3

x
......

! 6

x

! 4

x
......

! 4

x

! 2

x
x

Lim
53

436442

0x
−+














+−−














++−














−+−

=
→
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Neglecting terms greater than 3x  

2

5

 3

x

 3

x

 2

x

Lim
3

33

0x
−=














−−

=
→

. Ans. 

Q.No.50.: The current i in a circuit containing an inductance L, a capacitance C and an  

alternator of angular frequency ω  and maximum e.m.f. E., is given by 

( )( )ntcostcos
nL

E
i

22
−ω

ω−

ω
= where 

LC

1
n = . Find the limiting form of the 

expression for i, when n→ω . 

Sol.: Since ( )( )ntcostcos
nL

E
Lim

22n
−ω

ω−

ω

→ω 







form

0

0
 

∴Using L’Hospital Rule, we get 

( ) ( )
L2

tsintEntcostcosE
Lim

n ω−

ω−ω+−ω
=

→ω
 

( ) ( )
nL2

ntsinEntntcosntcosE

−

−+−
=  

( )
ntsin

L2

Et

nL2

ntsinEnt0E
=

−

−×
= . Ans. 

Q.No.51.:A column of length ℓ  has a vertical load P and horizontal load F at the top, and 

the transverse deflection is given by 









−= 1

m

mtan

P

F
D

ℓ

ℓℓ
, where 

EI

P
m2 = . Show that as 0P →  , 

EI3

F
D

3
ℓ

→ . 

Sol.: Given 







−= 1

m

mtan

P

F
D

ℓ

ℓℓ
, where 

EI

P
m2 = . 

Now 







−=

→→
1

m

mtan

P

F
LimDLim

0P0P ℓ

ℓℓ





















−













+++

=
→

1
m

......m
15

2

3

m
m

P

F
Lim

55
33

0P ℓ

ℓ
ℓ

ℓ

ℓ












−













+++=

→
1......m

15

2

3

m
1

P

F
Lim 44

22

0P
ℓ

ℓℓ


























++=

→
......m

15

2

3

m

P

F
Lim 44

22

0P
ℓ

ℓℓ
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










+








+=

→
......

EI

P

15

2

EI

P

3

1

P

F
Lim 4

22

0P
ℓ

ℓℓ









++×=

→
......

EI

P

05

2
1

EI3

P

P

F
Lim 2

2

0P
ℓ

ℓℓ
 

EI3

F
......

EI

P

05

2
1

EI3

F
Lim

3
2

3

0P

ℓ
ℓ

ℓ
=








++=

→
. 

Thus as 0P →  , 
EI3

F
D

3
ℓ

→ . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 



 

 

    

    

    

    

    

    

    

Explicit Function:  

A function, where the dependent variable  say  y,  is  expressed  in  terms  of  the 

independent variable say x, then that function is called explicit function.  

Example: 9x5x3x4y
23 +++= . 

 

Implicit Functions:  

A function, where one of the various variables cannot be expressed explicitly in 

terms of the other variables, then that function is called implicit function. 

Example: Consider the relation 0axy3yx 33 =++ . 

In this case, we obtain 
dx

dy
 by differentiating throughout w.r.t. x. 
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Total Differentials:  

Let u be a function of x and y  i.e. u = f(x , y).  

Then the total differential of u  is defined and written as  

dy
y

u
dx

x

u
du

∂

∂
+

∂

∂
= . 

Similarly, if u  be a function of  x , y  and  z  i.e.   u = f(x, y, z).  

Then the total differential of u is defined and written as    

du
u

x
dx

u

y
dy

u

z
dz= + +

∂

∂

∂

∂

∂

∂
. 

Evaluation of 
dy

dx
for an implicit function:   

Let u = f(x, y) be an implicit function 0)y,x(fu ==⇒  or const. 

                                                             0du =⇒ .                                               ....(i) 

Also when u  be a function of  x  and  y,  i.e. u = f(x , y),  

then the total differential of u  is defined and written as  du
u

x
dx

u

y
dy= +

∂

∂

∂

∂
.          ....(ii) 

From (i) and (ii), we get 0dy
y

u
dx

x

u
=

∂

∂
+

∂

∂
 

y

x

u

u

y

u
x

u

dx

dy
−=

∂

∂
∂

∂

−=⇒  . 

Total Differential Coefficient:  

Let )y,x(fu = , where ( )tx ϕ= , ( )ty ψ= . 

Then u is ultimately a function of t. 

Then the total differential coefficient of u  w.r.t. t is defined and written as  

dt

dy
.

y

u

dt

dx
.

x

u

dt

du

∂

∂
+

∂

∂
= . 

Similarly, if )z,y,x(fu = , where ( )tx ϕ= , ( )ty ψ=  and  ( )tz ξ= . 

Then the total differential coefficient of u  w.r.t. t is defined and written as  

dt

dz
.

z

u

dt

dy
.

y

u

dt

dx
.

x

u

dt

du

∂

∂
+

∂

∂
+

∂

∂
= . 

Remark: )y,x(fu =  and t = x, then from 
dt

dy
.

y

u

dt

dx
.

x

u

dt

du

∂

∂
+

∂

∂
= , we have  
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dx

dy
.

y

u

x

u

dx

du

∂

∂
+

∂

∂
= , 

where 
dx

du
 is the total differential coefficient of u w.r.t. x. 

 

Now let us solve some problems related to Total Differentials and Total Differential 

Coefficient: 

 

Q.No.1: Find the total differential of u in the following cases:- 

              (i)  yxu +=    and   (ii) ( )22 yxlogu += . 

Sol.: (i) Since yxu +=   

yx2

1

x

u

+
=

∂

∂
∴  and 

yx2

1

y

u

+
=

∂

∂
. 

Then  ( )dydx
yx2

1
dy

y

u
dx

x

u
du +

+
=

∂

∂
+

∂

∂
= . 

(ii) Since ( )22 yxlogu +=
22 yx

x2

x

u

+
=

∂

∂
∴  and 

22 yx

y2

y

u

+
=

∂

∂
. 

Then  
22 yx

ydy2xdx2
dy

y

u
dx

x

u
du

+

+
=

∂

∂
+

∂

∂
= . 

Q.No.2: If  axy3yx 33 =+ , find 
dy

dx
. 

Sol.: Given 0axy3yx 33 =−+ . So let 3 3u x y 3axy 0= + − = . 

ay3x3
x

u 2 −=
∂

∂
∴  and ax3y3

y

u 2 −=
∂

∂
.  

Hence 
( )
( ) axy

xay

ax3y3

ay3x3

y

u
x

u

dx

dy
2

2

2

2

−

−
=

−

−
−=

∂

∂
∂

∂

−=  . 

Q.No.3: If ( )yxsinu 1 −= − , where x = 3t, 3t4y = . Prove that the total differential  

              coefficient of u w. r. t. t is equal to ( ) 2/12t13
−

−  . 

Sol.: Given ( )yxsinu 1 −= − , where x = 3t, 3t4y =  . 
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( )2yx1

1

x

u

−−
=

∂

∂
∴  , 

( )2yx1

1

y

u

−−

−
=

∂

∂
, 3

dx

du
=  and 2

t12
dy

du
= . 

Then total differential coefficient of u w. r. t. t  is  

dt

dy
.

y

u

dt

dx
.

x

u

dt

du

∂

∂
+

∂

∂
=  

( ) ( )

( )
( )

( )
( ) ( )222

2

23

2
2

22
t1t41

t413

t4t31

t413
t12.

yx1

1
3.

yx1

1

dt

du

−−

−
=

−−

−
=

−−

−
+

−−
=⇒  

( ) 2/12t13
dt

du −
−=⇒ . 

Q.No.4: If ( )22 yxsinu += , where 22222 cybxa =+ , find the total differential  

              coefficient of u w. r. t. x. 

Sol.: Given ( )22 yxsinu += , where 22222 cybxa =+ . 

Let 22222 cybxaf −+= . 

xa2
x

f 2=
∂

∂
∴ , yb2

y

f 2=
∂

∂
  and 

yb

xa

f

f

dx

dy
2

2

y

x −=−= . 

Since we know the total differential coefficient of u w. r. t. x. is  

 
dx

dy
.

y

u

x

u

dx

du

∂

∂
+

∂

∂
= . 

( ) ( ) ( )22

2

2

2

2
2222 yxcosx

b

a
12

yb

xa
.yxcos.y2yxcosx2

dx

du
+














−=














−+++=⇒ . 

Q.No.5: Find the total differentials in the following cases: 

              (a) ( )332 y4x2u −= ,    (b) 
y

x
tanu =  . 

Sol.: Since we know the total differential of u is dy
y

u
dx

x

u
du

∂

∂
+

∂

∂
= . 

(a) Here ( )332 y4x2u −=  .  

( ) ( ) ( )232232 y4x2x12x4.y4x23
x

u
−=−=

∂

∂
∴ , 
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and   ( ) ( ) ( )23222232 y4x2y36y12y4x23
y

u
−−=−−=

∂

∂
. 

Hence ( ) ( ) dyy4x2y36dxy4x2x12dy
y

u
dx

x

u
du

2322232 −−−=
∂

∂
+

∂

∂
=  

                ( ) ( )dyy3xdxy4x212 2232 −−=  . Ans. 

(b) Here 
y

x
tanu =  . 
















=

∂

∂
∴

y

1
.

y

x
sec

x

u 2    and   









−








=

∂

∂
2

2

y

x
.

y

x
sec

y

u
. 

Hence dy
y

x
.

y

x
secdx

y

1
.

y

x
secdy

y

u
dx

x

u
du

2

22











−








+
















=

∂

∂
+

∂

∂
=  

                








 −








=

2

2

y

xdyydx
.

y

x
sec  . Ans. 

Q.No.6: Find the total differential coefficient of u
x

y
=








sin , where

tex = , 

               2ty =  w. r. t.  t. 

or 

               Given 







=

y

x
sinu , where

tex = , 2ty = , find 
dt

du
 as a function of t. 

               Verify your result by direct substitution. 

Sol.: We have t2
y

x

y

x
cose.

y

1

y

x
cos

dt

dy
.

y

u

dt

dx
.

x

u

dt

du
2

t











−








+








=

∂

∂
+

∂

∂
=  

                             




















 −
=














−














=

2

t
t

33

t

2

t

2

t

2

t

t

e
cose

t

2t

t

e
.

t

e
cos2

t

e
.

t

e
cos . 

Also 













=








=

2

t

t

e
sin

y

x
sinu . 





















 −
=

−













=∴

2

t
t

34

tt2

2

t

t

e
cose

t

2t

t

t2.eet
.

t

e
cos

dt

du
 as before. 

Q.No.7: If xylogxu = , where 01xy3yx 33 =−++ , find total differential coefficient of 

              u  w. r. t. x. 
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Sol.:  Given xylogxu = , where 01xy3yx 33 =−++ . 

Since we know that total differential coefficient of u  w. r. t. x is 

                                                      
dx

dy
.

y

u

x

u

dx

du

∂

∂
+

∂

∂
= .                                      .....(i) 

Now xylog1xylog.1y.
xy

1
.x

x

u
+=+








=

∂

∂
 . Also  

y

x
x.

xy

1
.x

y

u
=








=

∂

∂
 . 

Let 1xy3yxf 33 −++=  , then 
( )
( )

( )
( )xy

yx

x3y3

y3x3

y

f
x

f

dx

dy
2

2

2

2

+

+
−=

+

+
−=

∂

∂
∂

∂

−=  . 

Substituting the values of 
x

u

∂

∂
, 

y

u

∂

∂
 and 

dx

dy
 in (i), we get  

( ) ( )
( )xyy

yxx
xylog1

xy

yx
.

y

x
xylog1

dx

dy
.

y

u

x

u

dx

du
2

2

2

2

+

+
−+=















+

+
−








++=

∂

∂
+

∂

∂
=  . Ans. 

Q.No.8: Find the total differential coefficient of yx2   w. r. t. x where x and y are       

               connected by 1yxyx 22 =++ . 

Sol.: Let yxu 2= ,   where x and y are connected  by 1yxyx 22 =++ . 

Since we know that total differential coefficient of u  w. r. t. x is 

                                                      
dx

dy
.

y

u

x

u

dx

du

∂

∂
+

∂

∂
= .                                      .....(i) 

Now xy2
x

u
=

∂

∂
 . Also  2

x
y

u
=

∂

∂
 . 

Let 1yxyxf 22 −++=  , 

 then 
( )
( )

( )
( )y2x

yx2

xy2

yx2

y

f
x

f

dx

dy

+

+
−=

+

+
−=

∂

∂
∂

∂

−=  . 

Substituting the values of 
x

u

∂

∂
, 

y

u

∂

∂
 and 

dx

dy
 in (i), we get  
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( ) ( )

( )y2x

yx2xy2xxy2

y2x

yx2
.xxy2

dx

dy
.

y

u

x

u

dx

du 2
2

+

+−+
=









+

+
−+=

∂

∂
+

∂

∂
=   

( )
( )y2x

x2y4xyx

dx

du 22

+

−+
=⇒ . Ans. 

Q.No.9: (i) If ( ) 0y,xf = , ( ) 0z,y =ϕ , 

                   show that 
y

.
x

f

dx

dz
.

z
.

y

f

∂

∂ϕ

∂

∂
=

∂

∂ϕ

∂

∂
. 

              (ii) If the curves If ( ) 0y,xf =  and ( ) 0y,x =ϕ  touch, 

                   show that at the point of contact    
x

.
y

f

y
.

x

f

∂

∂ϕ

∂

∂
=

∂

∂ϕ

∂

∂
. 

Sol.: (i)  Given ( ) 0y,xf = , ( ) 0z,y =ϕ 0df =⇒  and 0d =ϕ . 

i.e. 0dy
y

f
dx

x

f
=

∂

∂
+

∂

∂
 and 0dz

z
dy

y
=

∂

∂ϕ
+

∂

∂ϕ
 . 

y

f
x

f

dx

dy

∂

∂
∂

∂

−=⇒      ....(i)    and 

z

y

dy

dz

∂

∂ϕ

∂

∂ϕ

−= .           .....(ii) 

(i) 
x

f

dx

dy
.

y

f

∂

∂
−=

∂

∂
⇒  

x

f

dx

dz
.

dz

dy
.

y

f

∂

∂
−=

∂

∂
⇒  

x

f

dx

dz
.

y

z.
y

f

∂

∂
−=



















∂

∂ϕ
∂

∂ϕ

−
∂

∂
⇒  

⇒
y

.
x

f

dx

dz
.

z
.

y

f

∂

∂ϕ

∂

∂
=

∂

∂ϕ

∂

∂
. 

(ii) Let the curves ( ) 0y,xf =  and ( ) 0y,x =ϕ  are touching at a point ( )b,a . 

Now the slope of the tangent of the curve ( ) 0y,xf =  at point of contact is 

y

f
x

f

dx

dy

∂

∂
∂

∂

−= .                                ......(i) 

and the slope of the  tangent of the curve ( ) 0y,x =ϕ   at point of contact is 
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y

x

dx

dy

∂

∂ϕ
∂

∂ϕ

−= .                          .......(ii) 

Now since the curves ( ) 0y,xf =  and ( ) 0y,x =ϕ  are touching so that their slope of the 

tangents are same. 

Hence from (i) and (ii), at the point of contact    
x

.
y

f

y
.

x

f

∂

∂ϕ

∂

∂
=

∂

∂ϕ

∂

∂
. 

Q.No.10: If 1xyz2zyx 222 =−++ . Show that 0
z1

dz

y1

dy

x1

dx

222
=

−
+

−
+

−
. 

Sol.:  Given  1xyz2zyx 222 =−++ . 

Let 01xyz2zyxu 222 =−−++=  .   

Here  u  be an implicit function 0du =⇒ .                                                                    ...(i) 

Here u  be a function of  x , y  and  z,  i.e. u = f(x, y, z). 

Then the total differential  of u is  dz
z

u
dy

y

u
dx

x

u
du

∂

∂
+

∂

∂
+

∂

∂
=    

                                                      ⇒ 0dz
z

u
dy

y

u
dx

x

u
=

∂

∂
+

∂

∂
+

∂

∂
.    [by (i)]                ....(ii) 

Evaluate: 
x

u

∂

∂
, 

y

u

∂

∂
 and 

z

u

∂

∂
. 

Since 1xyz2zyxu 222 −−++=  . 

      ( )yzx2
x

u
−=

∂

∂
∴ , ( )xzy2

y

u
−=

∂

∂
  and  ( )xyz2

z

u
−=

∂

∂
.        

Hence (ii) becomes      ( ) ( ) ( ) 0dzxyzdyxzydxyzx =−+−+− .                               ....(iii) 

Find: ( ) ( ) ( )xyz  and  xzy  ,yzx −−− . 

Since we have given 1xyz2zyx 222 =−++  

222 zy1xyz2x −−=−⇒ 2222222 zyzy1zyxyz2x +−−=+−⇒  

( ) ( )( )222
z1y1yzx −−=−⇒   ( ) ( )( )22 z1y1yzx −−=−⇒ . 

Similarly,    ( ) ( )( )22 z1x1xzy −−=−    
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 and             ( ) ( )( )22 y1x1xyz −−=− . 

Hence (iii) becomes  ( )( ) ( )( ) ( )( ) 0dzy1x1dyz1x1dxz1y1 222222 =−−+−−+−− . 

Last step: Dividing by ( )( )( )222 z1y1x1 −−− , we get  

dx

x

dy

y

dz

z1 1 1
0

2 2 2−
+

−
+

−
=  . 

Q.No.11: If 22 yxu += , where tcosax =  , tsinby = . Find 
dt

du
 and verify the result. 

Sol.: Given 22 yxu += . 

 We have  ( ) ( )tsinxatcosyb2tcosb.y2tsina.x2
dt

dy
.

y

u

dt

dx
.

x

u

dt

du
−=+−=

∂

∂
+

∂

∂
=  

 Also tsinbtcosayxu 222222 +=+= . 

( ) ( ) ( )( ) ( )( )[ ]tcosbtsinbtsinatcosa2tcostsin2btsintcos2a
dt

du 22 +−=+−=∴  

         ( )tsinxatcosyb2 −=  as before.     

Q.No.12: If 1czbyax 222 =++  and 0nzmylx =++ , then prove that 

               
blyamx

dz

anxclz

dy

cmzbny

dx

−
=

−
=

−
.  

               Also find 
dx

dy
 and 

dx

dz
. 

Sol.: Let 1czbyaxf 222 −++=  and nzmylx ++=φ  . 

        ∴ =f 0  0df =⇒  and φ = 0  0d =φ⇒ . 

Now 0czdzbydyaxdxczdz2bydy2axdx2dz
z

f
dy

y

f
dx

x

f
df =++=++=

∂

∂
+

∂

∂
+

∂

∂
= ....(i) 

Also 0ndzmdyldxdz
z

dy
y

dx
x

d =++=
∂

∂φ
+

∂

∂φ
+

∂

∂φ
=φ                                             ...(ii) 

Solving (i) and (ii), we get 

blyamx

dz

anxclz

dy

cmzbny

dx

−
=

−
=

−
.  
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 Now  consider 
anxclz

dy

cmzbny

dx

−
=

−
 and 

blyamx

dz

cmzbny

dx

−
=

−
. 

  
cmzbny

anxclz

dx

dy

−

−
=∴  and 

cmzbny

blyamx

dx

dz

−

−
= . Ans. 

Q.No.13: If 0zsinxeyx x2 =+−  and 2222 azyx =++  . Find 
dx

dy
 and 

dx

dz
. 

Sol.: Let 0zsinxeyxf x2 =+−=  and 0azyx 2222 =−++=φ . 

0f =∴  0df =⇒  and φ = 0  0d =φ⇒ . 

Now ( ) 0zdzcosxdyxdxzsinexy2dz
z

f
dy

y

f
dx

x

f
df

2x =+++−=
∂

∂
+

∂

∂
+

∂

∂
=            ....(i) 

Also  0zdzydyxdxzdz2ydy2xdx2dz
z

dy
y

dx
x

d =++=++=
∂

∂φ
+

∂

∂φ
+

∂

∂φ
=φ         ...(ii) 

Solving (i) and (ii), we get 

 ( ) ( ) 3xx22 xzsinexy2y

dz

zsinexy2zzcosx

dy

zcosyxzx

dx

−+−
=

+−−
=

−
.  

Now  consider ( )zsinexy2zzcosx

dy

zcosyxzx

dx
x22 +−−

=
−

 

and  ( ) 3x2 xzsinexy2y

dz

zcosyxzx

dx

−+−
=

−
.  

We get 
( )

zcosyxzx

zsinexy2zzcosx

dx

dy
2

x2

−

+−−
=  and  

( )
zcosyxzx

xzsinexy2y

dx

dz
2

3x

−

−+−
= .Ans. 

Q.No.14: If 
yxy ex −= , then prove that 

( )2xlog1

xlog

dx

dy

+
= . 

Sol.: Given 
yxy ex −= .  

Taking log on both sides, we get 

yxy elogxlog −=  yxxlogy −=⇒  0yxxlogy =+−⇒  . 

Let yxxlogyu +−= .                                                                                                  ....(i) 

Differentiate (i) partially w. r. t. x and y separately, we get 

x

xy
1

x

y

x

u −
=−=

∂

∂
∴  and )1x(log

y

u
+=

∂

∂
. 
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Hence 
( ) ( ) ( )xlog1x

xlogy

1xlogx

yx

1xlog

x

xy

y

u
x

u

dx

dy

+
=

+

−
=

+

−

=

∂

∂
∂

∂

−= .  ...(i)  [ xlogyyx =−∵ ] 

Now since  yxxlogy −=  
x

y
1xlog

x

y
−=⇒  ( )⇒ + =

y

x
x1 1log

( )
⇒ =

+

y

x x

1

1 log
 

Substituting the value of 
y

x
 in (i), we get    

( )2xlog1

xlog

dx

dy

+
= .  

This completes the proof. 

Q.No.15: Using partial differentiation, find 
dx

dy
 when Cyx xy =+ . 

Sol.: Given Cyx xy =+   0Cyx xy =−+⇒  

Let ( ) Cyxy,xf xy −+=                                                                                               .....(i) 

Differentiate (i) partially w. r. t. x and y separately, we get 

ylogyyx
x

f x1y +=
∂

∂ −
  and 1xy

xyxlogx
y

f −+=
∂

∂
. 

But 
( )
( )1x1y

1x1y

y

x

yxlogxx

ylogyxy

f

f

dx

dy
−−

−−

+

+
−=−= . Ans. 

Q.No.16.: Find 
dt

du
as a total derivative and verify the result by direct substitution if    

                  222 zyxu ++=  and 
t2ex = , t3cosey t2= , t3sinez t2= . 

Sol.: Here u is a function of x, y, z are and x, y, z are in turn functions of t. Thus u is a 

function ‘t’ via the  intermediate variables x, y, z. Then 

dt

dz

z

u

dt

dy

y

u

dt

dx

x

u

dt

du

∂

∂
+

∂

∂
+

∂

∂
=  

       ( ) ( )t3cose3t3sine2z2t3sine3t3cose2.y2e2.x2 t2t2t2t2t2 ++−+=  

Rewriting in terms of x, y, z 

( ) ( )y3z2z2z.3y2y.2x.2.x2 ++−+=  
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( )222 zyx4 ++=  

or in terms of t 

( )( ) t422t4t4 e8t3sint3cosee4
dt

du
=++=  

Verification by direct submission: 

t42t42t4t4222 e2t3sinet3coseezyxu =++=++=  

t4e8
dt

du
= . 

Q.No.17.: Find the total differential coefficient of yx 2  w.r.t. x when x, y are connected   

                  by 1yxyx 22 =++ . 

Sol.: Let yxu 2= , then the total differential is  

dy
y

u
dx

x

u
du

∂

∂
+

∂

∂
=  

Thus the total differential coefficient of u w.r.t x is 

dx

dy

y

u

x

u

dx

du

∂

∂
+

∂

∂
=  

dx

dy
xxy2

dx

du 2+=  

From the Implicit relation 1yxyxf 2 =+= , we calculate 

y2x

yx2

f

f

dx

dy

y

x

+

+
−==  

so  
( )
( )










+

+
−+=+=

y2x

yx2
xxy2

dx

dy
.xxy2

dx

du 22  

( )
( )y2x

yx2x
xy2

dx

du 2

+

+
−= . 

Q.No.18.: The altitude of the right circular cone is 15 cm and is increasing  at 0.2 cm/sec.   

                  The radius of the base is 10 cm and is decreasing at 0.3 cm/sec. How fast is  

                  the volume changing? 
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Sol.: Let x be the radius and y be the altitude of the cone. So volume V of the right 

circular cone is yx
3

1
V 2π= . 

Since x and y are changing w.r.t time t, differentiate V w.r.t.  t. 

dt

dy

y

V

dt

dx

x

V

dt

dV

∂

∂
+

∂

∂
=  

        







+π=

dt

dy
x

dt

dx
xy2

3

1 2  

It is given that x = 10,  y = 15,  3.0
dt

dx
−=  and  2.0

dt

dy
= , substituting these values 

( ) ( )[ ]2.0103.015.10.2
3

1

dt

dV 2+−π= π
−

=
3

70
 cm

3
/sec  

i.e, volume is decreasing at the rate of 
3

70π
. 

 

Home AssignmentsHome AssignmentsHome AssignmentsHome Assignments    

Q.No.1.: Find 
dt

du
when 








=

y

x
sinu  and 

tex = ,  2ty = . Verify the result by direct 

substitution. 

Ans.: 












−
2

t
t

3 t

e
cose

t

2t
. 

Q.No.2.: Find 
dt

du
 given ( )yxsinu 1 −= − ,  x = 3t, 3t4y = . Verify the result by direct 

substitution. 

Ans.: ( ) 2/12
t13

−
−  

Q.No.3.: If z3yexu = where x = t,  2ty =  and  t Inz = , find 
dt

du
 at t = 2. 

Ans.: 
5t6 ;  192. 
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Q.No.4.: Find 
dt

du
, if 








= −

x

y
tanu

1  and 
tt eex −−=  and tt eey −+= . 

Ans.: 
t2t2 ee

2
−+

−
 

Q.No.5.: If x, y are related by 2yx 22 =−  and ( )22 yxtanu += , find 
dx

du
. 

Ans.: ( )2x2secx4 22 − . 

Q.No.6.: If  







= −

x

y
tanu

1 and 4xy =  find 
dx

du
 at x = 1. 

Ans.: 
6

2

x1

x3

+
; 

2

3
 at x = 1. 

Q.No.7.: In order that the function yx3xy2u 2−=  remains constant. What should be the 

rate of change of y (w.r.t. t) given that x increases at the rate of 2cm/sec at the 

instant when x = 3 cm and y = 1 cm. 

Ans.: sec/cm
21

32

dt

dy
−= ; y must decrease at the rate of 

21

32
cm/sec. 

 Q.No.8.: Find the rate at which the area of a rectangle is increasing at a given instant 

when the sides of the rectangle are 4 ft and 3 ft and are increasing at the rate of 

1.5 ft/sec. and 0.5 ft/sect respectively.  

Ans.: 6.5 sq. ft/sec. 

Q.No.9.: Find (a).  
dx

dz
 and  (b). 

dy

dz
, given yxxyz 22 += ,  y = In x. 

Ans.: (a). Here x is the independent variable 

       xy2xy2y
dx

dy

y

z

x

z

dx

dz 2 +++=
∂

∂
+

∂

∂
=  

(b). Here y is the independent variable 

       
222

xxy2yx2xy
dy

dx

x

z

y

z

dy

dz
+++=

∂

∂
+

∂

∂
=  

Q.No.10.: Find the differential of the function xcosyycosx)y,x(f −= . 

Ans.: ( ) ( )dyxcosysinxdxxsinyycosdf +−+=  

Q.No.11.: Find the differential of the function ( ) xyze)z,y,xu = . 
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Ans.: ( )xydzzxdyyzdxedu xyz ++= . 

Q.No.12.: Find 
dt

du
 for the functions 22 yxu −= , tcosex t= ,  tsiney t=  at t = 0. 

Ans.: ( )t2sint2cose2 t2 − ;  At  t = 0, 2
dt

du
=  

Q.No.13.: Find 
dt

du
 for the functions ( )zyxInu ++= ;  

tex −= ,  tsiny = ,  tcosz = . 

 Ans.: 
t

t

etsintcos

etsintcos
−

−

++

−−
 

Q.No.14.: Find 
dt

du
 for the functions ( )yesinu x += ,  ( )tfx = ,  ( )tgy = . 

Ans.: ( )[ ] ( ) ( )[ ] ( )tgyecostfeyecos
dt

du xxx ′++′+= . 

Q.No.15.: Find 
dt

du
 for the functions 

yxu =  when ttany 1−= ,  tsinx = . 

Ans.: 
2

y1y

t1

1
 x.Inxtcosx.y

+
+−

. 

 

 

 

NEXT TOPIC 

Transformation of independent variables (Composite Functions),  

Jacobian, Properties of Jacobians 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

    

    

    

    

    

 

Indeterminate forms-Problems of   ∞∞ 1  ,  ,0
00 : 

Q.No.1.: Evaluate 
x

1

0x x

xsin
Lt 









→
.        

Sol.:  Let 
x

1

0x x

xsin
Lty 








=

→
                                                                                   [ ]form  1

∞
 

Taking log of both sides, we get 

x

1

0x x

xsin
logLtylog 








=

→
 








=

→ x

xsin
log

x

1
Lt

0x x

x

xsin
log

Lt
0x










=
→

                           







form

0

0
 

Now apply Cauchy’s Rule, we get 

log y 






 −








=

→ 20x x

xsinxcosx

xsin

x
Lt                                                          








=

→
1

xsin

x
Lt

0x
∵  

        
20x x

xsinxcosx
Lt

−
=

→
                                                                                      








form

0

0
 

Applying Cauchy’s Rule again, we get 

log y 
x2

xcosxsinxxcos
Lt

0x

−−
=

→
 

x2

xsinx
Lt

0x

−
=

→
 = 0

2

xsin
Lt

0x
=

−

→
  

0ylog =    

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    

Indeterminate FormsIndeterminate FormsIndeterminate FormsIndeterminate Forms    

0 00 ,    ,   1∞∞  
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1ey
0 ==∴ . Ans. 

Q.No.2.: Evaluate ( ) ( )x1log

1
2

1x
x1Lt −

→
− . 

Sol.: Let ( ) ( )x1log

1
2

1x
x1Lty −

→
−=                        [ ]form0

0
 

Taking log of both sides, we get 

( ) ( )x1log

1
2

1x
x1logLtylog −

→
−=  

        
( )

( )2

1x
x1log.

x1log

1
Lt −

−
=

→
                         









∞

∞
form  

Applying Cauchy’s Rule, we get 

log y

( )

( )1
x1

1

x2
x1

1

Lt
2

1x
−

−

−
−=

→
 

( )
( )21x x1

x1x2
Lt

−

−
=

→ ( )
1

x1

x2
Lt

1x
=

+
=

→
 

1yloge =   

eey
1 ==∴ . Ans. 

Q.No.3.: Evaluate 
x

1

x
n

x
2

x
1

0x n

a..........aa
Lt











 +++

→
. 

Sol.: Let y = 
x

1

x
n

x
2

x
1

0x n

a..........aa
Lt











 +++

→
                                                             [ ]form1

∞
 

Taking log of both sides, we get 

x

1

x
n

x
2

x
1

0x n

a..........aa
logLtylog











 +++
=

→
 

         
x

n

a..........aa
log

Lt

x
n

x
2

x
1

0x











 +++

=
→

                                                                 









form

0

0
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Applying Cauchy’s Rule, we get 

log y 
( )

n

aloga...........alogaaloga

a.......aa

n
Lt n

x
n2

x
21

x
1

x
n

x
2

x
1

0x

+++
×

+++
=

→
 

         ( )n21 alog.........alogalog
n

1
.

n

n
+++








=  

( )n

1

n21 a...........aalogylog +=                                                                

( ) 







=

dx

du

u

1
ulog

dx

d
        

( )n

1

n21 a..........a.ay = . Ans. 

 

Q.No.4.: Evaluate ( ) xcot

0x
xtan1Lim +

→
. 

Sol.: Let ( ) xcot

0x
xtan1Limy +=

→
.                                                                            [ ∞1 form] 

Taking log on both sides, we get 

( )




 +=

→

xcot

0x
xtan1Limlogylog = ( ){ }





 +

→

xcot

0x
xtan1logLim ( ){ }





 +=

→
xtan1logxcotLim

0x
 

        
( )












∞−+−=







 +
=

→→
.........

3

xtan

2

xtan
xtan

xtan

1
Lim

xtan

xtan1log
Lim

32

0x0x
 

        1.........
3

xtan

2

xtan
1Lim

2

0x
=












∞−+−=

→
. 

eey 1 ==∴ .  

Hence ( ) extan1Lim
xcot

0x
=+

→
. Ans. 

Q.No.5.: Evaluate ( ) 2x

1

0x
xcosLim

→
. 

Sol.: Let y = ( ) 2x

1

0x
xcosLim

→
.                                                                                    [1∞ form] 

Taking log on both sides, we get 
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( ) ( ) ( )
20x20x

x

1

0x x

xcoslog
Limxcoslog

x

1
LimxcoslogLimylog 2

→→→
===∴ .                        

0

0
form







 

Apply Cauchy’s rule, we get 

ylog 







−=










=
→→ x2

xtan
Lim

x2

xsin
xcos

1

Lim
0x0x

.                                                           
0

0
form







 

Apply Cauchy’s rule, we get 

ylog  
2

1

2

xsec
Lim

2

0x
−=














−=

→
. 

2/1ey −=∴ .  

Hence ( ) 2/1

x

1

0x
excosLim 2

−

→
= . Ans. 

 

Q.No.6.: Evaluate 

xtan

0x x

1
Lim 









→
. 

Sol.: Let y = 

xtan

0x x

1
Lim 









→
.                                                                                    [ 0∞ form] 

Taking log on both sides, we get 

















=








=








=

→→→ x

1
logx

x

xtan
Lim

x

1
logxtanLim

x

1
logLimylog

0x0x

xtan

0x
    

        







=

→ x

1
logxLim

0x
                                                                             








=








∴

→
1

x

xtan
Lim

0x
 

        



















=
→

x

1

x

1
log

Lim
0x

.    








∞

∞
form  

Apply Cauchy’s rule, we get 
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ylog  ( ) 0xLim

x

1

x

1
x

Lim
0x

2

2

0x
==









−









−

=
→→

. 

1ey 0 ==∴ . 

 Hence 1
x

1
Lim

xtan

0x
=









→
.Ans. 

Q.No.7.: Evaluate 
2x

1

0x x

xtan
Lim 









→
. 

Sol.: Let y = 
2x

1

0x x

xtan
Lim 









→
.                                                                                  [1∞ form] 

Taking log on both sides, we get 

20x20x

x

1

0x x

x

xtan
log

Lim
x

xtan
log

x

1
Lim

x

xtan
logLimylog

2









=







=








=

→→→
.                     

0

0
form







 

Apply Cauchy’s rule, we get 

ylog  












 −
=











 −

=
→→ 3

2

0x

2

2

0x x2

xtanxsecx
.

xtan

x
Lim

x2

x

xtanxsecx
.

xtan

x

Lim  

            
3

2

0x x2

xtanxsecx
Lim

−
=

→
.                  








form

0

0
                            








=









→
1

xtan

x
Lim

0x
∵  

Again, apply Cauchy’s rule, we get 

ylog
2

2

0x2

22

0x x6

xtanxsecx2
Lim

x6

xsecxtanxsecxsec2.xxsec
Lim

→→
=

−+
= . 

         
x3

xtanxsec
Lim

2

0x→
=  

3

1

3

0sec

x

xtan
.

3

xsec
Lim

22

0x
===

→
.                 









=









→
1

x

xtan
Lim

0x
∵  

3/1ey =∴ . 
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 Hence 3/1x

1

0x
e

x

xtan
Lim

2

=








→
.Ans. 

Q.No.8.: Evaluate ( ) xsin

0x
xcotLim

→
. 

Sol.: Let y = ( ) xsin

0x
xcotLim

→
.                                                                                 [ 0∞ form] 

Taking log on both sides, we get 

( ) ( ) ( )
ecxcos

xcotlog
LimxcotlogxsinLimxcotlogLimylog

0x0x

xsin

0x →→→
=== .                       










∞

∞
form  

Apply Cauchy’s rule, we get 

log y
xcotecxcos

xeccos
xcot

1

Lim

2

0x→
=

xcot

ecxcos
Lim

20x→
=

xcosxsin

xsin
Lim

2

2

0x→
= 0

xcos

xsin
Lim

20x
==

→
. 

1ey 0 ==∴ .  

Hence ( ) 1xcotLim
xsin

0x
=

→
.Ans. 

Q.No.9.: Evaluate 
x

1

xx

0x 2

ba
Lim













 +

→
. 

Sol.: Let y = 
x

1

xx

0x 2

ba
Lim













 +

→
.                                                                               [1∞ form] 

Taking log on both sides, we get 













 +
=













 +
=

→→ 2

ba
log

x

1
Lim

2

ba
logLimylog

xx

0x

x

1

xx

0x
.                                              

0

0
form







 

Apply Cauchy’s rule, we get 

log y ( ) ( ) 2/1
xx

xx0x
ablogablog

2

1

2

blogalog

2

xlogbxloga

ba

2
Lim ==

+
=













 +

+
=

→
. 

( )
abey

2/1
ablog ==∴ .  
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Hence ab
2

ba
Lim

x

1

xx

0x
=













 +

→
. Ans. 

Q.No.10.: Evaluate 
x

1

0x x

xtan
Lim 









→
. 

Sol.: Let y = 
x

1

0x x

xtan
Lim 









→
.                                                                                    [1∞

form] 

Taking log on both sides, we get 

x

x

xtan
log

Lim
x

xtan
log

x

1
Lim

x

xtan
logLimylog

0x0x

x

1

0x










=







=








=

→→→
.                         

0

0
form







 

Apply Cauchy’s rule, we get 

log y 












 −
=











 −

=
→→ 2

2

0x

2

2

0x x2

xtanxsecx
.

xtan

x
Lim

2

x

xtanxsecx
.

xtan

x

Lim  

         
2

2

0x x2

xtanxsecx
Lim

−
=

→
.                               








form

0

0
                  








=









→
1

xtan

x
Lim

0x
∵  

Again, apply Cauchy’s rule, we get 

log y 
x4

xtanxsecx2
Lim

x4

xsecxtanxsecxsec2.xxsec
Lim

2

0x

22

0x →→
=

−+
= . 

         0
2

0sec.0

x

xtan
.

2

xsecx
Lim

22

0x
===

→
.                                          








=









→
1

x

xtan
Lim

0x
∵  

1ey 0 ==∴ . 

 Hence 1
x

xtan
Lim

x

1

0x
=









→
.Ans. 

Q.No.11.: Evaluate 
2x

1

0x x

xsinh
Lim 









→
. 
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Sol.: Let y = 
2x

1

0x x

xsinh
Lim 









→
.                                                                                [1∞ form] 

Taking log on both sides, we get 

20x20x

x

1

0x x

x

xsinh
log

Lim
x

xsinh
log

x

1
Lim

x

xsinh
logLimylog

2









=







=








=

→→→
.                 









form

0

0
 

Apply Cauchy’s rule, we get 

log y 






 −
=








 −

=
→→ 30x

2

0x x2

xsinhxcoshx
.

xsinh

x
Lim

x2

x

xsinhxcoshx
.

xsinh

x

Lim  

         
30x x2

xsinhxcoshx
Lim

−
=

→
.                                      

0

0
form







        








=









→
1

xsinh

x
Lim

0x
∵  

Again, apply Cauchy’s rule, we get 

log y 
6

1

x

xsinh

6

1
Lim

x6

xsinhx
Lim

x6

xcoshxcoshxsinhx
Lim

0x20x20x
===

−+
=

→→→
. 

6/1ey =∴ .  

Hence 6/1x

1

0x
e

x

xsinh
Lim

2

=








→
.Ans. 

Q.No.12.: Evaluate 
xlogx

x1
Lim

x

0x

−

→
. 

Sol.: Let 
xlogx

x1
Limy

x

0x

−
=

→
                                                                                      








form  

0

0
 

Applying Cauchy’s Rule, we get 

( )
( )xlog1

xlog1x
Limy

x

0x +

+−
=

→

x

0x
xLim−=

→
 

Taking log of  both sides, we get 
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xlogxLimylog
0x
−=

→

x

1

xlog
Lim

0x
−=

→
 0xLim

x

1
x

1

Lim
0x

2

0x
==

−

−
=

→→
 

0ylog =   

1y =∴ . Ans. 

Q.No.13.: Prove that π

π

→
=








− /2a 2

x 
tan

ax
e

a

x
2Lim . 

Sol.: Let y = 
a 2

x 
tan

ax a

x
2Lim

π

→








− .                                                                           [1∞  form] 

Taking log of  both sides, we get 









−







 π
=

→ a

x
2log

a2

x
tanLimylog

ax
                                                                       [ 0×∞ form] 

        








 π









−

=
→

a2

x
cot

a

x
2log

Lim
ax

                                                                                          
0

0
form







  

Apply Cauchy’s rule, we get 

 log y 
π

=








 ππ
−









−









−

=
→

2

a2

x
eccos

a2

a

1
.

a

x
2

1

Lim
2ax

.   

π=∴ /2ey .  

Hence π

π

→
=








− /2a 2

x 
tan

ax
e

a

x
2Lim .Ans 

Q.No.14.: Prove that ( ) ( ) ex8Lt x2log

1
3

2x
=− −

→
. 

Sol.: Let   ( ) ( )x2log

1
3

2x
x8Lty −

→
−=             

Taking log on both sides, we get   
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( ) ( )x2log

1
3

2x
x8logLtylog −

→
−=

( )
( )x2log

x8log
Lim

3

2x −

−
=

→
   

Apply Cauchy’s rule, we get  

log y =
2

2

2x

3

2

2x xx34

x3
Lim

x2

1
x8

x3

Lim
++

=

−

−
−

−

→→
1

12

12
==  

1ylog =  

ey =∴ . Ans. 

Q.No.15.: Prove that 
( )

12

1

x

1

20x
e

x

1xcosh2
Lt

2

=






 −

→
. 

Sol.: Let 
( ) 2x

1

20x x

1xcosh2
Lty 







 −
=

→
 

2x

1

42

20x
1...........

4

x

2

x
1

x

2
Lty


























−+++=⇒

→
 

Taking log on both sides, we get    

2

2

x

............
12

x
1log

ylog













∞++

=














++














++

=
→

........
360

x

12

x
1x2

.........
3

x

6

x

Lim
42

3

cx
 

12

1
ylog = . 

 12

1

ey = . Ans. 

Q.No.16.: Prove that 

2
2

2

1N

N
e

N
cosLt

β−

∞→
=







 β
. 

Sol.: Let 

2
N

N N
cosLty 







 β
=

∞→
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2
N

2 4

2 4
N

y Lim. 1 ...........
2!N 4!N→∞

 β β
= − + + 

 
 

Taking log on both sides, we get     












+

β
+

β
−=

∞→
...........

N!4N!2
1logN.Limylog

4

4

2

2
2

N
 

2 4
2

2 4
N

log y Lim.N log 1 ...........
2!N 4!N→∞

  β β
⇒ = − − +  

  
 

2
2 4 2 4

2

2 4 2 4N

1
log y Lim.N ........... ........... .........

2!N 4!N 2 2!N 4!N→∞

    β β β β
 ⇒ = − − + + − + +   
     

 

2
2 4 4 2

2

2 4 4 2
N

log y Lim.N ........... 1 ........... .........
2!N 4!N 8N 12N→∞

    β β β β
 ⇒ = − − + + − + +   
     

 

2 4 4 2
2

2 4 4 2
N

2
log y Lim.N ........... 1 ........... .........

2!N 4!N 8N 12N→∞

    β β β β
⇒ = − − + + − + +    

    
 

2 4
2

2 4N

1
log y Lim.N ...................

2!N 12N→∞

 β β
⇒ = − − + 

 
 

2 4

2N

1
log y Lim. ...................

2! 12N→∞

 β β
⇒ = − − + 

  2
ylog

2β
−=⇒  

 ∴ 2

2

ey

β
−

= . Ans. 

Q.No.17.: Prove that a

2x

x
e

1ax

1ax
Lt =









−

+

∞→
. 

Sol.: Let 

x

x 1ax

1ax
Lty 









−

+
=

∞→                

[1∞ form] 

Taking log on both sides, we get      










−

+
=

∞→ 1ax

1ax
logxLtylog

x









−









+

=
∞→

ax

1
1

x

1

ax

1
1log

Lt
x

x

1

ax

1
1log

ax

1
1log

Lt
x









−−








+

=
∞→
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x

1

..........
xa3

1

xa2

1

ax

1
.............

xa3

1

xa2

1

ax

1
33223322 








−−−−








−+−

=  









++=

∞→
........

xa3

1
1

a

2
Limylog

22x
 

a

2
ylog = .   

a

2

ey =∴ . Ans. 

Q.No.18.: Evaluate 
ax

1

x a

x

x

a

2

1
Lt

−

∞→ 





















+ . 

Sol.: Let 
ax

1

x a

x

x

a

2

1
Lty

−

∞→ 





















+=  

Taking log on both sides, we get       

ax

a

x

x

a

2

1
log

ylog
−

























+

=
( )

















+
+

−
=

−
−

a

x
xa

xa

axxa2 2

1

2

3

 0
a2

a2
×=  

0ylog = . 

1y =∴ . Ans. 

Q.No.19.: Prove that 1
xlogx

x1
Lt

xsin

0x
−=

−

→
. 

Sol.: Let 
xlogx

x1
Lty

xsin

0x

−
=

→
 

xlogx

x.x1
Lty

xxsin

0x

−
=

→
 

xlogx

x1
Lim

x

0x

−
=

→

( )
xlog1

xlog1x
Lt

x

0x +

+−
=

→
 

x

0x
xLimy −=

→
 

Taking log on both sides, we get        
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xlogxLimylog
0x
−=

→
 

x

1

xlog
Lim

0x

−
=

→
                                                                    









∞

∞
form   

Applying Cauchy’s rule, we get 

0x

x

1
x

1

ylog

2

==
−

−

= . 

 1y =∴ . Ans. 

Q.No.20.: Evaluate 

m

m m

x
cosLt 









∞→
 . 

Sol.: Let 

m

m m

x
cosLty 








=

∞→
 

Taking log on both sides, we get        

m/1

m

x
coslog

Lt
m

x
coslogmLtylog

mm










=







=

∞→∞→
                                                    









form  

0

0
 

0
m

x
tanLt

m

1

m

1

m

x
sin

m

x
cos

1

Ltylog
m

2

2

m
=








−=

−









−








−

=
∞→∞→

 

1ey 0 ==∴ . Ans. 

 Q.No.21.: Evaluate 

xcos1

0x x

1
Lt

−

→








. 

Sol.: Let 

xcos1

0x x

1
Lty

−

→








=  

Taking log on both sides, we get        

( ) ( ) ( ) ( )
x

1xcos
Limxlogx

x

1xcos
Limxlog1xcosLimylog

0x0x0x

−
=

−
=−=

→→→
  








form  

0

0
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Apply Cauchy’s rule, we get 

0
1

xsin
Limylog

0x
=

−
=

→
 

1ey 0ylog 0 ==∴= . Ans. 

Q.No.22.: Evaluate ( ) xcos

2
x

xtanLim
π

→

. 

Sol.: Let  y = ( ) xcos

2
x

xtanLim
π

→

                                                                               [ 0∞  form]   

Taking log on both sides, we get 

( )xtanlogxcosLimylog

2
x

π
→

=                                                                                [ ∞×0 form] 

 
( )

xsec

xtanlog
Lim

2
x

π
→

=                                                                                                   








∞

∞
form  

Apply Cauchy’s rule, we get 

 0
xsin

xcos
Lim

xtan.xsec

xsec.
xtan

1

Lim
2

2
x

2

2
x

===
π

→
π

→

. 

1ey 0 ==∴ . Ans. 

 

*** 

***   ***   *** 

***   ***   ***   ***   *** 

                                                                                                                                                   



 

 

    

    

    

    

    

 

 

Composite function:  

If ( )....,......... x, x,xfu 321=  and the independent variables ,......... x, x,x 321 are 

further functions of other variables ,........ t, t,t 321 . 

by the relations,  ( )......,......... t, t,tx 3211 φ= ,    ( )..,......... t, t,tx 3212 ψ=    etc. 

Then u is said to be a composite function of the variables ,........ t, t,t 321 , 

For example if u to be function of x, y, i.e. ( )y ,xfu =  and further if  x ,y are function of 

 , t,t 21  i.e. ( )21  t,tx φ=  and if  ( ), t,ty 21ψ= . 

Then u is a composite function of variables  , t,t 21  

Transformation of independent variables:  

Now the necessary formulae for changing of independent variables are obtained: 

111 t

y
.

y

u

t

x
.

x

u

t

u

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
,   

222 t

y
.

y

u

t

x
.

x

u

t

u

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
,………… 

Further, if ( )y ,xfu =  and if  ( )y ,xft 11 =  and ( )y ,xft 22 = . 

Then the transformation equations are  

x

t
.

t

u

x

t
.

t

u

x

u 2

2

1

1 ∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    

    

Partial DifferentiationPartial DifferentiationPartial DifferentiationPartial Differentiation    
[Transformation of independent variables (Composite Functions),  

Jacobian, Properties of Jacobians] 

Prepared by 

 
 

Dr. Sunil 

NIT Hamirpur (HP) 



Partial Differentiation: Composite Functions                                

Visit: https://www.sites.google.com/site/hub2education/ 

 

2

y

t
.

t

u

y

t
.

t

u

y

u 2

2

1

1 ∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
. 

Expansion: 

Extending the above results, we may obtain. 

In case  ( )z y, ,xfu =  and ( )3211  t, t,tx ϕ= ,  ( )3212  t, t,ty ϕ= ,  ( )3213  t, t,tz ϕ= .  

Then the transformation equations are 

1111 t

z
.

z

u

t

y
.

y

u

t

x
.

x

u

t

u

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

2222 t

z
.

z

u

t

y
.

y

u

t

x
.

x

u

t

u

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

3333 t

z
.

z

u

t

y
.

y

u

t

x
.

x

u

t

u

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
. 

Further, if ( )z y, ,xfu =  , ( )z y, ,xft 11 =   ( )z y, ,xft 22 =  and ( )z y, ,xft 33 = . Then 

x

t
.

t

u

x

t
.

t

u

x

t
.

t

u

x

u 3

3

2

2

1

1 ∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

y

t
.

t

u

y

t
.

t

u

y

t
.

t

u

y

u 3

3

2

2

1

1 ∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

z

t
.

t

u

z

t
.

t

u

z

t
.

t

u

z

u 3

3

2

2

1

1 ∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
. 
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Jacobian:  

Definition: If u and v are functions of two independent variables x and y, then the 

determinant 

y

v

x

v

y

u

x

u

∂

∂

∂

∂
∂

∂

∂

∂

x

v
.

y

u

y

v
.

x

u

∂

∂

∂

∂
−

∂

∂

∂

∂
= ,   

is called the functional determinant or Jacobian of u, v with respect to x, y, and is 

denoted by the symbol 








y x,

 v,u
J  or  

( )
( )y  x,

  v,u

∂

∂
. 

Similarly, if u, v, w are functions of three independent variables x, y, z, then the Jacobian 

of u, v, w with respect to x, y, z is  








z y, x,

 w v,,u
J

( )
( )z  y,  x,

 w  v,,u

∂

∂
=

z

w

y

w

x

w

z

v

y

v

x

v

z

u

y

u

x

u

∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂

= . 

Properties of Jacobians: 

I. If u, v are functions of r, s where r, s are functions of x, y  

    then  
( )
( )

( )
( )

( )
( )y ,x

s ,r

s ,r

 v,u

y ,x

 v,u

∂

∂
×

∂

∂
=

∂

∂
. 

Proof: Since u, v are composite functions of x, y 

xsxr suru
x

s
.

s

u

x

r
.

r

u

x

u
+=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
∴ , 

ysyr suru
y

s
.

s

u

y

r
.

r

u

y

u
+=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

xsxr svrv
x

s
.

s

v

x

r
.

r

v

x

v
+=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
, 

ysyr svrv
y

s
.

s

v

y

r
.

r

v

y

v
+=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
. 

Now 
( )
( )

( )
( ) yx

yx

sr

sr

ss

rr
.

vv

uu

y ,x

s ,r

s ,r

 v,u
=

∂

∂
×

∂

∂
. 

Interchanging rows and columns in the second determinant, we get 
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yy

xx

sr

sr

sr

sr
.

vv

uu

ysyrxsxr

ysyrxsxr

svrvsvrv

surusuru

++

++
=

y

v

x

v

y

u

x

u

∂

∂

∂

∂
∂

∂

∂

∂

=
( )
( )y ,x

 v,u

∂

∂
= . 

II. If 1J is the Jacobian of u, v, with respect to x, y and 2J is the Jacobian of x, y, with  

     respect to u, v, then 1JJ 21 =   i. e. 
( )
( )

( )
( )

1
 v,u

y ,x

y ,x

 v,u
=

∂

∂
×

∂

∂
. 

Proof: Let u = u(x, y) and v = v(x, y), so that u and v are functions of x, y. 

Suppose on solving for x and y, we get x = φ (u, v) and y = ψ (u, v). 

x u y u

u u x u y
1 . . u x u y

u x u y u

∂ ∂ ∂ ∂ ∂
= = + = +

∂ ∂ ∂ ∂ ∂
 

x v y v

u u x u y
0 . . u x u y

v x v y v

∂ ∂ ∂ ∂ ∂
= = + = +

∂ ∂ ∂ ∂ ∂
 

x u y u

v v x v y
0 . . v x v y

u x v y u

∂ ∂ ∂ ∂ ∂
= = + = +

∂ ∂ ∂ ∂ ∂
 

x v y v

v v x v y
1 . . v x v y

v x v y v

∂ ∂ ∂ ∂ ∂
= = + = +

∂ ∂ ∂ ∂ ∂
 

Now 
( )
( )

( )
( ) vu

vu

yx

yx

yy

xx
.

vv

uu

 v,u

y ,x

y ,x

 v,u
=

∂

∂
×

∂

∂
. 

Interchanging rows and columns in the second determinant, we get 

vv

uu

yx

yx

yx

yx
.

vv

uu x u y u x v y v

x u y u x v y v

u x u y u x u y

v x v y v x v y

+ +
=

+ +
1

10

01
== . 

 

Now let us solve some more problems: 

 

Q.No.1.: If 22 yxr += ,  
x

y
tanθ 1−= ,  evaluate 

( )
( )y x,

θ ,r

∂

∂
. 

Sol.: Given 22 yxr += ,   
x

y
tanθ 1−= . 

Now 
22 yx

x

x

r

+
=

∂

∂
,  

22 yx

y

y

r

+
=

∂

∂
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222

2

2 yx

y

x

y

x

y
1

1

x

θ

+
−=








−

+

=
∂

∂
,  

22

2

2 yx

x

x

1

x

y
1

1

y +
=









+

=
∂

θ∂
 

∴
( )
( )y x,

θ ,r

∂

∂

y

θ

x

θ

y

r

x

r

∂

∂

∂

∂
∂

∂

∂

∂

=

2222

2222

yx

x

yx

y

yx

y

yx

x

++
−

++=  

                

( ) ( ) ( ) 222/322

22

2/322

2

2/322

2

yx

1

yx

yx

yx

y

yx

x

+
=

+

+
=

+
+

+
= . 

Q.No.2.: If φθ= cossinrx ,  φθ= sinsinry ,  θcosrz = , 

               show that 
( )
( )

θ=
φθ∂

∂
sinr

 , r,

z ,y ,x 2 . 

Sol.: 
( )
( )

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=
φθ∂

∂

zz

r

z

yy

r

y

xx

r

x

 , r,

z ,y ,x

0sinrcos

cossinrcoscosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

=  

Taking out common factor (r from second column and θsinr from third column) 

                         

0sincos

cossincossinsin

sincoscoscossin

sinr2

θ−θ

φφθφθ

φ−φθφθ

θ=  

Expanding by third row 

                         








φφθ

φ−φθ
θ+

φφθ

φ−φθ
θθ=

cossinsin

sincossin
sin

cossincos

sincoscos
cossinr2

 

                         ( ) ( )[ ]φθ+φθθ+φθ+φθθθ= 22222 sinsincossinsinsincoscoscoscossinr  

                         ( ) θ=θ+θθ= sinrsincossinr 2222
 

Q.No.3.: If ( )y xx,z ,zyfu −−−= , prove that 0
z

u

y

u

x

u
=

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Suppose yxu ,xzu ,zyu 321 −=−=−= .                                              (i) 

( )y xx,z ,zyfu −−−=∴  becomes ( )321 u ,u ,ufu = .                                                    (ii) 
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From (i) and (ii) we conclude that u is composite function of x, y, z. 

x

u
.

u

u

x

u
.

u

u

x

u
.

u

u

x

u 3

3

2

2

1

1 ∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
∴                                                                          (iii) 

Now 0
x

u1 =
∂

∂
,  1

x

u2 −=
∂

∂
,  1

x

u3 =
∂

∂
 

∴(iii) becomes 
32 u

u

u

u

x

u

∂

∂
+

∂

∂
−=

∂

∂
.                                                                                 (iv) 

Similarly 
13 u

u

u

u

y

u

∂

∂
+

∂

∂
−=

∂

∂
 ,                                                                                            (v) 

and  
23 u

u

u

u

z

u

∂

∂
+

∂

∂
−=

∂

∂
.                                                                                                   (vi) 

Adding (iv), (v) and (vi), we get 

,0
z

u

y

u

x

u
=

∂

∂
+

∂

∂
+

∂

∂
which is the required result. 

Q.No.4.: If y) ,x(fw = ,  θcosrx = ,   θsinry = ,  

                   show that 

222

2

2

y

f

x

f

θ

w

r

1

r

w









∂

∂
+









∂

∂
=









∂

∂
+









∂

∂
. 

Sol.: The given equations define w as a composite function of r and θ . 

θsin.
y

w
θcos.

x

w

r

y
.

y

w

r

x
.

x

w

r

w

∂

∂
+

∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
 

θsin
y

f
θcos

x

f

r

w

∂

∂
+

∂

∂
=

∂

∂
⇒                           [ ]y) ,x(fw =∵                                             (i)          

Also ( ) ( )θcosr
y

w
θsinr

x

w

θ

y
.

y

w

θ

x
.

x

w

θ

w

∂

∂
+−

∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
 

θcos
y

f
θsin

x

f

θ

w

r

1

∂

∂
+

∂

∂
−=

∂

∂
⇒ .                                  (ii) 

Squaring and adding (i) and (ii), we get 

222

2

2

y

f

x

f

θ

w

r

1

r

w









∂

∂
+









∂

∂
=









∂

∂
+









∂

∂
. 

Q.No.5.: If 22 yxz +=   and  233 a5axy3yx =++ , find the value of 
dx

dz
, 
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                when ayx == . 

Sol.: The given equation are of the form  y) ,x(fz =  and ( ) cy,x =φ . 

∴  z is the composite function of x. 

dx

dy

y

z

x

z

dx

dy
.

y

z

dx

dx
.

x

z

dx

dz

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
=⇒ .                                    (i) 

Now   ( )
22

2/122

yx

x
x2.yx

2

1

x

z

+
=+=

∂

∂ −
 

Similarly,   
22 yx

y

y

z

+
=

∂

∂
 

Also, differentiating  233 a5axy3yx =++ , we get 

0
dx

dy
.ax3ay3

dx

dy
.y3x3 22 =+++ ( ) ( )ayx

dx

dy
axy 22 +−=+⇒  

axy

ayx

dx

dy
2

2

+

+
−=∴  

∴   From (i), we get 














+

+
−

+
+

+
=

axy

ayx

yx

y

yx

x

dx

dz
2

2

2222
 

0
aa

aa
.

aa

a

aa

a

dx

dz
22

22

2222
ay
ax

=
+

+

+
−

+
=






=
=

. 

Q.No.6.: If zxeu y=  , where 22
xay −= ,  xsinz 2= , find 

dx

du
. 

Sol.: Here u is a function of x, y and z while y and z are functions of x. 

∴
dx

dz

y

z

dx

dy
.

y

u

dx

dx
.

x

u

dx

du

∂

∂
+

∂

∂
+

∂

∂
=  

         ( ) ( ) xcosxsin2.xex2xa
2

1
.zxe1.ze y2/122yy +−−+=

−
 

         











+

−
−= x2sinx

xa

zx
ze

22

2
y . Ans. 

Q.No.7.: If ( ) 0z y, ,xφ = , show that 1
y

x

x

z

z

y

zyx

−=








∂

∂









∂

∂









∂

∂
. 
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Sol.: The given relation defines y as a function of x and z. Treating x as constant  

y

φ
z

φ

z

y

x

∂

∂
∂

∂

−=








∂

∂
. 

The given relation defines z as a function of x and y. Treating y as constant  

z

φ
x

φ

x

z

y

∂

∂
∂

∂

−=








∂

∂
. 

Similarly,  

x

φ

y

φ

y

x

y

∂

∂

∂

∂

−=








∂

∂
. 

Multiplying, we get  1
y

x

x

z

z

y

zyx

−=








∂

∂









∂

∂









∂

∂
. Hence prove. 

Q.No.8.:      Prove that 
2 2 2 2

2 2 2 2

z z z z

x y u v

∂ ∂ ∂ ∂
+ = +

∂ ∂ ∂ ∂
,  

                     where αsinvαcosux −= ,  αcosvαsinuy += . 

or 

                     By changing the independent variables u and v to x by means of the   

                     relations αsinvαcosux −= ,  αcosvαsinuy += , show that 
2

2

2

2

v

z

u

z

∂

∂
+

∂

∂
   

                     transforms into 
2

2

2

2

y

z

x

z

∂

∂
+

∂

∂
. 

Sol.: Here z is a composite function of u and v 

y

z
αsin

x

z
αcos

du

dy
.

y

z

du

dx
.

x

z

u

z

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
=

∂

∂
 

( ) z
y

αsin
x

αcosz
u 









∂

∂
+

∂

∂
=

∂

∂
⇒      

y
αsin

x
αcos

u ∂

∂
+

∂

∂
=

∂

∂
⇒ .                                   (i) 

Also  
y

z
αcos

x

z
αsin

dv

dy
.

y

z

dv

dx
.

x

z

v

z

∂

∂
+

∂

∂
−=

∂

∂
+

∂

∂
=

∂

∂
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( ) z
y

αcos
x

αsinz
v 









∂

∂
+

∂

∂
−=

∂

∂
⇒      

y
αsin

x
αsin

v ∂

∂
+

∂

∂
−=

∂

∂
⇒ .                             (ii) 

Now we shall make use of the equivalence of operations as given by (i) and (ii) 










∂

∂
+

∂

∂









∂

∂
+

∂

∂
=









∂

∂

∂

∂
=

∂

∂

y

z
αsin

x

z
αcos

y
αsin

x
αcos

u

z

uu

z
2

2

 

       
2

2
2

22

2

2
2

y

z
αsin

xy

z
αcosαsin

yx

z
αsinαcos

x

z
αcos

∂

∂
+

∂∂

∂
+

∂∂

∂
+

∂

∂
=  

       
2

2
2

2

2

2
2

y

z
αsin

yx

z
αsinαcos2

x

z
αcos

∂

∂
+

∂∂

∂
+

∂

∂
=  .                                                        (iii) 










∂

∂
+

∂

∂
−









∂

∂
+

∂

∂
−=









∂

∂

∂

∂
=

∂

∂

y

z
αcos

x

z
αsin

y
αcos

x
αsin

v

z

vv

z
2

2

 

       
2

2
2

22

2

2
2

y

z
αcos

xy

z
αsinαcos

yx

z
αcosαsin

x

z
αsin

∂

∂
+

∂∂

∂
−

∂∂

∂
−

∂

∂
=  

       
2

2
2

2

2

2
2

y

z
αcos

yx

z
αsinαcos2

x

z
αsin

∂

∂
+

∂∂

∂
−

∂

∂
= .                                                         (iv) 

Adding (iii) and (iv), we get 
2

2

2

2

2

2

2

2

y

z

x

z

v

z

u

z

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. Hence prove. 

Q.No.9: If ( )s,rfu = , yxr += , yxs −= , prove that 
r

u
2

y

u

x

u

∂

∂
=

∂

∂
+

∂

∂
. 

Sol.: Since ( )s,rfu =  and r, s are the function of x and y.  

∴u is the composite function of x and y. 

x

s
.

s

u

x

r
.

r

u

x

u

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
⇒

s

u

r

u

x

u

∂

∂
+

∂

∂
=

∂

∂
                        








=

∂

∂
=

∂

∂
1

x

s
  and 1

x

r
∵               (i)    

y

s
.

s

u

y

r
.

r

u

y

u

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂

s

u

r

u

y

u

∂

∂
−

∂

∂
=

∂

∂
⇒                             








−=

∂

∂
=

∂

∂
1

y

s
  and  1

y

r
∵       (ii)  

Now by adding (i) and (ii), we get  

s

u

r

u

s

u

r

u

y

u

x

u

∂

∂
−

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
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r

u
.2

y

u

x

u

∂

∂
=

∂

∂
+

∂

∂
⇒  

 Hence this proves the result. 

Q.No.10: If  ( )y,xfu = , θ= cosrx , θ= sinry , then  

                

2

2

222
u

r

1

r

u

y

u

x

u









∂θ

∂
+









∂

∂
=









∂

∂
+









∂

∂
.                                          

Sol.: Here u is a composite function of r and θ  

So we have 

r

y
.

y

u

r

x
.

x

u

r

u

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
    since θ=

∂

∂
θ=

∂

∂
sin

r

y
  ,cos

r

x
 

      θ
∂

∂
+θ

∂

∂
= sin

y

u
cos

x

u
 

By squaring, we get  

θθ








∂

∂









∂

∂
+θ









∂

∂
+θ









∂

∂
=









∂

∂
sin.cos

y

u
.

x

u
2sin

y

u
cos

x

u

r

u 2

2

2
22

.                                      (i) 

Similarly we can get  

θ∂

∂

∂

∂
+

θ∂

∂

∂

∂
=

θ∂

∂ u
.

y

ux
.

x

uu
     since  θ=

θ∂

∂
θ−=

θ∂

∂
cosr

y
  ,sinr

x
 

      θ
∂

∂
+θ

∂

∂
−= cos.

y

u
rsin.

x

u
r  

By squaring, we get 














θθ









∂

∂









∂

∂
−θ









∂

∂
+θ









∂

∂
−=









θ∂

∂
cossin

y

u
.

x

u
2cos.

y

u
sin.

x

u
r

u 2

2

2
2

2
2

 

θθ








∂

∂









∂

∂
−θ









∂

∂
+θ









∂

∂
=









θ∂

∂
⇒ cossin

y

u
.

x

u
2cos

y

u
sin

x

uu

r

1 2

2

2
22

2
 .                           (ii) 

Now by adding (i) and (ii), we get 

( ) ( )θ+θ








∂

∂
+θ+θ









∂

∂
=









θ∂

∂
+









∂

∂ 22

2

22
22

2

2

sincos
y

u
sincos

x

uu

r

1

r

u
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222

2

2

y

u

x

uu

r

1

r

u









∂

∂
+









∂

∂
=









θ∂

∂
+









∂

∂
⇒ . 

Hence this proves the result. 

Q.No.11:If  z  be a function of x and y, and u and v be two other variables, such that 

              myxu += ℓ  , mxyv −= ℓ . Show that  

              ( ) 










∂

∂
+

∂

∂
+=

∂

∂
+

∂

∂
2

2

2

2
22

2

2

2

2

v

z

u

z
m

y

z

x

z
ℓ ,  assuming that z is a function of u and v. 

Sol.: Let us assume that z is a function of u and v. 

x

v
.

v

z

x

u
.

u

z

x

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂ ( )m.
v

z
.

u

z
−

∂

∂
+

∂

∂
= ℓ

v

z
m

u

z

∂

∂
−

∂

∂
= ℓ  

Let f
x

z
=

∂

∂
. Since f is a composite function of x and y. Noting that f is also a function of 

u and v.  

x

v
.

v

f

x

u
.

u

f

x

f

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
⇒  

x

v
.

x

z

vx

u

x

z
.

ux

z
2

2

∂

∂









∂

∂

∂

∂
+

∂

∂









∂

∂

∂

∂
=

∂

∂
       









∂

∂
=

x

z
f putting By∵  

        
x

v
.

v

z
m

u

z

vx

u
.

v

z
m

u

z
.

u ∂

∂









∂

∂
−

∂

∂

∂

∂
+

∂

∂









∂

∂
−

∂

∂

∂

∂
= ℓℓ  

x

v
.

v

z
m

uv

z

x

u

vu

z
m

u

z

x

z
2

222

2

2

2

2

∂

∂














∂

∂
−

∂∂

∂
+

∂

∂














∂∂

∂
−

∂

∂
=

∂

∂
ℓℓ  .                                                      (i) 

Similarly 
v

z

u

z
m

y

v
.

v

z

y

u
.

u

z

y

z

∂

∂
+

∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
ℓ        

y

v
.

y

z

vy

u
.

y

z
.

uy

z
2

2

∂

∂









∂

∂

∂

∂
+

∂

∂









∂

∂

∂

∂
=

∂

∂
    

y

v
.

v

z

vu

z
m

y

u

vu

z

u

z
m.

y

z
2

222

2

2

2

2

∂

∂














∂

∂
+

∂∂

∂
+

∂

∂














∂∂

∂
+

∂

∂
=

∂

∂
ℓℓ  .                                                    (ii) 

By adding (i) and (ii) we get, 

  














∂

∂
−

∂∂

∂









∂

∂
+














∂∂

∂
−

∂

∂

∂

∂
=















∂

∂
+














∂

∂
2

222

2

2

2

2

2

2

v

z
m

vu

z

x

v

vu

z
m

u

z

x

u

y

z

x

z
ℓℓ         



Partial Differentiation: Composite Functions                                

Visit: https://www.sites.google.com/site/hub2education/ 

 

12 

                    














∂

∂
+

∂∂

∂









∂

∂
+














∂∂

∂
+

∂

∂









∂

∂
+

2

222

2

2

v

z

vu

z
m

y

v

vu

z

v

z
m

y

u
ℓℓ  

2

2
2

22

2

2
2

2

2

2

2

v

z
m

vu

z
m

vu

z
m

u

z

y

z

x

z

∂

∂
+

∂∂

∂
−

∂∂

∂
−

∂

∂
=

∂

∂
+

∂

∂
⇒ ℓℓℓ  

                              
2

2
2

22

2

2
2

v

z

vu

z
m

vu

z
m

v

z
m

∂

∂
+

∂∂

∂
+

∂∂

∂
+

∂

∂
+ ℓℓℓ  

( )














∂

∂
+

∂

∂
+=

∂

∂
+

∂

∂
⇒

2

2

2

2
22

2

2

2

2

v

z

u

z
m

y

z

x

z
ℓ . 

Hence this proves the result. 

Q.No.12: If ( )v,ufz =  and 22 yxy2xu −−=  and  v = y. Show that 

                ( ) ( ) ( )
v

z
yx

y

z
yx

x

z
yx

∂

∂
−=

∂

∂
−+

∂

∂
+ . 

Sol.: Clearly z is a composite function of x and y 

x

v
.

v

z

x

u
.

u

z

x

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
∴ ( ) ( )0

v

z
y2x2

u

z

x

z

∂

∂
+−

∂

∂
=

∂

∂
⇒                                                   

( )
u

z
yx2

x

z

∂

∂
−=

∂

∂
⇒ .                                                                                                          (i)                                                      

Also 

y

v
.

v

z

y

u
.

u

z

y

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
   

( ) ( )
z z z

2x 2y 1
y u v

∂ ∂ ∂
⇒ = − − +

∂ ∂ ∂
                                           

( )
v

z

u

z
yx2

y

z

∂

∂
+

∂

∂
+−=

∂

∂
⇒ .                                                                                              (ii) 

Taking L.H.S., we get 

( ) ( )
z z

x y x y
x y

∂ ∂
+ + −

∂ ∂
( ) ( ) ( ) ( ) ( )

z z z
x y 2 x y x y 2 x y

u u v

 ∂ ∂ ∂   
= + − + − − + +   ∂ ∂ ∂    

 

                                   
( ) ( ) ( ) ( ) ( )

z z z
2 x y x y 2 x y x y x y

u u v

∂ ∂ ∂
= + − − − + + −

∂ ∂ ∂
 

                                 
( )

v

z
yx

∂

∂
−=  = R.H.S. 
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Hence this proves the result. 

Q.No.13: Transform the equation 0
y

u

x

u
2

2

2

2

=
∂

∂
+

∂

∂
 into polar co-ordinates. 

Sol.: The relations connecting Cartesian co-ordinates (x, y) with polar co-ordinates ( )θ,r  

are θ= cosrx ,  θ= sinry .  

Squaring and adding, we get 222 yxr += . 

Dividing, we get   







=θ −

x

y
tan 1   

∴ 22 yxr +=  and 







=θ −

x

y
tan 1  

( )
θ=

θ
=

+
=

∂

∂
cos

r

cosr

yx

x

x

r

22
   and 

( ) r

sin

r

sinr

yx

y

yx

y

x

y

x

y
1

1

x 222222
2

2

2

θ
−=

θ
−=

+
−=

+

−=







−

+

=
∂

θ∂

 

Now 
u u r u

. .
x r x x

∂ ∂ ∂ ∂ ∂θ
= +

∂ ∂ ∂ ∂θ ∂ θ∂

∂θ
−θ

∂

∂
=

u
.

r

sin
cos.

r

u
 

x

f 

x

u
.

xx

u
2

2

∂

∂
=









∂

∂

∂

∂
=

∂

∂
⇒ , where 

x

u
f

∂

∂
=  

θ∂

∂θ
−

∂

∂
θ=

∂

∂
⇒

f
.

r

sin

r

f
cos

x

u
2

2










∂

∂

θ∂

∂θ
−








∂

∂

∂

∂
θ=

x

u
.

r

sin

x

u

r
cos  

            








θ∂

∂θ
−

∂

∂
θ

θ∂

∂θ
−








θ∂

∂θ
−

∂

∂
θ

∂

∂
θ=

u
.

r

sin

r

u
cos.

r

sinu
.

r

sin

r

u
cos

r
cos                                   

            
2

2

2

222

2

2
2 u

.
r

sin

r

u
.

r

sin.cos

r

u
.

r

sin.cos

r

u
cos

θ∂

∂

∂

θ
+

∂θ∂

∂θθ
−

θ∂∂

∂θθ
−

∂

∂
θ=  

                 
θ∂

∂θθ
+

θ∂

∂θθ
+

∂

∂θ
+

u
.

r

sin.cosu
.

r

sin.cos

r

u

r

sin
22

2

.                                                (i) 

Similarly, we get 

 
2 2 2 2 2

2

2 2 2 2

u u u 2cos .sin u cos u
. sin .

y y y r r r r

 ∂ ∂ ∂ ∂ θ θ ∂ θ ∂
= = θ + + 

∂ ∂ ∂ ∂ ∂ ∂θ ∂θ 
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θ∂

∂θθ
−

θ∂

∂θθ
−

∂

∂θ
+

u
.

r

sin.cosu
.

r

sin.cos

r

u

r

cos
22

2

.                                               (ii) 

Adding (i) and (ii) we get 

( )
r

u

r

sincosu

r

sincos

r

u
sincos

y

u

x

u 22

2

2

2

22

2

2
22

2

2

2

2

∂

∂θ+θ
+

θ∂

∂θ+θ
+

∂

∂
θ+θ=

∂

∂
+

∂

∂
 

                  
r

u

r

1u

r

1

r

u
2

2

22

2

∂

∂
+

θ∂

∂
+

∂

∂
=  

2

2

2

2

y

u

x

u

∂

∂
+

∂

∂
0

r

u

r

1u

r

1

r

u
2

2

22

2

=
∂

∂
+

θ∂

∂
+

∂

∂
= . 

Hence this proves the result. 

Q.No.14: If 3rv =  and  2222 zyxr ++=  then show that 

                 
r

v

r

2

r

v

z

v

y

v

x

v
2

2

2

2

2

2

2

2

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Let rx3
r

x
.r3

x

r
.

r

v

x

v 2 ==
∂

∂

∂

∂
=

∂

∂
 

r

x
.x3r3

x

r
.x3r3

x

v
2

2

+=
∂

∂
+=

∂

∂
⇒

( )
r

xr3 22 +
= .                                                                (i) 

Similarly we can find  

( )
r

yr3

y

v 22

2

2 +
=

∂

∂
                                                                                                               (ii) 

( )
r

zr3

z

v 22

2

2 +
=

∂

∂
.                                                                                                             (iii) 

By adding (i), (ii) and (iii), we get 

( )
r

zyxr33

z

v

y

v

x

v 2222

2

2

2

2

2

2 +++
=

∂

∂
+

∂

∂
+

∂

∂ ( )
r12

r

r43

r

rr33 222

=
×

=
+

= .                        

(iv) 

By differentiating 3rv =  w. r. t. r, we get 

2r3
dr

dv
= . 
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Again differentiating, we get  r6
dr

vd
2

2

=  

∴Let R. H. S. r12r6r6r3.
r

2
r6

dr

dv
.

r

2

dr

vd 2

2

2

=+=+=+ .                                                (v) 

Hence from (iv) and (v), we get 

r

v

r

2

r

v

z

v

y

v

x

v
2

2

2

2

2

2

2

2

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂
 

Hence this proves the result. 

Q.No.15: If ( )y,xfz = , α−α= sinvcosux , α+α= cosvsinuy , prove that 

               
2

2

2

2

2

2

2

2

v

z

u

z

y

z

x

z

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
.           

Sol.: Since z is a composite function of u and v 

Thus 
v

y
.

y

z

u

x
.

x

z

u

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
fsin.

y

z
.cos.

x

z
=α

∂

∂
+α

∂

∂
=  

Now, 
u

y
.

y

f

u

x
.

x

f

u

f

u

z

uu

z
2

2

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
=









∂

∂

∂

∂
=

∂

∂
 















∂

∂
α+

∂∂

∂
αα+















∂∂

∂
α+

∂

∂
αα=

∂

∂
⇒

2

222

2

2

2

2

y

z
sin

yx

z
cossin

yx

z
sin

x

z
coscos

u

z
 

2

2
2

2

2

2
2

2

2

y

z
zsin

yx

z
sincos2

x

z
cos

u

z

∂

∂
+

∂∂

∂
αα+

∂

∂
α=

∂

∂
⇒ .                                                    (i) 

Similarly, 
v

y
.

y

z

v

x
.

x

z

v

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
g

y

z
cos

x

z
sin =

∂

∂
α+

∂

∂
α−=  

v

y
.

y

f

v

x
.

x

f

v

f

v

z

vv

z
2

2

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
=









∂

∂

∂

∂
=

∂

∂
⇒  

             














∂

∂
α+

∂∂

∂
α−α+















∂∂

∂
α+

∂

∂
α−α−=

2

222

2

2

y

z
cos

yx

z
sincos

yx

z
cos

x

z
sinsin  

2

2
2

2

2

2
2

2

2

y

z
cos

yx

z
sincos2

x

z
sin

v

z

∂

∂
α+

∂∂

∂
αα−

∂

∂
α=

∂

∂
⇒  .                                                  (ii) 

Now by adding (i) and (ii), we get 
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( ) ( )
2

2
22

2

2
22

2

2

2

2

y

z
sincos

x

z
sincos

v

z

u

z

∂

∂
α+α+

∂

∂
α+α=

∂

∂
+

∂

∂
2

2

2

2

y

z

x

z

∂

∂
+

∂

∂
= . 

Hence this proves the result. 

Q.No.16: If ( ) 0 v t,,pf = . Prove that 1
dp

dv

dv

dt

dt

dp

ctcpcv

−=







×








×









===

. 

Sol.: When cv = then 

( ) ( ) ( ) 0 t,pfc  t,,pf v t,,pff1 ====  

Now      
p/f

t/f

dt

dp

1

1

cv ∂∂

∂∂−
=









=

                               

(i) 

Similarly 
t/f

v/f

dv

dt

2

2

cp ∂∂

∂∂−
=









=

                                                                                        (ii) 

  and     
v/f

p/f

dp

dv

3

3

ct
∂∂

∂∂−
=









=

                                                                                           (iii) 

Multiplying (i), (ii) and (iii), we get 

v/f

p/f

t/f

v/f

p/f

t/f

dp

dv

dv

dt

dt

dp

3

3

2

2

1

1

cpcpcv ∂∂

∂∂−
×

∂∂

∂∂−
×

∂∂

∂∂−
=








×








×









===

 

ct

3

cv

1

0t,v
p

f

p

f

p

f

===









∂

∂
=









∂

∂
=









∂

∂
⇒  

Similarly 
t

f

t

f 21

∂

∂
=

∂

∂
 and 

v

f

v

f 32

∂

∂
=

∂

∂
 

Thus, we get 

 1
v

f

p/f

1

t

f

dp

dv

dv

dt

dt

dp 2

1

1

ctcpcv

−=
∂

∂
×

∂∂
×

∂

∂
=








×








×









===

= R. H. S.. 

Hence this proves the result. 

Q.No.17: If ( ) 0 v,uf = ,  mzmyxu ++= ℓ  and 222 zyxv ++= . Hence show that 

               ( ) ( ) ( ) 0
y

z
nxz

x

z
mznymxy =

∂

∂
−+

∂

∂
−+− ℓℓ . 

Sol.: Since f is a composite function of x, y, and z. Then we have 
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x

v
.

v

f

x

u
.

u

f

x

f

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂

v

f
x2

u

f

x

f

∂

∂
+

∂

∂
=

∂

∂
⇒ ℓ                        (i) 

and 
y

v
.

v

f

y

u
.

u

f

y

f

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂

v

f
y2

u

f
m

y

f

∂

∂
+

∂

∂
=

∂

∂
⇒                (ii) 

and 
v

f
z2

u

f
n

z

f

∂

∂
+

∂

∂
=

∂

∂
                                                      (iii) 

Solving (i) and (ii), we get 

mxy

y

f
x

x

f
y

u

f

−

∂

∂
−

∂

∂

=
∂

∂

ℓ
  and 

y2xm2

y

f

x

f
m

v

f

ℓ

ℓ

−

∂

∂
−

∂

∂

=
∂

∂
 

v

f
z2

u

f
n

z

f

∂

∂
+

∂

∂
=

∂

∂
∴

( )


















−

∂

∂
−

∂

∂

+



















−

∂

∂
−

∂

∂

=
ymx2

y

f

x

f
m

z2
mxy

y

f
x

x

f
y

n
ℓ

ℓ

ℓ
 

( )
y

f
z

x

f
mz

y

f
nx

x

f
ny

z

f
mxy

∂

∂
+

∂

∂
−

∂

∂
−

∂

∂
=

∂

∂
−⇒ ℓℓ  

( ) ( ) ( )
y

f
nxz

x

f
mzny

z

f
mxy

∂

∂
−+

∂

∂
−=

∂

∂
−⇒ ℓℓ  

( ) ( ) ( ) 0
z/f

y/f
nxz

z/f

x/f
mznymxy =

∂∂

∂∂
−−

∂∂

∂∂
−−−⇒ ℓℓ  

( ) ( ) ( ) 0
y

z
nxz

x

z
mznymxy =

∂

∂
−+

∂

∂
−+−⇒ ℓℓ .       



















∂∂

∂∂
−=

∂

∂

∂∂

∂∂
−=

∂

∂
∴

z/f

y/f

y

z

z/f

x/f

x

z

 

Hence this proves the result. 

Q.No.18.: If  ( )y ,xfz = , vux += ,  uvy = , prove that 

                  (i) ( )
v

z
v

u

z
u

x

z
vu

∂

∂
−

∂

∂
=

∂

∂
− . 

                  (ii) ( )
u

z

v

z

y

z
vu

∂

∂
−

∂

∂
=

∂

∂
− . 

Sol.: Here z is a composite function of u and v 

Hence  
u

y
.

y

z

u

x
.

x

z

u

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂ ( )
y

z
v

x

z
1

∂

∂
+

∂

∂
=  

y

z
v

x

z

∂

∂
+

∂

∂
=                                               (i) 
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Similarly we get  

v

y
.

y

z

v

x
.

x

z

v

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂ ( )
y

z
u

x

z
1

∂

∂
+

∂

∂
=  

y

z
u

x

z

∂

∂
+

∂

∂
=                                                           (ii) 

Let 
y

z
uv

x

z
v

y

z
uv

x

z
u

v

z
v

u

z
u

∂

∂
−

∂

∂
−

∂

∂
+

∂

∂
=

∂

∂
−

∂

∂ ( )
x

z
vu

x

z
v

x

z
u

∂

∂
−⇒

∂

∂
−

∂

∂
= . 

Hence this prove the (i) relation. 

Let us subtract (ii) from (i), we get 

y

z
v

x

z

y

z
u

x

z

u

z

v

z

∂

∂
−

∂

∂
−

∂

∂
+

∂

∂
=

∂

∂
−

∂

∂ ( )
y

z
vu

∂

∂
−= . 

Hence this proves the (ii) relation. 

Q.No.19.: If ( ) ts, ,rfz =  and 
z

y
s  ,

y

x
r ==  and 

x

z
t = , prove that 

                0
z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Here 
x

t
.

t

u

x

s
.

s

u

x

r
.

r

u

x

u

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
( )

t

u
.

x

z
0.

s

u

y

1
.

r

u
2 ∂

∂








−+

∂

∂
+

∂

∂
=   

                       .
t

u

x

z

r

u

y

1
2 ∂

∂
−

∂

∂
=   

Similarly, we get 

r

u

y

x

s

u

z

1

y

u
2 ∂

∂
−

∂

∂
=

∂

∂
 and 

s

u

z

y

s

u

x

1

z

u
2 ∂

∂
−

∂

∂
=

∂

∂
 

s

u

z

y

t

u

x

z

r

u

y

x

s

u

z

y

t

u

x

z

r

u

y

x

z

u
z

y

u
y

x

u
x

∂

∂
−

∂

∂
+

∂

∂
−

∂

∂
+

∂

∂
−

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂
⇒  

0
z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Hence this proves the result. 

Q.No.20: If ( )y ,xfz =  and θ= cosrx , θ= sinry express the equation 0
y

z

x

z
2

2

2

2

=
∂

∂
+

∂

∂
 

                 in terms of θ r . Is the equation in terms of r and θ  valid at 0r = . 

Sol.: Let θ= cosrx  and θ= sinry  22 yxr +=⇒  
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And 







=θ −

x

y
tan

1  

θ=
+

=
∂

∂
⇒ cos

yx

x

x

r

22
 

r

sin

yx

y

yx

y

x 222
22

θ
−=

+
−=






 +

−=
∂

θ∂
⇒  

θ∂

∂θ
−θ

∂

∂
=

∂

θ∂

θ∂

∂
+

∂

∂

∂

∂
=

∂

∂
⇒

u
.

r

sin
cos.

r

u

x
.

u

x

r
.

r

u

x

u
 

x

f

x

u

xx

u
2

2

∂

∂
=









∂

∂

∂

∂
=

∂

∂
⇒   where 

x

u
f

∂

∂
=  

θ∂

∂θ
−

∂

∂
θ=

∂

∂
⇒

f

r

sin

x

f
.cos

x

u
2

2










∂

∂

θ∂

∂θ
−








∂

∂

∂

∂
θ=

x

u

r

sin

x

u

r
cos  

            








θ∂

∂θ
−

∂

∂
θ

θ∂

∂θ
−








θ∂

∂θ
−

∂

∂
θ

∂

∂
θ=

u
.

r

sin

r

u
.cos.

r

sinu
.

r

sin

r

u
cos

r
.cos  

            
r

u
.

r

sinu
.

r

sin

.r

u
.

r

cos.sin2

r

u
cos

2

2

2

2

22

2

2
2

∂

∂θ
+

θ∂

∂θ
+

θ∂∂

∂θθ
−

∂

∂
θ=  

                        
θ∂

∂θθ
−

θ∂

∂θθ
+

u
.

r

cos.sinu
.

r

cossin
22

.                                                              (i) 

Similarly, we get 

r

u
.

r

cosu
.

r

cos

.r

u
.

r

cos.sin2

r

u
sin

y

u 2

2

2

2

22

2

2
2

2

2

∂

∂θ
+

θ∂

∂θ
+

θ∂∂

∂θθ
+

∂

∂
θ=

∂

∂
 

                  
r

u
.

r

cos.sin

r

u
.

r

cossin
22 ∂

∂θθ
+

∂

∂θθ
− .                                                                   (ii) 

By adding (i) and (ii), we get 

( ) ( ) ( )
r

u
.cossin.

r

1u
.cossin.

r

1

r

u
.cossin

y

u

x

u 22

2

2
22

22

2
22

2

2

2

2

∂

∂
θ+θ+

θ∂

∂
θ+θ+

∂

∂
θ+θ=

∂

∂
+

∂

∂
 

                    
r

u
.

r

1
.

r

1

r

u
2

2

22

2

∂

∂
+

θ∂

θ∂
+

∂

∂
=  

From this equation, we get 
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0
z

r

z
r

r

z
r

2

2

2

2
2 =

θ∂

∂
+

∂

∂
+

∂

∂
. 

When r = 0 then we have  

0
z
2

2

=
θ∂

∂
. Thus the equation is valid. 

Hence this proves the result. 

Q.No.21: If wvux ++= , 222 wvuy ++= , 333 wvuz ++=  then prove that 

                
( )( )wuvu

vw

x

u

−−
=

∂

∂
. 

Sol.: Let wvux ++=  

By differentiating w. r. t. x, we get 

x

w

x

v

x

u

x

x

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
⇒ 1

x

w

x

v

x

u
=

∂

∂
+

∂

∂
+

∂

∂
                                                                        (i) 

Also 222 wvuy ++=  

Again by differentiating partially w. r. t. x, we get 

x

w
w2

x

v
v2

x

u
u20

∂

∂
+

∂

∂
+

∂

∂
= 0

x

w
w

x

v
v

x

u
u =

∂

∂
+

∂

∂
+

∂

∂
⇒                                                  (ii) 

and 333 wvuz ++=  

Again by differentiating partially w. r. t. x, we get 

x

w
w3

x

v
v3

x

u
u30 222

∂

∂
+

∂

∂
+

∂

∂
= 0

x

w
w

x

v
v

x

u
u 222 =

∂

∂
+

∂

∂
+

∂

∂
⇒                                      (iii) 

Let a
x

u
=

∂

∂
,  b

x

v
=

∂

∂
 and  c

x

w
=

∂

∂
 

Putting these values in (i), (ii) and (iii), we get 

1cba =++                                                                                                                      (iv) 

0wcvbua =++                                                                                                                (v) 

0cwbvau 222 =++                                                                                                         (vi) 

 1cba =++    wwcwbwa =++⇒                                                                             (vii) 

 0wcvbua =++   0cwwvbwua 2 =++⇒                                                                 (viii) 

Now subtracting (v) from (vii), we get 
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( ) ( ) wbvwauw =−+−  

Now subtracting (vi) from (viii), we get 

( ) ( ) 0bvwvauwu 22 =−+−  i. e. 

( ) ( ) wbvwauw =−+− ( ) ( ) wvbvwvauwv =−+−⇒                                                (ix) 

and ( ) ( ) 0bvwvavwu =−−−                                                                                          (x) 

By solving, we get 

( ) ( ) vwavwuauwv =−−− ( )( ) vwavwuv =−−⇒
( )( )vwuv

vw
a

−−
=⇒  

Hence
( )( )wuvu

uw

x

u

−−
=

∂

∂
. 

Hence this proves the result. 

Q.No.22: If  φθ= cos.coshx , φθ= sin.sinhy  then show that 

                 ( )φ−θ=








φθ
2cos2cosh

2

1

 ,

y ,x
J . 

Sol.: Let 








φθ  ,

y ,x
J  

θ∂

∂

θ∂

∂
φ∂

∂

θ∂

∂

=
yy

xx

θ∂

∂

φ∂

∂
−

φ∂

∂

θ∂

∂
=

y
.

xy
.

x
 

φθ=
θ∂

∂
⇒ cossinh

x
;  φθ−=

φ∂

∂
sin.cosh

x
 

and φθ=
θ∂

∂
sincosh

y
;  φθ=

φ∂

∂
cos.sinh

x
 

( )( ) ( )( )φθφθ+φθφθ=








φθ
∴ sin.cosh.sin.coshcos.sinh.cos.sinh

 ,

y ,x
J  

                  φθ+θφ= 2222 sincoshsinh.cos  

Now here 
2

ee
sinh

xx −−
=θ  and 

2

ee
cosh

xx −+
=θ  

2

1

4

ee

4

e2ee
cosh

2222 xxxxxx
2 +

+
=

++
=θ⇒

−−−
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and 
2

1

4

ee
sinh

22 xx
2 −

+
=θ

−

 














+

+
φ+














−

+
φ=









φθ

−−

2

1

4

ee
sin

2

1

4

ee
cos

 ,

y ,x
J

2222 xx
2

xx
2  

              ( ) ( )φ−φ−φ+φ
+

=
−

2222
xx

sincos
2

1
sincos

4

ee
22

 

              φ−
+

=
−

2cos
2

1

4

ee
22 xx

φ−
+

=
−

2cos
2

1

2

ee
.

2

1
22 xx

 

               













φ−

+
=

−

2cos
2

ee
.

2

1
22 xx

( )φ−θ= 2cosh2cos.
2

1
          












θ=

+ −

cosh
2

ee xx

∵  

Hence this proves the result. 

Q.No.23.: If 
x

yz
u = , 

y

zx
v = , 

z

xy
w = , show that 

( )
( )

4
z,y,x

w,v,u
=

∂

∂
. 

Sol.: Here 
2x

yz

x

u
−=

∂

∂
,  

2y

zx

y

v
−=

∂

∂
 and 

2z

xy

z

w
−=

∂

∂
 

x

z

y

u
=

∂

∂
,  

y

x

z

v
=

∂

∂
 and  

z

y

x

w
=

∂

∂
 

and 
x

y

z

u
=

∂

∂
,  

y

z

x

v
=

∂

∂
  and  

z

x

y

w
=

∂

∂
 

∴Taking L. H. S., we get 

( )
( )z,y,x

w,v,u

z y, x,

 w v,,u
J

∂

∂
=








 

                  

z

w

y

w

x

w

z

v

y

v

x

v

z

u

y

u

x

u

∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂

=   

2

2

2

z

xy

z

x

z

y

y

x

y

zx

y

z
z

y

x

z

x

yz

−

−

−

=

z

xy
xy

x
y

zx
z

yz
x

yz

zy  x

1

−

−

−

=  

                  
( )( )

( ) ( )







++−−−








−−= zxzxyyxxyzx

zy

xyzx

x

yz

zy  x

1 2  
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                  ( ) ( ) ( )[ ]zx2yxy2zyzxyzx
zy  x

1
+−−+−=  

                  ( )( )xyz2xyz20
zy  x

1
++=  ( )xyz4

zy  x

1
= = 4 = R. H. S.. 

Hence this proves the result. 

Q.No.24.: If θ= cosrx , θ= sinry , prove that 
r

1

y,x

,r
J =







 θ
. 

Sol.: Given that  θ= cosrx                                                                                                (i) 

And  θ= sinry                                                                                                                  (ii) 

From (i) and (ii), we get 

22 yxr +=   and  
x

y
tan 1−=θ  

So we get θ=
+

=
+

=
∂

∂
cos

yx

x

yx2

x2

x

r

2222
 

And  θ=
+

=
+

=
∂

∂
sin

yx

y

yx2

y2

y

r

2222
 

Similarly 
2222 yx

y

x

y

x

y
1

1

x +
−=








−









+

=
∂

θ∂
 

And  
222 yx

x

x

1
.

x

y
1

1

y +
=









+

=
∂

θ∂
 

Let L. H. S.   

 






 θ

y,x

,r
J

yx

y

r

x

r

∂

θ∂

∂

θ∂
∂

∂

∂

∂

=
y

r
.

xy
.

x

r

∂

∂

∂

θ∂
−

∂

θ∂

∂

∂
=

22222222 yx

y
.

yx

y

yx

x
.

yx

x

++
+

++
=  

              
2222

2

2222

2

yxyx

y

yxyx

x

++
+

++
=

r

1

yx

1

yxyx

yx

222222

22

=
+

=
++

+
=  

              = R. H. S.. 

Hence this proves the result. 
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Q.No.25.: If θρ= cosx , θρ= siny , z = z, show that 
( )
( )

ρ=
θρ∂

∂

z,,

z,y,x
. 

Sol.: Let θρ= cosx , θρ= siny  and zz =  

θ=
ρ∂

∂
⇒ cos

x
, θ=

ρ∂

∂
sin

y
 and 0

z
=

ρ∂

∂
         

θρ−=
θ∂

∂
sin

x
,  θρ=

θ∂

∂
cos

y
 and  0

z
=

θ∂

∂
 

and  0
z

x
=

∂

∂
,  0

z

y
=

∂

∂
 and 1

z

z
=

∂

∂
 

Taking L. H. S., we get 

( )
( )z,,

z,y,x

θρ∂

∂

z

zzz
z

yyy
z

xxx

∂

∂

θ∂

∂

ρ∂

∂
∂

∂

θ∂

∂

ρ∂

∂
∂

∂

θ∂

∂

ρ∂

∂

=

100

0cossin

0sincos

θρθ

θρ−θ

= ( )θρ+θρ= 22 sincos1  

               ( )θ+θρ= 22 sincos =ρ= R. H. S.. 

 Hence this proves the result. 

Q.No.26.: If ( ) v,ufx = , ( ) v,uy φ=  are two functions which satisfy the equations 

                  
vu

f

∂

φ∂
=

∂

∂
 , 

uv

f

∂

φ∂
−=

∂

∂
 and z is a function of x and y, then prove that 

                    






















∂

∂
+









∂

∂














∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
22

2

2

2

2

2

2

2

2

v

f

u

f

y

z

x

z

v

z

u

z
. 

Sol.: Given that 
u

y
.

y

z

u

x
.

x

z

u

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
  

u
.

y

z

u

f
.

x

z
g

∂

φ∂

∂

∂
+

∂

∂

∂

∂
=⇒ g

uu

z

u ∂

∂
=









∂

∂

∂

∂
⇒  

        
u

y
.

y

g

u

x
.

x

g

∂

∂

∂

∂
+

∂

∂

∂

∂
=   

         














∂

∂

∂∂

θ∂
+

∂

φ∂

∂∂

∂
+

∂∂

∂

∂

∂
+

∂

∂

∂

∂

∂

∂
=

y

z
.

uxu
.

yx

z

ux

f
.

x

z

x

z
.

u

f

u

f 222

2

2
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













∂

∂

∂∂

θ∂
+

∂

φ∂

∂

∂
+

∂∂

∂

∂

∂
+

∂∂

∂

∂

∂

∂

φ∂
+

y

z
.

uyu
.

y

z

uy

f
.

x

z

yx

z
.

u

f

u

2

2

222

. 

Now we have ( )
vy

f
01

ux

f

uxu

f

ux

f 222

∂∂

∂
−=

∂

∂
=









∂

∂

∂

∂
−

∂∂

∂
=

∂∂

∂
. 

Similarly, we can have 
vy

0
uy

22

∂∂

φ∂
==

∂∂

φ∂
. 

So that   















∂

∂

∂∂

φ∂
+

∂

φ∂

∂∂

∂
+

∂

∂

∂

∂

∂

∂
=

∂

∂

y

z
.

uxv
.

yx

z

x

z
.

u

f

u

f

u

z 22

2

2

2

2















∂

∂

∂

φ∂
+

∂∂

∂

∂

∂
+

∂∂

∂

∂

∂

∂

φ∂
+

2

22

y

z
.

uuy

f
.

x

z

yx

u
.

u

f

u
      (i) 

Similarly, we can find 















∂

∂

∂∂

φ∂
+

∂

φ∂

∂∂

∂
+

∂

∂

∂

∂

∂

∂
=

∂

∂

y

z
.

uxv
.

yx

z

x

z
.

v

f

v

f

v

z 22

2

2

2

2















∂

∂

∂

φ∂
+

∂∂

∂

∂

∂
+

∂∂

∂

∂

∂

∂

φ∂
+

2

222

y

z
.

vvy

f
.

x

z

yx

u
.

v

f

v
      (ii) 

Since 
vu

f

∂

φ∂
=

∂

∂
 and

uv

f

∂

φ∂
=

∂

∂
 

Taking L. H. S., we get 















∂

∂

∂

∂
−

∂

∂

∂∂

∂
+

∂∂

∂

∂

∂

∂

∂
−














∂

∂

∂∂

∂
−

∂

∂

∂∂

∂
−

∂

∂

∂

∂

∂

∂
=

∂

∂
+

∂

∂
2

22222

2

2

2

2

2

2

y

z
.

v

f

x

z
.

uy

f

yx

z
.

u

f

v

f

y

z
.

vx

f

v

f
.

yx

z

x

z
.

u

f

u

f

v

z

u

z
 

                   














∂

∂

∂

∂
+

∂

∂

∂∂

∂
+

∂∂

∂

∂

∂

∂

∂
+














∂

∂

∂∂

∂
+

∂

∂

∂∂

∂
+

∂

∂

∂

∂

∂

∂
+

2

22222

2

2

y

z
.

u

f

x

z
.

vy

f

yx

z
.

v

f

u

f

y

z
.

ux

f

u

f
.

yx

z

x

z
.

v

f

v

f
 

                  
2

22

2

22

2

22

2

22

y

z
.

v

f

x

z
.

v

f

y

z
.

u

f

x

z
.

u

f

∂

∂









∂

∂
+

∂

∂









∂

∂
+

∂

∂









∂

∂
+

∂

∂









∂

∂
=  

                        














∂∂

∂

∂

∂
−

∂∂

∂

∂

∂
−

∂

∂
+














∂∂

∂

∂

∂
+

∂∂

∂

∂

∂
−

∂

∂
+

xv

f
.

y

z

yv

f
.

x

z

u

f

xu

f
.

y

z

yu

f
.

x

z

v

f 2222

 

                                                                                                           







=

∂∂

∂
=

∂∂

∂
0

xv

f

xu

f
∵  

                  














∂∂

φ∂
−

∂

∂
−

∂

∂
+














∂∂

φ∂
−

∂

∂
−

∂

∂
+























∂

∂
+









∂

∂














∂

∂
+

∂

∂
=
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u
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f
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










=

∂∂

φ∂
=

∂∂

∂
0

yuyv

u 22

∵  

  






















∂

∂
+









∂

∂














∂

∂
+

∂

∂
=

22

2

2

2

2

v

f

u

f

y

z

x

z
 = R. H. S.. 

  Hence this proves the result. 

Q.No.27: If 22 vuz += ,  22 vux −=  and uvy = . Find the value of 
x

z

∂

∂
. 

Sol.: Here 
x

v
.

v

z

x

u
.

u

z

x

z

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂

x

v
v2u2

x

u

x

z

∂

∂
+

∂

∂
=

∂

∂
⇒  

Now xvu 22 =− . 

Differentiating w.r.t. to x, we get 

x

x

x

v
v2

x

u
u2

∂

∂
=

∂

∂
−

∂

∂
 1

x

v
v2

x

u
u2 =

∂

∂
−

∂

∂
=  ,                                                                       (i) 

and yu v = . 

Differentiating w. r. t. to x, we get 

0
x

u
.v

x

v
.u =

∂

∂
+

∂

∂
.                                                                                                              (ii) 

Solving (i) and (ii), we get 

22 v2u2

1

0v

x

v

u0

x

u

+
=

−−
∂

∂

=
+
∂

∂

 

( ) z2

u

vu2

u

x

u
22

=
+

=
∂

∂
⇒  and ( ) z2

v

vu2

v

x

v
22

−
=

+

−
=

∂

∂
 

z2

v
.v2

z2

u
.u2

x

z
−=

∂

∂
⇒  

z

x

z

vu 22

=
−

=  

Hence 
z

x

x

z
=

∂

∂
. Ans. 
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Definition: Suppose u is a function of x and y i.e. ( )y  ,xfu = .  

If there is a change in the value of x from x to ( )xx δ+  and a change in the value of y 

from y to ( )yy δ+  (where xδ  and yδ  are small and may be positive or negative), then 

there will be a change in the value of u (say) from u to uu δ+ .  

We may call this change in the value of x  i.e. xδ   as ‘increment in x’ or ‘error in x’.  

Similarly, yδ may be called as ‘increment in y’ or ‘error in y’ and so uδ  is the ‘increment 

in the value of u’ or ‘error in the value of u’. 

Now we have  ( )y  ,xfu = .                                         (i)  

( )yy ,xxfuu δ+δ+=δ+∴  

( ) ( )y  ,xfyy  ,xxfu −δ+δ+=δ⇒ .                       (ii) 

Expanding ( )yy  ,xxf δ+δ+  by Taylor’s theorem on two variables 

( ) ( ) .....
y

f
y

yx

f
yx2x

x

f

!2

1
y

y

f
x

x

f
y ,xfyy ,xxf

2

2
2

2
2

2

2










∂

∂
δ+

∂∂

∂
δδ+δ

∂

∂
+







δ

∂

∂
+δ

∂

∂
+=δ+δ+   
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We know that, Taylor’s series for a function of one variable is 

 ( ) ( ) ( ) ( ) ............hf
!2

x
hfxhfhxf

2

+′′+′+=+  

               ( ) ( ) ( ) .............xf
!2

h
xfhxf

2

+′′+′+=  

Also, Taylor’s series for a function of two variables is 

( ) ( ) ( ) ( ) ......y ,xf
y

k
yx

hk2
x

h
!2

1
y ,xf

y
k

x
hy ,xfky ,hxf

2

2
2

2

2

2
2 +















∂

∂
+

∂∂

∂
+

∂

∂
+









∂

∂
+

∂

∂
+=++

 

Substituting the expansion of ( )yy  ,xxf δ+δ+  in (ii), we obtain 

( ) ( )y  ,xf.....
y

f
y

yx

f
yx2x

x

f

!2

1
y

y

f
x

x

f
y ,xfu

2

2
2

2
2

2

2

−
















∂

∂
δ+

∂∂

∂
δδ+δ

∂

∂
+







δ

∂

∂
+δ

∂

∂
+=δ . 

As xδ and yδ  are supposed to be very-very small, therefore their squares and higher 

powers can be neglected.  

Thus  y
y

f
x

x

f
u δ

∂

∂
+δ

∂

∂
=δ . 

Replacing dz   dy,   dx,by    u      y,   ,x δδδ  respectively, we have 

dy
y

f
dx

x

f
du

∂

∂
+

∂

∂
=   y

y

u
x

x

u
u δ

∂

∂
+δ

∂

∂
=δ⇒     ( )[ ]y  ,xfu =∵ . 

This formula is used in calculating the effect of small errors or increments in measured 

quantities and is useful in correcting the effect of small errors.  

Remarks: If ( )z,......  y,  ,xfu =   then,  ..........z
z

u
y

y

u
x

x

u
u +δ

∂

∂
+δ

∂

∂
+δ

∂

∂
=δ  

Percentage error:  

Definition: 100
x

x
×

δ
 is called percentage error in the value of x, where xδ is the change 

or actual error in the value of x.     

Similarly, 100
y

y
×

δ
is called the percentage error in y, and  

                 100
u

u
×

δ
 is called the percentage error in u. 
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where yδ  and uδ  are actual errors in y and u respectively. 

Relative error: If xδ is the error in  x, then relative error 
x

xδ
= . 

Now let us solve some problems related to errors and approximations: 

 

Q.No.1.: Find the percentage error in the area of an ellipse, when an error +1 percent  

               is made in semi-major axis and 1−  is made in measuring the semi-minor  

               axis. 

Sol.:  Since, the area A of an ellipse is given by the relation abA π= , 

          where a,  b are its semi-major and semi-minor axis. 

Here error in a and b are given, therefore we will treat a and b variables. Since, when a 

and b are treated as variables ⇒A is also a variable. 

Taking differentials, we get 

( ) ( ) ( ) ( ) ( )[ ]bd.ab.adabdabdAd +π=π=π=  

db . ada . bdA π+π=⇒  

db.
A

a
da.

A

b

A

dA π
+

π
=⇒   =

b

db

a

da
+       









π
=

π
=

a

A
b   ,

b

A
a∵  

100
b

db
100

a

da
100

A

dA
×+×=×∴   = percentage error in a + percentage error in b  

                   ( ) ( ) 011 =−++= . 

Hence percentage error in the area of an ellipse is zero. 

2
nd

 method: 

Since  abA π=  

Taking logarithms on both sides, we get 

( ) blogaloglogablogAlog ++π=π= . 

Now taking differentials, we get 

db.
b

1
da.

a

1
0dA.

A

1
++=  

100
b

db
100

a

da
100

A

dA
×+×=×⇒ ( ) ( ) 011 =−++= .Ans. 

Q.No.2.: If an error committed in measuring the side of a square be 2%. Find the error  
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                in calculating the area. 

Sol.: Since the area A of a square is 2xA = , where x is the side of a square. 

Taking log on both sides, we get 

xlog2xlogAlog 2 == . 

Taking differentials on both sides, we get  









×=×∴

=

100
x

dx
2100

A

dA

dx
x

1
.2dA

A

1

 

⇒  %age error in ( ) %422in  xerror    age %2A =×== .Ans. 

Q.No.3.: Find the % error in the area of an ellipse, when an error of +1% is made in  

                measuring the semi-major and semi-minor axis. 

Sol.: Since  abA π= , where a,  b are its semi-major and semi-minor axis. 

Taking logarithms on both sides, we get 

( ) blogaloglogablogAlog ++π=π= . 

Now taking differentials, we get 

db.
b

1
da.

a

1
0dA.

A

1
++=  

100
b

db
100

a

da
100

A

dA
×+×=×⇒  ( ) ( ) %211 =+++= .Ans. 

Q.No.4.: The time of swing t, of a pendulum, of length ℓ  , under certain conditions is  

                 given by 
g

2t
′

π=
ℓ

, where 

2

hr

r
gg 









+
=′ . Find the %age error in t due to the  

                 errors of p% in h and q% in ℓ . 

Sol.: Given 
g

2t
′

π=
ℓ

 

Taking log on both sides, we get      glog
2

1
log

2

1
2logtlog ′−+π= ℓ  

2

hr

r
glog

2

1
log

2

1
2logtlog 









+
−+π=⇒ ℓ  
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( )hrlogrlogglog
2

1
log

2

1
2logtlog ++−−+π=⇒ ℓ  

Taking differentials, we get  

dh
hr

1
00

d

2

1
0

t

dt

+
+−−+=⇒

ℓ

ℓ
 









×

+
+







×=×⇒ 100

hr

dh
100

d

2

1
100

t

dt

ℓ

ℓ
 

⇒%age error in t h100
h

dh

hr

1
q

2

1








×

+
+= %  

hr

ph
q

2

1









+
+= .Ans. 

Q.No.5.: Using the concept of small errors, find an approximate value  

                  of  ( )29.97  40.05,  ,02.10f   where ( ) zy  xz  y,  ,xf = . 

or 

             Let ( )29.97  40.05,  ,02.10f   where ( ) zy  xz  y,  ,xf = . 

             Using the concept of small errors, find relative error, actual error and 

             approximate value of f. 

Sol.: Let 0.03z  30,z  0.05,y   40,y  0.02,x  ,10x −=δ==δ==δ= . 

Now ( ) xyzz y, ,xf = . 

Taking log on both sides, we get 

zlogylogxlogflog ++= . 

Taking differentials, we get  

z

z

y

y

x

x

f

f δ
+

δ
+

δ
=

δ ( ) 00225.0001.000125.002.0
30

03.0

40

05.0

10

02.0
=−++=

−
++=  

which is the relative error in f. 

f 0.00225 fδ = ,  but 12000304010f =××= . 2700225.012000f =×=δ . 

∴  Approximate value of 120272712000fff =+=δ+= .Ans.  

Actual value = 12026.991 

Q.No.6.: If ( ) nmzyxz y, ,xf ℓ=  and errors of p %, q % and r % are made in measuring 

                  x, y, z respectively. Find the error in ( )z y, ,xf  . 

Sol.: Given ( ) nmzyxz y, ,xf ℓ=  . 

Taking log on both sides, we get 



Differential Calculus: Errors and Approximations                     
Visit: https://www.sites.google.com/site/hub2education/ 

 

6

zlognylogmxlogflog ++= ℓ . 

Taking differentials, we get  

z

z
n

y

y
m

x

x

f

f δ
+

δ
+

δ
=

δ
ℓ  









×

δ
+







×

δ
+







×

δ
=×

δ
⇒ 100

z

z
n100

y

y
m100

x

x
100

f

f
ℓ  

Hence %age error in ( )z y, ,xf ( )%n rqmp ++= ℓ . Ans. 

Q.No.7.: The area S of a triangle is calculated from the length of sides a, b, and c. If  a  

                 be diminished and b be increased by small amounts x,  prove that the    

                 consequent change in area is given by 
( )

( )22 bac

xba2

S

S

−−

−
=

δ
. 

Sol.: Hero’s Formula: A formula connecting the area of a ∆  with its sides  

( )( )( )csbsass −−−=∆ , 
2

cba
s

++
=   is semi-parameter. 









−

++








−

++








−

++







 ++
=∴ c

2

cba
b

2

cba
a

2

cba

2

cba
S  Area  

                






 −+







 −+







 −+







 ++
=

2

cba
.

2

bac
.

2

acb
.

2

cba
. 

Taking log on both sides, we get 

( ) ( ) ( ) ( )( )[ ]2log4cbalogbaclogacblogcbalog
2

1
Slog −−++−++−++++=  

Taking differentials, we get  

( ) ( ) ( ) 








−+

δ+δ
+

−+

δ−δ
+

−+

δ−δ
+

++

δ+δ
=

δ

cba

ba

bac

ba

acb

ab

cba

ba

2

1

S

S
 

      
( )

( )
( ) 








+

−+

−
+

−+
+= 0

bac

x2

acb

x2
0

2

1
 

      
( ) ( ) ( ) ( )







−+
−

−−
=

−+
−

−+
=

bac

1

bac

1
x

bca

x

acb

x
 

      
( )

( )
( )2222 bac

xba2

bac

bacbac
x

−−

−
=













−−

−+−−+
= . Ans. 
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Q.No.8.:  The edge of a cube is measured with a positive error of 0.05 cm. Find the  

                 relative error in the computed volume, when the edge is found to be 7.5 cm. 

                 Also find percentage error in the computed volume. 

Sol.: Let x be the edge of the cube. 

 ∴ volume V of the cube 3x=  .                             (i) 

Taking log on both sides, we get 

xlog3xlogVlog 3 ==  .                                      (ii) 

Taking differentials, we get 

dx
x

1
.3dV.

V

1
= .                                                 (iii) 

∴ Error in the computed volume dxx3dx
x

x3
dx

x

V3
dV 2

3

====   

( ) ( ) 44.805.05.73dV
2 =××=⇒ cubic cm. 

Thus, relative error in the computed volume = 02.0
5.7

05.03

x

dx3

V

dV
=

×
== . Ans. 

Now, percentage error in the computed volume 10002.0100
V

dV
×=×= %2= . Ans. 

Q.No.9.; The diameter and altitude of a can in the shape of right circular cylinder are  

                measured as 4 cm and 6 cm respectively. The possible error in each   

                measurement is 0.1 cm. Find approximately the maximum possible error in     

                the value computed for the volume and lateral surface. 

Sol.: Let the diameter and altitude of the can be denoted by D and H respectively. 

Then  radius 
2

D
= . 

(i) The volume V of the can is given by  HD
4

hrV 22 π
=π=                           [ ]H) ,D(f=  

[ ]dHDDHdD2
4

dH
H

V
dD

D

V
dV 2+

π
=

∂

∂
+

∂

∂
=∴  

          [ ] ( ) π=
π

=×+×××
π

= 6.14 .6
4

1.041.0642
4

2 cubic cm.  Ans. 

(ii) The lateral surface S of the can is given by DHrh2S π=π=                     [ ]H) ,D(f=  
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dH
H

S
dD

D

S
dS

∂

∂
+

∂

∂
=∴ [ ] [ ] π=×+×π=+π= 1.041.06DdHHdD  sq. cm. Ans. 

Q.No.10.: The height of a tower is determined by observing the elevation θ  and φ of  

                   its summit from two points in a direct line with the foot of the tower and at a  

                   distance ‘a’ apart. Show that the error in the calculated height due to small  

                   errors θd  and φd  is approximately  ( ) ( )φ−θθφ−φθ 222 eccosdsindsina . 

Sol.: Let h be the height of the tower AB and C and D, the two points of observation  

so that 

aCD = ,           θ=∠ACB , 

φ=∠ADB .   Let AC = x 

From right angle BAC∆ ,        θ= cothx           (i) 

From right angle BAD∆ ,        φ=+ cothax     (ii) 

Subtracting (i) from (ii), we get 

( ) 








θ

θ
−

φ

φ
=θ−φ=

sin

cos

sin

cos
hcotcotha

( )
φθ

φ−θ
=









φθ

φθ−φθ
=

sinsin

sinh

sinsin

sincoscossin
h  

( )
( )[ ]φθ=

φ−θ

φθ
=⇒  ,f

sin

sinsina
h                                                       (iii) 

Taking log on both sides, we get   ( )φ−θ−φ+θ+= sinlogsinlogsinlogaloghlog  

Taking differentials, we get              
( )
( )

( )φ−θ
φ−θ

φ−θ
−φ

φ

φ
+θ

θ

θ
+= dd

sin

cos
d

sin

cos
d

sin

cos
0

h

dh
 

( )
( )

( )
( )

φ








φ−θ

φ−θ
+

φ

φ
+θ









φ−θ

φ−θ
−

θ

θ
=⇒ d

sin

cos

sin

cos
d

sin

cos

sin

cos

h

dh
 

           
( ) ( )

( )
( ) ( )

( )
φ

φ−θφ

φφ−θ+φφ−θ
+θ

φ−θθ

θφ−θ−θφ−θ
= d

sinsin

sincoscossin
d

sinsin

sincoscossin
 

           
( )[ ]

( )
( )[ ]

( )
φ

φ−θφ

φ+φ−θ
+θ

φ−θθ

θ−φ−θ
= d

sinsin

sin
d

sinsin

sin
 

            
( )

( ) ( )
φ

φ−θφ

θ
+θ

φ−θθ

φ−
= d

sinsin

sin
d

sinsin

sin

( )φ−θφθ

θφ−φθ
=

sinsinsin

dsindsin 22

( )[ ]φ−=φ− sinsin∵  

( )φ−θφθ

θφ−φθ
=∴

sinsinsin

dsindsin
.hdh

22

( ) ( )φ−θφθ

θφ−φθ

φ−θ

φθ
=

sinsinsin

dsindsin
.

sin

sinsina 22

             [using (iii)] 

D 
C A 

B 

h 

x a 

θ  φ  
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         ( ) ( )φ−θθφ−φθ= 222 eccosdsindsina . 

Hence prove. 

Q.No.11.: In some torsion experiment an error of 0.5%, was made in measuring the  

                diameter x. Calculate the corresponding %age error in the stress f, where 

               0x f
16

T 3 =
π

+ . 

Sol.: Here 
3

3

x

T

11

16
f0x f

16
T

−
=⇒=

π
+    









in these. occurserror  as variables

as   treatedbe  x willand fonly  Here
 

Taking log on both sides, we get  

xlog3Tlog
11

16
logflog −+







 −
=  

Taking differentials on both sides, we get 

( ) %5.15.03100
x

dx
3100

f

df

x

dx
300

f

df
−=×−=×−=×⇒−+= .Ans. 

Q.No.12.: In an experiment carried out to find the value of g error of 0.5% and 1% are  

                possible in the value of t and ℓ  respectively. Show that the maximum error in  

                the calculated value of g could not be more than 2%. 

Sol.: Time period of pendulum is given by 
g

2T
ℓ

π=                 (i) 

Where T = time period,     ℓ  = length of pendulum,      g = acceleration due to gravity. 

On squaring (i), we get 

2

222

T
4g

g
4T

ℓℓ
π=⇒π= .                             (ii) 

On differentiating, we get 









−π= dT

T

2
d

T

1
4dg

22

2
ℓℓ 








−

π
=

T

dT
2

d

T

4
2

2

ℓ

ℓ
ℓ  









−=

T

dT
2

d
gdg
ℓ

ℓ
 









−=⇒

T

dT
2

d

g

dg

ℓ

ℓ
                                                                 (iii) 
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Given,   %age error in length, %1100
d

=×
ℓ

ℓ
                          (iv) 

            %age error in Time period, %5.100
T

dT
=×                 (v) 

Putting the values from (iv) and (v) in (iii), we get 

( ) ( ) %2%115.21100
g

dg
=+=−−=× . 

Therefore maximum error in the value of g = 2%. Ans. 

Q.No.13.: In measuring the value of angle θ , an error of 01.0  was made. Find the     

                  corresponding error in the value of the sine of the angle. 

Sol.: Given  Radian00175.0Radian
180

1.0
1.0d 0 =

π×
==θ  

?dy =   where θ= siny  

θ=θθ=∴ cos00175.0dcosdy .Ans. 

Q.No.14.: If H. .P. required to propel a steamer is proportional to the cube of its velocity  

                 and square of its length, prove that a 2% increase in velocity and 3% increase 

                 in length will require approximately a 12% increase in H. P. 

Sol.: Given  2323 kvPv  P ℓℓ =⇒∝  , where k is the constant of proportionality.  

Taking log on both sides, we get 

ℓlog2vlog3klogPlog ++= . 

Taking differentials, we get  

ℓ

ℓd
2

v

dv
30

P

dP
++=  

  ( ) ( ) %  12663223100
d

2100
v

dv
3100

P

dP
=+=×+×=








×+








×=×⇒

ℓ

ℓ
.Ans. 

Q.No.15.: The indicated horse power I of an engine is calculated from the formula                              

                 
33000

PLAN
I = , where 2d

4
A

π
= . Assuming that error of  r % may have been     

                   made in measuring P, L, N and d. Find the greatest possible error in I. 

Sol.: Given 
33000

PLAN
I = . 

Taking log on both sides, we get 
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33000logNlogAlogLlogPlogIlog −+++=  

Taking differentials, we get  

( )
0

N

dN

dN

dd
.2

L

dL

P

dP

I

dI
−+++=⇒       



















+
π

=

+
π

=






 π
=

dlog2
4

log             

dlog
4

logd
4

logAlog 22
∵

 

( )
100

N

dN
100

d

dd
2100

L

dL
001 

P

dP
100

I

dI
×+×+×+×=×⇒  

                   %r5rr2rr =+++= . Ans. 

Q.No.16.: The time period of a simple pendulum is given by 
g

.2t
ℓ

π= . 

                 Find the error in t due to error ℓδ  and gδ in ℓ  and g. What is the max. %age 

                 error in t if there is an error of 1% in ℓ  and g.                                  

Sol.: Given  
g

.2t
ℓ

π=  . 

Taking log on both sides, we get 

glog
2

1
log

2

1
2logtlog −+π= ℓ . 

Taking differentials, we get  

g

dg

2

1d

2

1
0

t

dt
−+=
ℓ

ℓ
 









×−








×=








×⇒ 100

g

dg

2

1
100

d

2

1
100

t

dt

ℓ

ℓ
 

(i)                   ( ) ( ) %01
2

1
1

2

1
=+−+= (Not max). Ans.  

(ii)                  ( ) ( ) %11
2

1
1

2

1
+=−−+= (Max) 

(iii)                 ( ) ( ) %11
2

1
1

2

1
−=+−−= (Max). Ans.    

(iv)                ( ) ( ) %01
2

1
1

2

1
=−−−= (Not Max)   

∴ Max. %age error in t = %  1± . Ans. 
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Q.No.17.: The slope of a hanging rod of uniform strength is given by 







= x

f

w
 exp. Ay , 

                where y is the radius at any height x above a fixed point at A is constant. Find  

                the change in y produced by small changes wδ in w and fδ in f. Show that the  

                %age error in y is 
f

wx
 times the difference in the %age errors in w and f. 

Sol.: Given 
f x / we Ay = . 

 Taking log on both sides, we get        elog
f

wx
Alogylog += . 

Taking differentials on both sides, we get  








 δ−δ
+=

δ
2f

fwwf
x0

y

y
 








 δ−δ
=







 δ−δ
=δ⇒

wf

fwwf

f

wxy

f

fwwf

f

xy
y . Ans. 

Also 100
wf

fwwf

f

wx
100

f

fwyf
x100

y

y
2

×






 δ−δ
=×







 δ−δ
=×

δ
 

                        = 







×

δ
−×

δ
100

f

f
100

w

w

f

wx
. Ans. 

Q.No.18.: If 
C

E
R = , find the max. error and the %age error in R if 20C = with a     

                  possible error of 1.0±  and 120E = with a possible error of 05.0± . 

Sol.:  Given  
C

E
R = .  

Taking log on both sides, we get 

ClogElogRlog −= . 

Taking differentials on both sides, we get   

C

C

E

E

R

R δ
−

δ
=

δ
      







 δ
−

δ
=δ⇒

C

C

E

E
RR  















 −
−=

20

1.0

120

05.0
6 =0.0324.(max) 

which is the required max. error in R. 

Now 100
C

C
100

E

E
100

R

R
×

δ
−×

δ
=×

δ
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%54.0
2

1

120

5
100

20

1.0
100

120

05.0
100

R

R
=+=×

−
−×

+
=×

δ
⇒ (max). Ans. 

which is the required max. % error in R. 

Q.No.19.: In calculating the volume of a right circular cone, errors of +2% and minus  

      one percent are made in the height and radius of the base respectively. Find the  

                  %age error in the volume. What is the percentage error in calculating value of      

                  the surface area of the cone ?  

Sol.: Given %age error in height = 2% and %age error in radius %1−= . 

Since we know that the volume of a right circular cone is hr
3

1
V 2π= . 

hlogrlog2log
3

1
logVlog ++π+=  

Taking differentials, we get 

h

dh

r

dr2

V

dV
+=   100

h

dh
100

r

dr2
100

V

dV
×+×=×⇒ . 

∴ %age error in volume ( ) %0212 =+−= . Ans. 

Q.No.20.: In estimating the cost of a pile of bricks measured as 6 by 50 by 4 feet, the  

                 tape is stretched 1% beyond the standard length. If the count is 12 bricks to  

                 3foot1  and bricks cost Rs. 100 per 1000, find the approximate error in the cost. 

Sol.: Let ℓ , b and h feet be the length, breadth and height of the pile so that its volume 

hbV ××= ℓ .   

Taking log on both sides, we get 

hlogbloglogVlog ++= ℓ . 

Taking differentials, we get  

h

h

b

b

V

V δ
+

δ
+

δ
=

δ

ℓ

ℓ
. 

Since 3ft 12004506V =××=  and %1100
h

h
100

b

b
100 =×

δ
=×

δ
=×

δ

ℓ

ℓ
. 

3ft  36
100

3
1200V =








=δ∴ . 

Number of bricks in 4321236V =×=δ . 
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Thus error in the cost 20.43  .Rs
1000

100
432 =×= , 

which is less to the brick seller.  

Q.No.21.: Two quantities 1x  and 2x are related to each other by the formula,  

                  ( )n12 xax = , where a and n are constant quantities. Small errors of p % and  

                   q% are made in measuring a and n, show that the calculated value of 2x for a  

                   given value of X′  of 1x will have a percentage error of Xlognqp e ′+ . 

Sol.: Given that  %age error in a = p%.      %age error in n = q% 

Since given ( )n12 xax = .  

Taking log on both sides, we get         12 xlognalogxlog += . 

Differentiating on both sides, we get      
1

1
1

2

2

x

ndx
xlogdn

a

da

x

dx
++=  

100
x

ndx
xlogn100

n

dn
100

a

da
100

x

dx

1

1
1

2

2 ×+







×+×=×⇒  

Xlognqp0Xlogqnp100
x

dx
ee

2

2 ′+=+′+=×⇒ . 

Thus %age error in =2x ( )%Xlognqp e ′+ . 

Q.No.22.: The acceleration of a piston is equal to θ+θ 2cos
wr

cosrw
22

2

ℓ
. In    

                  measuring θ ( )°= 30  and w small error minus 1 percent each was detected.   

                  Prove that calculated value of acceleration is minus 1.5%. Take ℓ=r4 . 

Sol.: Given acceleration of a piston  θ+θ= 2cos
wr

2cosrwa
22

2

ℓ
.    (i) 

Putting ℓ=r4  in (i), we get 

θ+θ= 2cos
4

rw
cosrwa

2
2  

( ) ( )δθθ−+δ
θ

+δθθ−+θδ=δ 2sin2
4

rw
ww2

4

2cosr
sinrwwcosrw2a

2
2  

( ) 







θ








θ

δθθ
−






 δθ
+θ









θ

δθ
θ−+







 δ
θ=δ

2

2sin

w

w

2

2cos
sin

w

w
cos2rwa 2
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






 θ
+θ









θ








θ

δθθ
−






 δθ
+θ









θ

δθ
θ−







 δ
θ

=
δ

4

2cos
cosrw

2

2sin

w

w

2

2cos
sin

w

w
cos2rw

a

a

2

2

 

Dividing and multiplying by 100 and putting %1
w

w
−=

∂
, %1−=

θ

θ∂
, °=θ 30  , we get 

( ) ( ) ( )



















°
+°









°××

°
−

°×
+°××°−°

−=
δ

4

60cos
30cos

30%1
2

60sin
%1

2

302cos
30%130sin%130cos2

a

a
 

%5.1%

8

1

2

3

62

1

2

3

2

1

2

1

62

1

2

3
2

a

a
−=































+










 π
××−








×+







 π
×−










×

−=
δ

∴ . Hence prove. 

Q.No.23.: In a plane triangle ABC, if the sides and angles receive small variations, prove  

                  that 0AcoscCcosa =δ+δ ; b, B being constant. 

Sol.: To prove: 0AcoscCcosa =δ+δ , b and B as constants 

Here using projection formula:  AcoscCcosab += . 

Differentiating, we get 

( ) ( )dAAsincAcosdcdCCsinaCcosdadb −++−+=  

( ) AdAsincAcosdcdCCsinaCcosda0 −+−+=  

Now CBA −π=+  

dCdAdCdBdA −=⇒−=+  

AdAsincAcosdcCdAsinaCcosda0 −++=  

Now using sin formula: CsinaAsinc
c

Csin

a

Asin
=⇒=  

AdAsincAdAsincAcosdcCcosda0 −++=∴  

0AcosdcCcosda =+⇒ . 

Hence this proves the result. 

Q.No.24.: The side a of a triangle ABC is calculated from b, c, A. Small errors db, dc, dA  

                  occur in the measured values of b,c, and A respectively. Prove that the error in  
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       a  is given by CdAsinbCdbcosBdccosda ++= .   

Sol.: To prove:  CdAsinbCdbcosBdccosda ++= . 

Here using projection formula:    BcoscCcosba += . 

Differentiating, we get 

BdBsincCdCsinbBcosdcCcosdbda −−+= . 

Using sine formula:     CsinbBsinc =  

( )dCdBCsinbBcosdcCcosdbda +−+=∴  

But ACB −π=+ dAdCdB −=+⇒ . 

CdAsinbBcosdcCcosdbda ++=∴ . 

Hence this proves the result. 

Q.No.25.: Given the formula 
y

1

x

1

z

1
+= . If x and y are both in the error by r %, prove        

                   that z is also in the error of r %. 

Sol.: Since 
y

1

x

1

z

1
+= . 

Taking differentials, we get   dyydxxdzz 222 −−− −−=−  









×−








×−=








×−⇒ 100

y

dy

y

1
100

x

dx

x

1
100

z

dz

z

1

z

r

y

1

x

1
r

y

r

x

r
−=








+−=−−=  

% r100
z

dz
=








×⇒ . Ans. 

Hence z is also in the error of r %. 

Q.No.26.: The quantity Q of water flowing over a notch is given by         

                 ( ) 2/5
Hg264.0

15

8
Q ×××= , where H is the head at the notch. What is the  

                   % age error in Q caused by measuring H as 0.198 instead of 0.2? 

Sol.: Since ( ) 2/5
Hg264.0

15

8
Q ×××= . 

Taking log on both sides, we get 

Hlog
2

5
g2log64.0log

15

8
logQlog +++= . 
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Taking differentials, we get    
H

H
.

2

5
000

Q

Q δ
+++=

δ
 

2

5
100

2.0

002.0
.

2

5
100

H

H
.

2

5
100

Q

Q
=








×=








×

δ
=×

δ
⇒      [ ]002.0198.02.0H =−=δ∵  

Hence % 5.2Q in error age% = . Ans. 

Q.No.27.: A closed rectangular box with unequal sides a, b, c has its edges slightly    

                  altered in length by amount c  and  b  ,a δδδ respectively. Show that its volume  

                  and surface area remain unchanged then 
( ) ( ) ( )bac

c

acb

b

cba

a
222 −

δ
=

−

δ
=

−

δ
. 

Sol.: Given volume of a rectangular box is abcV = . 

Taking log on both sides, we get 

clogblogalogVlog ++=  

Taking differentials, we get  

c

c

b

b

a

a

V

V δ
+

δ
+

δ
=

δ
 . Now since 0V =δ 0

c

c

b

b

a

a
=

δ
+

δ
+

δ
⇒  

c

c

b

b

a

a δ
−

δ
−=

δ
⇒ 








δ+δ−=δ⇒ c

c

a
b

b

a
a  

Also ( )cabcab2S ++=  

Taking differentials, we get 

( )caacbccbabba20 δ+δ+δ+δ+δ+δ=       ( since 0S =δ ) 

( ) ( ) ( ) 0acbcbabca =δ++δ++δ+⇒  

( ) ( )
( )cb

cbabca
a

+

δ++δ+
−=δ⇒

( ) ( )
( )cb

cbabca
c

c

a
b

b

a

+

δ++δ+
=δ+δ⇒  

c
c

a

cb

ba
b

cb

ca

b

a
δ







−

+

+
=δ









+

+
−⇒  

( ) ( )bac

c

acb

b
22 −

δ
=

−

δ
⇒ . 

Similarly 
( ) ( )bac

c

cba

a
22 −

δ
=

−

δ
. 

Hence 
( ) ( ) ( )bac

c

acb

b

cba

a
222 −

δ
=

−

δ
=

−

δ
. Hence prove. 



Differential Calculus: Errors and Approximations                     
Visit: https://www.sites.google.com/site/hub2education/ 

 

18 

Q.No.28.: The height h and semi-vertical angle a of a cone are measured and from then A  

                  the total area of the surface of the cone including the base is calculated. If h    

                 and a are in error by small quantity hδ and aδ respectively. Find the  

                 corresponding error in the area. Show further that, if 
6

π
=α , an error of +1% 

                 in h will be approximately compensated by an error of  o33.0−  in α . 

Sol.: Base radius              α= tanhr . 

         Slant height             α= sechℓ  . 

        Area of base               2rπ= . 

       Area of curved surface ℓrπ= . 

Total surface area ( ) 




 ++π=+π=π+π= 222 rhrrrrrrA ℓℓ  

                                 




 α++ααπ= 222 tanhhtanhtanh. ( )α+ααπ= sechtanhtanh  

                                 ( )α+ααπ= sectantanh2
.                    ( )α= ,hf  

∴  δα
α∂

∂
+δ

∂

∂
=δ

A
h

h

A
A  

( ) ( )δαααα+α+ααπ+δαα+απ= tansectansecsectan2hhsectantanh2 3222
 

( ) ( )δαα+α+αααπ+δα+ααπ= 222 tansecsectan2sechhsectantanh2 ,               (i) 

which gives the error in A. 

Putting 
6

π
=α  and %1h =δ  of 

100

h
h =  in (i), we have 

2h
100

h
.

3

2

3

1

3

1
.h2A π+








+π=δ .

3

2
δα







++

3

1

4

4

3

2
.

3

2
δαπ+

π
= 2

2

h32
100

h2
. 

Since the error in h  is to be compensated by the error in 0A   =δ⇒α  

3100

1
0 3

100

1
−=δα⇒=δα+⇒  radians 

3.57
732.1

01.0
×−=δα⇒  degree                    [ ]nearly 57.3 radian  1 o=∵  

           33.0−=  degree. 

Q.No.29.: At a distance of 30 meter from the foot of the tower the elevation of its top is   

α  

h 

r 

ℓ  
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                 °30 . If the possible error in measuring the distance and elevation are 2cm.  

                 and 0.05degrees. Find the approximate error in calculating the height. 

Sol.: α= tanxh . 

Taking log on both sides, we get 

xtanlogxloghlog +=  

Differentiating, we get 

x.
tan

sec

x

x

h

h 2

δ
α

α
+

δ
=

δ
x.

tan

sec
hx

x

h
h

2

δ
α

α
+δ=δ⇒ δαα+δα= .secxx.tan 2  

Given 02.0x =δ ,  
180

.05.005.0
π

=°=δα rad. 

( ) 0464.0
180

.05.030sec.3002.030tanh 2 =






 π
°+°=δ m = 4.64 cm. Ans. 

Q.No.30.: Find the %age error in the area of an ellipse if one % error is made in  

                  measuring the major and minor axes. 

Sol.:  Area of an ellipse abA π= . 

Taking log on both sides, we get 

blogaloglogAlog ++π=  

 Differentiating, we get 

b

b

a

a

A

A δ
+

δ
=

δ
%2%1%1100

b

b
100

a

a
100

A

A
=+=×

δ
+×

δ
=×

δ
⇒ . 

∴ %age error in area of an ellipse = 2%. Ans. 

Q.No.31.: Two sides a, b of a triangle and included angle C are measured. Show that the   

                  error cδ in the computed length of third side c due to a small error in the angle  

                  C is given by CBsinac δ=δ .  

Sol.: Given Ccosab2bac 222 −+=  

Differentiating, we get 

( )[ ]CCsinabCcosbaCcosb.a2bb2aa2cc2 δ−+δ+δ−δ+δ=δ  

As 0ba =δ=δ  

∴ ( )[ ]CCsinab2cc2 δ−−=δ C.Csinabcc δ=δ⇒  

By sin law in ABC∆ ,    BsincCsinb =  

∴ Bsin.CacC.Bsinaccc δ=δ⇒δ=δ . 



Differential Calculus: Errors and Approximations                     
Visit: https://www.sites.google.com/site/hub2education/ 

 

20 

Hence this proves the result. 

Q.No.32.: Let 
g

2T
ℓ

π= . Find the maximum %age error in T due to possible error of  

                  1% in ℓ and g respectively. 

Sol.: Given
g

2T
ℓ

π= . 

Taking log on both sides, we get 

glog
2

1
log

2

1
2logTlog −+π= ℓ . 

Differentiating, we get 








 δ
−

δ
=

δ
−

δ
+=

δ

g

g

2

1

g

g

2

1

2

1
0

T

T

ℓ

ℓ

ℓ

ℓ
 

=×
δ

100
T

T
%age error in T 100

g

g

2

1
×






 δ
−

δ
=

ℓ

ℓ
. 

Maximum %age error in T 100.
g

g

2

1







 δ
±

δ
±=
ℓ

ℓ
( ) %5.121

2

1
±=±±= . Ans. 

Q.No.33.: Let 
g

2sinV
R

2 θ
= , find the %age error in R due to an error of  1% in v and    

                  %
2

1
in θ . 

Sol.: Given
g

2sinV
R

2 θ
= .                                                 (i) 

Given %1100
v

dv
=× ,        %

2

1
100

d
=×

θ

θ
 

Taking log on both sides of (i), we get 

glog2sinlogVlog2Rlog −θ+=  

Differentiate on both sides, we get 

θ
θ

θ
+= d2.

2sin

2cos

V

dV
2

R

dR
. 

Multiplying by 100, we get 
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( ) 







×

θ

θ
θθ+








×=× 100

d
2cot100

V

dV
2100

R

dR
.2cot

2
2

2

1
.2cot1.2 θ

θ
+=θθ+=  Ans. 

Q.No.34.: If 
WA

A
S

−
= , find the maximum relative error in S and maximum error in S.  

                  If the values of A and W are 1.1 and 0.6 respectively with possible error in  

                  0.01 and 0.02 in A and W respectively. 

Sol.: Given 
WA

A
S

−
= .                                   (i) 

Now differentiating (i) w. r. t. to A, we get 

( )
( )2WA

1.A1.WA

A

S

−

−−
=

∂

∂

( )2WA

AWA

−

−−
=

( )2WA

W

−

−
=        (ii) 

Differentiating (i) w. r. t. W, we get 

( ) ( )
( )2WA

1.A0.WA

W

S

−

−−−
=

∂

∂

( )2WA

A

−
=                        (iii) 

We know that dW
W

S
dA

A

S
dS

∂

∂
+

∂

∂
=                          (iv) 

Now putting the values of (ii) and (iii) in (iv), we get 

( ) ( )
dW

WA

A
dA

WA

W
dS

22 −
+

−

−
=  

Now givenA = 1.1,         W = 0.6,        01.0dA = ,              02.0dW = . 

Maximum error in S= 

( ) ( )
02.0

6.01.1

1.1
01.0

6.01.1

6.
dS

22
×

−
+×

−
= 02.0

25.0

1.1
01.0

25.0

6.0
×+×=  

      112.0088.0024.0 =+= . 

∴ Maximum error in S = 0.112. Ans. 

Maximum relative error in S is given by 
S

dS
. 

Now 
WA

A
S

−
= 2.2

5.0

1.1

5.01.1

1.1
==

−
= . 

51.00509.0
2.2

112.0

S

dS
===  

∴ Maximum relative error in S = 0.51. Ans. 
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Q.No.35.: Use differentials to compute ( )1.2  ,9.0f −  approximately where 

                  ( ) ( )xytany ,xf 1−= . 

Sol.: Given ( )1.2  ,9.0f − . 

Let 1x = ,    1.0x −=δ , 

      1y −= , 2.0y −=δ . 

∴ ( ) ( )1tany ,xf 1 −= −
 

Let ( ) θ=y ,xf ,    
4

3π
=θ∴ . 

Now ( )
4

3
xytan 1 π

=θ=− . 

Taking log on both sides, we get     ( )xytanloglog 1−=θ . 

Differentiating, we get      

( ) 221 yx1

xyyx

xytan

1

+

δ+δ
=

θ

δθ
− ( ) 11

1.02.0

xytan

1
1 +

+−
=

−
05.0

2

1.0

11

1.02.01
−=−=δθ⇒

+

+−

θ
= .  

( ) ( ) 307.205.0
4

3
yy ,xxf1.2 ,9.0f =−

π
=δθ+θ=δ+δ+=−∴ . Ans. 

Q.No.36.: If the sides and angles of a triangle ABC vary in  such a manner that its   

                  circum-radius remains constant, prove that 0
Ccos

dc

Bcos

db

Acos

da
=++ . 

Sol.: To prove: 0
Ccos

dc

Bcos

db

Acos

da
=++ . 

We know that, the circum-radius R of a ABC∆  is given by   

Csin2

c

Bsin2

b

Asin2

a
R === . 

Now AsinR2a = .                       [R is constant] 

Differentiating, we get     AdAcosR2da = RdA2
Acos

da
=⇒ . 

Similarly                          BdBcosR2db = RdB2
Bcos

db
=⇒ . 

                                         CdCcosR2dc = RdC2
Ccos

dc
=⇒ . 
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Adding,  we get   ( )dCdBdAR2
Ccos

dc

Bcos

db

Acos

da
++=++ ( )CBARd2 ++=          (i) 

Also π=++ CBA . ( ) 0CBAd =++⇒ . 

∴  From (i), we get 0
Ccos

dc

Bcos

db

Acos

da
=++ . 

This completes the proof. 

Q.No.37.: The area of a rectangle is found from measurements of side a and angle B and  

                  C. Prove that error in the calculated value of area due to small error  

                  C  B,  ,a δδδ  is given by ∆






 δ
+

δ
+δ

Csin

C

a

b

Bsin

B

a

c
a

a

2
. 

Sol.: We know that area Csinab
2

1
=∆                          (i) 

Now 
c

Csin

b

Bsin

a

Asin
==

Asin

Bsina
b =⇒  

Putting in (i), we get 

( ) Csin
Asin

Bsina
a

2

1








=∆

( )[ ]CBsin

CsinBsin
a

2

1 2

+−π
=            (ii)   [ ]π=++ CBA∵  

Taking log of (ii) on both sides, we get 

( )[ ]CBsinlogCsinlogBsinlogalog2
2

1
loglog +−+++=∆     (iii)    

                                                                                            ( )[ ][ ])CBsin(CBsin +=+−π∵  

Differentiating (iii), we get 

( )CB
)CBsin(

)CBcos(
C

Csin

Ccos
B

Bsin

Bcos

a

a2
δ+δ

+

+
−δ+δ+

δ
=

∆

∆δ
 

      
( ) ( )










+

+
−δ+









+

+
−δ+

δ
=

)CBsin(

CBcos

Csin

Ccos
C

)CBsin(

CBcos

Bsin

Bcos
B

a

a2
 

      








+

+−+
δ+

δ
=

Bsin)CBsin(

)CBcos(Bsin)CBsin(Bcos
B

a

a2
 

              








+

+−+
δ+

Csin)CBsin(

)CBcos(Csin)CBsin(Ccos
C  
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( ) )CBsin(

Bsin
.

Csin

C

CBsinBsin

Csin
B

a

a2

+

δ
+

+
δ+

δ
=                       (iv) 

ACBCBA −π=+⇒π=++ )Asin()CBsin( −π=+⇒  

Putting this value in (iv), we get 

Asin

Bsin
.

Csin

C

Asin

Csin

Bsin

B

a

a2 δ
+

δ
+

δ
=

∆

∆δ
.                                          (v) 

According to sine formula:   
c

Csin

b

Bsin

a

Asin
== . 

Asin

Csin

a

c
=⇒ ,   

Asin

Bsin

a

b
=  

Putting these values in (v), we get 

Csin

C

a

b

Bsin

B

a

c

a

a2 δ
+

δ
+

δ
=

∆

∆δ
 

∆






 δ
+

δ
+δ=∆δ

Csin

C

a

b

Bsin

B

a

c
a

a

2
, which is the required proof. 

Q.No.38.: In a plane triangle, if the sides a, b be constant, prove that the variations of its  

                   angles are given by the relations  

                  
c

dC

Bsinab

dB

Asinba

dA

222222
−=

−
=

−
, 

                 the letters have their usual significance. 

Sol.: By sine formula,  
Bsin

b

Asin

a
= AsinbBsina =⇒             (i) 

Taking differentials, we get   dA.AcosbdB.Bcosa =  

AcosbBcosa

dBdA

Acosb

dB

Bcosa

dA

+

+
==⇒ .                   (ii)  









+

+
==

db

ca
 each then  

d

c

b

a
 If∵  

Now AsinbaBsinaaBsin1aBcosa 2222222 −=−=−=         [using (i)] 

         BsinabAsinbbAsin1bAcosb 2222222 −=−=−=        [using (i)] 

         cAcosbBcosa =+                                                          [By projection formula] 

Also π=++ CBA   CBA −π=+⇒   so that dCdBdA −=+  

∴   From (ii), 
c

dC

Bsinab

dB

Asinba

dA

222222
−=

−
=

−
. 
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Q.No.39.: If there is a small error cδ  in measuring the side c in a triangle, show that  

                  relative error in the area of the triangle is equal to    

                  
4

c

cs

1

bs

1

as

1

s

1 δ









−
−

−
+

−
+ . 

or 

 If A be the area of a triangle, prove that the error in A resulting from a small error 

in ‘c’ is given by  

( ) ( ) ( )[ ] ccsbsass
4

A
A

1111 δ−−−+−+=δ −−−− . 

Sol.: Let Aδ is the error in A, then relative error in A =
A

Aδ
. 

Now to prove: 
4

c

cs

1

bs

1

as

1

s

1

A

A δ









−
−

−
+

−
+=

δ
. 

or                     ( ) ( ) ( )[ ] ccsbsass
4

A
A

1111 δ−−−+−+=δ −−−−  

Since, we know that   ( )( )( )csbsassA −−−= . 

Taking log on both sides, we get 

( ) ( ) ( )cslog
2

1
bslog

2

1
aslog

2

1
slog

2

1
Alog −+−+−+= . 

Differentiating on both sides, we get 










−

δ−δ
+

−

δ
+

−

δ
+

δ
=

δ

cs

cs

bs

s

as

s

s

s

2

1

A

A
.                                                                              (i) 

Since 
2

c
s

2

cba
s

δ
=δ⇒

++
= . 

Putting in (i), we get 

A 1 c c c c

A 4 s s a s b s c

δ δ δ δ δ 
= + + − − − − 










−
−

−
+

−
+

δ
=

cs

1

bs

1

as

1

s

1

4

c
 

( ) ( ) ( )[ ] ccsbsass
4

A
A

1111 δ−−−+−+=δ⇒ −−−− . 

Hence this proves the result. 

 

***   ***   ***   ***   *** 
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***   ***   *** 

*** 

 



 

 

    

    

    

    

    

Maclaurin’s Theorem: 

Statement: If f(x) can be expanded in ascending powers of x, then  

                      ........)0(f
!n

x
.......)0(f

!3

x
)0(f

!2

x
)0(fx)0(f)x(f n

n32

+++′′′+′′+′+=                                

Proof: Suppose ( ) ..........xa...........xaxaxaaxf n
n

3
3

2
210 ++++++=                         (i) 

where a0 , a1 , a2 ,a3 ,...... are constants to be evaluated. 

Differentiating (i) w. r. t. x, we get  

......xna......xa4xa3xa2a)x(f 1n

n

3

4

2

321 ++++++=′ −                                                 (ii)  

Differentiating (ii) w. r. t. x, we get 

......xa)1n(n......xa3.4xa2.3a2)x(f 2n

n

2

432 +−++++=′′ −                                         (iii) 

Differentiating (iii) w. r. t. x, we get 

......xa)2n)(1n(n......xa2.3.4a1.2.3)x(f 3n

n43 +−−+++=′′′ −                                      (iv) 

Similarly, if we go on differentiating, we get 

+−−= n
n a.1.2.3)......2n)(1n(n)x(f  terms containing x                                                (v)  

Putting x = 0 in (i) to (v) , we get 

)0(fa0 = , )0(fa1
′= , 

!2

)0(f
a 2

′′
= , 

!3

)0(f
a 3

′′′
= ,........, 

!n

)0(f
a

n

n = . 

Putting these values of constants in (i), we get 

Differential CalculusDifferential CalculusDifferential CalculusDifferential Calculus    

    
Taylor’s and Maclaurin’s Infinite Series  
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............)0(f
!n

x
.......)0(f

!3

x
)0(f

!2

x
)0(fx)0(f)x(f n

n32

+++′′′+′′+′+=   . 

This completes the proof. 

 

Taylor’s Theorem:  

Statement: If f (x + h) can be expanded in ascending powers of x, then  

............)h(f
!n

x
.......)h(f

!3

x
)h(f

!2

x
)h(fx)h(f)hx(f n

n32

+++′′′+′′+′+=+   . 

Proof: Suppose ......xa......xaxaxaa)hx(f n
n

3
3

2
210 ++++++=+                         (i) 

where a0 , a1 , a2 ,a3 ,...... are constants to be evaluated. 

Differentiating (i) w.r.t. x, we get  

......xna......xa4xa3xa2a)hx(f 1n

n

3

4

2

321 ++++++=+′ −                             (ii) 

Differentiating (ii) w.r.t. x, we get 

......xa)1n(n......xa3.4xa2.3a2)hx(f 2n

n

2

432 +−++++=+′′ −                                   (iii) 

Differentiating (iii) w.r.t. x, we get  

......xa)2n)(1n(n......xa2.3.4a1.2.3)hx(f 3n

n43 +−−+++=+′′′ −                                (iv) 

Similarly, if we go on differentiating, we get 

+−−=+ n
n a.1.2.3)......2n)(1n(n)hx(f  terms containing x                                            (v) 

Putting x = 0 in (i) to (v), we get 

)h(fa0 = , )h(fa1
′= , 

!2

)h(f
a 2

′′
= , 

!3

)h(f
a 3

′′′
= ,........, 

!n

)h(f
a

n

n = . 

Putting these values of constants in (i), we get 

............)h(f
!n

x
.......)h(f

!3

x
)h(f

!2

x
)h(fx)h(f)hx(f n

n32

+++′′′+′′+′+=+   . 

This completes the proof. 

 

Remarks:  

(i) Put h = 0, we get  

............)0(f
!n

x
.......)0(f

!3

x
)0(f

!2

x
)0(fx)0(f)x(f n

n32

+++′′′+′′+′+=   . 
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............)0(y
!n

x
.......)0(y

!3

x
)0(y

!2

x
)0(xy)0(yy n

n

3

3

2

2

1 ++++++=   . 

which is a Maclaurin’s expansion. 

(ii) If we interchange x and h, we get  

............)x(f
!n

h
.......)x(f

!3

h
)x(f

!2

h
)x(fh)x(f)xh(f n

n32

+++′′′+′′+′+=+   . 

(iii) If we replace x by a and h by (x - a), we get 

......)a(f
!n

)ax(
.......)a(f

!3

)ax(
)a(f

!2

)ax(
)a(f)ax()a(f)x(f n

n32

+
−

++′′′
−

+′′
−

+′−+=  

Taylor’s Theorem for functions of two variables: 

Statement: Prove that 

                     ( ) ( ) ......f
y

k
x

h
!2

1
f

y
k

x
hy,xfky,hxf

2

+








∂

∂
+

∂

∂
+









∂

∂
+

∂

∂
+=++   . 

Proof: Considering ( )f x h y k+ +,  as a function of a single variable x, we have 

( ) ( )
( ) ( )

......
x

ky,xf

!2

h

x

ky,xf
hky,xfky,hxf

2

22

+
∂

+∂
+

∂

+∂
++=++                              ...(i) 

Now expanding ( )f x y k, +  as a function of  y only, we obtain 

( ) ( )
( ) ( )

......
y

y,xf

!2

k

y

y,xf
ky,xfky,xf

2

22

+
∂

∂
+

∂

∂
+=+                                                     ...(ii) 

∴(i) takes the form 

( ) ( )
( ) ( )

......
y

y,xf

!2

k

y

y,xf
ky,xfky,hxf

2

22

+
∂

∂
+

∂

∂
+=++  

                          ( )
( ) ( )













+
∂

∂
+

∂

∂
+

∂

∂
+ .....

y

y,xf

!2

k

y

y,xf
ky,xf

x
h

2

22

 

                          ( )
( ) ( )













+
∂

∂
+

∂

∂
+

∂

∂
+ ......

y

y,xf

!2

k

y

y,xf
ky,xf

x!2

h
2

22

2

22

 

Hence ( ) ( ) ......
y

f
k

yx

f
hk2

x

f
h

!2

1

y

f
k

x

f
hy,xfky,hxf

2

2
2

2

2

2
2 +















∂

∂
+

∂∂

∂
+

∂

∂
+

∂

∂
+

∂

∂
+=++   . 

In symbols we write it as  
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( ) ( ) ......f
y

k
x

h
!2

1
f

y
k

x
hy,xfky,hxf

2

+








∂

∂
+

∂

∂
+









∂

∂
+

∂

∂
+=++   . 

Now let us expand some well known functions by using these theorems: 

Q.No.1.: Prove that ........
! n

x
.......

! 3

x

! 2

x
x1e

n32
x ++++++= . 

Sol.: Let ( ) xexf = , ( ) xex  f =′∴ , ( ) xex  f =′′ ,............., ( ) xn exf =  

( ) 10f =∴ ,  ( ) 10  f =′∴ ,   ( ) 10  f =′′ ,..........., ( ) 10f n =  

Maclaurin’s expansion is ( ) ( ) ( ) ( ) ( )......0f
!n

x
......0  f

! 2

x
0  xf0fxf n

n2

++′′+′+=   

Substituting all the above values in this equation, we get 

........
! n

x
.......

! 3

x

! 2

x
x1e

n32
x ++++++=  

Note: If we replace x by –x, we get 

...............
! 3

x

! 2

x
x1e

32
x +−+−=− .. 

Q.No.2.: Prove that ........
! 6

x

! 4

x

! 2

x
1xcosh

642

++++= . 

Sol.: Since ( )xx ee
2

1
xcosh −+=  

                              

























+−+−+














++++= ........

! 3

x

! 2

x
x1........

! 3

x

! 2

x
x1

2

1 3232

 

Hence, ........
! 6

x

! 4

x

! 2

x
1xcosh

642

++++= . 

Similarly, ( )xx ee
2

1
xsinh −−= ........

! 7

x

! 5

x

! 3

x
x

753

++++= . 

Q.No.3.: Prove that ........
! 7

x

! 5

x

! 3

x
xxsin

753

+−+−= . 

Sol.: Let xsiny =  






 π
+=⇒

2

n
xsinyn  

( ) 00y =∴ ,   ( ) 10y1 = ,    ( ) 00y2 = ,   ( ) 10y3 −= ,  ( ) 00yn =  and so on 
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Now Maclaurin’s series is  

( ) ( ) ( ) ( ) ( ) ........0  f
!3

x
0  f

! 2

x
0  xf0fxf

32

+′′′+′′+′+=  

        ( ) ( ) ( ) ( ) ......0y
!3

x
0 y

! 2

x
0yx0y 3

3

2

2

1 ++++=  

        ........
! 7

x

! 5

x

! 3

x
x

753

+−+−= . 

 Similarly, ........
! 6

x

! 4

x

! 2

x
1xcos

642

+−+−= . 

Q.No.4.: Prove that ........x
15

2

 3

x
xxtan 5

3

+++= . 

Sol.: Let ( ) xtanxfy == . 

( ) xtan1xsecx  fy 22
1 +==′=∴ . 

( ) xsec.xtan2x  fy 2
2 =′′= ( ) xtan2xtan2xtan1xtan2 32 +=+=  

( )x  fy3 ′′′= xsecxtan6xsec2 222 += ( )xtan31xsec2 22 +=  

                    ( )( )xtan31xtan12 22 ++= ( )xtan3xtan412 42 ++= . 

( )xfy iv
4 = xtan24xtan40xtan16 53 ++= . 

( )xfy v
5 = ( ) ( ) ( )xtan1xtan120xtan1xtan120xtan116 24222 +++++= . 

Putting 0x = , we get 

( ) 00y = , ( ) 10y1 = , ( ) 00y2 = , ( ) 20y3 = , ( ) 00y4 = , ( ) 160y5 =  and so on.  

Now, Maclaurin’s series is  

( ) ( ) ( ) ( ) ( ) ( ) ( )0 f
! 5

x
0f

! 4

x
0  f

! 3

x
0  f

! 2

x
0  xf0fxf v

5
iv

432

++′′′+′′+′+= ........... 

..........16.
! 5

x
2.

! 3

x
xxtan

53

+++=⇒  

........x
15

2

3

x
xxtan 5

3

+++=⇒ . 

Q.No.5.: Prove that ( ) ............
5

x

4

x

3

x

2

x
xx1log

5432

−+−+−=+ . 
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Sol.: ( )x1logy +=  

 
( )

( ) 1
1 x1

x1

1
y

−
+=

+
=∴ ,  ( )( ) 2

2 x11y
−

+−= ,  ( )( )( ) 3
3 x121y

−
+−−=  

      ( )( )( )( ) 4
4 x1321y

−
+−−−= ,   ( )( )( )( )( ) 5

5 x14321y
−

+−−−−=  

Putting 0x = , we get 

( ) 00y = ,  ( ) 10y1 = ,  ( ) 10y2 −= ,  ( ) 20y3 = ,  ( ) 60y4 −= ,  ( ) ..,.........240y5 =  

Now, Maclaurin’s series is  

( ) ( ) ( ) ( ) ( ) ( ) ( )..........0y
! 5

x
0y

! 4

x
0y

! 3

x
0y

! 2

x
0xy0yxf 5

5

4

4

3

3

2

2

1 +++++=  

        ...........24.
! 5

x
6.

! 4

x
2.

! 3

x

! 2

x
x

5432

+−+−=  

        ............
5

x

4

x

3

x

2

x
x

5432

+−+−= . 

Q.No.6.: Expand 
1tan−
 x in powers of x by Maclaurin’s theorem. 

Sol.: Here ( ) xtanxf 1−=  

( ) ( ) ...........xxxx1x1
x1

1
x  f 864212

2
+−+−=+=

+
=′∴

−
[by Binomial theorem] 

( ) ..............x8x6x4x2x  f 753 +−+−=′′  

( ) ..............x56x30x122x f 642 +−+−=′′′  

( ) ..............x120x24xf 3iv +−=  

( ) ..............x36024xf 2v +−=  

Putting 0x = , we get 

( ) 00f = ,  ( ) 10  f =′ ,  ( ) 00  f =′′ ,  ( ) 20  f −=′′′ ,  ( ) 00f iv = ,  ( ) 240f v = . 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
! 5

x
0f

! 4

x
0  f

! 3

x
0  f

! 2

x
0  xf0fxf v

5
iv

432

++′′′+′′+′+=  

        .........
5

x

3

x
x

53

+−= . 

Q.No.7.: Prove that ..........
120

x

3

x
x1e

64
2xsinx ++++= . 
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or 

                Find the expansion of 
xsinxe as far as the terms in 6x . 

Sol.: Here if we use Maclaurin’s theorem, we need successive derivatives of 
xsinxe , 

which is inconvenient to obtain. We, therefore, make use of the two standard series. 

..........
! 3

x

! 2

x
x1e

32
x +++= ,   ............

! 7

x

! 5

x

! 3

x
xxsin

753

+−+−=  

( )
( ) ( ) ( )

..........
! 4

xsinx

! 3

xsinx

! 2

xsinx
xsinx1e

432
xsinx +++++=  

           ( ) ( ) ( ) ............xsin
! 4

x
xsin

! 3

x
xsin

! 2

x
xsinx1

4
4

3
3

2
2

+++++=  

           

2
7532753

.......
! 7

x

! 5

x

! 3

x
x

! 2

x
.......

! 7

x

! 5

x

! 3

x
xx1














+−+−+














+−+−+=    

                .............
! 7

x

! 5

x

! 3

x
x

! 4

x
.......

! 7

x

! 5

x

! 3

x
x

! 3

x
4

7534
3

7533

+













+−+−+














+−+−+  

           

3
426

2
42442

2 .....
120

x

6

x
1

6

x
.....

120

x

6

x
1

2

x
.....

120

x

6

x
1x1














+−+














+−+














+−+=  

                  ................
120

x

6

x
1

24

x
4

428

+













+−+  

Now expanding by binomial theorem, we get 

..............
120

x

6

x
31

6

x
...........

120

x

6

x
21

2

x
.....

120

x

6

x
1x1

42642442
2 +












+













−−+


























−−+














+−+=

Collecting terms of the same nature, we get 

..........x
6

1

6

1

120

1
x

2

1

6

1
x1e 642xsinx +








+−+








+−++=  

..........
120

x

3

x
x1e

64
2xsinx ++++= . 

Q.No.8.: Apply Maclaurin’s theorem to find the expansion of 
1e

e
x

x

+
 as far as the term  

                in 3x . 
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Sol.: Let ( )
1e

e
xf

x

x

+
= ,  ( )

2

1
0f =  

( )
( )

( ) ( )2x

x

x

xxxx

1e

e

1e

e.ee1e
x  f

+

=
+

−+
=′ ,  ( )

4

1
0  f =′∴  

( )
( ) ( )

( )[ ]22x

xxxxx

1e

e1e2.ee1e
x  f

+

+−+
=′′

( ) ( )[ ]
( ) ( )3x

x2x2x

4x

x2xxxx

1e

e2ee

1e

e2e.e1e1e

+

−+
=

+

−−+
=  

            
( )
( )3x

2xx

1e

e " e

+

= ,   ( ) 00  f =′′∴  

 

( )
( ) ( ) ( ) ( )

( )
2

3x

x3xx2x2x3x

1e

e.1e3 .eexe2e1e
x  f







+

+−−−+
=′′′ ,  ( )

8

1
0  f −=′′′∴  

( ) ( ) ( ) ( ) ( ) ..............0  f
! 3

x
0  f

! 2

x
0  xf0fxf

32

+′′′+′′+′+=  

x 3

x

e 1 1 x
x ........

e 1 2 4 48
∴ = + − +

+
. 

Q.No.9.: Prove that ( ) .........
16

x
.

15

2

4

x
.

3

1

2

x
xseclog

642

+++= . 

Sol.: Let xseclogy = ,then  

xtan
1

xtanxsec
.

xsec

1

dx

dy
==  

But ........x
15

2

3

x
xxtan 5

3

+++=  

........x
15

2

3

x
x

dx

dy 5
3

+++=∴  

Integrating w. r. t. x , we get 

0

642

a.........
6

x
.

15

2

12

x

2

x
y ++++=  

where 0a is the constant of integration 

To evaluate 0a , But x = 0,  y = 0, and 0a0 =∴  
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Hence  ( ) .........
16

x
.

15

2

4

x
.

3

1

2

x
xseclog

642

+++= . 

Remarks: xseclogxcoslog −=











+++−= .........

16

x
.

15

2

4

x
.

3

1

2

x 642

 

Q.No.10.: If 1xyxy2x 323 =+−+ , expand y in the ascending powers of x. 

Sol.: Here y is implicit function of x and so to get an expansion for y, we shall obtain first 

( ) ( ) ( )   , y  , y  ,y 000
′′′ etc. by a little different method and use Maclaurin’s theorem. 

Here 0xyxy2x 323 =+−+                                                       (i) 

Put x = 0, we get ( ) 01y 0
3

=−   ( ) 1y 0 −=∴                                (ii) 

Differentiating (i) w. r. t. x , we get 

01  yy3  y xy4y2x3 222 =+′−′+                                              (iii) 

Put x = 0 and ( ) 1y 0 −=  in (iii), we get 

( ) 01 y32 0 =+′−  ( ) 1 y 0 =′∴                                                       (iv) 

Differentiating (iii) w. r. t. x, we get  

0yy3 yy6  xyy4  y x4  yy8x6
22222 =−′−′′−′′+                      (v) 

Putting x = 0, ( ) 1y 0 −=∴ , ( ) 1 y 0 =′  in (v), we get 

( ) 0 y368 0 =′′−+−   ( )
3

2
 y 0 −=′′∴                                             (vi) 

Now by Maclaurin’s theorem  

( ) ( ) ( ) ( ) ............. y
! 3

x
 y

! 2

x
 yxyy 0

3

0

2

00 +′′′+′′+′+=  

( ) ( ) ( ) ( ) .............0  f
! 3

x
0  f

! 2

x
0  xf0fy

32

+′′′+′′+′+=  

Substituting the values of  

( ) 1y 0 −= ,  ( ) 1 y 0 =′ ,    ( )
3

2
 y 0 −=′′  from (ii), (iv) and (vi) etc.   

Then the required expansion of y is .........
3

2
.

! 2

x
x1y

2

−+=  
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Hence .........x
3

1
x1y 2−+=  

Q.No.11.: Expand  ( )hxcoslog +  in powers of h by Taylor’s theorem. 

Sol.: Let ( ) ( )hxcosloghxf +=+   

( ) xcoslogxf   =∴  

( ) ( ) xtanxsin
xcos

1
x  f −=−=′  

( ) xsecx  f 2−=′′  

( ) xtanxsec2xtanxsec.xsec2x  f 2−=−=′′′  

Now by Taylor’s series  

( ) ( ) ( ) ( ) ( ) .............x  f
! 3

x
x  f

! 2

h
x  hfxfhxf

32

+′′′+′′+′+=+  

Substituting the values of ( ) ( ) ( ) ( )x  f  ,x  f  ,x  f  ,xf ′′′′′′ in the above equation, we get  

( ) ( ) ( ) ( )..........xtanxsec2
! 3

h
xsec

! 2

h
xtanhxcosloghxcoslog 2

3
2

2

−+−+−+=+  

( ) ..........xtanxsec
 3

h
sec

 2

h
xtanhxcosloghxcoslog 2

3
2

2

+−−−=+ . Ans. 

Q.No.12.: Use Taylor’s theorem to express the polynomial 6xx7x2 23 +++  in 

                      powers of ( )2x − . 

Sol.: Let ( ) ( )[ ]2x2fxf −+= , using Taylor’s theorem, we get  

( )[ ] ( ) ( ) ( )
( )

( )
( )

( ) .............2  f
! 3

2x
2  f

! 2

2x
2  f2x2f2x2f

32

+′′′
−

+′′
−

+′−+=−+  

Now ( ) 6xx7x2x  f 23 +++=  

( ) 1x14x6x   f 2 ++=′  

( ) 14x12x   f +=′′  

( ) 12x   f =′′′  

( ) 52xf = ,  ( ) 532  f =′ ,   ( ) 382  f =′′ ,   ( ) 122  f =′′′ ,  ( ) 02  f iv =  

( ) ( )[ ] ( ) ( ) ( )
( )

( )
( )

( ) .............2  f
! 3

2x
2  f

! 2

2x
2  f2x2f2x2fxf

32

+′′′
−

+′′
−

+′−+=−+=∴  
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( ) ( ) ( )3223 2x22x192x53526xx7x2 −+−+−+=+++∴ . 

This is the required result. 

Q.No.13.: Calculate the approximate value of 10  to four decimal places using 

                     Taylor’s expansion. 

Sol.: Let ( ) 10191xhxf =+=+=+  

where x = 9 and h = 1 

( ) xxf =∴      ( ) 39f =∴  

( ) 2/1x
2

1
x   f −=′      ( )

6

1
9  f =′  

( ) 2/3x
4

1
x   f =′′       ( )

274

1
9  f

×
=′′  

( ) 2/5x
8

3
x   f −=′′′ ( )

818

1
9   f

×
=′′′  

Now Taylor’s series is  

( ) ( ) ( ) ( ) ( ) .............x  f
! 3

h
x  f

! 2

h
x  hfxfhxf

32

+′′′+′′+′+=+  

( ) ( ) ( ) ( ) ...........9  f
6

1
9  f

2

1
9  f19f10 +′′′+′′+′×+=  

or  ..........
818

1

6

1

27

1

4

1

2

1

6

1
310 +

×
×+××−+=  

              00025.00463.16666.3 +−+=  

               =3.1623 (app.). 

This is the required result. 

Q.No.14.: Expand ( )( )kyhxsin ++  in powers of h and k by Taylor’s theorem. 

Sol.: Here ( ) ( )( )kyhxsinky ,hxF ++=++  

( ) xysiny ,xF =∴                                                                                                 (i) 

By Taylor’s theorem  

( ) ( ) ( ) ( )yy
2

xyxx
2

yx FkhkF2Fh
! 2

1
kFhFy ,xFky ,hxF +++++=++                  (ii) 

Differentiate (i) partially w. r. t. x and y, we get 
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( ) xycosyxysin
x

Fx =
∂

∂
= ,    

( ) xysinyyxysinyF 2
xx −=−=  

( ) ( ) xysinxyxycosyxysinxxycosxycosx
x

Fxy −=−+=
∂

∂
= . 

Putting the values of ( )ky ,hxF ++ ,  xyxxyx F   ,F  ,F  ,F  in (ii), we get 

( )( ) xycoskxxycoshyxysinkyhxsin ++=++  

    ( ) ( ) ( )[ ] ..........xysinxkxysinxyxycoshk2xysinyh
! 2

1 2222 +−+−+−+  

( ) ( )[ ] ..........xysinkxhyxycoshk2
! 2

1
xycoskxhyxysin

2
++−+++= . Ans. 

Q.No.15.: Expand ysinex  by Taylor’s theorem in powers of x and y as for as terms of    

                     second degree.  

Sol.: Here ( ) ysiney ,xf x= ,        ( ) 00 ,0f =       

                  ( ) ysiney ,xf x
x = ,      ( ) 00 ,0fx =  

                  ( ) ycosey ,xf x
y = ,     ( ) 10 ,0fy =  

                  ( ) ysiney ,xf x
xx = ,     ( ) 00 ,0fxx =   

                  ( ) ysiney ,xf x
yy −= ,   ( ) 00 ,0fyy =  

                  ( ) ycosey ,xf x
xy = ,     ( ) 10 ,0fxy =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) .....0 ,0f
! 2

y
0 ,0xyf0 ,0f

! 2

x
0 ,0yf0 ,0xf0 ,0fy ,xf yy

2

xyxx

2

yx ++++++=  

( ) ( ) ( ) 01xy1y0x0ysinex ++++=∴  

 .........xyyysinex ++= . Ans. 

Q.No.16.: Expands 
x

y
tan 1−

  in the neighbourhood of (1, 1) by Taylor’s theorem. 

Sol.: Here ( )
x

y
tany ,xf 1−=                                                                                     (i) 

1b  ,1a ==             
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 ( ) ( )
4

1tan
1

1
tan1 ,1f 11 π

==







= −− ,   putting 1yx ==  in (i), we get 

By Taylor’s theorem, we get 

( ) ( ) ( ) ( ) ( ) ( )1 ,1f1y1 ,1f1x1 ,1fy ,xf yx −+−+=  

                ( ) ( ) ( )( ) ( ) ( ) ( )[ ] .........1 ,1f1y1 ,1f1y1x21 ,1f1x
! 2

1
yy

2
xyxx

2
+−+−−+−+        (ii) 

Differentiate (i) partially w. r. t. x and y, we get 

22

1
x

yx

y

y

x
tan

x
f

+
−=









∂

∂
= −                        ( )

2

1

11

1
1 ,1fx =

+
=∴  ( )1yx ==∵  

22

1
y

yx

x

y

x
tan

x
f

+
−=









∂

∂
= −                          ( )

2

1

11

1
1 ,1fy =

+
=∴  

2222xx
yx

xy2

yx

y

x
f

+
−=











+

−

∂

∂
=                        ( )

2

1

4

2
1 ,1fxx ==∴  

2222yy
yx

xy2

yx

x

x
f

+

−
−=











+∂

∂
=                        ( )

2

1

4

2
1 ,1fyy −=−=∴  












+∂

∂
=

22xy
yx

x

x
f                                             ( ) 0

4

11
1 ,1fxy =

−
=∴  

Putting the values of ( ) ( ) ( ) ( )1 ,1f  ,1 ,1f  ,1 ,1f  ,1 ,1f xyyx  etc. in (ii), we get 

( ) ( )
! 2

1
1y

2

1
1x

2

1

4x

y
tan 1 +−+−−

π
=−

 

                  ( ) ( )( ) ( ) ..........
2

1
1y0.1y1x2

2

1
.1x

22
+
















−−+−−+−+  

Hence, 
( ) ( )

...........
2

1y1x

! 2

1

2

1y

2

1x

4x

y
tan

22
1 +











 −−−
+






 −
+






 −
−

π
=−

. Ans. 

Q.No.17.: Expand 2y3yx2 −+  in powers of ( )1x −  and ( )2y +  using Taylor’s  

                   Theorem. 

Sol.: Expansion f(x, y) in powers of ( )ax −  and ( )bx −  is given by 

( ) ( ) ( ) ( ) ( ) ( )[ ]b ,afbyb ,afaxb ,afy ,xf yx −+−+=  
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            ( ) ( ) ( )( ) ( ) ( ) ( )[ ]b ,afbyb ,afbyax2b ,afax
! 2

1
yy

2
xyxx

2
−+−−+−+  

          

( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )
....

b ,afbyb ,afbyax3

b ,afbyax3b ,afax

! 3

1

yyy
3

xyy
3

xxy
2

xxx
3

+

















−+−−+

−−+−

+                                       (i)      

Here 2y3yxy) ,x(f 2 −+= ,        a = 1,  2b −= . 

( ) ( ) ( ) 10223212 ,1f 2 −=−−+−×=−  

xy2fx = ,       ( ) ( ) 4)2(122 ,1fx −=−=− ;         3xf 2
y += ,    ( ) 4312,1f 2

y =+=−  

y2fxx = ,        ( ) 4222) ,1(fxx −=−=−= ;      x2fxy = ,        22(1)2) ,1(fxy ==−  

0fyy = ,           02) ,1(fyy =−= ;                      0fxxx = ,        02) ,1(fxxx =−  

2fxxy = ,          22) ,1(fxxy =−= ;                    0fxyy = ,        02) ,1(fxyy =−  

0fyyy = ,          02) ,1(fyyy =−= . 

All higher order partial derivatives vanish. 

∴From (i), we get  y) ,x(f1y3yx2 =−+  

( )( ) ( )( )[ ] ( ) ( ) ( )( ) ( ) ( )[ ]02y)2(2y1x241x
2

1
42y41x10

22
+++−+−−+++−−+−=  

          ( ) ( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )[ ]02y02y1x322y1x301x
6

1 2223
+++−++−+−+  

( ) ( ) ( ) ( )( ) ( ) ( )2y1x2y1x21x22y41x410
22

+−++−+−−++−−−= . 

 

Now let us solve some more problems: 

Q.No.1.: Use Maclaurin’s theorem to expand 
xsine in a power series up to term  

                containing 7x . 

Sol.: Since we know that    ................
! 3

x

! 2

x
x1e

32
x ++++=   

                                  and ..................
! 7

x

! 5

x

! 3

x
xxsin

732

+−+−=  

( ) ( )
.........................

! 3

xsin

! 2

xsin
xsin1e

32
xsin ++++=∴  
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2
753753

........
! 7

x

! 5

x

! 3

x
x

! 2

1
........

! 7

x

! 5

x

! 3

x
x1












+−+−+












+−+−+=  

                 ..................
! 7

x

! 5

x

! 3

x
x

! 3

1
3

753

+











+−+−+  

          

2
6422642

.........
! 7

x

! 5

x

! 3

x
1

! 2

x
.........

! 7

x

! 5

x

! 3

x
1x1












+−+−+












+−+−+=  

               ....................
! 7

x

! 5

x

! 3

x
1

! 3

x
3

6423

+











+−+−+  

Using Binomial expansion, we get 












+












+−+−+












+−+−+= ..............

! 7

x

! 5

x

! 3

x
21

! 2

x
.........

! 7

x

! 5

x

! 3

x
1x1e

6422642
xsin  

              ...........................
! 7

x

! 5

x

! 3

x
31

! 3

x 6423

+











+












+−+−+  

Collecting terms of the same nature, we get 

...................x
8

1

2

x
x1e 4

2
xsin +−++= . 

This is the required expansion. 

Q.No.2.: Obtain by Maclaurin’s theorem the first five terms in the expansion of 

                 ( )xsin1log + . 

Sol.: We know ( ) ( ) ( ) ( ) ( ) .............0  f
! 3

x
0  f

! 2

x
0  xf0fxf

32

+′′′+′′+′+=        (i) 

Here  ( ) ( )xsin1logxf +=   ( ) ( ) 001log0f =+=∴                ( ) 00f =⇒  

( )
xsin1

xcos
xcos.

xsin1

1
x  f

+
=

+
=′                                         ( ) 10  f =′⇒  

( )
( )( )

( ) ( )22

2

xsin1

1xsin

xsin1

xcosxsinxsin1
x  f

+

−−
=

+

−−+
=′′                ( ) 10  f −=′′⇒  

( )
( ) ( ) ( ) ( )

( )2

2

xsin1

1xsinxcosxsin12xcosxsin1
x  f

+

−−+−−+
=′′′ ( ) 10  f =′′′⇒  
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Similarly ( ) 20  f iv −=  and ( ) 50  f v =  and so on. 

Substituting these values in (i), we get 

( ) ( ) ( ) ( ) ( ) .............5 
! 5

x
2 

! 4

x
1 

! 3

x
1 

! 2

x
x0xsin1log

5432

++−++−++=+  

                     ..............
24

x

12

x

6

x

2

x
x

5432

−+−+−= .Ans. 

Q.No.3.: Expand ( )[ ]x1log1log −−  in powers of x by Maclaurin’s theorem as for as the 

term containing 3x . 

Sol.: Since we know that  

( ) ....................
4

x

3

x

2

x
xx1log

432

−−−−−=−                                (i) 

( ) ....................
4

t

3

t

2

t
xt1log

432

−−−−−=−                                    (ii) 

Putting ( )x1logt −= in (ii), we get 

( )[ ]
2

432432

..........
4

x

3

x

2

x
x

2

1
..........

4

x

3

x

2

x
xx1log1log












++++−












++++=−−  

                                       

                               ...............
4

x

3

x

2

x
x

4

1
.......

4

x

3

x

2

x
x

3

1
4

432
3

432

+











++++−












+++++  

                            

2
32232

..........
4

x

3

x

2

x
1

2

x
..........

4

x

3

x

2

x
1x












++++−












++++=  

                                  .............
4

x

3

x

2

x
1x......

4

x

3

x

2

x
1

3

x
4

32
4

3
323

+











++++−












+++++  

Collecting terms of the same nature, we get 

( )[ ] .................
! 3

x
xx1log1log

3

++=−− . 

This is the required expansion.  

Q.No.4.: Expand xcos3
using Maclaurin’s series. 
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Sol.: ( ) ( )xcos3x3cos
4

1
xcosxf 3 +==                                ( ) 00f =⇒  

( ) ( )xsin3x3sin3
4

1
x  f −−=′                                                ( ) 00  f =′⇒  

( ) ( )xcosx3cos
4

3
x  f −−=′′                                                  ( ) 30  f −=′′⇒  

( ) ( )xsinx3sin9
4

3
x  f +=′′′                                                  ( ) 00  f =′′′⇒  

( ) ( )xcosx3cos27
4

3
x f iv +=                                                ( ) 210 f iv =⇒  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf

n2
n2

iv
432

+++′′′+′′+′+=  

Substituting these values, we get 

...............
! 4

x
21

! 2

x
31xcos

42
3 −+−= ................x

8

7
x

2

3
1 42 −+−= . 

This is the required expansion. 

Q.No.5.: Use Maclaurin’s theorem or otherwise show that: 

                (a) ( )











−+−= ...................4

! 4

x

! 2

x
1ee

42
xcos

 

                (b) ( ) ( ) .............xb3aa
6

1
xba

x

1
ax1bxcose 322222ax +−++++=  

                (c) ( ) ( ) .............alog
! 3

x
alog

! 2

x
alogx1a

3
3

2
2

x ++++=  

Sol.: (a) It is required to prove that 

( )











−+−= ...................4

! 4

x

! 2

x
1ee

42
xcos

 

( ) xcosexf =                                                                                               ( ) e0f =⇒  

( ) ( ) ( )( )xsinxfxsinex  f xcos −=−=′                                                       ( ) 00  f =′⇒  

( ) ( )( ) ( ) xcosxfxsinx  fx  f −−′=′′                                                           ( ) e0  f −=′′⇒  

( ) ( )( ) ( ) ( ) ( ) xsinxfxcosx  fxcosx  fxsinx  fx  f +′−′−−′′=′′′               ( ) 00  f =′′′⇒  
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( ) ( )( ) ( ) ( ) ( )( )[ ]xsinx  fxcosx  f2xcosx  fxsinx  fxf iv −′+′′−′′−−′′′=  

                   ( ) ( ) xcosxfxsinx  f +′+  

 

         ( )( ) ( ) ( ) ( )( )xsinx  f2xcosx  f2xcosx  fxsinx  f −′−′′−′′−−′′′=  

              ( ) ( ) xcosxfxsinx  f +′+                                                            ( ) e40f iv =⇒  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf

n2
n2

iv
432

++++′′′+′′+′+=  

Substituting, we get 

( ) ( ) ( ) ..................e4
! 4

x
0

! 3

x
e

! 2

x
0.xee

432
xcos +++−++=  

         ( ) ..................e4
! 4

x
e

! 2

x
e

42

+−=  

         ( )











+−= ..................4

! 4

x

! 2

x
1e

42

. 

This is the required expansion.  

(b):  It is required to prove that 

( ) ( ) .............xb3aa
6

1
xba

x

1
ax1bxcose 322222ax +−++++=  

( ) bxcosexf ax=                                                            ( ) 10f =⇒  

( ) ( )bxsinbebxcosex  f axax −+=′  

          ( ) ( )bxsinbexaf ax −+=                                      ( ) a0  f =′⇒  

( ) ( ) [ ]bxcosbebxsinaebx  afx  f axax +−′=′′                ( ) 22 ba0  f −=′′⇒  

( ) ( ) ( ) ( )[ ]xsinbeciosbxaebxcosbebxsinaeabx  afx  f axaxaxax +++−′′=′′′  

                                  ( ) ( ) ( )ababbbaa0  f 22 +−−=′′′⇒ ( ) ab2baa 222 −−= ( )22 b3aa −=      

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf

n2
n2

iv
432

+++′′′+′′+′+=  

Substituting, we get 
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( ) ( ) ...........
! 3

x
b3aa

! 2

x
baax1bxcose

3
22

2
22ax +−+−++=  

This is the required expansion.   

(c): ( ) xaxf =  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf

n2
n2

iv
432

+++′′′+′′+′+=  

Now ( ) xaxf = ,              ( ) 10f =  

( ) alogax  f x=′ ,            ( ) alog0  f =′  

( ) ( )2x alogax  f =′′ ,       ( ) ( )2alog0  f =′′  

( ) ( )3x alogax  f =′′′ ,       ( ) ( )3alog0  f =′′′  

Substituting the values, we get 

 

This is the required expansion.    

Q.No.6.: Obtain the Maclaurin’s expansion of 







+

π
x

4
tan  and hence find the value of  

               ( )0346 ′−°  to four decimal places. 

Sol.:  Let ( ) 







+

π
= x

4
tanxf ,                                             ( ) 1

4
tan0f =

π
=  

( ) 







+

π
=′ x

4
secx  f

2 ,                                                         ( ) 2
4

sec0  f 2 =
π

=′  

( ) 







+

π








+

π
=′′ x

4
tanx

4
sec2x  f

2 ,                                    ( ) ( ) 41.220  f
2

==′′  

( ) 







+

π
+







+

π








+

π
=′′′ x

4
sec2x

4
tanx

4
sec4x  f

422 ,  ( ) ( ) ( ) 16221.240  f
42

=+=′′′  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf

n2
n2

iv
432

+++′′′+′′+′+=  

( ) ( ) ............................alog
!3

x
loga

!2

x
alogx1a

3
3

2
2

x ++++=
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............
3

x16

2

x4
x21x

4
tan

32

++++=







+

π
∴  

Now ( ) 







+

π
=








+°=′−°

120

14

4
tan

2

1
.145tan0346tan  

Hence  ( ) 0537.1..........
120

.2
120

14
.210346tan

2

=+






 π
++=′−° . Ans. 

Q.No.7.: Expand 




 ++ 1xxlog 2

e up to first four terms by Maclaurin’s theorem. Hence 

calculate the value of 2loge by putting x = 0.75 in the expansion. 

Sol.: Let ( ) 




 ++= 1xxlogxf 2

e ,                             ( ) 01log0f ==  

1x

1

1x

x
1

1xx

1
 (x)  f

222 +
=















+
+






 ++

′ ,             ( ) 10  f =′  

( ) 2/32 1x

x
 (x)  f

+

−
=′′ ,                                                       ( ) 00  f =′′  

( ) ( ) 2/522/32 1x2

x2.x3

1x

1
 (x)  f

+

+

+

−
=′′′ ,                                ( ) 10  f −=′′′  

( )
( ) ( ) ( ) 2/72

2

2/522/32

iv

1x2

x2.x15

1x

x6

1x2

x2.3
xf

+

−

+

+

+

= ,           ( ) 00 f iv =  

Hence by Maclaurin’s series, we get  

........................
! 5

x9

! 3

x
x1xxlog

53
2

e ++−=




 ++  

To calculate 2loge , put x = 0.75 

( ) ( )
6974.0................

! 5

75.

! 3

75.
75.2log

53

=++−= .Ans. 

Q.No.8.: Expand xsin 1−
 is a series of power of x. 

Sol.: ( ) xsinxf 1−=             ( ) ( ) 2/12

2
x1

x1

1
x' f

−
−=

−
=∴  
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( ) ( ) ( ) ( ) 2/322/32 x1xx2x1
2

1
x'' f

−−
−=−−








−=  

( ) ( ) ( ) ( ) ( ) ( ) 2/5222/322/522/32 x1x3x1x2x1
2

3
xx1x''' f

−−−−
−+−=−−








−+−=  

( ) ( ) ( ) ( ) ( )x2x1
2

5
x3x1x6)x2(x1

2

3
x f

2/5222/522/52iv −−






 −
+−+−−







 −
=

−−−
 

            ( ) ( ) ( ) 2/7222/522/52 x1x15x1x6x1x3
−−−

−+−+−=  

            ( ) ( ) 2/7232/52 x1x15x1x9
−−

−+−=  

( ) ( ) ( ) ( ) ( )x2x1
2

7
x15x1x45)x2(x1

2

5
x9x19)x(f

2/9232/7222/722/52v −−







−+−+−−








−+−=

−−−−

            ( ) ( ) ( )              x1x105x1x90x1x9
2/9242/7222/52 −−−

−+−+−=  

Now put x = 0 in all, we get 

f(0) = 0,        1(0)' f = ,   0(0)'' f = ,     1(0)''' f = ,      0)0(f iv = ,   9)0(f v =  

Now by Maclourins theorem 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ....................0 f
!5

x
0 f

!4

x
0''' f

!3

x
0'' f

!2

x
0' xf0fxf v

5
iv

432

++++++=  

Substituting the values of f(0) = 0,        1(0)' f = ,   0(0)'' f = ,     1(0)''' f = ,      

0)0(f iv = ,   9)0(f v = , we get 

...................
! 5

9
x0

! 3

x
0x0xsin 5

3
1 +×+++++=−  

...................x
 5.4.2

3.1
0x

3.2

1
xxsin 531 ++++=∴ −

. Ans. 

Other Method: 

( ) xsinxf 1−=             ( ) ( ) 2/12

2
x1

x1

1
x' f

−
−=

−
=∴  

By binomial expansion 

...........x
!3

2
2

1
1

2

1

2

1

x
!2

1
2

1

2

1

x
2

1
1(x)' f 642 +









−−








−−








−

−









−−








−

+







−−=  
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         ...................x
16

5
x

8

3

2

x
1 64

2

++++=  

................x
16

65
x

8

12

2

2x
(x)'' f 53 +

×
++= ...................x

8

15
x

2

3
x 53 +++=  

( ) ........................x
8

75
x

2

9
1x''' f 42 +++=  

...................x
2

75
x9)x(f 3iv ++=  

....................x
2

225
9f 2v ++=  

Now put x = 0 in all, we get 

f(0) = 0,        1(0)' f = ,   0(0)'' f = ,     1(0)''' f = ,      0)0(f iv = ,   9)0(f v =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ....................0 f
!5

x
0 f

!4

x
0''' f

!3

x
0'' f

!2

x
0' xf0fxf v

5
iv

432

++++++=  

Substituting the values of f(0) = 0,        1(0)' f = ,   0(0)'' f = ,     1(0)''' f = ,      

0)0(f iv = ,   9)0(f v = , we get 

...................
! 5

9
x0

! 3

x
0x0xsin 5

3
1 +×+++++=−  

...................x
 5.4.2

3.1
0x

3.2

1
xxsin 531 ++++=∴ −

. Ans. 

Q.No.9.: Prove that ( ) .....................
3

x
xxsin

4
221 ++=−

  

Sol.: Let ( ) ( )21 xsinxf −=  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf n2

n2
iv

432

+++′′′+′′+′+=  

( ) ( )21 xsinxf −= ,                                                                   ( ) 00f =  

( ) ( )
2

1

x1

1
.xsinx  f

−
=′ − ,                                                    ( ) 00  f =′  
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( ) ( ) ( ) ( ) ( ) 







−−+−−








−=′′

−−−− 2/122/122/321 x1.x1x2x1
2

1
xsin2x  f  

            ( ) ( ) 





−+−=

−−− 122/321 x1x1xsinx2                          ( ) 20  f =′′  

( )
( ) ( ) ( )

( ) ( ) ( )( ) ( ) 

































−−−+−+−

−






 −
+−−

=′′′
−−−

−−−−

x2x11x1xsinx2            

x1
2

3
xsinxx1x1x

2x  f
222/321

2/5212/322/12

 

              ( ) ( ) ( ) ( ) ( ) 














−+−+−+−=
−−−−−−

x2x1x1xsinx1xsinx3x1x2
222/3212/521222  

( ) 00  f =′′′  

Substituting the values, we get 

( ) .............................8.
! 4

x
0.

! 3

x
2.

! 2

x
0.x0xf

432

+++++=  

( ) .........................
3

x
xxsin

4
221 ++=−  

This is the required expansion.   

Q.No.10.: Prove that .........x
3

1
x

x1

xsin 3

2

1

++=
−

−

 

Sol.: Let ( )
2

1

x1

xsin
xf

−
=

−

 

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf n2

n2
iv

432

+++′′′+′′+′+=  

( )
2

1

x1

xsin
xf

−
=

−

,                                                                                 ( ) 00f =  

( ) ( ) ( ) ( ) ( ) ( ) 2/122/122/321 x1x1x2x1
2

1
xsinx  f

−−−− −−+−−







−=′  

           ( )( ) ( ) 2/1212/32 x1xsinx1x
−−−

−+−= ,                                    ( ) 10  f =′  

( ) ( ) ( ) ( ) 222/3212/5212 x1x3x1xsinx1xsinx3x  f
−−−−− −+−+−=′′ ,    ( ) 00  f =′′  
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( ) ( ) ( ) ( ) ( )x2x1
2

5
xsinx3x1x1x3x  f

2/72122/522/122 −−







−+−−=′′′

−−−−
 

            ( ) ( ) ( ) ( ) ( ) ( )x2x1
2

3
xsinx1x1x1sinx23

2/6212/322/122/52x −−







−+−−+−+

−−−−−−  

                ( )( ) ( ) ( ) 2232 x13x2x11x3
−−

−+−−−+ ,                               ( ) 40  f =′′′  

Substituting the values, we get 

( ) ....................4.
! 3

x
0.

! 2

x
1.x0

x1

xsin
xf

32

2

1

++++=
−

=
−

 

                         ................x
3

2
x 3 ++=  

This is the required expansion.   

 

Q.No.11.: Prove that ...............x
16

1
x

8

1
x

2

1
1

x1

xcos 32 +−−−=
+

. 

Sol.: Since we know that ..................
24

x

2

x
1xcos

42

−+−=  

         and  ( ) ....................x
16

5
x

8

3
x

2

1
1x1 322/1

+−+−=+
−

  [by Binomial theorem] 

( )( ) 







+−+−














−+−=−∴

−
...............x

16

5
x

8

3

2

x
1...........

24

x

2

x
1x1xcos 32

42
2/1

 

                               ...........x
32

5
x

16

3

4

x

2

x
x

16

5
x

8

3

2

x
1 54

32
32 ++−+−−+−=  

                               ...........
16

5

4

1
x

2

1

8

3
x

2

x
1 32 +








−+








−+−=  

                               ...................
16

x

8

x

2

x
1

32

+−−−= . 

Which is the required expansion. 

Q.No.12.: Prove that ...................
6

x

3

x
x1xcose

43
x +−−+= . 

Sol.: Since we know that 
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.................
! 4

x

! 3

x

! 2

x
x1e

432
x +++++=  

and .................
! 4

x

! 2

x
1xcos

42

−+−=  














−+−














+++++=∴ ............

!4

x

! 2

x
1.......

24

x

6

x

2

x
x1xcose

42432
x  

                
12

x

6

x

48

x

4

x

2

x

24

x

2

x
x

24

x

2

x
1

536425342

−++−++−++−=  

                     
( )

......................
24

x

48

x

24

x

6.24

x
2

8647

++−++  

                ...............
24

x

6

x

4

x

2

x

2

x
x

24

x

2

x
1

4342342

+++−+−++−=  

                 ..............x
6

1
x.

3

1
x1 43 +−−+=  

                 ..............
6

x

3

x
x1

43

+−−+= , 

which is the required expansion. 

Q.No13.: Prove that ( ) ......................x
24

5

2

x
x1esin 4

2
x +−+=− . 

Sol.: Since we know that .................
24

x

6

x

2

x
x1e

432
x +++++=  

( )













−+++++=−∴ 1......................

24

x

6

x

2

x
x1sin1esin

432
x  

                     













++++= ......................

24

x

6

x

2

x
xsin

432

 

                     

























++++= .............

24

x

6

x

2

x
1xsin

432

 

Since we know that 

.................
120

z

6

z
zzsin

53

++−=  
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( ) ....................x
24

3
x

6

3
x

2

3
1

6

x

24

x

6

x

2

x
1x1esin 32

332
x +








++++−














+++=−∴  

Applying the Binomial theorem, we obtain 

                    







++++−+++= ..................x

24

3
x

6

3
x

2

3
1

6

x

24

x

6

x

2

x
x 32

3432

 

                  ....................
48

x

12

x

4

x

6

x

24

x

6

x

2

x
x

6543432

+−−−−+++=  

                  ........................x
24

5

2

x
x 4

2

+−+= , 

which is the required expansion. 

Q.No.14.: Prove that ................x
24

11

3

x
xx1e 4

3
2xcosx +−−++= . 

Sol.: Let yxcosx =  

....................
24

y

6

y

2

y
y1e

432
y +++++=∴                                                 (i) 

Put xcosxy = in (i), we get 

...................xcos
24

x
xcos

6

x
xcos

2

x
xcosx1e 4

4
3

3
2

2
xcosx +++++=        (ii) 

Using the expansion of xcos  

....................
24

x

2

x
1xcos

42

−+−=  

3
423

2
42247

xcosx ..........
24

x

2

x
1

6

x
.......

24

x

2

x
1

2

x
..........

24

x

2

x
1x1e














++−+














++−+














+−+=∴

                      ................................
24

x4

2

x4
1

24

x
4

424

+













++−+  

Using Binomial expansion, we get 

                   













++−+++−+= ........

24

x2

2

x2
1

2

x
........

24

x

2

x
x1

42253

 

                       













++−+














++−+ ...........

24

x4

2

x4
1

24

x
........

24

x3

2

x3
1

6

x 424423

 



Differential Calculus: Taylor and Maclaurin’s Theorems         
Visit: https://www.sites.google.com/site/hub2education/ 

 

27 

                    
( )

.....
24

x4

48

x4

24

x

48

x

4

x

6

x

24

x

2

x

2

x

24

x

2

x
x1

2

86475364253

++−++−++−++−+=  

                    ...........
24

x

6

x

2

x

2

x

2

x
x1

43423

+++−+−+=  

                    ..............
24

x11

3

x

2

x
x1

432

+−−++= , 

which is the required expansion. 

Q.No.15.: Prove that ..................
12

x

2

x
1

1e

x 2

x
+−=

−
. 

Sol.: Since we know that 

.............
6

x

2

x
x1e

32
x ++++=  














−++++

=
−

∴

1...............
6

x

2

x
x1

x

1e

x

32x

........
6

x

2

x
x

x
32

+++

=  

               














+++

=

...........
6

x

2

x
1x

x

2














+++

=

.........
6

x

2

x
1

1

2
 

               

1
2

........
6

x

2

x
1

−














+++=                                                       (i) 

Also we know that 

( ) ........................zz1z1 21
−+−=+

−
 

Apply this expansion in (i), we get 

..............................
6

x

2

x
.......

6

x

2

x
1

1e

x
2

22

x 












+++














++−=

−
 

            ....................
6

x

36

x

4

x

6

x

2

x
1

3422

++++−−= .........
4

1

6

1
x

2

x
1 2









+−+−=  

            ................
12

x

2

x
1

2

++−= , 

which is the required expansion. 
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Q.No.16.: Prove that ( ) ............
192

x

8

x

2

x
2loge1log

42
x +−++=+ . 

Sol.: Let ( ) ( )xe1logxf +=                                                     ( ) 2log0f =⇒  

( ) x

x
e.

e1

1
x  f

+
=′                                                                   ( )

2

1
0  f =′⇒  

( )
( )

( )
( )

( )2x

x2x2x

2x

x2xx

e1

eee

e1

eee1
x  f

+

−+
=

+

−+
=′′  

            

( )2x

x

e1

e

+

=                                                                   ( )
4

1
0  f =′′⇒  

( )
( ) ( )

( )
( )

( )4x

x3x2xx2x2

4x

xx2x2x

e1

e2e2ee2e1

e1

e12eee1
x  f

+

+−++
=

+

+−−+
=′′′  

               

( )4x

x3x2x2x3x

e1

e2e2e2ee

+

−−++
=

( )4x

x3x

e1

ee

+

−
=                ( ) 00  f =′′′⇒  

( )
( ) ( ) ( ) ( )

( )8x

x3xx3xx3x4x
iv

e1

ee14eee3ee1
xf

+

+−−−+
=                   ( )

8

1
0f iv −=⇒  

Putting the values, we get 

( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf iv

432

++′′′+′′+′+=  

         .................
192

x

8

x

2

x
2log

42

+−++=  

which is the required expansion.  

Q.No.17.: Prove that .................
2880

x

24

x

2

x

1e

xe
log

42

x

x

++−=
−

. 

Sol.: ( ) a
1e

xe
logxf

x

x

=
−

= a

x

x

0x
e

1e

xe
Lim =

−
⇒

→
 

Applying L – Hospital’s rule 

1e1
e

xee
Lim a

x

xx

0x
=⇒=

+

→
 

0a =∴                                                                      ( ) 00f =⇒  
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( )
( )( )

( ) ( )1ex

1xe

1e

e.xeexe1e
.

xe

1e
x  f

x

x

2x

xxxx

x

x

−

−−
=

−

−+−−
=′  

Applying L – Hospital’s rule 

( ) 2

1

e2xe

e
Lim

1exe

1e
Lim

1ex

1xe
Lim

xx

x

0xxx

x

0xx

x

0x
=

+
=

−+

−
=

−

−−

→→→
 

( )
2

1
0  f =′  

( )
( )( ) ( )( )

( )2x2

xxxxx

1xex

1xee1xe1e1ex
x  f

−

−+−−−−−
=′′

x22x22

1xx2x2

ex2xex

e2exe

−+

++−
=

−

 

Applying L – Hospital’s rule  

x22x22

1xx2x2

0x ex2xex

e2exe
Lim

−+

++− −

→
 

Putting x = 0, we get 

( )
12

1
0  f −=′′  

Applying Maclaurin’s theorem and putting the values, we get 

( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf iv

432

++′′′+′′+′+=  

       ...........
2880

x
0

24

x

2

x
0

42

+++−+=  

       .................
2880

x

24

x

2

x 42

++−= , 

which is the required expansion.  

Q.No.18.: Prove that .........
2835

x

180

x

6

x

x

xsin
log

642

−−−−=







. 

Sol.: 


















∞+++−

=








x

...........
! 7

x

! 5

x

! 3

x
x

log
x

xsin
log

753

 

                            



























∞++−−= ...........

! 7

x

! 5

x

! 3

x
1log

642
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3
42

2
42642

.........
! 5

x

! 3

x

3

1
.........

! 5

x

! 3

x

2

1

! 7

x

! 5

x

! 3

x














+−−














+−−














+−−=  

                            













−+−−+−=

360

x

14400

x

36

x

2

1

5040

x

120

x

6

x 684642

 

                            
720

x

72

x

5040

x

120

x

6

x 64642

−−−+−=  

                             







+−








−+−=

720

1

5040

1
x

72

1

120

1
x

6

x 64
2

               

                             ............
2835

x

180

x

6

x 642

−−−=  

which is the required expansion.  

Q.No.19.: Prove that .........
2835

x

180

x

6

x

x

xsinh
log

642

−+−−=







. 

Sol.: 
x

...........
! 7

x

! 5

x

! 3

x
x

log
x

xsinh
log

653














∞+++−

=







 

                            



























∞++++= ...........

! 7

x

! 5

x

! 3

x
1log

653

 

                            

2
642642

.........
! 7

x

! 5

x

! 3

x

2

1

! 7

x

! 5

x

! 3

x














++−














+−=  

                            













−++−++=

360

x

14400

x

36

x

2

1

5040

x

120

x

6

x 684642

 

                            ..........
2835

x

180

x

6

x 642

++−=  

which is the required expansion.  

Q.No.20.: Prove that 




 ++=− 1xxlogxsinh 21  

Sol.: Let ( )




 ++= 1xxlogxf 2                                  ( ) 00f =⇒  
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( ) x2.
1x2

1
1x  f

2 +
+=′                                                ( ) 10  f =′⇒  

( ) ( ) ( ) 2/322/32 1xxx2.1x
2

1
x  f

−−
+−=+−=′′                 ( ) 00  f =′′⇒  

( ) ( ) ( ) ( )11xx2.1x
2

3
xx  f

2/322/52 −+=+







−−=′′′

−−
     ( ) 10  f =′′′⇒  

Applying Maclaurin’s theorem and putting the values, we get 

( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf iv

432

++′′′+′′+′+=      

        ............
40

x3
0

6

x
0x0

53

++++++=  

       .............
40

x3

6

x
x

53

+++=  

which is the required expansion.  

Q.No.21.: Prove that .....................
5

x

3

x
xxtanh

53
1 +++=−

. 

Sol.: ( ) ( )[ ]x1logx1log
2

1

x1

x1
log

2

1
xtanh 1 −−+=

















−

+
=−

 

Since we know that  

( ) ............
5

x

4

x

3

x

2

x
xx1log

5432

−+−+−=+  

and ( )











+++++−=− ............

5

x

4

x

3

x

2

x
xx1log

5432

 


























++++++














−+−+−=∴ − .........

5

x

5

x

3

x

2

x
x.........

5

x

5

x

3

x

2

x
x

2

1
xtanh

54325432
1  

                  .....................
5

x

3

x
x

53

+++=  

which is the required expansion. 

Q.No.22.: Expand xsecex
. 
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Sol: 

1
432

...............
!4

x

!3

x

!2

x
1

xcos

1
xsec

−














+−+−==  

Consider y as 













+−+ ...............

!4

x

!3

x

!2

x 432

( ) 1
y1

−
−=  

By binomial theorem 

.......................yyyy1 432 +−+−+=  

3
2

2
432432

.........
!2

x
......

!4

x

!3

x

!2

x
.....

!4

x

!3

x

!2

x
1














++














+−+−














+−++=  

2
2432

........
!2

x
......

!4

x

!3

x

!2

x
1














+−














+−++=  









++++=

4

1

!4

1
x

!3

3x

!2

x
1 4

2
4

2

x
6

5

!3

3x

!2

x
1 +++=  














+++++














+++= ...............

!4

x

!3

x

!2

x

1

x
1x

6

5

!3

3x

!2

x
1xsece

432
4

2
x  

             ..................x
3

2
xx1 32 ++++=  

..................x
3

2
xx1scxe 32x ++++=∴ . Hence proves the result. 

Another method: 

Let  ( ) xsecexf x=  

( ) xtanxsecexsecex' f xx += ( )xtan1xsecex +=  

( ) ( )1xtan)x(fx' f +=∴  

( ) ( )( ) xsec)x(fxtan1x' fx'' f 2++=  

( ) ( ) ( )( ) xsec)x(' fxtan1x'' fxtanxsec2)x(fxsecx' fx''' f 222 ++++=  

            ( ) ( )( )xtan1x'' fxsecx' f2xtanxsec)x(f2 22 +++= . 

Now put x = 0 in all  

f(0) = 1,        1(0)' f = ,   2(0)'' f = ,     4(0)''' f = ,       
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( ) ( ) ( ) ( ) ( ) ....................0''' f
!3

x
0'' f

!2

x
0' xf0fxf

32

++++=  

Substituting the values of  f(0) = 1,        1(0)' f = ,   2(0)'' f = ,     4(0)''' f = , we get 

..................
!3

4
x

!2

2
xx1xsece 32x ++×++=  

..................x
3

2
xx1scxe 32x ++++=  . Hence proves the result. 

Q.No.23.: Prove that ..................
!4

x

30

1

! 2

x

6

1
1

1e

1e

2

x 42

x

x

+−+=
−

+
 

Sol: 














−++++














++++

=

1.........
!3

x

!2

x
x1

1.............
!2

x
x1

2

x
)x(f

32

2














+++














+++

=

.........
!3

x

!2

x
1x

.............
!2

x
x2

2

x

2

2

 

                 

1
3232

.............
!3

x

!2

x
1.............

!3

x

!2

x
x2

2

1
−














+++














++++=  

                  



























+++














++−














++++=

2
2232

.......
!3

x

!2

x
.............

!3

x

!2

x
1......

12

x

4

x

2

x
1  

                   













+++














++++−














++++= ......

24

x

6

x

2

x
......

12

x

4

x

2

x
1......

12

x

4

x

2

x
1

323232

 

                                  .............
24

x

6

x

2

x
1......

12

x

4

x

2

x
1

2
3232

+













++++














++++  

                   
24

x

8

x

48

x

12

x

6

x

12

x

8

x

4

x

2

x

48

x

12

x

4

x

2

x
1

43432432432

−−−−−−−−−++++=  

                       

























++++














++++ ......

24

x

6

x

2

x
.2

12

x

4

x

12

x

4

x

2

x
1...........

323232

 

                     













++++++++−−−= ............

4

x

2

x
1...............

16

x

8

x

4

x
.....

24

x3

6

x

4

x
1

4434423
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                            .........
24

x

6

x
.........

24

x

36

x
.2........

24

x

36

x 4332
2

34

+++













++














++  

..................
!4

x

30

1

! 2

x

6

1
1

1e

1e

2

x 42

x

x

+−+=
−

+
. Hence proves the result. 

Q.No.24.: Prove that ( ) ...........x
6

5

2

x
x1x1 4

3
2x

++−+=+ . 

Sol.: Let ( ) ( )x
x1xf +=  

( ) ( )x1logxxflog +=  

 Since ( ) ......................
4

x

3

x

2

x
xx1log

432

+−+−=+  

( ) ( ) .................
4

x

3

x

2

x
xx1logxxflog

543
2 +−+−=+=∴  

( )
( )

................
4

x5

3

x4

2

x3
x2

xf

x  f 432

+−+−=
′

 

( ) ( ) 1x
x1xx  f

−
+=′  

( ) ( ) ( )( ) 2x1x
x11xxx1x  f

−−
+−++=′′  

( ) ( )( ) ( )( ) ( ) ( )( )( ) 3x2x2x2x
x12x1xxx1xx11xx11xx  f

−−−−
+−−++++−++−=′′′  

( ) ( )( )( ) ..............x12x1xxx f
2xiv ++−−=

−
 

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf n2

n2
iv

432

+++′′′+′′+′+=  

         ...................x
6

5

2

x
x1 4

3
2 ++−+=  

( ) ...................x
6

5

2

x
x1x1 4

3
2x

++−+=+∴ , 

which is the required expansion. 

Q.No.26.: Prove that n2
n2

0n

423 x
!n2

33

4

1
................x

8

7
x

2

3
1xcosh

+
=+++= ∑

∞

=

. 

Sol.: We know that xcosh3xcosh4x3cosh 3 −=  
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[ ]xcosh3x3cosh
4

1
xcosh3 +=∴            

Let  ( ) [ ]xcosh3x3cosh
4

1
xf +=                                  ( ) 10f =⇒  

Differentiating f(x), w. r. t. x  

( ) [ ]xsinh3x3sinh3
4

1
x  f +=′                                      ( ) 00  f =′⇒  

Again differentiating w. r. t. x, we get 

( ) [ ]xcosh3x3cosh9
4

1
x  f +=′′                                    ( ) 30  f =′′⇒  

Again differentiating w. r. t. x, we get 

( ) [ ]xsinh3x3sinh27
4

1
x  f +=′′′                                   ( ) 00  f =′′′⇒  

Again differentiating w. r. t. x, we get 

( ) [ ]xcosh3x3cosh81
4

1
x  f iv +=                                  ( ) 210  f iv =⇒  

( ) [ ]xcosh3x3cosh3
4

1
xf n2n2 +=                                 ( ) ( )33

4

1
0f n2n2 +=⇒  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )........0f
!n2

x
..........0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf n2

n2
iv

432

+++′′′+′′+′+=  

        
( )

!n2

x33

4

1
.............21.

!4

x
0.

!3

x
3.

!2

x
0.x1

n2n2432 +
++++++=  

        ........................
8

x7

2

x3
1

42

++=  

        
n2

n2

x
!n2

33
0n

4

1 +
= ∑

∞

. Ans. 

Q.No.27.: Prove that 













−+−=













 −+− ..................
5

x

3

x
x

2

1

x

1x1
tan

532
1 . 

Sol.: Let 












 −+
= −

x

1x1
tany

2
1 ,       Put θ= tanx  
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( )
2tan

1sec
tanyxf 1 θ

=








θ

−θ
==∴ −  

2

1

d

dy
=

θ
∴ ,            θ= tanx ,                θ=

θ
∴ 2sec

d

dx
 

( ) ( )22 x12

1

tan12

1

dx

dy

+
=

θ+
=∴  

( )
( )2x12

1
0  f

+
=′∴  

( )
( )22x12

x
0  f

+

−
=′′  

( )
( ) ( )22

2

32

2

x1

1x3

x12

2x6
0  f

+

−
=

+

−
=′′′  

( )
( )42

3
iv

x1

1x12x12
0 f

+

−−
==  

( )
( )

( )52

42
v

x1

x26x10112
0 f

+

+−
==  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

++′′′+′′+′+=  

        













++−= .................

5

x

3

x
x

2

1 53

 

This completes the proof. 

Q.No.28.: Prove that 













++−−π=















+

−
−

−
− ...........

5

x

3

x
x2

xx

xx
cos

53

1

1
1 . 

Sol.: Let ( )














+

−
==

−

−
−

1

1
1

xx

xx
cosyxf ,     θ= tanx . 

xtan22
1

cossin
cos

cottan

cottan
cosy 1

22
11 −−− −π=θ−π=













 θ−θ
=









θ+θ

θ−θ
=         
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( )
2x1

2
x  f

+

−
=′∴  

( )
( ) 














+

−
−=′′

22x1

x2
2x  f

( )22x1

x4

+

=  

( )
( )( )

( )32

2

x1

2x62
x  f

+

−−
=′′′  

( )
( )( )

( ) ( )42

3

42

33
iv

x1

x48x48

x1

x12x36x12x122
xf

+

+−
=

+

+++−
=  

( )
( )

( )52

42
v

x1

x26x10148
xf

+

+−−
=  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ................0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

+++′′′+′′+′+=  

        













++−−π= ...............

5

x

3

x
x2

53

. 

This completes the proof. 

Q.No.29.: Prove that .................x
3

2
x1sec 422 +++=  

Sol.: Let ( ) xsecxf 2=  

( ) xtanxsec2x  f 2=′  

( ) ( )xsecxtan2xsec2xsec2xtanxsec4x  f 222422 +=+=′′  

( ) ( )xtanxsec2xsecxtan4xsec2xsecxtan2xtanxsec.xsec4x  f 22222 +++==′′′  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

++′′′+′′+′+=  

       ..................x
3

2
x1 42 +++=  

This completes the proof. 
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Q.No.30.: Prove that  
4

x 2 x 3 x
e sin x e x .............

6
= + + +  

Sol.: Let ( ) xsinexf 2x=  

( ) ( )x2sinxsinex  f 2x +=′  

( ) ( ) ( )x2cos2x2sinex2sinxsinex  f x2x +++=′′ ( )x2cos2x2sin2xsine 2x ++=  

( ) ( ) ( )x2sin4x2cos4x2sinex2cos2x2sin2xsinex  f x2x +++++=′′′  

            ( )x2cos6x2sin4x2sin3xsine 2x +−+= ( )x2cos4x2sin12xsine 2x +−=  

( ) ( )x2cos4x2cos4x2sin12xsinexf 2xiv ++−=  

Now  Maclaurin’s series is 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

++′′′+′′+′+=  

        .................
6

x
xx

4
32 ++=  

This completes the proof. 

Q.No.32.: If ................
4

y

3

y

2

y
yx

432

+−+−= ,  

                 Prove that ..................
! 4

x

! 3

x

! 2

x
xy

432

++++=  

Sol.: Given ..........
4

y

3

y

2

y
yx

432

+−+−= ( )y1log +⇒ xey1 =+⇒ 1ey x −=⇒  

Let ( ) 1eyxf x −==  

Then ( ) ( ) ( ) ( ) ( ) xvxivxxx ex f  ,ex f   ,ex  f  ,ex  f  ,ex  f ===′′′=′′=′ . 

Now put x = 0, we get  

( ) ( ) ( ) ( ) ( ) 10 f  ,10 f   ,10  f  ,10  f  ,00  f viv ===′′′=′′=′  

Now by Maclaurin’s theorem 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

++′′′+′′+′+=  

        ...................
! 4

x

! 3

3x

! 2

x
x

42

+++=  
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This completes the proof. 

Q.No.33.: If 01xyyx 33 =−++ , Prove that ...............x
81

26

2

x
1y 2 +−−= . 

Sol.: Here 01xyyx 33 =−++                                                    (i) 

Putting x = 0, we get  1y3 =                  ( ) 10y =                         (ii) 

Differentiating (i) w. r. t. x, we get 

0yxyyy3x3 1
22 =+

′
+′+                                                           (iii) 

Put  x = 0 and  ( ) 10y =  in (iii), we get 

( ) ( )
3

1
0y10y3 −=′⇒−=′                                                            (iv) 

Differentiating (iii) w. r. t. x, we get 

( ) 0yyxyyy3yy6x6 22
=′+′′+′+′′+′+                                      (v) 

Putting x = 0,   ( ) ( )
3

1
0y   ,10y −=′=   in (v), we get 

( ) 0
3

1
y.0

3

1
y3

9

1
.1.6 0 =−′′+−′′+  

( ) 00y =′′                                                                                               (vi) 

Differentiating (v) w. r. t. x, we get 

( ) 0yyyxyyy3yyy6y6yyy126 23
=′′+′′+′′′+′′+′′′+′′′+′+′′′+          (vii) 

Putting x = 0,   ( ) ( ) ( ) 00y   ,
3

1
0y   ,10y =′′−=′=   in (vii), we get 

( )
27

52
y 0 −=′′′                                                                                        (viii) 

Now by Maclaurin’s theorem 

( ) ( ) ( ) ( ) ( ) ( ) ...........0 y
!5

x
 y

!4

x
0  y

!3

x
0  y

!2

x
0 yx0yy v

5
iv

432

+++′′′+′′+′+=  

    ........
27

52
.

3..2.1

x
0.

! 2

x

3

x
1

32

−−+−=  

     ...............
81

x26

3

x
1

3

−−= . 
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This completes the proof. 

Q.No.34.: Expand ( )hxsinlog + in powers of h by Taylor’s theorem. 

Sol.: Let ( ) ( )hxsinloghxf +=+  

( ) xcotxcos.
xsin

1
x  f ==′  

( ) xeccosx  f 2−=′′  

( ) xcotxeccos2xcotecxcosecxcos2x f 2==′′′  

Now by Maclaurin’s theorem 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ..................0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fhxf v

5
iv

432

++′′′+′′+′+=+  

( ) ( ) .............xcotxeccos2
!3

h
xeccos

!2

h
xcothxsinloghxsinlog 2

3
2

2

++−++=+  

                        ..............xcotxeccos
! 3

h2

! 2

xeccosh
xcothxsinlog 2

322

++−+= . 

This completes the proof. 

Q.No.35.: Prove that  

                 ( )
( ) ( )

............

x1

x21

! 3

h

x1

x

! 2

h

x1

h
sinhxsin

2/52

23

2/32

2

2

x1 +

−

+
+

−

+
−

+=+ −− . 

Sol.: Let ( )hxsiny 1 += −  

( )2hx1

1
y

+−
=′  

( )[ ] 2/32
hx1

hx
y

+−

+
=′′  

( )[ ] ( ) ( )[ ] ( )[ ]

( )[ ] 2/32

2/122/32

hx1

hx2hx1
2

3
.hxhx1

y

+−

+−+−+−+−

=′′′      

       
( )[ ] ( ) ( )[ ]

( )[ ]32

2/1222/32

hx1

hx1.hx3hx1

+−

+−+−+−
=         



Differential Calculus: Taylor and Maclaurin’s Theorems         
Visit: https://www.sites.google.com/site/hub2education/ 

 

41 

       
( )[ ] ( )

( )[ ] 2/52

22

hx1

.hx3hx1

+−

+−+−
=    

Put x = 0 in all, we get 

( ) ( ) ( )
( )

( )
( ) 2/52

2

02/32
0

201
1

0

x1

1x2
y  ,

x1

x
y    ,

x1

1
y   ,hsiny

−

−
=′′′

−

=′′
−

== −  

Now by Maclaurin’s theorem 

( ) ( ) ( ) ( ) ...........  y
!3

x
 y

!2

x
 yxyy 0

3

0

2

00 +′′′+′′+′+=  

    

( ) ( ) 2/52

23

2/32

2

2

1

x1

x2

! 3

h

x1

x

! 2

h

x1

h
hsin

−

+

−

+
−

+= − . 

This completes the proof. 

Q.No.36.: (i)  Expand 3x5x4 2 ++  in power of ( )1x − , 

                  (ii) Expand 7x5x2x 23 −+−  in power of ( )1x − . 

Sol.: ( ) 3x5x4xf 2 ++= ,    ( ) 5x8x  f +=′ ,  ( ) 8x  f =′′  

( ) ( )( )1x1fxf −+=  

Using Taylor’s theorem, we get 

( )[ ] ( ) ( ) ( )
( )

( )
( )

( ) ........1  f
! 3

1x
1  f

! 2

1x
1 f1x1f1x1f

32

+′′′
−

+′′
−

+′−+=−+  

( ) ( ) ( ) 12315141f
2

=++=  

( ) 13581  f =+=′ ,   ( ) 81 f =′′ ,   

( )[ ] ( )
( )

( ) ( ) 4.1x1x1312
2

8.1x
1x13121x1f

2
2

−+−+=
−

+−+=−+ . 

which is the required expansion. 

(ii):  ( ) 7x5x2xxf 23 −+−=  

( ) 5x4x3x  f 2 ++=′ ,  ( ) 5x6x  f −=′′ ,  ( ) 6x  f =′′′  

Using Taylor’s theorem, we get 

( )[ ] ( ) ( ) ( )
( )

( )
( )

( ) ........1  f
! 3

1x
1  f

! 2

1x
1 f1x1f1x1f

32

+′′′
−

+′′
−

+′−+=−+  
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( ) ( ) 375211f
3

−=−+−=  

  ( ) 45431  f =+−=′ , ( ) 21 f =′′ ,  ( ) 61  f =′′′  

( )[ ] ( )
( ) ( )

6.
! 3

1x
2.

! 2

1x
4.1x31x1f

32
−

+
−

+−+−=−+  

                    ( ) ( ) ( )32
3x1x1x43 −+−+−+−= . 

which is the required expansion. 

Q.No.37.: Arrange ( ) ( ) ( ) ( )543
2x2x2x32x7 +−++++++  in power of x using        

                 Taylor’s theorem. 

Sol.: ( ) ( ) ( ) ( ) ( )543
2x2x2x32x7xf +−++++++= , ( ) 1732168.3270f =−+++=          

 

( ) ( ) ( ) ( )432
2x52x42x3.31x  f +−++++=′ ,                                  

            ( ) ( ) ( )432 2x52x44x4x91 +−+++++= ,              ( ) 1180323610  f −=−++=′  

( ) ( ) ( )32 2x204x4x1236x18x  f +−++++=′′ ,                 ( ) 7616048360  f −=−+=′′  

( ) ( )22x6048x2418x  f +−++=′′′ ,                                   ( ) 17424948180  f −=−+=′′′  

( ) 240x12024xf iv −−= ,                                                     ( ) 216240240f iv −=−=  

( ) 120xf v −=                                                                         ( ) 1200f v −=  

Now by Maclaurin’s theorem 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

+++′′′+′′+′+=  

Putting these values, we get 

        120.
120

x
216.

24

x
174.

6

x
76.

2

x
11.

! 1

x
17

5432

−+−+−+−+−+=  

          
5432 xx9x29x38x1117 −−−−−=  

which is the required expansion. 

Q.No.38.: Prove that ( ) 6543
2

2 x
3

1
x

5

1
x

4

1
x

3

2

2

x
xxx1log −−+++−=+− . 

Sol.: ( ) ( )2xx1logxf +−=  
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( )
2xx1

1x2
x  f

+−

−
=′ ,                                             ( ) 10  f −=′  

( )
( ) ( )

( )22

22

xx1

1x22xx1
x  f

+−

−−+−
=′′ ,                        ( ) 10  f =′′  

( )
( )42

5324

xx1

x8x12x284x2x10
x  f

+−

−−+++
=′′′   ,     ( ) 40  f =′′′  

Similarly  ( ) 60f iv = ,   ( ) 240f v −= ,  ( ) 2400f vi −=  

Now by Maclaurin’s theorem 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxx1logf v

5
iv

432
2 +++′′′+′′+′+=+−

                            240.
6.120

x
24.

012

x
6.

4 2

x
4.

! 3

x
1.

! 2

x
x0

65432

−+−++++−=  

                             
6543

2

x
3

1
x

5

1
x

4

1
x

3

2

2

x
x −−+++−= . 

which is the required expansion. 

Q.No.39.: Use Taylor’s theorem to prove that  

              ( ) ( )
1

zsin
.zsinhxtanhxtanh 11 +=+ −− ( ) ( ) .......

3

z3sin
zsinh

2

z2sin
zsinh

32
++− ,  

              where xcotz 1−= . 

Sol.: Given ( ) ( )hxtanhxf 1 +=+ −  ( ) xtanxf 1−=⇒  

Now ( ) zsin
zcot1

1

x1

1
x  f 2

22
=

+
=

+
=′ ( ) zcotx  f =′⇒     [ ]xcotz 1−=∵  

( )
( ) ( ) ( )

zcoszsin2

zcot1

zcot2

x1

x2

x1

x2.1
x  f 3

222222
−=

+

−
=

+

−=

+

−
=′′  and so on 

Putting these value in the expansion of Taylor’s theorem  

 ( ) ( ) ( ) ( ) ( ) .............x  f
! 3

h
x  f

! 2

h
x  hfxfhxf

32

+′′′+′′+′+=+  

               ( ) ...............zcos.zsin2
! 2

h
zsinhxtan 3

2
21 +−++= −  

               ( ) ( ) ..............
2

z2sin
.zsinh

1

zsin
.zsinhxtan

21 +−+= −
. 
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This completes the proof. 

Q.No.40.: Expand xcos in powers of 






 π
−

2
x . 

Sol.: ( ) xcosxf =  

.............
2

  f
! 3

2
x

2
  f

! 2

2
x

2
  f

2
x

2
f

2
x

2
f

32

+






 π
′′′








 π
−

+






 π
′′








 π
−

+






 π
′







 π
−+







 π
=















 π
−+

π

 

( ) xsinx  f −=′ ,  ( ) xcosx  f −=′′ ,   ( ) xsinx  f =′′′  

0
2

f =






 π
,  1

2
  f −=







 π
′ ,  0

2
  f =







 π
′′ ,   1

2
  f =







 π
′′′  

.......................
! 5

2
x

! 3

2
x

2
x

2
x

2
f

53

+








 π
−

−








 π
−

+






 π
−−=















 π
−+

π
∴ . 

which is the required expansion. 

Q.No.41.: Obtain the expansion of xtan 1−
in the powers of 







 π
−

4
x . 

Sol.: ( ) 














 π
−+

π
== −

4
x

4
fxtanxf 1

 

Using Taylor’s theorem 

.............
4

  f
! 3

4
x

4
  f

! 2

4
x

2
  f

4
x

4
f

4
x

4
f

32

+






 π
′′′








 π
−

+






 π
′′








 π
−

+






 π
′







 π
−+







 π
=















 π
−+

π
 

( ) xtanxf 1−=  

( )
2x1

1
x  f

+
=′                                         

16
1

1

4
  f

2π
+

=






 π
′⇒  

( )
( )22x1

x2
x  f

+

−
=′′                                    

2
2

16
1

2

4
  f













 π
+

π
−

=






 π
′′⇒  
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( )
( )

( )32

2

x1

1x32
x  f

+

−
=′′′                                 

3
2

2

16
1

1
16

3
2

4
  f













 π
+














−

π

=






 π
′′′⇒  

Substitute the values, we get 

( ) .......

16
13

1
16

3

4
x2

16
14

4
x

16
1

4
x

4
tan

4
x

4
fxf

3
2

2

2
22

1 +













 π
+














−

π







 π
−

+













 π
+








 π
−π

−













 π
+








 π
−

+






 π
=















 π
−+

π
=∴ −

Q.No.42.: Find the value of a and b such that the expansion of ( )
( )

bx1

ax1x
x1loge

+

+
−+ in   

                  ascending powers of x may begins with terms containing 4x  and show that  

                  this is 
4x

36

1
− . 

Sol.: ( ) .....................
6

x

5

x

4

x

3

x

2

x
xx1log

65432

e +−+−+−=+  

( ) ( ) ( ) ( ) ( ) ( ) ................bxbxbxbxbxbx1bx1
654321

−+−+−+−=+
−

 

( )( ) ( ) ( ) ( )( )....................bxbxbx1axxbx1ax1x
3221

+−+−+=++
−

 

                             ..........xabxababxaxxbxbbxx 53423243322 −−+−+−+−=  

Now ( )
( )

( )abxx......
4

x

3

x

2

x
x

bx1

ax1x
x1log 2

432

e −+−













+−+−=

+

+
−+  

                                                  ( ) ..................
4

1
abbxbabx

23423 +







−−+−+  

                                            .......
4

1
abbxbab

3

1
x

2

1
abx

224232 +







−−+








−++








−−=  

Applying the given conditions, we get 

2

1
ab0

2

1
ab =−⇒=−−  

3

1
bababab

3

1 22 −=−⇒=−+  
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2

1
ba −=  

3

1
b

2

b
b

3

1
b

2

1
bb

222 −=−−⇒−=−







−

6

1
a   ,

3

2
b ==⇒  

Terms containing 







−−=

4

1
abbxx

244  

                                    
36

x

4

1

9

4
.

6

1

3

2
x

4
4 −=








−−= . Ans. 

Q.No.43.:Prove that  

                       ( ) ( )( ) ( ) ( ) ( ) ..............xaf
! 5

x
xaf

! 3

x
xafxafx2af

2

1 v
53

++++′′′++′=−+  

Sol.: Let us first expand ( )x2af +  

( ) ( )( )xaxfx2afy ++=+=  

                      ( ) ( ) ( ) ( ) ..............xaf
! 5

x
xaf

! 3

x
xafxxaf

v
53

++++′′′++′++=        (i) 

Similarly expanding f(a) by Taylor’s theorem, we get 

( ) ( )( )xaxfafy ++−==  

        ( ) ( ) ( ) ( ) ( ) ..............xaf
! 4

x
xaf

! 3

x
xaf

! 2

x
xafxxaf

iv
432

++++′′′−+′′++′++=  (ii)  

Adding (i) and (ii) and dividing by 2, we get 

( ) ( )[ ] ( ) ( ) ( ) ( ) ( ) ......xaf
! 4

x
xaf

! 3

x
xaf

! 2

x
xafxxafafx2af

iv
432

++++′′′++′′++′++=−+  

                            ( ) ( ) ( ) ( ) ( ) ......xaf
! 4

x
xaf

! 3

x
xaf

! 2

x
xafxxaf

iv
432

++−+′′′++′′−+′++−  

( ) ( )[ ] ( ) ( ) ( )











++++′′′++′=−+∴ ......xaf

! 5

x
2xaf

! 3

x
2xafx2

2

1
afx2af

2

1 v
53

 

                                  ( ) ( ) ( ) ....xaf
! 5

x
xaf

! 3

x
xafx

v
53

++++′′′++′= . 

which is the required expansion. 

Q.No.44.: Prove that ( ) ( ) ( ) .............1x
3

1
1x

2

1
1xxlog

32
+−+−−−=  
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( )

............
x

1x

3

1

x

1x

2

1

x

1x
32

+






 −
+







 −
−

−
= .   

Sol.: Let ( ) ( )( )1x1fxlogxf −+==  

By Taylor’s theorem, we get 

                         ( ) ( ) ( )
( )

( )
( )

( ) ..............xf
! 3

1x
xf

! 2

1x
xf1x1f

32

+′′′
−

+′′
−

+′−+=  

                         ( )
( ) ( ) ( )

............6.
! 4

1x
2.

! 3

1x
1.

! 2

1x
1.1x0

432

+−
−

+
−

+−
−

+−+=  

                         ( )
( ) ( ) ( )

...............
4

1x

3

1x

2

1x
1x

432

+
−

−
−

+
−

−−= . 

Now ( ) ( )xf
x

1x
1xfxlog −=







 −
−⇒=  

( ) ( ) ( ) ( ) ( ) .............1f
x

1x
1f

x

1x
1f

x

1x
1fxf

32

−′′′






 −
−′′







 −
−′







 −
−=−  

( ) ..................
3

1
.

x

1x

2

1
.

x

1x

x

1x
xf

32

+






 −
+







 −
+






 −
=∴ . 

which is the required expansion. 

Q. No.45.: If 
2

22 xaxlogy 










 ++= , Expand y up to four terms by Maclaurin’s    

                  theorem. 

Sol.: 
2

22 xaxlogy 










 ++=  






 ++















++

++

+
= 22

22

22

22
i xaxlog.

xax

xxa

xa

2
y = 





 ++

+

22

22
xaxlog

xa

2
 

( )
( )22

2/12222

ii
xa

x.ax.xaxlog22

y
+

+




 ++−

=

−
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( ) ( ) ( )

( )322

2/12222222/1222/322

iii

ax

x.ax3.xaxlogx2xaxlogaxxax2

y

+

+




 ++−










 +++++

=

−

 

Putting x = 0, we get 

( ) ( )2e alog0y =  

( ) ( )alog
a

2
0y ei =  

( )
2ii

a

2
0y =  

( )
3iii

a

alog2
0y =  

Now by Maclaurin’s Theorem, we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf v

5
iv

432

+++′′′+′′+′+=  

( ) ( ) ...........xalog
a3

1
x.

a

2
xalog

a

2
alogxaxlog

3
e2

2

22
2

e
22 +








+++=





 ++ . 

This completes the proof.  

Q.No.46.: Apply Maclaurin’s theorem to prove that 

                  
45

x

12

x

2

x
xseclog

642

++= . 

Sol.: Here ( ) xseclogxf =  

( ) xtanx  f =′  

( ) xtan1x  f 2+=′′  

( ) ( )xtan1xtan2x  f 2+=′′′  

( ) ( ) ( )xsecxtan2xtan2xtan1xsec2x f 222iv ++=  

( ) ( )xtan64xsecxtan4x f 22v +=  

( ) xsecxtan120xsecxtan72xsecxtan48xsec16x f 2422222vi +++=  

( ) 00f = :  ( ) 00  f =′ ;   ( ) 10  f =′′ ;  ( ) 00  f =′′′ ;  ( ) 20 f iv = ;  ( ) 00 f v = ;   ( ) 20 f vi = . 

Now by Maclaurin’s Theorem, we get 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .................0 f
!6

x
0 f

!5

x
0 f

!4

x
0  f

!3

x
0  f

!2

x
0  xf0fxf vi

6
v

5
iv

432

++++′′′+′′+′+=

Substituting the values from above, we get 

..........
45

x

12

x

2

x
xseclog

642

+++=  

This completes the proof.  

 Q.No.47.: Expand ( )( )kyhxcos ++ by Taylor’s theorem. 

Sol.: ( )( ) ( )( )kyhxcoskyhxf ++=++  

( ) xycosxf =  

By Taylor’s Theorem, we get 

( ) ( ) ( ) ( )yy
2

xyxx
2

yx FkFhk2Fh
! 2

1
kFhFy ,xFky ,hxF ++++++=++   

y.xysinFx −= ,   x.xysinFy −= ,   xycosyF 2
xx −= ,   xycosxF 2

yy −= , 

[ ]xysinxycosxyFxy +−=  

Putting the values, we get 

( ) ( ) ( )xycosxkxycosyh
! 2

1
kxhyxysinxycosky ,hxF 2222 +−+−=++   

                              ( ) xysinhk2xycosxyhk2 ++  

                         ( ) ( )( )xycoskxhyxysinhk2
! 2

1
kxhyxysinxycos

2
++−+−= . 

This completes the proof.   

Q.No.48.: Expand ycosex  in the neighbourhood at 






 π

4
 ,1f . 

Sol.: ycosex  

Differentiating, we get 

ycosef x
x = ,                                    ycosef x

xx = , 

( ) ysineycose
y

f
xx

xy −=
∂

∂
= ,      ( ) ysineycose

y
f

xx
x −=

∂

∂
=  

( ) ycoseysine
y

f
xx

yy −=−
∂

∂
=  
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( ) ( ) ( ) ( ) ( ) ( )b ,af1yb ,af1xb ,afb ,af yx −+−+=  

                       ( ) ( ) ( )( ) ( ) ( ) ( )[ ] ........b ,af1yb ,af1y1x2b ,af1x
! 2

1
yy

2
xyxx

2
+−+−−+−+  

( ) 






 −







 π
−+−+=







 π

2

e

4
y

2

e
1x

2

e

4
 ,1f  

                       ( ) ( ) ..............
2

e

4
y

2

e

4
y1x2

2

e
1x

! 2

1
2

2
+


















 −







 π
−+







 −







 π
−−+−+  

( ) ( ) ( )













+




















 π
−+







 π
−−−−+







 π
−−−+= ..........

4
y

4
y1x21x

! 2

1

4
y1x1

2

e
2

2
.  

This completes the proof.   

Q.No.49.: Expand ( )y1logex +  by Maclaurin’s theorem, in powers of x and y upto terms 

of third degree 

Sol.: Let ( ) ( )y1logey ,xf x +=      ( )f 0,  0 0⇒ =  

              ( ) ( )y1logey ,xf x
x +=     ( )xf 0,  0 0⇒ =  

              

( )
x

y

e
f x,  y

1 y
=

+
             ( )yf 0,  0 1⇒ =  

              ( ) ( )y1logey ,xf x
xx +=    ( )xxf 0,  0 0⇒ =  

              

( )
( )y1

e
y ,xf

x

xy
+

=            ( )xyf 0,  0 1⇒ =      

              

( )
( )( ) ( )

( ) ( )2
x

2

x

yy
y1

e

y1

1e0y1
y ,xf

+

−
=

+

−+
=     ( )yyf 0,  0 1⇒ = −

 

              ( ) ( )x

xxxf x,  y e log 1 y= +    ( )xxxf 0,  0 0⇒ =  

              

( )
( )

x

xxy

e
f x,  y

1 y
=

+
           ( )xxyf 0,  0 1⇒ =      

              

( )
( )( ) ( )

( ) ( )

x x

xyy 2 2

1 y 0 e 1 e
f x,  y

1 y 1 y

+ − −
= =

+ +
    ( )xyyf 0,  0 1⇒ = −
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( )
( )

x

yyy 3

2e
f x,  y

1 y
=

+
    ( )yyyf 0,  0 2⇒ =

 

Now Maclaurin’s theorem of f(x, y) gives 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2

x y xx xy yy

1
f x, y f 0,0 xf 0,0 yf 0,0 x f 0,0 2xyf 0,0 y f 0,0

2!
 = + + + + +    

             ( ) ( ) ( ) ( )3 2 2 3

xxx xxy xyy yyy

1
x f 0,0 3x yf 0,0 3xy f 0,0 y f 0,0 ....

3!
 + + + + +             

           
( ) ( ) ( ) ( ) ( )2 21

0 x 0 y 1 x 0 2xy 1 y 1
2!
 = + + + + + −    

             ( ) ( ) ( ) ( )3 2 2 31
x 0 3x y 1 3xy 1 y 2 ....

3!
 + + + − + +             

        
  

( )
2

2 2 3y 1 1
y xy x y xy y ....

2 2 3
= + − + − + +  Ans. 

Q.No.50.: Find Taylor’s series for xcoslog about the point 
3

π
. 

Sol.: We know that by Taylor’s expansion 

( ) ( ) ( ) ( ) ( ) ...............xf
!3

h
xf

!2

h
xfhxfhxf

32

+′′+′′+′+=+  

If  ax = ,   and  axh −= then, 

( ) ( ) ( ) ( )
( )

( )
( )

( ) ...............af
!3

ax
af

!2

ax
afaxafxf

32

+′′
−

+′′
−

+′−+=                      

Now ( ) xcoslogxf =                                               (i) 

( ) 2log
3

coslog
3

faf −=
π

=






 π
=                           (ii) 

( ) 3
3

tan
3

 fa  f −=
π

=






 π
′=′                                 (iii) 

  ( ) 4
3

sec
3

  fa  f
2 −=

π
−=







 π
′′=′′                            (iv) 

∴From (i), (ii), (iii), (iv), we get 

( ) ( ) ...........ax
!2

4
3ax2logxcoslog

2
−−−−−−=  
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              ( ) ( ) 







+−+−+−= ...........ax

!2

4
3ax2log

2
. 

( ) ( ) ...........ax
!2

4
3ax2logxcoslog

2
−−−−−=  

This completes the proof. 

Q.No.51.: Expand 
( )( )

kyhx

kyhx

+++

++
in powers of h, k up to second degree terms.  

Sol.: Here ( )
( )( )

kyhx

kyhx
k  y ,hxf

+++

++
=++  

Put h = k = 0, we have ( )
yx

xy
y ,xf

+
=  

( )

( ) ( )2
2

2x
yx

y

yx

1.xyy.yx
f

+
=

+

−+
= ,      

( )2

2

y
yx

x
f

+
= ,   by symmetry 

( )3

2

xx
yx

y2
f

+
−= ,    

( )3

2

yy
yx

x2
f

+
−=    

( ) ( )

( )

( )

( ) ( )33

2

4

22

xy
yx

xy2

yx

x2yxx2

yx

yx2.xx2.yx
f

+
=

+

−+
=

+

+−+
=  

( )( )
( ) ( ) [ ] [ ] .......fkhkf2fh

! 2

1
kfhfy ,xfky ,hxf

kyhx

kyhx
yy

2
xyxx

2
yx ++++++=++=

+++

++
∴

 

                           
( ) ( ) 












+
+

+
+

+
=

2

2

2

2

yx

x
k

yx

y
.h

yx

xy
 

                               
( ) ( ) ( )

.............
yx

x2
.k

yx

xy2
hk2

yx

y2
.h

2

1
3

2
2

33

2
2 +













+

−
+

+
+

+

−
+  

                             
( ) ( ) ( )

2

3

2

2

2

2

2

h.
yx

y
k.

yx

x
h.

yx

y

yx

xy

+
−

+
+

+
+

+
=  

                                       
( ) ( )

..........................k.
yx

x
hk.

yx

xy2 2

3

2

3
+

+
−

+
+ . 

This completes the proof. 
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Q.No.52.: Expand ( ) xysiny ,xf = in powers of 1x − and 






 π
−

2
y  as for as terms of 2

nd
  

                  degree. 

Sol.: ( ) ( )[ ] 














 π
+






 π
−+−=

22
y 11xsinxysin  

Here h =1,  and  
2

y
π

=  

We know that 

( ) ( )[ ] ( ) [ ] [ ]yy
2

xyxx
2

yx fkhk2fh
!2

1
kfhfy,xfky,hxf +++++=++                  (i) 

 

( ) ( ) 






 π
−−







 π
−=















 π
−−

∂

∂
=

2
y1xcos

2
y

2
y1xsin

x
fx  

( ) ( ) ( ) 






 π
−−−=















 π
−−

∂

∂
=

2
y1xcos1x

2
y1xsin

x
fy  

( ) 














 π
−−







 π
−

∂

∂
=

2
y1xcos

2
y

x
fxy  

        ( ) ( ) ( ) 














 π
−−−−







 π
−+








−−=

2
y1xsin1x

2
y

2

x
y1xcos  

( ) 






 π
−−







 π
−−=

2
y1xsin

2
yf

2

xx  

( ) ( ) 






 π
−−−−=

2
y1xsin1xf

2
yy  

( ) ( )[ ] ( )[ ] 






 π
+






 π
−+−=++∴

22
y11xsinky,hxf  

Substituting the values in (i), we get 

( ) ( ) ( ) ( ) 














 π
−−−

π
+






 π
−−







 π
−+







 π
−−=

2
y1xcos1x

22
y1xcos.

2
y

2
y1xsinxysin  

                     ( )


















 π
−−







 π
−−+

2
y1xsin

2
y

! 2

1
2
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                       ( ) ( ) ( ) 














 π
−−−







 π
−−







 π
−−π+

2
y1xsin1x

2
y

2
y1xcos  

                            ( ) ( )


















 π
−−−

π
−

2
y1xsin1x

4

2
2

. 

This completes the proof. 

Q.No.53.: State and prove Taylor’s theorem. Use it to expand ( ) xsinlogxf =  in powers  

                 of ( )2x − . 

Sol.: Taylor’s Theorem:  

Statement: If f (x + h) can be expanded in ascending powers of x , then  

............)h(f
!n

x
.......)h(f

!3

x
)h(f

!2

x
)h(xf)h(f)hx(f

n
n

///
3

//
2

/ ++++++=+   . 

Proof: Suppose ......xa......xaxaxaa)x(f n
n

3
3

2
210 ++++++=                                  (i) 

where a0 , a1 , a2 ,a3 ,...... are constants to be evaluated. 

Differentiating (i) w.r.t. x, we get  

......xna......xa4xa3xa2a)hx(f 1n
n

3
4

2
321

/ ++++++=+ −                            (ii) 

Differentiating (ii) w.r.t. x, we get 

......xa)1n(n......xa3.4xa2.3a2)hx(f 2n
n

2
432

// +−++++=+ −                                  (iii) 

Differentiating (iii) w.r.t. x, we get  

......xa)2n)(1n(n......xa2.3.4a1.2.3)hx(f 3n
n43

/// +−−+++=+ −                             (iv) 

Similarly, if we go on differentiating, we get 

+−−=+ n
n a.1.2.3)......2n)(1n(n)hx(f  terms containing x                                            (v) 

Putting x = 0 in (i) to (v) , we get 

)h(fa0 = , )h(fa /
1 = , 

!2

)h(f
a

//

2 = , 
!3

)h(f
a

///

3 = ,........, 
!n

)h(f
a

n

n = . 

Putting these values of constants in (i), we get 

............)h(f
!n

x
.......)h(f

!3

x
)h(f

!2

x
)h(xf)h(f)hx(f

n
n

///
3

//
2

/ ++++++=+   . 

This completes the proof. 

(b): ( ) ( )[ ]22xsinlogxsinlogxf +−==  
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Now by Taylor’s expansion, we get 

( )[ ] ( ) ( ) ( )
( )

( ) ...............2  f
!2

2x
2  f2x2f22xsinlog

2

+′′
−

+′−+=+−  

                              ( )
( )

( ) .........2eccos
!2

2x
2cot2x2sinlog 2

2

+
−

−−+=  

( )
( )

..............2eccos
!2

2x
2cot2x2sinlogxsinlog 2 +

−
−−+=∴  

This completes the proof. 

Q.No.54.: Prove that 
( ) ( )

.................x
!3

a1a

!2

ax
ax1e 3

222
xsina

1

++
−

+++=
−

, 

                 Hence show that .............sin
!3

2

!2

sin
sin1e

3
2

+θ+
θ

+θ+=θ
. 

Sol.: We will first expand xsin 1−
by Maclaurin’s theorem 

( ) xsinxf 1−= ,  ( ) 00f = ,  ( )
( )

1
01

1
0  f

2
=

−
=′ ,  ( ) 00  f =′′ ,   ( ) 10  f =′′′  

According to Maclaurin’s theorem  

( ) ( ) ( ) ( ) ( ) .................0  f
!3

x
0  f

!2

x
0  f0fxf

32

+′′′+′′+′+=  

...........
! 5

x

! 3

x
xxsin

53
1 +++=∴ −  

...........
! 5

ax

! 3

ax
axxsina

53
1 +++=−  

We know that 

....................
! 3

x

! 2

x
x1e

32
x ++++=  

( ) ( )
.................

! 2

sina
xsina1e

21
1xsina 1

+++=∴
−

−−

 

                

3
533

2
53253

......
! 5

x

! 3

x
x

! 3

a
......

! 5

x

! 3

x
x

! 2

a
.....

! 5

x

! 3

x
xa1












++++












++++












++++=  

Using Binomial theorem 
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
























++++


























++++












++++= .....

! 5

x

! 3

x
31

! 3

xa
......

! 5

x

! 3

x
21

! 2

xa
.....

! 5

x

! 3

x
xa1

4233422253

 

   Combining the terms of similar powers of x 

( ) ( ) ( )
..............x

! 4

a2a
x

! 3

a1a

! 2

ax
ax1e 4

222
3

222
xsina

1

+
+

+
+

+++=
−

.                   (i) 

Hence this proves the result. 

(b): In equation (i) put 1a = , and  θ=− xsin 1
, so that θ= sinx  

Substituting the values in (i), we get 

..............sin
! 4

5
sin

! 3

2

! 2

sin
sin1e

43
2

+θ+θ+
θ

+θ+=θ . 

Hence this prove the result. 

QNo.55.: Expand ( )xsinmsin 1−  in ascending powers of x up to 5x . 

Sol.: Let ( ) ( )xsinmsinxf 1−=  

( )
( )

2

1

x1

xsinmcosm
x  f

−
=′

−

 

( )

( )( ) ( )( )

2

2

1

2

12

x1

x1

x2xsinmcosm

x1

mxsinmsinx1
m

x  f
−















−

−
−

−

−−

=′′

−−

 

            

( ) ( )

( )2
2

1
1

x1

x1

xxsinmcos
xsinmsinmm

−













−
+−−

=

−
−

( ) ( )[ ]
( )2x1

xx  fxmfm

−

′−−
=  

            
( ) ( )[ ]
( )2

2

x1

xx  fxfm

−

′−−
=  

( )
( ) ( )( ) ( ) ( )( )[ ] ( ) ( )( )[ ]

( )22

222

x1

x2.x.x  fxfmx  xfx  fx  fmx1
x  f

−

−′−−′′+′−′−−
=′′′  

            
( ) ( )( ) ( )( )[ ] ( ) ( )( )[ ]

( )22

222

x1

x2.x.x  fxfmxx  f1mx  fx1

−

−′−+′′+−′−−
=  
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Now  ( ) 00f = ,   ( ) m0  f =′ ,   ( ) 00  f =′′ ,  ( )
( )

1

1mm
0  f

2 −
−=′′′  

According to Maclaurin’s theorem  

( ) ( ) ( ) ( ) ( ) .................0  f
!3

x
0  f

!2

x
0  f0fxf

32

+′′′+′′+′+=  

Substituting the values, we get 

( )
( ) ( )

.................x
! 5

3m1mm
x

! 3

1mm
mxxf

5
222

3
2

−
−

+
−

−= . 

Hence this prove the result. 

 

Q.No.56.: If  ( )1x2xlogsiny 2 ++=  , prove that  

                 .........x
2

3
x

3

2
xx2y 432 −+−−= . 

Sol.: ( ) ( ) ( )xf1xlog2sin1xlogsiny
2

=+=+=  

( )
( )
1x

1xlog2cos2
x  f

+

+
=′  

( )

( ) ( )
( )

( )21x

1xlog2cos2
1x

1xlog2sin41x

x  f
+

+
+

++−

=′′
( )

( )

( )
( )1x

x  f

1x

xf4
2 +

′
−

+

−
=  

( )
( ) ( ) ( ) ( )[ ]

( )

( ) ( ) ( )[ ]
( )2

2

4

2

1x

x  fx  f1x

1x

xf1x2x  f1x4
x f

+

′−′′+
−

+

+−′+−
=′′′  

 Now  ( ) 00f = ,   ( ) 20  f =′ ,   ( ) 20  f −=′′ ,  ( ) 40  f −=′′′  

According to Maclaurin’s theorem  

( ) ( ) ( ) ( ) ( ) .................0  f
!3

x
0  f

!2

x
0  f0fxf

32

+′′′+′′+′+=  

         .............x
2

3
x

3

2
xx2 432 −+−−=  

Hence this prove the result. 

Q.No.57.: Expand x  in powers of 1x −  up to involving ( )41x − . 

Sol.: ( ) xxf =  
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Let ( ) ( )[ ]1x1fxf −+=  

According to Maclaurin’s theorem  

( )[ ] ( ) ( ) ( ) ( )
( ) ( )

( ) .................1  f
!3

1x

!2

1x
1  f1  f1x1f1x1f

32

+′′′
−

+
−

′′+′−+=−+           (i) 

Now ( ) xxf = ,        ( ) 11f =  

( )
x2

1
x  f =′ ,           ( )

2

1
1  f =′  

( )
2/3x4

1
x  f −=′′ ,         ( )

4

1
1  f −=′′  

( )
2/5

x

1

2

3

4

1
x  f 








−−=′′′  ,      ( )

8

3
1  f =′′′  

Substituting the values in (i), we get 

( )
( ) ( ) ( ) ( )

..........
! 4

1x

16

15

! 3

1x

8

3

! 2

1x

4

1

2

1x
1xf

432

−
−

−
−

+
−

−
−

+=  

Hence this proves the result. 

Q.No.58.: Expand 






 π
+−

2
xtan

1  about the point x = 0. 

Sol.: Let ( ) 







+=+ −

2

x
xtanhxf

1 , where 
2

h
π

=  

According to Maclaurin’s theorem  

( ) ( ) ( ) ( ) ( ) .................x  f
!3

h
x  f

!2

h
x  hfxfhxf

32

+′′′+′′+′+=+                (i) 

Now ( ) xtanxf 1−= ,                            ( ) 00f =  

( )
2x1

1
x  f

+
=′ ,                                    ( ) 10  f =′  

( )
( )22x1

x2
x  f

+

−=′′                                ( ) 00  f =′′  

( )
( ) ( )

( )22

222

x1

x1x82.x1

x  f

+







+−+

−=′′′ ,     ( ) 20  f −=′′′  
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( )
( ) ( ) ( )42

2

3232

iv

x1

x6

x1

8

x1

x8
xf

+

−

+

+

+

= ,  ( ) 80f iv =  

Substituting these values in (i), we get 

( ) ...................
!5.2!3.222

xtanhxf
2

5

2

3
1 −

π
+

π
−

π
=







 π
+=+ −  at x = 0. 

Hence this prove the result. 

Q.No.59.: Expand xy in the neighborhood of point (1, 1) up to the second degree term. 

Sol.: Let ( ) xyy,xf =  

( ) 111,1f 1 ==∴  

( ) ylogyy,xf x
x = ,                   ( ) 01 ,1fx =  

( ) 1x
y xyy,xf −= ,                      1)1,1(fy =  

( ) ( )2x
xx ylogyy,xf = ,              ( ) 01 ,1fxx =  

( ) ( ) 2x
yy y1xxy,xf −−= ,           0)1,1(fyy =  

( )
y

y
ylogxyy,xf

x
1x

xy += − ,    1)1,1(fxy =  

By Taylor’s theorem 

( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( )b,afbyaxb,af
! 2

ax
b,afbyb,afaxb,afy,xf xyxx

2

yx −−+
−

+−+−+=  

                    
( )

( ) ....................b,af
! 2

by
yy

2

+
−

+  

Substituting a = 1, and  b = 1, we get 

( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( )1,1f1yax1,1f
! 2

1x
1,1f1y1,1f1x1,1fy,xf xyxx

2

yx −−+
−

+−+−+=  

                  
( )

( ) ...........1,1f
! 2

1y
yy

2

+
−

+  

( ) ( ) ( )
( )

( )( ) 001.1y1x0.
! 2

1x
1.1y0.1x1y,xf

2

++−−+
−

+−+−+=  

xxy1yx −+=∴ . 
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Hence this proves the result. 

Q.No.60.: Expand ( )bxsin +  in a series in ascending power of b and complete the value  

                 when 
3

x
π

=  and b = 0.01radian. 

Sol.: Let ( ) ( )bxsinbxf +=+  

From Taylor’s series 

( ) ( ) ( ) ( ) ( ) .................x  f
!3

b
x  f

!2

b
x  bfxfbxf

32

+′′′+′′+′+=+                

Now ( ) xsinxf = ,    ( ) xcosx  f =′ ,   ( ) xsinx  f −=′′  

Substituting the values, we get 

( ) ......................xsin
! 4

b
xcos

! 3

b
xsin

! 2

b
xcosbxsinbxsin

432

++−−+=+  

Putting 
3

x
π

= , and  b = 0.01radian  

( )
......................

3
sin

! 2

01.0

3
cos01.0

3
sin01.0

3
sin

2

−
π

−
π

+
π

=







+

π
 

( ) 8710.0............
2

3
.

2

0001.0

2

1
.01.0

2

3
01.0sin =−−+=∴ . Ans. 

Q.No.61.: Is Maclaurin’s expansion of 
2x/1e− valid in any interval ? Give reason. 

Sol.: Let ( )
2x/1exf −= ,    ( ) 0

e

1
0f

2x/1
==  

According to Maclaurin’s theorem  

( ) ( ) ( ) ( ) ( ) .................0  f
!3

x
0  f

!2

x
0  xf0fxf

32

+′′′+′′+′+=  

Now ( )
3

x/1

x

2
.ex  f

2−=′ ,                                                                ( ) ∞=′ 0  f  

( )
6x/14

x/1

6

x/1

xe

2x64

x

6
.e

x

4
.ex  f

2

22 −
=−=′′ −−

  ,                                ( ) ∞=′′ 0  f  

( )
5

x/1

7

x/1

7

x/1

9

x/1

x

24
e

x

12
e

x

24
.e

x

8
.ex  f

2222 −−−− +−−=′′′ ,            ( ) ∞=′′′ 0  f  
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Hence ( )xf  becomes equal to infinity when we apply Maclaurin’s series to 
2x/1e− for any 

interval of x. Hence the Maclaurin’s expansion of 
2x/1e− is not valid in any interval. 

Q.No.62.: Use Taylor’s theorem to expand ( ) 22 yxyxy,xf ++=  in powers of ( )1x −   

                  and  ( )2y − . 

Sol.: Differentiating ( ) 22 yxyxy,xf ++=  partially w.r.t. x and y, we get 

yx2fx += , y2xf y += , 1fxy = , 2fxx = , 2f yy = , 0fxxx = , 0fxxy = , fyyx= 0,      

fyyy = 0. 

The Taylor’s series expansion of f(x, y) in powers of ( )1x −  and  ( )2y −  is 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( )( ) ( )[ 2,1f2y2x22,1f1x
!2

1
2,1f2y2,1f1x)2,1(f)y,x(f xyxx

2
yx −−+−+−+−+=

                   ( ) ( )] ( ) ( ) ( ) ( ) ( )[ 2,1f2y1x32,1f1x
!3

1
2,1f2y xxy

2
xxx

3
yy

2 −−+−+−+  

                   ( )( ) ( ) ( ) ( )] .........2,1f2y2,1f2y1x3 yyy
3

yyx
2 +−+−−+  

Here f(1, 2) = 7, fx(1, 2) = 4, fy(1, 2) = 5, fxy(1, 2) = 1, fxx = fyy = 2, etc. 

Substituting these values 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )[ ] .......02y22y22y1x21x2
!2

1
2y51x47y,xf

22 ++−+−+−−+−+−+−+=

Q.No.63.: Expand yxe)y,x(f += in Taylor’s series up to terms up to terms of second  

                degree in the form .........ycxycxcybxba
2

32
2

1210 ++++++  

                (a). by direct use of Taylor’s theorem. 

     (b). by expanding e
x+y

 in a series of powers of x + y. 

     (c). by multiplying together the separate expansion of e
x
 and e

y
. 

Sol.: a. 
yx

ef
+= , yx

x ef += , yx
y ef += , yx

xx ef += , yx
yy ef += , yx

xy ef += etc. 

Since the series in powers of x and y, the expansion is about (0, 0) (i.e. Maclaurin’s 

series) so f  = fx = fy = fxx = fyy = fxy at (0, 0) = 1.  

By Taylor’s theorem 

.........
!2

yxy2x
yx1e

22
yx +

++
+++=+

 

b. Expanding in powers of x + y 



Differential Calculus: Taylor and Maclaurin’s Theorems         
Visit: https://www.sites.google.com/site/hub2education/ 

 

62 

( )
( )

( ) ( )
..........

!

yx

!2

yx
yx1

!n

yx
e

32n

0n

yx +
+

+
+

+++=
+

= ∑
∞

=

+  

c. Term wise series multiplication  




























== ∑∑

∞

=

∞

=

+

!n

y

!n

x
e.ee

n

0n

n

0n

yxyx
                      

          













++++














++++= .........

!3

y

!2

y
y1.........

!3

x

!2

x
x1

3232

 

          ( ) ..........
!2

y
xy

!2

x
yx1

22

++++++=  

Q.No.64.: Expand )x1(Ine)y,x(f y += in powers of x and y and verify the result by    

                 direct expansion. 

Sol.: )x1(Inef y +=  

x1

1
ef y

x
+

= ,    )x1(Inef y
y += ,   

x1

e
f

y

xy
+

= ,    
( )2

y

xx
x1

e
f

+

−
= ,    ( )x1Inef y

yy += ,    

( )3

y

xxx
x1

e2
f

+
= ,   ( )x1Inef y

yyy += ,    
( )2

y

xxy
x1

e
f

+

−
= ,    

x1

e
f

y

yyx
+

=  

Evaluating these derivatives at x = 0,  y = 0, 

f(0, 0) = 0,    fx(0, 0) = 1,    fy(0, 0) = 0,   fxy = 1,  ( ) 10,0fxx −= ,    fyy(0, 0) = 0,     

fxxx(0, 0) = 2,    fyyy(0, 0) = 0,    1)0,0(fxxy −= ,     fyyx(0, 0) = 1. 

The Taylor’s series expansion up to third degree terms is 

( ) ( ) ( ) ( ) ( )][ 0,0fy0,0xyf2)0,0(fx
!2

1
0,0yf0,0xf0,0f)x1(Ine yy

2
xyxx

2
yx

y +++++=+  

                         ( ) ( ) ( ) ( )][ ........0,0fy0,0fxy30,0yfx30,0fx
!3

1
yyy

3
yyx

2
xxy

2
xxx

3 +++++  

                   [ ] [ ]0xy3yx3x2
!3

1
0xy1.2x

!2

1
01.x0 2232 ++−+++−+++=  

                     ............
2

xy

2

yx

3

x
xy

2

x
x

2232

++−++−=  

Verification by series multiplication: 
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We know that 
!n

x
e

n

0n

x ∑
∞

=

=    and 

( ) ............
3

x

2

x
xx1In

32

−+−=+  

so    













+−×














=+++=+ ...........

3

x

2

x
x.........

!3

y

!2

y
y1)x1(Ine

3232
y  

Multiplication term by term up to third degree 

.........
2

xy

2

yx
xy

3

x

2

x
x)x1(Ine

2232
y ++−++−=+  

Q.No.65.: Find Taylor’s expansion of ( ) xycoty,xf 1−= in powers of (x + 0.5) and  

                ( )2y −  up to second degree terms. Hence compute ( )2.2   ,4.0f −   

                 approximately. 

Sol.: Here ( ) xycoty,xf 1−=  

22x
yx1

y
f

+

−
= ,   

22y
yx1

x
f

+

−
= ,   

( )222

3

xx

yx1

xy2
f

+

= ,   

( )222

3

yy

yx1

yx2
f

+

= ,    

( )
( )222

22

xy

yx1

1yx
f

+

−
=  

Evaluating these derivatives at the point 
2

1
x −= ,   y = 2 

( ) ( )y,xcoty,xf 1−=  at  2y.
2

1
x =−=  

( )
4

3
1cot2.

2

1
cot2.

2

1
f

11 π
=−=








−=








− −−  

1fx −= ,    
4

1
f y = ,    fxy = 0,    2fxx −= ,    

8

1
f yy −=  

Expanding xycot 1−  in Taylor’s series in powers of (x + 0.5) and ( )2y − , we get 

( ) ( ) ( ) ( ) ( ) ( ) ( )[ 2
yx

1 5.0x
!2

1
5.0f2y2,5.0f5.0x2,5.0fxycoty,xf ++−−+−++−== −
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                 ( ) ( )( ) ( ) ( ) ( )] .........2,5.0f2y2,5.0f2y5.0x25.0f yy
2

xyxx +−−+−×−++−×  

              

            ( ) ( ) ( ) .........2y
8

1
5.0x2

2

1

4

2y
5.0x

4

3 22
+





−−+−+

−
++−

π
=  

Put 4.0x −=  and  y = 2.2 to compute 

( ) ( )[ ] ( ) ( ) ( ) ( ) 29369.22.
16

1
1.0

4

2.
1.0

4

3
2.2,4.0f2.2,4.0cot

221 =−−+−
π

=−=−−
. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Home AssignmentsHome AssignmentsHome AssignmentsHome Assignments    
Q.No.1.: Expand ( ) 233 xyyxy,xf ++=  in powers of ( )1x −  and ( )2y −  using Taylor’s 

series. 



Differential Calculus: Taylor and Maclaurin’s Theorems         
Visit: https://www.sites.google.com/site/hub2education/ 

 

65 

Ans.: ( ) ( ) ( ) ( )( ) ( ) ( )322 1x2y72y1x41x32y161x713 −+−+−−+−+−+−+  

               ( )( ) ( )32 2y2y.1x −+−−+ . 

Q.No.2.: Obtain Taylor’s expansion of ( ) 1yx1 −−+  in powers of )1x( −  and )1y( − . 

Ans.: ..........yxy2xyx1 22 ++−++−  

Q.No.3.: Expand ycosxcos  in powers of x and y up to fourth degree terms. 

Ans.: ( ) ( ) ..........yyx6x
24

1
yx

2

1
1 422422 +++++−  

Q.No.4.: Obtain the expansion of xy
e  in powers of )1x( −  and )1y( − . 

Ans.: ( ) ( )
( )

( )( )
( )












+

−
+−−+

−
+−+−+ ..........

!2

1y
1y1x

!2

1x
1y1x1e

22

 

Q.No.5.: Find the Taylor’s expansion of ycosex  about the point x = 1,  
4

y
π

= . 

Ans.: ( )
( )

( )





















+








 π
−

−






 π
−−−

−
+






 π
−−−+ ...........

!2

4
y

4
y1x

!2

1x

4
y1x1

2

e

2

2

. 

Q.No.6.: Find the Maclaurin’s expansion of ( )y1Inex +  up to terms of 3
rd

 degree. 

Ans.:
( )

...........
3

y

2

xyyx

2

y
xyy

3222

++
−

+−+  

Q.No.7.: Expand bysineax  about origin up to 3
rd

 degree term. 

Ans.: ( ) ( ) .........ybybxa3
6

1
abxyby 3322 +−++  

Q.No.8.: Find Taylor’s expansion 
yx  about (1, 1). 

Ans.: ( ) ( )( ) ( ) ............1x
2

1
1y1x1x1

2 +−+−−+−+  

Q.No.9.: Expand 
( )

( )khyx

xkhyhkxy

+++

+++
 in powers of h and k up to second degree terms. 
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Ans.: 
( ) ( ) ( ) ( ) ( )

..........k
yx

x
hk

yx

xy2
h

yx

y
k

yx

x
h

yx

y

yx

xy 2

3

2

3

2

3

2

2

2

3

2

+
+

−
+

+
+

−
+

+
+

+
+

 

Q.No.10.:Calculate ( ) ( )[ ]198.003.1In 4/13/1 −+  approximately by using Taylor’s   

expansion up to first order terms. 

Ans.: 0.005. 

Q.No.11.: Compute 






−

1.1

9.0
tan

1  approximately. 

Ans.: 0.6904. 

Q.No.12.: Find Taylor’s expansion of 2
yx1 ++  in powers of ( )1x −  and ( )0y − . 

Ans.: 
( )












++

−
−

−
+ ..........

4

y

32

1x

4

1x
12

22

. 

 

***  ***  ***  ***  *** 

***  ***  *** 

*** 

 


