
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Introduction: 

To describe, understand and predict the behaviour of a physical process or 

a system; a “Mathematical Model” is constructed by relating the variables by 

means of one or more equations. Usually these equations describing the system 

in motion are “differential equations” involving derivatives, which measure the 

rates of change, the behaviour and interaction of components of the system.  

Introduction to Mathematical Modeling: 

Scientific model is an abstract and simplified description of a given 

phenomenon and is most often based on mathematical structures. 

Historically following the invention of calculus by Newton (1642-1727) and 

Leibnitz (1646-1716), there is a burst of activity in mathematical sciences. Early 

mathematical modeling problems in vibration of strings, elastic bars and columns 

of air due to Taylor (1685-1731). Daniel Bernouli (1700-1782), Euler (170701783) 

and D’Alembert (1717-1783). 
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Modeling is a technique of transforming a physical problem to a 

“mathematical model”. Thus, a mathematical model describes a natural process 

or a physical system in mathematical terms, representing an idealization by 

simplifying the reality by ignoring negligible details of the natural process and 

emphasizing on only its essential manifestations. Such model yielding 

reproducible results, can be used for prediction. Thus, a mathematical model 

essentially expresses a physical system in terms of a functional relationship of 

the kind: 

Dependent variable = function of independent variables, parameters and forcing 

functions 

A model should be general enough to explain the phenomenon but not too 

complicated precluding analysis. Mathematical formulation of problems involving 

continuously or discretely changing quantities leads to ordinary or partial 

differential equations, linear or non-linear equations or a combination of these. 

 

Differential Equation:  

A differential equation is an equation, which involves derivatives. 

 In many branches of science and engineering, we come across equations, 

which contains, besides the dependent and independent variables, different 

derivatives of the dependent variable w.r.t. the independent variable or variables. 

These equations are called differential equations. 

e.g.     (i) 0dyedxe
yx =+ ,  (ii) 0xn

dt

xd 2

2

2

=+ ,  (iii) 

dx

dy

x

dx

dy
xy += ,            

  (iv) c

dx

yd

dx

dy
1

2

2

2/3
2

=





















+

,  (v) ptcosawy
dt

dx
=− , ptsinawx

dt

dy
=− ,     

(vi) u2
y

u
y

x

u
x =

∂

∂
+

∂

∂
,  (vii)

2

2
2

2

2

x

y
c

t

y

∂

∂
=

∂

∂
,   

are all examples of differential equations. 
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Classifications of Differential equations:  

Differential equations are classified into two categories “ordinary and 

partial” depending on the number of independent variables appearing in the 

equation. 

Ordinary Differential Equation and Partial Differential Equation 

 

Ordinary Differential Equation (ODE):  

If there is a single independent variable and the derivatives are ordinary 

derivatives, then the equation is called an ordinary differential equation.  

e.g., The equations (i) 0dyedxe
yx =+ , (ii) 0xn

dt

xd 2

2

2

=+ ,  (iii)

dx

dy

x

dx

dy
xy += ,            

 (iv) c

dx

yd

dx

dy
1

2

2

2/3
2

=





















+

, (v) ptcosawy
dt

dx
=− , ptsinawx

dt

dy
=− ,     

 

are all ordinary differential equations. 

or 

Equations, which involve only one independent variable, are called 

ordinary differential equations (ODE). 

Partial Differential Equation (PDE):  

If there are two or more independent variables and the derivatives are 

partial derivatives, then the equation is called a partial differential equation.  

e.g., The equations u2
y

u
y

x

u
x =

∂

∂
+

∂

∂
 and 

2

2
2

2

2

x

y
c

t

y

∂

∂
=

∂

∂
 are partial differential 

equations. 

or 

Equations, which involve partial differential coefficients w.r.t more than one 

independent variable, are called partial differential equations (PDE). 
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Order and Degree of a differential Equation 

 

Order of a differential equation:  

The order of a differential equation is the order of the highest derivative, 

which occurs. 

Thus an ordinary differential equation is said to be of order n if nth 

derivative of y w.r.t. x is the highest derivative of y in that equation. The idea of the 

order of a differential equation leads to a useful classification of the equations 

into equations of first order, second order, etc. 

Degree of a differential equation:  

The degree of a differential equation is the degree of the highest derivative, 

which occurs. 

e.g., (i) 0dyedxe
yx =+ , (ii) 0xn

dt

xd 2

2

2

=+ , (iii) 

dx

dy

x

dx

dy
xy += ,(iv) c

dx

yd

dx

dy
1

2

2

2/3
2

=





















+

  

 (i) is the first order and first degree;  (ii) is the second order and first degree; 

(iii) written as  x
dx

dy
x

dx

dy
y

2

+







= is clearly of the first order but of second degree; 

(iv) written as 

2

2

2
2

3
2

dx

yd
c

dx

dy
1














=






















+  is the second order and second degree. 

Linear differential equation: 

An nth order ordinary differential equation in the dependent variable y is said to be 

linear in y if 

i. dependent variable y and all its derivatives are of degree one. 

ii. No product terms of y and/or any of it derivatives are present. 

iii. No transcendental functions of y and/or its derivatives occur. 

The general from of an nth order linear O.D.E. in y with variables coefficient is  

( ) ( ) ( ) ( ) ( )xbyxa
dx

dy
xa.....

dx

yd
xa

dx

yd
xa n1n1n

1n

1n

n

0 =++++ −−

−

, 

where RHS  b(x) and all the coefficients ( )xa0 ,  ( ) ( )xa..,,.........xa n1  are given 

functions of x and ( ) 0xa 0 ≠ . 
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If all the coefficients a0,  a1, ……….an are constants then the above equation is 

known as nth order linear O.D.E. with constant coefficients. 

Non-linear differential equation: 

An ordinary differential equation is said to be non-linear if  

(i) y and all its derivatives are of degree more than one. 

(ii) Product terms of y and/or any of it derivatives are present. 

(iii) Transcendental functions of y and/or its derivatives occur. 

 

Note: A linear differential equation is of first degree differential equation, but a 

first degree differential equation need not to be linear, since it may contain 

nonlinear terms such y2,  2

1

y

−

,  ey, ysin , etc. 

S.No. Diff. 

Equation 

Ans. 

Kind 

Order Degree  linearity 

1 2kx
dx

dy
=  

Ordinary 1 1 Yes 

2 
( )

( )xQy

yxP
dx

dy

n=

+
 

Ordinary 1 1 No  

(Yes for n = 0, 1) 

3 0dyedxe yx =+  Ordinary 1 1 Nonlinear 

(in x and y) 

4 

xysin

e
dx

dy
x6

dx

yd y
8

2

4

2

3

=

+







−















 

Ordinary 3 4 No 

5 
0xsin

dx

yd
y

2

2

=+  
Ordinary 2 1 No 

6 0dxydyx 22 =+  Ordinary 1 1 No 

7 

0

y5
dx

yd
3

dx

yd
5

2

2

4

4

=

+













+

 

Ordinary 4 1 No 
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8 ( ) 0dy1xy3dxy2 =−+  Ordinary 1 1 Nonlinear in y 

and linear in x 

9 
( ) ( )[ ]322

y1yk ′′+=′′  
Ordinary 2 6 No 

10 















∂

∂
+

∂

∂
=

∂

∂
2

2

2

2

y

u

x

u
k

t

u
 

Partial 2 1 Yes 

11 

2

2
2

2

2

x

Y
a

t

Y

∂

∂
=

∂

∂
 

Partial 2 1 Yes 

12 

1ds

rd

ds

dr
2

23

+
=








 

Ordinary 2 1 No 

 

Solution of a differential equation: 

 A solution of a differential equation is a relation free from derivatives, 

between the variables, which satisfies the given differential equation. 

e.g.  ( )α+= ntcosAx                                                       (1)  

is a solution of  0xn
dt

xd 2

2

2

=+ .                                       (2) 

General (or complete) solution of a differential equation:  

The general (or complete) solution of a differential equation is that in which 

the number of independent arbitrary constants is equal to the order of the 

differential equation.  

Thus, ( )α+= ntcosAx  is a general solution of the differential equation 

0xn
dt

xd 2

2

2

=+  as the number of arbitrary constants ( )α  ,A  is the same as the 

order of differential equation. 

 

Particular solution of a differential equation:  

A particular solution is that which can be obtained from its general solution 

by giving particular values to the arbitrary constants. 
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e.g. 






 π
+=

4
ntcosAx  is the particular solution of the equation (2) as it can be 

derived from the general solution (1) by putting 
4

π
=α . 

Remark: The solution of a differential equation of nth order is its particular solution if it 

contains less than n arbitrary constants. 

Remarks: 

A differential equation may have many solutions. Let us illustrate this fact by the 

following example. 

Each of the function xsiny = , 3xsiny += , 
5

4
xsiny −=  

is a solution of the differential equation xcos
dx

dy
= . 

And as we know from calculus that every solution of this equation is of the form  

cxsiny += , 

where c is constant. If we regard c is arbitrary, then cxsiny +=  represents the 

totality of all solutions of the differential equation. 

 This example illustrates that a differential equation may (and, in general, 

will) have more than one solution, even infinitely many solutions, which can be 

represented by a single formula involving an arbitrary constant c. Such a function, 

which contains an arbitrary constant, is called a general solution of the 

corresponding differential equation of the first order. If we assign a definite value 

to that constant, then the solution so obtained is called a particular solution. 

 

 

Singular solution:  

A differential equation may sometimes have an additional solution, which 

cannot be obtained from the general solution by assigning a particular value to 

the arbitrary constant. Such a solution is called a singular solution and is not of 

much engineering interest. 

Example: 

The equation 0y
dx

dy
x

dx

dy
2

=+−







           (i) 
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has the general solution 
2ccxy −=  representing a family of straight lines, where 

each line corresponds to a definite value of c. 

A further solution is 
4

x
y

2

= . This can be verified by substitution. This is a 

singular solution of (i), since we cannot obtain it by assigning a definite value to c 

in the general solution. Obviously, each particular solution represents a tangent to 

the parabola represented by the singular solution. Singular solution will rarely 

occur in engineering problems. 

 

Geometrical meaning of a differential equation of the first order 

and first degree and its solution:  

 Consider any differential equation of the first order and first degree 

   ( )y ,xf
dx

dy
=  or 0

dx

dy
,y,xf =








.                                        (i) 

 

 

 

 

 

 

 

 

 

 

We know that the direction of a curve at a particular point is determined by 

drawing a tangent line at that point, i.e., its slope is given by 
dx

dy
 at that particular point. 

Let ( )000 y ,xA be any point in the plane. Let 
0

0
0

dx

dy
m =  be the slope of the curve 

at 0A  derived from (i). Take a neighbouring point ( )111 y ,xA  such that the slope of  

x-axis 

y-axis 

O 

A0 
A1 

A2 

A3 

A4 
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10AA is 1m . Thus, 
1

1
1

dx

dy
m =  be the slope of the curve at 1A  derived from (i). Take a 

neighbouring point ( )222 y ,xA  such that the slope of  21AA is 2m . Thus 
2

2
2

dx

dy
m =  be 

the slope of the curve at 2A  derived from (i).  

Continuing like this, we get a succession of points. If the points are taken 

sufficiently close to each other, i.e., if the successive points ............A ,A ,A ,A 4310 are 

chosen very near one another, the broken curve ............AA A A 4310 approximates to a 

smooth curve ( )[ ]xyC φ= , which is a solution of (i) corresponding to the initial point 

( )000 y ,xA = . Any point on C and the slope of the tangent at any point to C satisfy (i). 

 A different choice of the initial point will, in general, give a different curve with 

the same property, i.e., if the moving point starts at any other point, not on C and move as 

before, it will describe another curve. The equation of each such curve is thus a 

particular solution of the differential equation (i). The equation of the whole family of 

such curves is the general solution of (i). The slope of the tangent at any point of each 

member of this family and the co-ordinates of that point satisfy (i). 

Concluding remarks: 

1. Particular solution is the equation of one particular curve obtained by 

the above method. 

2. General solution of an ordinary differential equation of first order and 

first degree is the equation of the family of curves obtained by the 

above method. 

3. Finally, an ordinary differential equation is a representation of all the 

tangents of the whole family of the curves. 

 

Formation of a differential equation: 

 An ordinary differential equation is formed by elimination of arbitrary 

constants from a relation in the variables and constants.  
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To eliminate two arbitrary constants, we require two more equations 

besides the given relation, leading us to second order derivatives and hence we 

obtain a differential equation of the second order.  

Elimination of n arbitrary constants leads us to nth order derivative and 

hence we have a differential equation of the nth order. 

Now let us formulate ordinary differential equations: 

 

Q.No.1.: Form the differential equation of simple harmonic motion given by  

                  ( )α+= ntcosAx  . 

Sol.: To eliminate the constant A and  α , differentiating it twice, we get 

( )α+−= ntsinnA
dt

dx
   and   ( ) xnntcosAn

dt

xd 22

2

2

−=α+−= . 

Thus 0xn
dt

xd 2

2

2

=+ , 

which is the required differential equation which states that the acceleration varies as the 

distance from the origin. 

Q.No.2.: Form the differential equation from the equation ( )btsinax +ω= . 

Sol.: Given ( )btsinax +ω= .                                             (i) 

Here ‘a’ and ‘b’ are constants and to eliminate these constants. 

Differentiate (i) w.r.t. x, we get                   ( )btcosa
dt

dx
+ωω= . 

Differentiate again w.r.t. x, we get             ( ) xbtsina
dt

xd 22

2

2

ω−=+ωω−= .  

Hence 0x
dt

xd 2

2

2

=ω+ .  

This is the required differential equation. 

Q.No.3.: Form the differential equation from the equation 
23 bxaxy += . 

Sol.:  Given equation is 
23 bxaxy += .                                                                             (i) 

Differentiate (i) w.r.t. x, we get            b2ax3
dx

dy
.

x

1
bx2ax3

dx

dy 2 +=⇒+= . 

Differentiate again w.r.t. x, we get 
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a3
dx

yd

x

1

dx

dy
.

x

1
2

2

2
=+− 







 ′
−

′′
=⇒

2x

 y

x

  y

3

1
a .                                                                  (ii) 

Substituting the value of a in (ii), we get 

b2x
x

 y

x

 y

x

 y
2

+






 ′
−

′′
=

′
b2

x

 y
 y

x

 y
+

′
−′′=

′
⇒ 








′′−

′
=⇒  y

x

 y2

2

1
b .                            (iii) 

Putting (ii) and (iii) in (i), we get 








 ′′−′
+







 ′−′′
=

x

 x y y2

2

x

x

 y xy

3

x
y

2

2

3

 yx3 6xy xy2 yx2y6 22 ′′−′+′−′′=⇒  

06y xy4 yx2 =+′−′′⇒ 0y6
dx

dy
x4

dx

yd
x

2

2
2 =+−⇒ , 

which is the required differential equation. 

Q.No.4.: Form the differential equation from the equation 
xx BeAexy −+= . 

Sol.: Given  equation is 
xx BeAexy −+= .                                                                        (i) 

Differentiate (i) w.r.t. x, we get             xx BeAe
dx

dy
xy −−=+ . 

Differentiate again w.r.t. x, we get        
xx

2

2

BeAe
dx

yd
x

dx

dy

dx

dy −+=++  

xy
dx

dy
2

dx

yd
x

2

2

=+⇒ ,                                                                          [ ]xx BeAexy −+=∵  

which is the required differential equation. 

Q.No.5.: Form the differential equation from the equation ( )xsinBxcosAey x += . 

Sol.: Given  equation is  ( )xsinBxcosAey x += .                                                           (i) 

Differentiate (i) w.r.t. x, we get  

( ) ( )xcosBxsinAexsinBxcosAe
dx

dy xx +−++= ( )xcosBxsinAey
dx

dy x +−+=⇒ . 

Differentiate again w.r.t. x, we get 

( ) ( )xsinBxcosAexcosBxsinAe
dx

dy

dx

yd xx

2

2

+−++−+= yy
dx

dy

dx

dy

dx

yd
2

2

−







−+=⇒  

y2
dx

dy
2

dx

yd
2

2

+−⇒ ,               
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which is the required differential equation. 

Q.No.6.: Form the differential equation of the equation 
xx3x2 cebeaey ++= −

. 

Sol.: Given  equation is  
xx3x2 cebeaey ++= − cbeaeye x4xx ++=⇒ −−

.                   (i) 

Differentiate (i) w.r.t. x, we get 

x4xxx be4ae
dx

dy
eye −−− −=+− b4ae

dx

dy
eye x5x3x3 −=+−⇒  

Differentiate again w.r.t. x, we get 

x5

2

2
x3x3x3x3 ae5

dx

yd
e

dx

dy
e3

dx

dy
eye3 =++−− a5

dx

yd
e

dx

dy
e2ye3

2

2
x2x2x2 =++−⇒ −−−

 .  

Differentiate again w.r.t. x, we get 

0
dx

yd
e

dx

yd
e2

dx

yd
e2

dx

dy
e4

dx

dy
e3ye6

3

3
x2

2

2
x2

2

2
x2x2x2x2 =+−+−− −−−−−−

 

0y6
dx

dy
7

dx

yd
3

3

=+−⇒ .               

which is the required differential equation. 

Q.No.7.: Obtain the differential equation of all circles of radius ‘a’  and centre (h, k). 

Sol.: Since we know that the equation of a circle whose radius is ‘a’ and centre is (h, k) is 

                                              ( ) ( ) 222
akyhx =−+− .                                                       (i) 

Differentiate (i) w.r.t. x, we get 

( ) ( ) 0
dx

dy
ky2hx2 =−+− ( ) ( ) 0

dx

dy
kyhx =−+−⇒ .                                                     (ii) 

Differentiate again w.r.t. x, we get               

( ) 0
dx

dy

dx

yd
ky1

2

2

2

=







+−+                                                                                              (iii) 

2

2

2

dx

yd

dx

dy
1

ky









+

−=−⇒  
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From (ii)  ( )

2

2

2

dx

yd

dx

dy
1

dx

dy

dx

dy
kyhx




















+

=−−=− . 

Substituting the values of ( )hx −  and ( )ky −  in (i), we get 

2

2

2

2

2
2

2

2

2

2
22

a

dx

yd

dx

dy
1

dx

yd

dx

dy
1

dx

dy

=


































+

+


































+








2

2

2
2

3
2

dx

yd
a

dx

dy
1














=






















+⇒ ,                                                        

which is the required differential equation. 

Q.No.8.: Find the differential equation of a family of the circles passing through the  

                origin and having centres on the x-axis. 

Sol.: Since we know that the equation of circle with centre (h, k) and radius ‘a’ is given 

by equation             ( ) ( ) 222
akyhx =−+− .                                                                     (i) 

Here k = 0 and  a = h. 

 

 

 

 

 

 

 

∴Equation (i) becomes  

2222 hyhx2hx =+−+ 0hx2yx 22 =−+⇒ .                                                               (ii) 

Here h is the constant and to eliminate it, differentiating (ii) w.r.t. x, we get 

0h2
dx

dy
y2x2 =−+ 








+−=⇒

dx

dy
yxh . 

Putting the value of h in (ii), we get 

0
dx

dy
yxx2yx 22 =








+−+ 0

dx

dy
xy2x2yx 222 =−−+⇒ 0

dx

dy
xy2xy 22 =−−⇒  

x-axis 

y-axis 

O           C(h, 0) 
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0yx
dx

dy
xy2 22 =−+⇒ , 

which is the required differential equation. 

Q.No.9.: Find the differential equation of  all circles of radius 5, with their centers at  

                y-axis. 

Sol.: Since we know that the equation of circle with centre (h, k) and radius ‘a’ is given 

by equation                        ( ) ( ) 222
akyhx =−+− .                                                          (i) 

Here h = 0 and  a = 5. 

∴Equation (i) becomes    25kyk2yx 222 =+−+ .                                                        (ii) 

 

 

 

 

 

 

 

 

Here k is the constant and to eliminate it , differentiating (ii) w.r.t. x, we get 

0
dx

dy
k2

dx

dy
y2x2 =−+ 








+=⇒

dx

dy
yx2

dx

dy
k2

dx

dy

dx

dy
yx

k









+

=⇒ . 

Putting the value of k in (ii), we get 

25

dx

dy

dx

dy
yx

dx

dy

dx

dy
yx

y2yx

2

22 =


























+

+


























+

−+   

( ) 0
dx

dy
y

dx

dy
y

dx

dy
xy2x

dx

dy
y2

dx

dy
xy2

dx

dy
25x

2
2

2
22

2
2

2
2 =








+








+++








−−








−⇒  

 ( ) 0x
dx

dy
25x

2
2

2 =+







−⇒ , which is the required differential equation. 

x-axis 

y-axis 

C  (0, k) 

 
 5 

O 
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Q.No.10.: Find the differential equation of  all parabolas with x-axis as the axis and (a, 0)  

                 as focus. 

Sol.:  Since we know that the equation of the parabola, whose x-axis as the axis and (a, 0) 

as focus is         ax4y2 = .                                                                                                 (i) 

Differentiating (i) both sides, we get 

 

 

 

 

 

 

 

 

a4
dx

dy
y2 = a2

dx

dy
y =⇒ , which is the required differential equation.  

Home Assignments 
Q.No.1.: Eliminate the arbitrary constants and obtain the differential equation of  

2ccxy += . 

Ans.: y
dx

dy

dx

dy
x

2

=







+ . 

Q.No.2.: Eliminate the arbitrary constants and obtain the differential equation of  

2CxBxyA ++ . 

Ans.: 0
dx

yd
3

3

= . 

Q.No.3.: Eliminate the arbitrary constants and obtain the differential equation of  

t2sinBt2cosAy += . 

Ans.: 0y4
dt

yd
2

2

=+ . 

x-axis 

y-axis 

O (a, 0) 
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Q.No.4.: Eliminate the arbitrary constants and obtain the differential equation of  

x2x3 BeAey += . 

Ans.: 0y6
dx

dy
5

dx

yd
2

2

=+− . 

Q.No.5.: Eliminate the arbitrary constants and obtain the differential equation of  

CBeAey xx ++= −
 

Ans.: 0
dx

dy

dx

yd
3

3

=− . 

Q.No.6.: Eliminate the arbitrary constants and obtain the differential equation of  

2xx xBeAexy ++= −
. 

Ans.: 02xyx
dx

dy
2

dx

yd
x 2

2

2

=−−++ . 

Q.No.7.: Eliminate the arbitrary constants and obtain the differential equation of  

1ByAx 22 =+  

 

Ans.: 0
dx

dy
y

dx

dy
x

dx

yd
xy

2

2

2

=−







+ . 

Q.No.8.: Eliminate the arbitrary constants and obtain the differential equation of  

222 axay2y =+− . 

Ans.: ( ) 0x
dx

dy
xy4

dx

dy
y2x

2
2

22 =−−







− . 

Q.No.9.: Eliminate the arbitrary constants and obtain the differential equation of  

0aaxe2e 2yy2 =++ . 

Ans.: ( ) 01
dx

dy
x1

2
2 =+








− . 

Q.No.10.: Obtain the differential equation of all straight lines in a plane. 

Ans.: 0
dx

yd
2

2

= . 

Q.No.11.: Obtain the differential equation of all circles of radius r whose centres lie on  
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                 the x-axis. 

Ans.:
2

2
2 r

dx

dy
1y =




















+ . 

Q.No.12.: Obtain the differential equation of all conics whose axis coincide with the axis  

                  of co-ordinates. 

Ans.:
dx

dy
y

dx

dy
x

dx

yd
xy

2

2

2

=







+ . 

Q.No.13.: Obtain the differential equation of all circles in a plane. 

Ans.: 0
dx

yd

dx

dy
3

dx

yd

dx

dy
1

2

2

2

3

32

=













−




















+ . 

Q.No.14.: Obtain the differential equation of all the circles in the first quadrant which  

                  touch the co-ordinate axis. 

Ans.: ( )
22

2

dx

dy
yx

dx

dy
1yx 








+=




















+− . 

Q.No.15.: Obtain the differential equation of all parabolas with lotus rectum ‘4a’ and axis  

                  parallel to the axis. 

Ans.: 0
dx

dy

dx

yd
a2

3

2

2

=







+ . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Differential equations of the first order and first degree: 

 Normally it is easy to verify that a given function is a solution of a 

differential equation, while it is very difficult to find the solution of even the first 

order and first degree ordinary differential equations 

( )y,xf
dx

dy
= . 

But on the other hand, there are certain standard types of first order and first 

degree ordinary differential equations for which solutions can be readily obtained 

by standard methods. 

Now here we shall discuss some special methods of solutions, which are applied 

to the following types of equations: 

1. Variable Separable Form  

2. Homogeneous Form  

3. Linear Differential Equations 

4. Exact Differential Equations 

In other cases, the particular solution may be determined numerically. 

2nd Topic 

Ordinary Differential Equations of First order  
 “Variable Separable Form” 

Differential equations reducible to variable separable form 

Differential equations related with initial value problems 

 

Prepared by: 

Prof. Sunil 

Department of Mathematics & Scientific Computing 

NIT Hamirpur (HP) 

 



Differential Equations of First Order: Variable Separable Form  

Visit: https://www.sites.google.com/site/hub2education/ 

 

2

1. EQUATIONS, WHERE VARIABLES ARE SEPARABLE:  

(VARIABLE SEPARABLE FORM) 

 If in an equation it is possible to collect all the functions of x and dx on one 

side and all the functions of y and dy on the other side, then the variables are said 

to be separable.  

Thus, the general form of such an equation is  

dx)x(dy)y(f φ= . 

Method to solve this type of differential equation (i.e. Variable separable 

form): 

Integrating both sides, we get                       

cdx)x(dy)y(f +φ= ∫∫ , 

which is the general solution, c being an arbitrary constant. 

 

Now let us solve some differential equations, where variables are separable: 

Q.No.1.: Solve the differential equation y22y2x3 exe
dx

dy −− += . 

Sol.: Given equation is y22y2x3 exe
dx

dy −− +=  ( )dxxedye
2x3y2 +=⇒ . 

Integrating both sides, we get  ( ) cdxxedye
2x3y2 ++= ∫∫  

( ) 'cxe2e3c
3

x

3

e

2

e 3x3y2
3x3y2

++=⇒++=⇒ ,     [ ]c6'c =  

which is the required solution. 

Q.No.2.: Solve the differential equation ( ) ( ) 0dxy1xdyx1y 22 =−+− . 

Sol.: Given equation is  ( ) ( ) 0dxy1xdyx1y 22 =−+− dx
x1

x
dy

y1

y

22 −
−=

−
⇒  (i) 

Put ty1 2 =−    and  zx1 2 =−  

dtydy2 =−⇒  and  dzxdx2 =− . 

Therefore, (i) becomes   
z

2

dz

t

2

dt

=−
z

dz

t

dt
=−⇒ . 
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Integrating both sides, we get    'c
z

dz

t

dt
+=− ∫∫   

 'c

2

1

z

2

1

t 2/12/1

+=−⇒ czt +=−⇒ .      







=

2

c'
c where  

0ctz =++∴ 0cy1x1 22 =+−+−⇒ . Ans. 

This is the required solution of this differential equation. 

Q.No.3.: Solve the differential equation ( ) 0xyy
dx

dy
yxx 2222 =++−  

Sol.: Given equation is  ( ) 0xyy
dx

dy
yxx 2222 =++− . 

( ) ( ) 0x1y
dx

dy
.y1x 22 =++−⇒ ( ) ( )x1y

dx

dy
.y1x 22 +−=−⇒  

dx
x

1x
dy

y

1y
22







 +
=









 −
⇒ dx

x

1

x

1
dy

y

1

y

1
22








+=










−⇒  

Integrating both sides, we get          'cdx
x

1

x

1
dy

y

1

y

1
22

+







+=













− ∫∫      

'c
x

1
xlog

y

1
ylog +−=+⇒  'c

x

1

y

1
xlogylog =++−⇒                   

'c
x

1

y

1

x

y
log =++








⇒ c

y

1

x

1

y

x
log =−−








⇒ . Ans.         ( )'cc where −=  

This is the required solution of this differential equation. 

Q.No.4.: Solve the differential equation xyyx1
dx

dy
xy +++= . 

Sol.: Given equation is xyyx1
dx

dy
xy +++= ( )( )y1x1

dx

dy
xy ++=⇒  

dx
x

x1
dy

y1

y







 +
=









+
⇒ . 

Integrating both sides, we get  cdx
x

x1
dy

y1

y
+







 +
=









+ ∫∫  
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cdx
x

dx
dy

y1

1y1
++=









+

−+
⇒ ∫∫∫    ( ) cxxlogy1logy ++=+−⇒  

( ) 0cyx1ylogxlog =+−+++⇒          ( )[ ] cy1xlogxy +++=⇒ . Ans. 

This is the required solution of this differential equation. 

Q.No.5.: Solve the differential equation ( ) 0ydysece1ydxtane3 2xx =−+ . 

Sol.: Given equation is ( ) 0ydysece1ydxtane3 2xx =−+ . 

( ) ydxtane3ydysece1 x2x −=−⇒ dx
e1

e3
dy

ytan

ysec
x

x2

−
−=⇒ . 

Integrating both sides, we get  clogdx
e1

e3
dy

ytan

ysec
x

x2

+














−
−=














∫∫  

( ) cloge1log3ytanlog x +−=⇒ ( )3xe1cytan −=⇒ . Ans.  

This is the required solution of this differential equation. 

Q.No.6.: Solve the differential equation ( ) ( ) 0dyyyxdxxxy 22 =+++ . 

Sol.: Given equation is ( ) ( ) 0dyyyxdxxxy 22 =+++  

( ) ( )dy.x1ydx.y1x 22 +++⇒
22 x1

dx
x

y1

dy
y

+
−=

+
⇒ dx

x1

x2
.

2

1
dy

y1

y2
.

2

1
22 +

−=
+

⇒ . 

Integrating both sides, we get                'clogdx
x1

x2
.

2

1
dy

y1

y2
.

2

1
22

+
+

−=
+

∫∫  

( ) ( ) clogx1log
2

1
y1log

2

1 22 ′++−=+ ( ) ( ) clogx1logy1log
2/122/12 ′++−=+⇒  

( ) ( ) clogx1logy1log
2/122/12 ′=+++⇒ cx1y1 22 ′=





 +




 +⇒ . 

Squaring both sides, we get             ( )( ) cy1x1 22 =++ ,  where cc 2 =′ . 

This is the required solution of this differential equation. 

Q.No.7.: Solve the differential equation y32y3x2 ex4e
dx

dy −− += . 

 Sol.: Given equation is y32y3x2 ex4e
dx

dy −− +=
y3

2

y3

x2

e

x4

e

e

dx

dy
+=⇒

y3

2x2

e

x4e

dx

dy +
=⇒  

( )dxx4edye 2x2y3 +=⇒ . 
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Integrating both sides, we get   ( ) 'cdxx4edye 2x2y3 ++= ∫∫  

'c
3

x4

2

e

3

e 3x2y3

++=⇒          'c6x8e2e3 3y3y3 −=+−⇒  

cx8e2e3 3y3y3 =+−⇒ ,  ( where 'c6c −= ). 

This is the required solution of this differential equation. 

Q.No.8.: Solve the differential equation 
( )

ycosyysin

1xlog2x

dx

dy

+

+
= . 

Sol.:  Given equation is 
( )

ycosyysin

1xlog2x

dx

dy

+

+
=  

( ) ( )dx.1xlog2xdy.ycosyysin +=+⇒ . 

Integrating both sides, we get 

( ) ( ) cdx.1xlog2xdy.ycosyysin ++=+ ∫∫  

[ ] cxdxxdx).x(log2dy.ysin.1ysinyycos ++=−+−⇒ ∫∫∫  

c
2

x
dx

2

x
.

x

1

2

x
.xlog2ycosysinyycos

222

++











−=++−⇒ ∫  

cxlogxysiny 2 +=⇒ . Ans.  

This is the required solution of this differential equation. 

Q.No.9.: Solve the differential equation 







+=−

dx

dy
ya

dx

dy
xy 2 . 

Sol.: Given equation is 







+=−

dx

dy
ya

dx

dy
xy 2 ( )

dx

dy
.xaayy 2 +=−⇒          

xa

dx

ayy

dy
2 +

=
−

⇒ . 

Integrating both sides, we get clog
ax

dx

ayy

dy
2

+
+

=
−

∫∫ . 

Now 
( ) ay1

B

y

A

ay1y

1

−
+=

−
( ) 1Byay1A =+−⇒  

At y = 0 ,  A = 1, then ( ) 0ay1 =−
a

1
y =⇒ . 
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aB
a

1
B1 =⇒×=∴ . 

Hence clog
ax

dx

ayy

dy
2

+
+

=
−

∫∫  

clog
ax

dx
dy

ay1

a
dy

y

1
+

+
=

−
+⇒ ∫∫∫   ( ) ( ) clogaxlogay1log

a

a
ylog ++=−

−
+⇒  

( ) ( ) clogay1logylogaxlog =−+−+⇒       
( )( )

clog
y

ay1ax
log =

−+
⇒  

( )( ) cyay1ax =−+⇒ , 

which is the required general solution of this differential equation. 

Q.No.10.: Solve the differential equation ( ) ye21
dx

dy
1x −=++ . 

Sol.: Given equation is ( ) ye21
dx

dy
1x −=++ ( ) 1e2

dx

dy
1x y −=+⇒ −  

1e2

dy

1x

dx
y −

=
+

⇒
−

. 

Integrating both sides, we get     clog
1e2

dy

1x

dx
y

+
−

=
+ −∫∫  

clog
e2

dy.e

1x

dx
y

y

+
−

−=
+

⇒ ∫∫   ( ) ( ) cloge2log1xlog y +−−=+⇒  

( ) ( ) cloge2log1xlog y =−++⇒ ( )( ) ce21x y =−+⇒  

which is the required general solution of this differential equation. 

Q.No.11.: Solve the differential equation 0ydycot.xcosydxsin.xtan 22 =+ . 

Sol.: Given equation is 0ydycot.xcosydxsin.xtan 22 =+ . 

0ydyeccos.ycotdx.ysec.xtan 22 =+⇒ . 

Integrating both sides, we get  

( ) ( ) 0ycotydcotxtand.xtan =− . 

c
2

ycot

2

xtan 22

=−∴ . 

This is the required solution of this differential equation. 
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Q.No.12.: Solve the differential equation y3yx2 exe
dx

dy −− += . 

Sol.: Given equation is y3yx2 exe
dx

dy −− += . 

( ) y3x2 exe
dx

dy −+=⇒ . 

Separating the variables, we get 

( )dxxedye 3x2y += . 

Integrating both sides, we get  

C
4

x

2

e
e

4x2
y ++= . 

This is the required solution of this differential equation. 

 

EQUATIONS REDUCIBLE TO VARIABLE SEPARABLE FORM: 

 Equations of the form ( )cbyaxf
dx

dy
++=                                                             (i) 

can be reduced to the ‘variable separable form’ by putting tcbyax =++ , so that 

dx

dt

dx

dy
ba =+ 








−=⇒ a

dx

dt

b

1

dx

dy
. 

∴Equation (i) becomes      ( )tfa
dx

dt

b

1
=








− ( )tbfa

dx

dt
+=⇒

( )
dx

tbfa

dt
=

+
⇒ . 

After integrating both sides, t is to be replaced by its value, we get the required solution. 

Q.No.1.: Solve 
( )

0
1yx

1yx2

dx

dy

x

y
22

22

=
++

−+
+ . 

Sol.: Given equation is 
( )

0
1yx

1yx2

dx

dy

x

y
22

22

=
++

−+
+ .                                                            (i) 

Putting tyx 22 =+ , we get   
dx

dt

dx

dy
y2x2 =+ 1

dx

dt

x2

1

dx

dy

x

y
−=⇒ . 

Therefore (i)  becomes   0
1t

1t2
1

dx

dt

x2

1
=

+

−
+







−     
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⇒
1t

t2

1t

1t2
1

dx

dt

x2

1

+

−
=

+

−
−= dt

t2

1t
xdx2

−

+
=⇒ 0dt

2t

3
1xdx2 =









−
++⇒ . 

Integrating both sides, we get          ( ) c2tlog3tx2 =−++  

( ) c2yxlog3yx2 2222 =−+++⇒ ,     [ ]22 yxt +=∵  

which is the required solution. 

Q.No.2.: Solve the differential equation ( ) 22
a

dx

dy
yx =− . 

Sol.: Given equation is ( ) 22
a

dx

dy
yx =− . 

Put 
dx

dt
1

dx

dy

dx

dt

dx

dy
1tyx −=⇒=−⇒=− . 

∴  The given equation becomes 

2

22

2

2
22

t

at

dx

dt

t

a

dx

dt
1a

dx

dt
1t

−
=⇒=−⇒=








− dxdt

at

t
22

2

=
−

⇒ . 

Integrating both sides, we get 

cdxdt
at

t
22

2

+=
−

∫∫  cdxdt
at

aat
22

222

+=
−

+−
⇒ ∫∫  

cdxdt
at

a
dt

22

2

+=
−

+⇒ ∫∫∫ cx
at

at
log

a2

1
at 2 +=

+

−
+⇒  

cx
ayx

ayx
log

2

a
yx +=

+−

−−
+−⇒   c

ayx

ayx
logay2 +

+−

−−
=⇒ ,  

which is the required general solution of this differential equation. 

Q.No.3.: Solve the differential equation ( ) 1
dx

dy
1yx

2
=++ . 

Sol.: Given equation is ( ) 1
dx

dy
1yx

2
=++                 (i) 

Put 
dx

dt

dx

dy
1t1yx =+⇒=++ 1

dx

dt

dx

dy
−=⇒ .               

Then the given equation becomes        

11
dx

dt
t2 =








−  

2

2

t

t1

dx

dt +
=⇒ dxdt

t1

t
2

2

=
+

⇒  dxdt
t1

1
1

2
=









+
−⇒ . 
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Integrating on both sides, we get    'cdxdt
t1

1
1

2
+=









+
− ∫∫  

 'cxttant 1 +=−⇒ − ( ) ( ) 'cx1yxtan1yx 1 +=++−++⇒ −
 

( ) c1yxtany 1 +++= −
,    where  1'cc −= . 

This is the required solution of this differential equation. 

Q.No.4.: Solve the differential equation ( ) dxdyyxcos =+ . 

Sol.: Given equation is ( ) dxdyyxcos =+ ( )yxsec
dx

dy
+=⇒ . 

Put 1
dx

dt

dx

dy

dx

dt

dx

dy
1tyx −=⇒=+⇒=+ . 

∴  The given equation becomes        tsec1
dx

dt
=−   dx

tsec1

dt
=

+
⇒ . 

Integrating both sides, we get     ∫ ∫∫ +=
+

−+
⇒+=

+
cxdt

tcos1

1tcos1
cdxdt

tcos1

tcos
 

∫ +=
+

−⇒ cxdt
tcos1

1
t cxdt

2

t
cos2

1
t

2
+=−⇒ ∫ cxdt

2

t
sec

2

1
t 2 +=−⇒ ∫  

cx
2

t
tan

2

2
t +=−⇒ cx

2

yx
tanyx  cx

2

t
tant +=

+
−+⇒+=−⇒  

c
2

yx
tany +







 +
=⇒ , 

which is the required general solution of this differential equation. 

Q.No.5.: Solve the differential equation ( )1yxcos
dx

dy
++= . 

Sol.: Given equation is ( )1yxcos
dx

dy
++= .            

Put t1yx =++  so that 
dx

dt
1

dx

dy
=+ 1

dx

dt

dx

dy
−=⇒ . 

∴  The given equation becomes   tcos1
dx

dt
=− 1tcos

dx

dt
+=⇒ dx

1tcos

dt
=

+
⇒ . 

Integrating both sides, we get       cdx
1tcos

dt
+=

+ ∫∫  



Differential Equations of First Order: Variable Separable Form  

Visit: https://www.sites.google.com/site/hub2education/ 

 

10 

cdx

2

t
cos2

dt

2
+=⇒ ∫∫ cdxdt

2

2

t
sec2

+=⇒ ∫∫ cx

2

1
.2

2

t
tan

+=⇒ cx

2

t
cos

2

t
sin

+=⇒  

  cx

2

t
cos

2

t
sin2

2

t
sin2 2

+=⇒ cx
tsin

tcos1
+=

−
⇒ cx

tsin

tcos

tsin

1
+=−⇒  

cxtcotectcos +=−⇒  

( ) ( ) 'c1yxcot1yxeccosx +++−++=⇒  , 

which is the required general solution of this differential equation. 

Q.No.6.: Solve the differential equation ( ) 1xytanx
dx

dy
=−− . 

Sol.: Given equation is ( ) 1xytanx
dx

dy
=−− ( )xytanx1

dx

dy
−+=⇒ . 

Put txy =− 1
dx

dt

dx

dy
+=⇒ . 

∴  The given equation becomes  ttanx11
dx

dt
+=+ ttanx

dx

dt
=⇒ xdx

ttan

dt
=⇒ . 

Integrating both sides, we get     cdx.x
ttan

dt
+= ∫∫  

c
2

x
tsinlog

2

+=⇒ ( ) cx.
2

1
xysinlog 2 +=−⇒ , 

which is the required general solution of this differential equation. 

Q.No.7.: Solve the differential equation ( ) 0xyeccosyx
dx

dy
x 34 =++ . 

Sol.: Given equation is ( ) 0xyeccosyx
dx

dy
x 34 =++ . 

Putting 
x

t
ytxy =⇒=   so that  

dx

dt
y

dx

dy
x =+ 








−=⇒ y

dx

dt

x

1

dx

dy
. 

∴Equation (i) becomes  

0ectcos
x

t
xy

dx

dt

x

1
x 34 =+








+















−⇒ 0ectcostxyx

dx

dt
x 233 =++−⇒  
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0ectcostxtx
dx

dt
x 223 =++−⇒ ectcos

dx

dt
x3 −=⇒ . 

Separating the variable, we get   
3x

dx
dt

ectcos

1
−=  

Integrating both sides, we get 

c
x

dx
dt

ectcos

1
3

+−= ∫∫ cdtxtdtsin 3 +−=⇒ −
∫∫ c

2

x
tcos

2

+
−

−=−⇒
−

 

c
x2

1
tcos

2
+−=−⇒  c

x2

1
xycos

2
=+⇒ . Ans. 

Q.No.8.: Solve the differential equation ( )1yxsiny 2 +−=′ . 

Sol.: Given equation is ( )1yxsiny 2 +−=′ . 

Put 1yxz +−= ,  so 0
dx

dy
1

dx

dz
+−= . 

Substituting z and 
dx

dy
, we get a separable equation as  

zsin
dx

dz
1 2=− zcoszsin1

dx

dz 22 =−=⇒ . 

Separating the variables, we have 

dxzdzsec2 = . 

Integrating both sides, we get  

( ) cx1yxtancxztan +=+−⇒+= . 

This is the required solution of this differential equation. 

Q.No.9.: Solve the differential equation 
( )

0
1yx2

1yx

dx

dy

x

y
22

22

=
++

−+
+ . 

Sol.: Given equation is 
( )

0
1yx2

1yx

dx

dy

x

y
22

22

=
++

−+
+ . 

Putting tyx 22 =+ , we get 1
dx

dt

x2

1

dx

dy

x

y

dx

dt

dx

dy
y2x2 −=⇒=+ . 

Therefore, the given equation becomes 

0
1t2

1t
1

dx

dt

x2

1
=

+

−
+−

1t2

2t

1t2

1t
1

dx

dt

x2

1

+

+
=

+

−
−=⇒ dt

2t

1t2
xdx2

+

+
=⇒  
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dt
2t

3
2xdx2 









+
−=⇒ . 

Integrating both sides, we get   ( ) c2tlog3t2x2 ++−=  

( ) c2yxlog3y2x 2222 +++−+⇒ ,   [ ]22 yxt +=∵ . 

This is the required solution of this differential equation. 

 

INITIAL VALUE PROBLEM:  

A differential equation together with an initial condition is called an initial 

value problem. In this type of problems, we can determine the value of the 

arbitrary constant in the general solution by using initial condition. 

Q.No.1.: Solve the differential equation 
2

xyxe
dx

dy −= , if y = 0 when x = 0. 

Sol.: Given equation is 
2

xyxe
dx

dy −=
2

xy e.xe
dx

dy −=⇒ dx.e.x
e

dy 2x

y

−=⇒ . 

Integrating both sides, we get       'cdx.e.x
e

dy 2x

y
+= −

∫∫ .                                             (i) 

Put tx2 = dt
2

1
xdx =⇒ . 

Then (i) becomes      'c
2

dt
ee ty +=− −−

∫  

'c2ee2 ty +−=−⇒ −− cee2
2xy +−=−⇒ −−

,   [ ]'c2c    where =  .                                 (ii) 

When x = 0,  y = 0. Putting in (ii), we get   c = 1−  

1ee2
2xy −−=− −− 1ee2

2xy +=⇒ −−
 . Ans. 

This is the required solution of this differential equation. 

Q.No.2.: Solve the differential equation 0ycot
dx

dy
x =+ ,  if 

4
y

π
=  when 2x = . 

Sol.:  Given equation is 0ycot
dx

dy
x =+

x

dx

ycot

dy
=−⇒ . 

Integrating both sides, we get      c
x

dx
ydytan +=− ∫∫  
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cxlogycoslog +=⇒  c
x

ycos
log =








⇒ . 

Now putting 
4

y
π

=  and  2x = , then  c
2

2/1
log =


















=⇒

2

1
logc  

Hence 
2

1
log

x

ycos
log =









2

1

x

ycos
=⇒ ycos2x =⇒ . Ans. 

This is the required solution of this differential equation. 

Q.No.3.: Solve ( )21yx4
dx

dy
++= ,  if y(0) = 1. 

Sol.: Given equation is ( )21yx4
dx

dy
++= . 

Putting t1yx4 =++ , we get 4
dx

dt

dx

dy
−= . 

Then the given equation becomes dx
t4

dt
t4

dx

dt
t4

dx

dt
2

22 =
+

⇒+=⇒=− . 

Integrating both sides, we get    cdx
t4

dt
2

+=
+

∫∫ cx
2

t
tan

2

1 1 +=⇒ −  

( ) cx1yx4
2

1
tan

2

1 1 +=







++⇒ −  ( )cx2tan21yx4 +=++⇒ . 

When 1y  ,0x == ,  we get  

c2tan2110 =++  c2tan1 =⇒  ( ) c1tan
2

1 1 =⇒ −  
8

c
π

=⇒ . 

Hence, the required solution is  








 π
+=++

4
x2tan21yx4 . Ans. 

Q.No.4.: Solve the differential equation  

              ( ) 0ydysece1ydxtane3 2xx =++ , given 
4

y
π

=  when x = 0. 

Sol.: The given equation can be written as 0dy
ytan

ysec
dx

e1

e3 2

x

x

=+
+

. 

Integrating, we have ( ) clogytanloge1log3 x =++  
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( )
3

xlog 1 e tan y log c⇒ + =  

( )
3

x1 e tan y c⇒ + = ,                 (i) 

which is the general solution of the given equation. 

Since 
4

y
π

=  when x = 0, we have from (i)      ( ) 8cc111
3

=⇒=×+ . 

∴  The required particular solution is ( )
3

x1 e tan y 8+ = . 

Q.No.5.: Show that the particular solution of ( ) ( ) 01y
dx

dy
1x 22 =+++ ,  y(0) = 1, is 

x1

x1

+

−
.  

Sol.: Given equation is ( ) ( ) 01y
dx

dy
1x 22 =+++ . 

Separating the variables, we get 

0
1x

dx

1y

dy
22

=
+

+
+

. 

Integrating both sides, we get ( ) ctanxtanytan 11 =+ −−
. 

Using   ( )
btan.atan1

btanatan
batan

−

+
=+   

ctan
xy1

xy
=

−

+
. 

When x = 0, y = 1, then ctan
01

01
=

−

+
 

1
xy1

xy
=

−

+
∴  

Solving, we get 
x1

x1
y

+

−
= . 

This is the required solution of this differential equation. 

 

Home Assignments 
Q.No.1.: Solve the differential equation y3x2e

dx

dy += . 

Ans.: ce2e3 y3x2 =+ − . 
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Q.No.2.: Solve the differential equation xyyx1
dx

dy
xy +++= . 

Ans.: ( )[ ] cy1xlogxy +++= . 

Q.No.3.: Solve the differential equation ( )( ) dydxdydxyx +=−+ . 

Ans.: 
yxceyx −=+ . 

Q.No.4.: Solve the differential equation 0ycot
dx

dy
x =+ , if 

4
y

π
=  when 2x = . 

Ans.: 2ysecx = . 

Q.No.5.: Solve the differential equation 0
x1

y1

dx

dy
2

2

=
−

−
+ . 

Ans.: cy1xx1y 22 =−+− . 

Q.No.6.: Solve the differential equation 2222 yxyx1
dx

dy
.

x

y
+++= . 

Ans.: ( ) cx1
3

2
y1

2/322 ++=+ . 

Q.No.7.: Solve the differential equation ( ) ( ) 0e1x2
dx

dy
x1e y2y =+−+ . 

Ans.: ( )2y x1ce1 +=+ . 

Q.No.8.: Solve the differential equation 0xdytanysecydxtanxsec 22 =+ . 

Ans.: cytanxtan = . 

Q.No.9.: Solve the differential equation ( ) 0ydxxdyx1 23 =−+ ,   if  y = 2 when x = 1. 

Ans.: ( )1x4y 33 += . 

Q.No.10.: Solve the differential equation ( ) xydyydxxdya =+ . 

Ans.: ( ) cxylogay += . 

Q.No.11.: Solve the differential equation y2yx exe
dx

dy −− += . 

Ans.: c
3

x
ee

3
xy ++= . 
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Q.No.12.: Solve the differential equation ( ) 22
a

dx

dy
yx =+ . 

Ans.: 






 −
=+

a

cy
tanayx . 

Q.No.13.: Solve the differential equation ( ) dxdyyxsin =+ . 

Ans.: ( ) ( ) cyyxsecyxtan +=+−+ . 

Q.No.14.: Solve the differential equation ( )yxcos
dx

dy
+= . 

Ans.: 






 +
=+

2

yx
tancx . 

Q.No.15.: Solve the differential equation ( ) ( )yxcosyxsin
dx

dy
+++= . 

Ans.: cx
2

yx
tan1log +=















 +
+ . 

Q.No.16.: Solve the differential equation ( ) ( )yxsinyxsin
dx

dy
ytan −++= . 

Ans.:. cysecxcos2 =+ . 

Q.No.17.: Solve the differential equation ( ) 0dy1xxydx4 2 =++ . 

Ans.: ( ) c1xy
2

=+ . 

Q.No.18.: Solve the differential equation ( )( ) ( ) 0dy2x3xydx1y4x 22 =+++++ . 

Ans.: ( ) cx3xyxx3 32 +−=+ . 

Q.No.19.: Solve the differential equation ( ) ( )dy1yxyxdxxxy 2222 +++=+ . 

Ans.: ( ) ( )1yc log  4y2y1x  log 22 ++−=+ . 

Q.No.20.: Obtain particular solution 
2y1yxy2 +=′ ;  y(2) = 3. 

Ans.: 1x5y2 −= . 

Q.No.21.: Solve the differential equation ( )2
yxy +=′ . 

Ans.: ( ) ( )cxtanyx +=+ . 

Q.No.22.: Solve the differential equation ( ) 03y2xy5y4x2 =+−+′+− . 
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Ans.: c118y-4x log y8x4 =++− . 

Q.No.23.: Solve the differential equation ( )2

2

2

xx1
x1

y1
yxy ++















+

+
=′ . 

Ans.: ( ) cxtan xlogy1 log  
2

1 1-2 ++=+ . 

Q.No.24.: Solve the differential equation 0dyeydxex
2222 y2x3y3x23 =−+ −− . 

Ans.: ( ) ( ) ce1y59e1x325
22 y52x32 =++− − . 

Q.No.25.: Solve the differential equation 
( )( )( )
( )( )( )3x2y1x

3y2x1y
y

+−−

+−−
=′ . 

Ans.: ( )( ) ( )( )55
3x1yc3y1x +−=++ . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Homogeneous Form of Differential Equation: 

 A differential equation of the form  

( )
( )y,x

y,xf

dx

dy

φ
= , 

is called a homogeneous form of differential equation if ( )y,xf  and ( )y,xφ  

are homogeneous functions of the same degree in x and y. 

Now, since ( )y,xf  and ( )y,xφ  are homogeneous functions of the same 

degree in x and y, then a homogeneous form of differential equation can 

also be written as 









=

x

y
g

dx

dy
. 
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Method to solve this type of differential equation : 

Given differential equation is 







=

x

y
g

dx

dy
. 

(i) Put vxy = , and then  
dx

dv
xv

dx

dy
+=  in the given differential equation, we get     

)v(g
dx

dv
xv =+ , which reduces to a separable equation. 

(ii) Separating the variables v and x, we get 
x

dx

v)v(g

dv
=

−
. 

(iii) Integrating on both sides, we get the required solution. 

c
x

dx

v)v(g

dv
+=

− ∫∫  

(iv) At last, replace v  by 
x

y
, in the solution obtained in (iii). 

Now let us solve some differential equations 

 

Q.No.1.: Solve ( ) 0xydydxyx
22 =−− . 

Sol.: Given equation is 

x

y
x

y
1

xy

yx

dx

dy 2

2

22 −

=
−

= ,                                                               (i) 

which is homogeneous form of differential equation in x and y.           

Putting vxy = , then 
dx

dv
xv

dx

dy
+= . 

∴Equation (i) becomes    
v

v1

dx

dv
xv

2−
=+

v

v21
v

v

v1

dx

dv
x

22 −
=−

−
=⇒ . 

Separating the variables, we get    
x

dx
dv

v21

v
2

=
−

. 

Integrating both sides, we get 

c
x

dx
dv

v21

v
2

+=
−

∫∫ c
x

dx
dv

v21

v4

4

1
2

+=
−

−
−⇒ ∫∫ ( ) cxlogv21log

4

1 2 +=−−⇒  

( ) c4v21logxlog4
2 −=−+⇒ ( ) c4v21xlog

24 −=−⇒  
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ce
x

y2
1x c3

2

2
4 ′==














−⇒ −   (where c4'c −= ) 

( ) cy2xx
222 ′=−⇒ .   

This is the required solution of this differential equation. 

Q.No.2.: Solve ( ) 0dy
y

x
1edxe1 y/xy/x =








−++ . 

Sol.: The given equation can be written as      
y/x

y/x

e1

y

x
1e

dy

dx

+









−

−= ,                                (i) 

which is homogeneous form of differential equation in x and y.           

Putting vyx = ,  then  
dy

dv
yv

dy

dx
+= . 

∴Equation (i) becomes    
( )

v

v

e1

v1e

dy

dv
yv

+

−
−=+  

( ) ( ) ( )
v

v

v

vv

v

v

e1

ev

e1

e1vv1e
v

e1

v1e

dy

dv
y

+

+
−=

+

+−−−
=−

+

−
−=⇒ . 

Separating the variables, we get   
( )

v

v

v

v

ev

evd
dv

ev

e1

y

dy

+

+
=

+

+
=− . 

Integrating both sides, we get   
( )

c
ev

evd

y

dy
v

v

+
+

+
=− ∫∫  

( ) cevlogylog
v ++=−⇒  ( ) cv

eevy
−=+⇒ cyex

y/x ′=+⇒  [say].  

This is the required solution of this differential equation. 

Q.No.3.: Solve the differential equation 22 xy3
dx

dy
.xy2 += . 

Sol.: Here the given equation is 22 xy3
dx

dy
.xy2 +=

xy2

xy3

dx

dy 22 +
=⇒ ,                          (i) 

which is homogeneous form of differential equation in x and y.           

Putting vxy = ,  then  
dx

dv
xv

dx

dy
+= . 



Differential Equations of First Order: Homogeneous Form of Differential Equations   

Visit: https://www.sites.google.com/site/hub2education/ 

4

∴Equation (i) becomes    
v2

1v3

vx2

xxv3

dx

dv
.xv

2

2

222 +
=

+
=+  

v2

1v

v2

v21v3

dx

dv
x

222 +
=

−+
=⇒ . 

Separating the variables, we get   
x

dx

v1

vdv2
2

=
+

⇒  

Integrating both sides, we get 

clog
x

dx

v1

vdv2
2

+=
+

∫∫ ( ) clogxlogv1log
2 +=+⇒ clog

x

v1
log

2

=












 +
⇒  

c
x

yx
3

22

=
+

⇒  

322
cxyx =+∴ .  

This is the required solution of this differential equation. 

Q.No.4.: Solve the differential equation ( ) 0xydydxy2x
22 =−+ . 

Sol.: The given equation is 
xy

y2x

dx

dy 2 +
= ,                                                                       (i) 

which is homogeneous form of differential equation in x and y.           

Put vxy = ,  then  
dx

dv
xv

dx

dy
+= . 

∴Equation (i) becomes    
v

vv21
v

v

v21

dx

dv
x

vx

xv2x

dx

dv
xv

222

2

222 −+
=−

+
=⇒

+
=+ . 

Separating the variables, we get  
x

dx
dv

v1

v
2

=
+

. 

Integrating both sides, we get 

( ) clogxlogv1log
2

1
clog

x

dx
dv.

v1

v2

2

1 2

2
+=+⇒+=

+
∫∫

( ) ( ) 1
22222
cxv1clogxlogv1log =+⇒+=+⇒ 1

2
2

cx
x

y
1 =




















+⇒  

422
cxyx =+⇒ .          

This is the required solution of this differential equation. 
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Q.No.5.: Solve the differential equation dxyxydxxdy 22 +=− . 

Sol.: The given equation is dxyxydxxdy 22 +=−  













 ++
=⇒

x

yyx

dx

dy
22

.                                                                                                  (i) 

Since given equation is homogeneous form of differential equation in x and y.           

Putting vxy = ,  then  
dx

dv
xv

dx

dy
+= . 

∴  Equation (i) becomes     

x

yyx

dx

dy
22 ++

= vv1
dx

dv
.xv 2 ++=+⇒ 2v1

dx

dv
.x +=⇒ . 

Separating the variables, we get     
x

dx

v1

dv

2
=

+
. 

Integrating both sides, we get     

clogxlogv1vlogclog
x

dx

v1

dv 2

2
+=++⇒+=

+
∫∫ xcv1v 2 =++⇒ . 

Putting 
x

y
v = , we get        

2
2 2 2

2

y y
1 xc y x y cx

x x
+ + = ⇒ + + = . 

This is the required solution of this differential equation. 

Q.No.6.: Solve the differential equation ( ) xydy2dxyx
22 =− . 

Sol.: The given equation is  ( ) xydy2dxyx
22 =−  













 −
=⇒

xy2

yx

dx

dy 22

.                                                                                                           (i) 

which is a homogeneous form of differential equation in x and y.           

Putting vxy = , so that 
dx

dv
xv

dx

dy
+= . 

∴Equation (i) becomes    
( )

v2

v1

vx2

vxx

dx

dv
xt

2

2

222 −
=

−
=+   













 −
=−

−
=⇒

v2

v31
v

v2

v1

dx

dv
x

22

. 
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Separating the variables, we get   
x

dx

v31

vdv2
2

=
−

. 

Integrating both sides, we get  clog
x

dx

v31

vdv2
2

+=
−

∫∫                                                (ii) 

Putting 
2

v31y −=   dy
6

1
vdvvdv6dy −=⇒−=∴ , we get 

xclogclogxlog
y

dy

3

1
=+=− ∫ xclogylog

3

1
=−⇒ xcy

3/1 =⇒ −
. 

Putting 
2

t31y −=  in above equation, we get      ( ) xct31
3/12 =−

−
. 

Putting 







=

x

y
t  in above equation, we get 

xc
x

y3
1

3/1

2

2

=













−

−

cx
x

y3x 3

1

2

22

=












 −
⇒

−

cx
y3x

x 3

22

2

=
−

⇒ ( )
c

1
y3xx

122 =−⇒
−

 

( ) cy3xx
22 =−⇒ . 

This is the required solution of this differential equation. 

Q.No.7.: Solve the differential equation ( ) ( )dyxy2xdxxy2y
22 −=−  

Sol.: Here the given equation is 
xy2x

xy2y

dx

dy
2

2

−

−
= ,                                                              (i) 

which is homogeneous form of differential equation in x and y.           

Put vxy = ,  then  
dx

dv
xv

dx

dy
+= . 

∴Equation (i) becomes    
v21

v2v

xy2x

vx2xv

dx

dv
xv

2

2

222

−

−
=

−

−
=+ v

v21

v2v

dx

dv
x

2

−
−

−
=⇒  

v21

v2vv2v

dx

dv
x

22

−

+−−
=⇒ . 

Separating the variables, we get  ( ) x

dx
dv

vv3

v21
2

=
−

−
. 

Integrating both sides, we get 

( ) clog
x

dx
dv

vv

1v2

3

1
2

+=
−

−
− ∫∫ ( ) clogxlogvvlog

3

1 2 +=−−⇒   
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( ) 332
clogxlogvvlog +=−−⇒ ( ) 332

clogxvvlog
−=−⇒ 33

2

2

cx
x

y

x

y −=













−⇒  

( ) 3

2

32

c
x

xyxy −=
−

⇒
( )

12

23

c
x

yxyx
=

−
⇒ ( ) cxyxy =−⇒ . 

This is the required solution of this differential equation. 

Q.No.8.: Solve the differential equation ( ) 0dyyxydxx
332 =+− . 

Sol.: The given equation is  ( ) 0dyyxydxx
332 =+−  

33

2

yx

yx

dx

dy

+
=⇒ ,                                                                                                               (i) 

which is a homogeneous form of differential equation in x and y.           

Putting vxy = , so that 
dx

dv
xv

dx

dy
+= . 

∴Equation (i) becomes    ( ) 333

3

v1

v

v1x

vx

dx

dv
xv

+
=

+
=+   

3

4

3 v1

v
v

v1

v

dx

dv
x

+

−
=−

+
=⇒ . 

Separating the variables, we get    
x

dx
dy

v

v1
4

3

−=












 +
. 

Integrating both sides, we get   clog
x

dx
dv

v

1

v

1
4

−−=







+ ∫∫   

clog
x

dx
dv

v

1
dvv 4 −=++⇒ ∫∫∫

− clogxlogvlog
3

v 3

−=++
−

⇒
−

 

clogvxlog
3

v 3

−=+−⇒
−

3v

1

3

1
ylogclog =+⇒ ( )

3

3

y

x

3

1
cylog =⇒  

cylog3
y

x
3

=







⇒ .     

This is the required solution of this differential equation. 
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Q.No.9.: Solve the differential equation dxyxxdyydx 22 +=− . 

Sol.: The given equation is  dxyxyxdy 22





 +−=                                   

x

yxy

dx

dy
22 +−

=⇒ .                                                                                                     (i) 

Since the given equation is homogeneous form of differential equation in x and y.           

∴Putting 
dx

dv
v

dx

dy
    vxy +=∴= . 

∴Equation (i) becomes    2v1v
dx

dv
.xv +−=+ 2v1

dx

dv
.x +−=⇒ . 

Separating the variables, we get    
x

dx

v1

dv
2

−=
+

. 

Integrating both sides, we get     

clogxlogv1vlogc
x

dx

v1

dv 2

2
+−=





 ++⇒+−=

+
∫∫   









=





 ++⇒

x

c
logv1vlog 2









=





 ++⇒

x

c
v1v 2 . 

Putting 
x

y
v = , we get 

cyxy
x

c

x

yx

x

y 22
22

=++⇒=
+

+⇒ . 

This is the required solution of this differential equation. 

Q.No.10.: Solve the differential equation  
dx

dy
xy

dx

dy
xy 22 =+ . 

Sol.: The given equation is 
dx

dy
xy

dx

dy
xy 22 =+                                                                 

dx

dy
.1

x

y
xy 22









−=⇒

1
x

y
x

y

dx

dy 2

2

−

=⇒ .                                                                              (i) 

Since given equation is homogeneous form of differential equation in x and y.           
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Put vxy =
dx

dv
xv

dx

dy
+=⇒ . 

∴Equation (i) becomes    
1v

v

dx

dv
xv

2

−
=+

1v

vvv

dx

dv
x

22

−

+−
=⇒ . 

Separating the variables, we get     
x

dx
dv

v

1v
=

−
. 

Integrating both sides, we get        clog
x

dx
dv

v

1v
+=

−
∫∫      

clog
x

dx
dv

v

1
1 +=








−⇒ ∫∫ clogxlogvlogv +=−⇒  

By putting 
x

y
v = , we get 

( )xclog
x

y
log

x

y
=− . 

This is the required solution of this differential equation. 

Q.No.11.: Solve the differential equation ( )xdyydxxy3dyydxx
33 −=−  

Sol.: The given equation is ydyx3dxxy3dyydxx
2233 −=−  

( ) ( )dy.yx3ydxxy3x
2323 −=−⇒  









−

















−

=
−

−
=⇒

x

y
3

x

y

x

y
31

yx3y

xy3x

dx

dy
3

2

23

23

.                                                                                 (i) 

Since given equation is homogeneous form of differential equation in x and y.           

Put vxy =
dx

dv
xv

dx

dy
+=⇒ . 

∴Equation (i) becomes   
v3v

v3vv31

dx

dv
x

v3v

v31

dx

dv
xv

3

242

3

2

−

+−−
=⇒

−

−
=+  

x

dx
dv

v1

v3v
4

3

=
−

−
⇒ . 

Integrating both sides, we get  clog
x

dx
dv

v1

v3v
4

3

+=
−

−
∫∫  
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clogxlogdv
v1

v
3dv

v1

v
44

3

+=
−

−
−

⇒ ∫∫  

( )xclogdv
v1

v2

2

3
dv

v1

v4

4

1
44

3

=
−

−
−

−⇒ ∫∫  

Put duvdv2uv2 =⇒= , we get 

( )xclogdu
u1

1

2

3
dv

v1

v4

4

1
24

3

=
−

−
−

−⇒ ∫∫  

( ) ( )xclog
u1

u1
log

4

3
v1log

4

1 4 =
−

+
−−−⇒                        








+

−

+
=

−
∫ c

xa

xa
log

a2

1

xa

dx
22

∵  

( ) ( )xclog
v1

v1
log

4

1
v1log

4

1
3

2

2
4 =

−

+
−−−⇒

( )
( )

( )xclog

v1

v1
log

4

1
22

42

=
−

+
−⇒  

( )
( )

( )xclog

v1

v1
log

2/12

12

=
−

+
⇒

−

− ( )
( ) xc

v1

v1
2

2

=
+

−
⇒ ( ) ( )22222 v1cxv1 +=−⇒  

2
2

22
2

x

y
1cx

x

y
1




















+=




















−⇒ [ ] [ ]222222 yxcyx +=−⇒  

( ) ( )22222 xy'cyx −=+⇒ . 

This is the required solution of this differential equation. 

Q.No.12.: Solve the differential equation 
x

y
sin

x

y

dx

dy
+=  

Sol.: The given equation is 
x

y
sin

x

y

dx

dy
+= .                                                                     (i) 

Since given equation is homogeneous form of differential equation in x and y.           

Put vxy =
dx

dv
xv

dx

dy
+=⇒ . 

∴Equation (i) becomes    
x

dx

xsin

dv
vsinv

dx

dv
xv =⇒+=+ . 

Integrating both sides, we get clog
x

dx
ecvdvcos += ∫∫   
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clogxlogcotv- veccoslog +=⇒ xclog
vsin

vcos1
log =

−
⇒

( )xclog

2

v
cos

2

v
sin2

x

v
sin2

log

2

=⇒  

( )cxtanx2yxc
x2

y
tanxc

2

v
tan 1−=⇒=⇒=⇒ . 

This is the required solution of this differential equation. 

Q.No.13.: Solve the differential equation 0dy
x

y
secxdx

x

y
secy

x

y
tanx 22 =+








− . 

Sol.: The given equation is 0dy
x

y
secxdx

x

y
secy

x

y
tanx 22 =+








−                   

x

y
sec

x

y
tan

x

y

x

y
secx

x

y
tanx

x

y
secy

dx

dy

22

2

−=
−

=⇒ .                                                                         (i) 

Since given equation is homogeneous form of differential equation in x and y.           

Put vxy =
dx

dv
xv

dx

dy
+=⇒ . 

∴Equation (i) becomes    
vsec

vtan
v

dx

dv
xv

2
−=+

x

dx
dv

vtan

vsec2

−=⇒ . 

Integrating both sides, we get clog
x

dx
dv

vtan

vsec2

+−= ∫∫  

clogxlogvtanlog =+⇒ ( ) clogvtanxlog =⇒           

( ) cvtanx =⇒ c
x

y
tanx =⇒ . 

This is the required solution of this differential equation. 

Q.No.14.: Solve the differential equation ( )dyyxedxye
2y/xy/x +=         

Sol.: The given equation is ( )dyyxedxye
2y/xy/x +=  

y/x

2y/x

ye

yxe

dy

dx +
=⇒

y/xx

y

y

x

dy

dx
+=⇒ ,                                                                          (i) 

which is a homogeneous form of differential equation in x and y.           
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Putting vyx =
dy

dv
yv

dy

dx
   +=∴ . 

∴Equation (i) becomes    
ve

y
v

dy

dv
yv +=+ 0e

dy

dv
y v =








−⇒ − ve

dy

dv −=⇒ . 

Separating the variable, we get     dy
e

dv
v

=
−

. 

Integrating both sides, we get    cdy
e

dv
v

+= ∫∫ −
 

cye
v +=⇒ cye

y/x +=⇒ . 

This is the required solution of this differential equation. 

Q.No.15.: Solve the differential equation 0dy
y

x
logxydx

y

x
logxy 22 =
















−+








 

Sol.: The given equation is 0dy
y

x
logxydx

y

x
logxy 22 =
















−+








        

y

x
log

y

x

1
y

x
log

y

x

dy

dx

2














−









=⇒ ,                                                                                                 (i) 

which is a homogeneous form of differential equation in x and y.           

Putting vyx =     
dy

dv
yv

dy

dx
   +=∴ . 

∴Equation (i) becomes    
[ ]

vlogv

1vlogv

dy

dv
yv

2 −
=+

[ ]
vlogv

vlogv1vlogv

dy

dv
y

22 −−
=⇒  

vlogv

1

dy

dv
y

−
=⇒ . 

Separating the variable, we get   vdvlogv
y

dy
−=  

Integrating both sides, we get cvdvlogv
y

dy
+−= ∫∫  
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cdv
v

1
.

2

v

2

v
.vlogylog

22

+











−−=⇒ ∫ cvdv

2

1

2

v
.vlogylog

2

+











−−==⇒ ∫  

c
4

v

2

v
.vlogylog

22

+











−−==⇒ c

y4

x

y

x
log

y2

x
ylog

2

2

2

2

++−==⇒  

c
y4

x

x

y
log

y2

x
ylog

2

21

2

2

++







−==⇒

−

c
y4

x

x

y
log

y2

x
ylog

2

2

2

2

++







=⇒  

c1
x

y
log2

y4

x
ylog

2

2

+







+







=⇒ . 

This is the required solution of this differential equation. 

Q.No.16.: Solve the differential equation ( ) 0xdyydx
x

y
sinxdx 2 =−+ . 

Sol.: The given equation is ( ) 0xdyydx
x

y
sinxdx 2 =−+  

0
dx

dy
xy

x

y
sinx 2 =








−+⇒

x

y

x

y
sin

1

dx

dy

2
+=⇒ . 

Since given equation is homogeneous form of differential equation in x and y.           

Putting vxy =
dx

dv
xv

dx

dy
+=⇒ . 

∴Equation (i) becomes    v
vsin

1

dx

dv
xv

2
+=+

x

dx
vdvsin2 =⇒ . 

Integrating both sides, we get     

'cxlogdv
2

v2cos1
'c

x

dx
vdvsin2 +=

−
⇒+= ∫∫∫  

'cxlog
2

x

y
sin

x

y

2

1
2

+=
















−⇒ 'cxlog
2

vsin
v

2

1 2

+=











−⇒  

c
x

y2
sin

2

1

x

y

2

1
xlog +
















−=⇒ ,    where 'cc −= . 

This is the required solution of this differential equation. 
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Q.No.17.: Solve the differential equation ( ) ( ) 0dyyx2dxy2x =+++ . 

Sol.: Given equation is ( ) ( ) 0dyyx2dxy2x =+++  

( )
0

yx2

y2x

dx

dy
=

+

+
−=⇒ ,                 (i) 

which is homogeneous form of differential equation in x and y.           

Put 
x

y
u = ,   then 

dx

dy
u

dx

xdu
=+ .  

∴Equation (i) becomes    
( )
( )u2

u21

dx

xdu
u

+

+−
=+ . 

( ) ( )
2u

1u4u
u

u2

u21

dx

xdu 2

+

++−
=−

+

+−
=⇒ . 

Separating the variables, we get  
( )

( )
( )

( )1u4u

1u4ud

2

1

1u4u

du2u

x

dx
2

2

2 ++

++
=

++

+
=− . 

Integrating both sides, we get 

( ) 0
2 c1u4u log xlog 2 +++=− ( ) c1u4ux

22 =++⇒ c1
x

y
4

x

y
x

2

2
2 =














++⇒  

cxxy4y
22 =++⇒ . 

This is the required solution of this differential equation. 

Q.No.18.: Solve the differential equation ( ) 0y
y

x
1.e2e21 y/xy/x =′








−++ . 

Sol.: Given equation is ( ) 0y
y

x
1.e2e21 y/xy/x =′








−++  

( ) 0dy
y

x
1e2dxe21 y/xy/x =








−++⇒ ,               (i) 

which is homogeneous form of differential equation in x and y.           

Put u
y

x
= ,   so that  udyydudx += . 

∴Equation (i) becomes    ( )( ) ( ) 0dyu1e2yduudye21
uu =−+++  

( ) ( ) 0due21ydye2u
uu =+++⇒ . 
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Separating the variables, we get  0du
e2u

e21

y

dy
u

u

=
+

+
+ . 

Integrating both sides, we get 

( ) c log2eu logy log
u =++ ( ) ce2uy

u =+⇒ . 

Replacing u, we get 

ce2
y

x
y y/x =








+ . 

This is the required solution of this differential equation. 

Q.No.19.: Solve the differential equation 0xdydxyxy 22 =−




 ++ ,    y(1) = 0. 

Sol.: Given equation is 0xdydxyxy 22 =−




 ++  

222

x

y
1

x

y

x

yxy

dx

dy








++=

++
=⇒ , 

which is homogeneous form of differential equation in x and y.           

Put y = ux,  then 
dx

du
xu

dx

dy
+= .  

∴Equation (i) becomes    2u1u
dx

du
xu ++=+ 2u1

dx

du
x +=⇒  

Separating the variables, we get   

1u

du

x

dx

2 +
= . 

Integrating both sides, we get 

1uu logclogx log 2 ++=+ cx1uu 2 =++⇒  

Replacing u, we have 

cx1
x

y

x

y
2

2

=++ 222 cxyxy =++⇒ . 

Put y = 0, when x = 1,  then c = 1. 

So, the required solution is  

222 xyxy =++ . 
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Home Assignments 

Q.No.1.: Solve the differential equation ( ) ( ) 0dyyx3xdxxy2yx
2322 =−−− . 

Ans.: 
y/x23

excy
−= . 

Q.No.2.: Solve the differential equation ( ) ( ) 0dyxydxyx =−++ . 

Ans.: ( ) c
x

y
tan2yxlog 122 +=+ − . 

Q.No.3.: Solve the differential equation y
x

y

dx

dy
x

2

=+ . 

Ans.: 
y/xecx = . 

Q.No.4.: Solve the differential equation ( ) ( )yxy
dx

dy
yxx +=− . 

Ans.: c
y

x
log

y

x
=+ . 

Q.No.5.: Solve the differential equation ( ) 0ydxdyxxy =+− . 

Ans.: cylog
y

x
2 =+ . 

Q.No.6.: Solve the differential equation ( ) ( ) 0dyxy3x2dxxy2y
22 =+++ . 

Ans.: ( ) cyxxy
2 =+ . 

Q.No.7.: Solve the differential equation ( )xlogylogy
dx

dy
x −= . 

Ans.: 
cx1

xey
+= . 

Q.No.8.: Solve the differential equation 
x

y
cosxy

dx

dy
x 2+= . 

Ans.: ( )cxlog
x

y
tan = . 

Q.No.9.: Solve the differential equation 

0
dx

dy
x

x

y
cosx

x

y
sinyy

x

y
siny

x

y
cosx =








−−








+ . 
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Ans.: c
x

y
cosxy = . 

Q.No.10.: Solve the differential equation ( ) ( ) 0dyxxy2dxy3xy2
22 =+−+ . 

Ans.: 
32

cxxyy =+ . 

Q.No.11.: Solve the differential equation 0dyyxxydxyxyx 222223 =+−




 ++ . 

Ans.: ( ) 332/322 cx logxyx =+ . 

Q.No.12.: Solve the differential equation ( ) ( ) 0dyyx4dxy5x2 =−+− ,   y(1) = 4. 

Ans.:  ( ) ( )xy12yx2
2

−=+ . 

Q.No.13.: Solve the differential equation x
x

y
siny

dx

dy

x

y
sin.x += . 

Ans.: 0cxlog
x

y
cos =+ . 

Q.No.14.: Solve the differential equation ( ) xy
x

y
tanyx3yx 1222 ++=′ − . 

Ans.: 
3

cxtanxy = . 

Q.No.15.: Solve the differential equation ( ) ( )dxyxdyxyx
222 +=+ . 

Ans.: ( ) x/y2
e.cxyx

−=− . 

Q.No.16.: Solve the differential equation ( ) 0dxyxy2yxxydyx
32232 =−−++  

Ans.: 
( )
( ) yx

x2

xyx

xyc
log

4 +
=













+

−
. 

Q.No.17.: Solve the differential equation 







+=′

x

y
cos.xyyx 2 ,  ( )

4
1y

π
= . 

Ans.: 
x

y
tan xlog1 =+ . 

Q.No.19.: Solve the differential equation 
22

22

yxy8x6

y2xy5x6
y

+−

−−
=′ . 

Ans.: ( )( ) ( )129
x2ycx3yxy −=−− . 

Q.No.20.: Solve the differential equation  
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0dy
x

y
secx

x

y
cos.xdx

x

y
secy

x

y
cosy

x

y
tanx2

x

y
sinx2 22 =





++





−−+  

Ans.: c
x

y
tan

x

y
sinx 2 =








+ . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Equations Reducible to Homogeneous Form: 

The equation of the form   

                                                       
cybxa

cbyax

dx

dy

′+′+′

++
=             (i) 

is non-homogeneous form of differential equation due to the presence of c and c′ . 

**************** 

This equation can be reduced to homogeneous form as follows: 

Case I.: When 
b

b

a

a

′
≠

′
. 

Putting hXx += ,  kYy += ,  (h, k being constants) 

so that dXdx = ,  dy = dY,  then (i) becomes 

( )
( )ckbhaYbXa

cbkahbYaX

dX

dY

′+′+′+′+′

++++
= .              (ii) 

Choose h, k in such a way that (ii) becomes homogeneous. 

So put 0cbkah =++  and 0ckbha =′+′+′  

h k 1

bc b c ca c a ab ba
⇒ = =

′ ′ ′ ′ ′ ′− − −
 

abba

cbcb
h

′−′

′−′
=⇒ , 

abba

acac
k

′−′

′−′
= .          (iii) 
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Thus, when 
bc b c

h
ab b a

′ ′−
=

′ ′−
, 

abba

acac
k

′−′

′−′
=  and  0abba ≠′−′ ,    

(ii) becomes 
YbXa

bYaX

dX

dY

′+′

+
= , 

which is homogeneous in X and Y. 

Now above homogeneous form of differential equation can be solved by putting vXY = . 

Further process is same as we discuss in earlier.  

Case II.: When 
b

b

a

a

′
=

′
  i.e., ab ba 0′ ′− = , 

then the above method fails as h and k become infinite or indeterminate. 

Now in that case put 
m

1

b

b

a

a
=

′
=

′
 (say). 

a am′⇒ = ,  bmb =′ ,  then (i) becomes 

( )
( ) cbyaxm

cbyax

dx

dy

′++

++
= .           (iv) 

Put tbyax =+  so that  
dx

dt

dx

dy
ba =+ 








−=⇒ a

dx

dt

b

1

dx

dy
 

∴  (iv) becomes 
cmt

ct
a

dx

dt

b

1

′+

+
=








−  

( )
cmt

bccatbam

cmt

bcbt
a

dx

dt

′+

+′++
=

′+

+
+=⇒ , 

so that the variables are separable.  

Integrating, we get the solution. 

In that solution, put byaxt += , we get the required solution of (i). 

Now let us solve some differential equations, which can be reducible to 

homogeneous form: 

• Differential equations reducible to Homogeneous form of differential 

equations:  

Case I.: When 
b

b

a

a

′
≠

′
.                                

Case II.: When 
b

b

a

a

′
=

′
  i.e., ab ba 0′ ′− = . 



Differential Equations of First Order: Equations reducible to Homogeneous Form   

Visit: https://www.sites.google.com/site/hub2education/ 

 

3

Problems related with 
b

b

a

a

′
≠

′
:                                

Q.No.1.: Solve the differential equation 
4xy

2xy

dx

dy

−−

−+
= . 

Sol.: Given equation is 
4xy

2xy

dx

dy

−−

−+
= .                                                (i) 

Here
b

b

a

a
 

′
≠

′
.  

Putting hXx += , kYy += ,  (h, k being constants), so that dx = dX ,  dy = dY. 

Then (i) becomes    

( )
( )4hkXY

2hkXY

dX

dY

−−+−

−+++
= .               (ii) 

Put 02hk =−+  and  04hk =−−  so that 1h −= ,  k = 3. 

∴ (ii) becomes 
XY

XY

dX

dY

−

+
=  which is homogeneous in X and Y.         (iii) 

∴   Put  Y = vX,   then 
dX

dv
Xv

dX

dY
+= . 

Then (iii) becomes 
1v

1v

dX

dv
Xv

−

+
=+

1v

vv21
v

1v

1v

dX

dv
X

2

−

−+
=−

−

+
=⇒  

X

dX
dv

vv21

1v
2

=
−+

−
⇒ . 

Now this is a variable separable form. 

Integrating both sides, we get 

c
X

dX
dv

vv21

v22

2

1
2

+=
−+

−
− ∫∫ ( ) cXlogvv21log

2

1 2 +=−+−⇒  

c2Xlog
X

Y

X

Y2
1log 2

2

2

−=+













−+⇒ ( ) c2YXY2Xlog

22
−=−+⇒  

ceYXY2X c222 ′==−+⇒ − .               (iv) 

Putting 1xhxX +=−= , 3ykyY −=−= , then (iv) becomes 

( ) ( )( ) ( ) c3y3y1x21x
22 ′=−−−+++  

c14y8x4yxy2x
22 ′=−+−−+⇒ , which is the required solution. 
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Q.No.2.: Solve the differential equation ( ) ( ) 0dy3x3y7dx7x7y3 =+−++− . 

Sol.: Given equation is 
3x3y7

7x7y3

dx

dy

+−

+−
= .                                            (i) 

Here
b

b

a

a
 

′
≠

′
.  

Putting hXx += , kYy += ,  (h, k being constants), so that dx = dX ,  dy = dY. 

Then (i) becomes    

( ) ( )
( ) ( ) 3hX3kY7

7hX7kY3

dX

dY

++−+

++−+
−=

( )3k7h3X3Y7

)7k3h7(X7Y3

++−+−

++−+−
= .                                     (ii) 

Now, choosing, h, k such that 07k3h7 =++−  and  03k7h3 =++−  

Solving these equations, we get h = 1,   k = 0. 

With these values of h,  k, equation (ii) reduces to 
X3Y7

X7Y3

dX

dY

−

−
−= .        (iii) 

Putting vXY =   so that  
dX

dv
Xv

dX

dY
+= . 

Equation (iii) becomes 
X3vX7

X7vX3

dX

dv
Xv

−

−
−=+

3v7

v77
v

3v7

v37

dX

dv
X

2

−

−
=−

−

−
=⇒ . 

Now this is a variable separable form. 

Separating the variables, we get 

 
X

dX
7dv

v1

3v7
2

=
−

−
  

X

dX
7dv

v1

5

v1

2
=









+
−

−
⇒  

Integrating both sides, we get 

( ) ( ) cXlog7v1log5v1log2 +=+−−− ( ) ( ) cv1log5v1log2Xlog7 −=++−+⇒  

( )( )[ ] cv1v1Xlog
527 −=+−⇒ c

52
7

e
X

Y
1

X

Y
1X

−
=








+








−⇒  

( ) ( ) CYXYX
52

=+−⇒ ,  where ceC −= .                        (iv) 

Putting 1xhxX −=−= ,   ykyY =−= . 

Equation (iv) becomes ( ) ( ) C1yx1yx
52

=−+−− , which is the required solution. 
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Q.No.3.: Solve ( ) ( ) 0dy6y3x4dx1y2x =−−++− . 

Sol.: Given equation is ( ) ( ) 0dy6y3x4dx1y2x =−−++− .                                            (i) 

This equation is non-homogeneous. 

Here
b

b

a

a
 

′
≠

′
.  

Putting hxx 1 += , kyy 1 += ,  (h, k being constants), so that dx = dx1,  dy = dy1. 

Then (i) becomes    

( )[ ] ( ) ( )[ ] 0dy6ky3hx4dx1ky2hx 111111 =−+−++++−+  

( ) ( )[ ] ( ) ( )[ ] 0dy6k3h4y3x4dx1k2hy2x 111111 =−−+−++−+−⇒ .                           (ii) 

Now, choosing, h, k such that 01k2h =+−  and   06k3h4 =−− . 

Solving these equations, we get h = 3,    k = 2. 

With these values of h,  k, equation (ii) reduces to  

11

11

1

1

x4y3

y2x

dx

dy

−

−
= .                                                                                                            (iii) 

Putting 
1

1

x

y
u = ,  so that  

1

1

1
1

dx

dy
u

dx

du
x =+ . 

Equation (iii) becomes 
4u3

u21
u

dx

du
x

1
1

−

−
=+  

4u3

u4u3u21
u

4u3

u21

dx

du
x

2

1
1

−

+−−
=−

−

−
=  

4u3

u3u21

dx

du
x

2

1
1

−

−+
= . 

Now this is a variable separable form. 

Separating the variables, we get 

1

1

2 x

dx
du

1u2u3

4u3 −
=









−−

−
 

Integrating both sides, we get 

11
2 clogxlog

1u3

3u3
log

4

3
1u2u3log

2

1
+−=

+

−
−−−  
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( )













=

+

−
−−−⇒

4
1

4
1

3
22

x

c
log

1u3

3u3
log1u2u3log  

( )
( ) 













=

+

+
⇒

4
1

4
1

5

x

c
log

1u3

1u3
log  

( ) 1uc1u3x
54

1 −=+⇒ ,   where 
4
1c3c = . 

Replacing 
1

1

x

y
u = , we get   11

5
11 xycxy3 −=+ . 

Replacing 2yy1 −= ,   3xx1 −= , we get 

1xyc9y3x
5

+−=−+ , which is the required solution. 

Q.No.4.: Solve the differential equation ( ) ( )ydy8y2x3xdx7y3x2
2222

−+=−+ . 

Sol.: Put Xx2 = ,  Yy
2

= , so that dXxdx2 = ,   dYydy2 = . 

( ) ( )dY8Y2X3dX7Y3X2 −+=−+  

8Y2X3

7Y3X2

dX

dY

−+

−+
= , which is not homogeneous equation.                                                (i) 

Here
b

b

a

a
 

′
≠

′
.  

Putting hXX 1 += , kYY 1 += ,  (h, k being constants), so that dX = dX1 ,  dY = dY1. 

Then (i) becomes    

( )
( )8k2h3Y2X3

7k3h2Y3X2

dX

dY

11

11

1

1

−+++

−+++
= .                                                                                   (ii) 

To convert this into a homogeneous equation, put 07k3h2 =−+ ,  08k2h3 =−+  

Solving these equations, we get h = 2,  k = 1,  

With these values of h,  k, equation (ii) reduces to 
11

11

1

1

Y2X3

Y3X2

dX

dY

+

+
= .                         (iii) 

Now this is a homogeneous equation. 

To solve this, put  
1

1

X

Y
u = , so that  

1

1

dX

dY
 = 

1
1

dX

du
Xu + . 

Equation (iii) becomes 
u23

u32

uX2X3

uX3X2

dX

du
Xu

11

11

1
1

+

+
=

+

+
=+  
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( )
u23

u12
u

u23

u32

dX

du
X

2

1
1

+

−
=−

+

+
==  

Separating the variables, we get 

222
1

1

u1

udu2

u1

du3
du

u1

u23

X

dX2

−
+

−
=









−

+
=  

But 
( )( ) ( ) 









+
+

−
=

+−
=

− u1

1

u1

1

2

1

u1u1

1

u1

1
2

 

Integrating both sides, we get 

1u

udu
2

u1

du

u1

du

2

1
.3

X

dX
2

2
1

1

−
−






+
+

−
= ∫∫∫  

( )1ulog2
1u

1u
log3clog2Xlog4 2

1 −−








−

+
=+⇒

( )

( ) ( )223

3
4
1

2

1u

1
.

1u

1u
Xc

−−

+
=⇒  

( )5

4
1

2

1u

1u
Xc

−

+
=⇒ . 

Replacing 
1

1

X

Y
u = , we get 

( )

( )5
11

112

XY

XY
c

+

+
= . 

Replacing  2XX1 −= ,  1YY1 −= , we have 
( )

( )[ ]5
2

2X1Y

2X1Y
c

−−−

−+−
=  

( ) ( )3yx1yxc 225222 −+=+−⇒ , which is the required solution. 

Problems related with 
a b

a b
=

′ ′
:                                

Q.No.5.: Solve the differential equation ( ) ( ) 0dy5y6x4dx4x2y3 =++−++ . 

Sol.: Given equation is 
( )
( ) 5y3x22

4y3x2

dx

dy

++

++
= .              (i) 

Here
b

b

a

a
 

′
=

′
.  

Putting ty3x2 =+  so that 
dx

dt

dx

dy
32 =+ . 

∴  (i) becomes  
5t2

4t
2

dx

dt

3

1

+

+
=








−  
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dt 3t 12 7t 22
2

dx 2t 5 2t 5

+ +
⇒ = + =

+ +
dxdt

22t7

5t2
=

+

+
⇒  

Now this is a variable separable form. 

Integrating both sides, we get 

cdxdt
22t7

5t2
+=

+

+
∫∫ cxdt

22t7

1
.

7

9

7

2
+=









+
−⇒ ∫  

( ) cx22t7log
49

9
t

7

2
+=+−⇒  

Putting y3x2t += , we have  

( ) ( ) c49x4922y21x14log9y3x214 +=++−+  

( ) c22y21x14log9y42x21 ′=+++−⇒ , which is the required solution. 

Q.No.6.: Solve the differential equation 
2xy

xy

dx

dy

+−

−
= . 

Sol.: Given equation is 
2xy

xy

dx

dy

+−

−
= . 

Here
b

b

a

a
 

′
=

′
.  

Putting xyz −= , so that 1
dx

dy

dx

dz
−= . 

∴  (i) becomes  
2z

z
1

dx

dz

dx

dy

+
=+=

2z

2
1

2z

z

dx

dz

+

−
=−

+
=⇒ ( ) 0dx2dz2z =++⇒  

Now this is a variable separable form. 

Integrating both sides, we get 

( ) cdx2dz2z =++ ∫∫ cx2z2
2

z2

=++⇒ . 

Replacing z by xy − , we get 

( ) ( ) cx4xy4xy
2

=+−+− ( ) cy4xy
2

=+−⇒ , which is the required solution. 
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Home Assignments 

Q.No.1.: Solve the differential equation 
3x3y

4xy2

dx

dy

+−

−−
= . 

Ans.: 
( )
( )

21/1

22

X215Y2

X215Y2
cYXY5X 









−−

++
=+− ,  where 2xX −= ,  3yY −= . 

Q.No.2.: Solve the differential equation ( ) ( )dx3y2xdy3yx2 −+=−+ . 

Ans.: ( ) ( )2xycxy
3

−+=− . 

Q.No.3.: Solve the differential equation ( ) ( ) 0dy1y2x5dx1y5x2 =−+−++ . 

Ans.: ( )
3

7

3

2
yxcx 








−−=+ . 

Q.No.4.: Solve the differential equation 0
fbyhx

ghyax

dx

dy
=

++

++
+ . 

Ans.: 0cfy2gx2byhxy2ax
22

=+++++ . 

Q.No.5.: Solve the differential equation 
3y2x2

1yx

dx

dy

++

++
= . 

Ans.: ( ) ( ) c4y3x3logxy23 =+++− . 

Q.No.6.: Solve the differential equation ( ) ( ) 0dy2x2y3dx1y6x4 =−−+−− . 

Ans.: ( ) c5y12x8log
4

3
yx =−−+− . 

Q.No.7.: Solve the differential equation ( )( ) dydxdydxy2x +=−+ . 

Ans.: ( ) cxy
2

3

3

1
yxlog =−+








++ . 

Q.No.8.: Solve the differential equation 
3yx2

3y2x

dx

dy

−+

−+
= . 

Ans.: ( ) ( )2yxcyx
3

−+=− . 

Q.No.9.: Solve the differential equation 0
1y4x3

1y3x2

dx

dy
=

−+

++
+ . 

Ans.: cyxy2xy3x
22

=−+++ . 
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Q.No.10.: Solve the differential equation ( ) ( ) 0dy1yx2dx3y2x =+−−++ .. 

Ans.: ( ) ( )[ ] c
1x

1y
tan41y1xlog 122

+
+

+
=+++ − . 

Q.No.11.: Solve the differential equation ( ) 3yx
dx

dy
5y2x2 +−=+−  

Ans.: ( ) c2yxlogy2x =+−+− . 

Q.No.12.: Solve the differential equation 
1y2x3

3y4x6

dx

dy

+−

+−
= . 

Ans.: ( ) c3y2x3logyx2 ++−=− . 

Q.No.13.: Solve the differential equation ( ) ( ) 0dy1y2x4dx1yx2 =−++++ . 

Ans.: ( ) c1yx2logy2x =−+++ . 

Q.No.14.: Solve the differential equation ( )( ) dydxdydxyx +=−+ . 

Ans.: ( ) cyxlogyx ++=− . 

Q.No.15.: Solve the differential equation ( ) ( )y2x210y9yx3 +−=′−− . 

Ans.: ( )4
1yxc7x2y ++=+− . 

Q.No.16.: Solve the differential equation 
baybx

abyax
y

−+

−+
=′ . 

Ans.: ( )( ) ( )( ) a/baa/ba
1xy1xy

−+
−++− . 

Q.No.17.: Solve the differential equation ( ) ( )2x 5y 3 dx 2x 4y 6 dy 0− + − + − = . 

Ans.: ( )( ) cxx2y3xy4
2

=−+−− . 

Q.No.18.: Solve the differential equation ( ) ( ) 0dy3x3y7dx7x7y3 =+−++− . 

Ans.: ( ) ( ) c1xy1xy
52

=−++− . 

Q.No.19.: Solve the differential equation 
5y2x3

1y3x2
y

−−

++
=′ . 

Ans.: ( ) ( )[ ] c
1x

1y
tan31y1xlog 122

=








−

+
−++− − . 

Q.No.20.: Solve the differential equation
5y2x4

1yx2
y

++

−+
=′ . 

Ans.: ( ) c9y5x10log7x5y10 =+++− . 
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Q.No.21.: Solve the differential equation ( ) ( ) 0dy1yxdx1y2x2 =−++++ . 

Ans.: ( ) cyx22yxlog3 =−−++  . 

Q.No.22.: Solve the differential equation 
( )

( )5y4x2

3y2x
y

+−

+−
=′ . 

Ans.: cy10x6y4xy4x
22

=−++− . 

Q.No.23.: Solve the differential equation 0
fbyhx

ghyax
y =

++

++
+′ . 

Ans.: 0cfy2gx2byhxy2ax
22

=+++++ . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Linear differential equation: 

An nth order ordinary differential equation in the dependent variable y is 

said to be linear in y if 

i. y and all its derivatives are of degree one. 

ii. No product terms of y and/or any of it derivatives are present. 

iii. No transcendental functions of y and/or its derivatives occur. 

The general from of an nth order linear O.D.E. in y with variables coefficient is  

( ) ( ) ( ) ( ) ( )xbyxa
dx

dy
xa.....

dx

yd
xa

dx

yd
xa n1n1n

1n

1n

n

0 =++++ −−

−

, 

where RHS  b(x) and all the coefficients ( )xa0 ,  ( ) ( )xa..,,.........xa n1  are given 

functions of x and ( ) 0xa 0 ≠ . 

If all the coefficients a0,  a1, ……….an are constants then the above equation is 

known as nth order linear O.D.E. with constant coefficients. 

Non-linear differential equation: 

An ordinary differential equation in the dependent variable y is said to be 

nonlinear in y if  

(i) y and all its derivatives are of degree more than one. 

4th Topic 

Differential Equations of First order  

Part: I 
 

“Linear Differential Equations” 
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(ii) Product terms of y and/or any of it derivatives are present. 

(iii) Transcendental functions of y and/or its derivatives occur. 

 

Note: A linear differential equation is of first degree differential equation, but a 

first degree differential equation need not to be linear, since it may contain 

nonlinear terms such y2,  2

1

y

−

,  ey, ysin , etc. 

S.No. Diff. 

Equation 

Ans. 

Kind 

Order Degree  linearity 

1 2kx
dx

dy
=  

Ordinary 1 1 Yes 

2 
( )

( )xQy

yxP
dx

dy

n=

+
 

Ordinary 1 1 No  

(Yes for n = 0, 1) 

3 0dyedxe
yx =+  Ordinary 1 1 Nonlinear 

(in x and y) 

4 

xysin

e
dx

dy
x6

dx

yd y
8

2

4

2

3

=

+







−















 

Ordinary 3 4 No 

5 
0xsin

dx

yd
y

2

2

=+  
Ordinary 2 1 No 

6 0dxydyx
22 =+  Ordinary 1 1 No 

7 

0

y5
dx

yd
3

dx

yd
5

2

2

4

4

=

+













+

 

Ordinary 4 1 No 

8 ( ) 0dy1xy3dxy
2 =−+  Ordinary 1 1 Nonlinear in y 

and linear in x 

9 
( ) ( )[ ]322

y1yk ′′+=′′  
Ordinary 2 2 No 
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10 















∂

∂
+

∂

∂
=

∂

∂
2

2

2

2

y

u

x

u
k

t

u
 

Partial 2 1 Yes 

11 

2

2
2

2

2

x

Y
a

t

Y

∂

∂
=

∂

∂
 

Partial 2 1 Yes 

12 

1ds

rd

ds

dr
2

23

+
=








 

Ordinary 2 1 No 

 

Linear differential equations:  

If the dependent variable and its differential coefficients occur only in the 

first degree and not multiplied together in a differential equation, then that 

differential equation is called a linear differential equation. 

STANDARD FORM:  

The standard form of a linear equation of the first order, commonly known 

as Leibnitz’s linear equation, is  

                                                   QPy
dx

dy
=+ ,                                                                (i) 

where P, Q are functions of x only or may be constant.                            

Method to solve a linear differential equation: 

1. Multiplying both sides by 
Pdx

e∫  (known as integrating factor I.F.), we get 

   ∫=





 ∫+∫ PdxPdxPdx

QePeye.
dx

dy
 ∫=






 ∫⇒

PdxdxP
Qeye

dx

d
. 

2. Integrating on both sides, we get  

   cdxeQey
Pdxpdx

+





 ∫=






 ∫ ∫     ( ) ( ) cdx.F..IQ.F.Iy +=⇒ ∫ , 

    which is the required solution. 

Remarks:  

1. In the general form of a linear differential equation, the co-efficient of 
dx

dy
 is  

unity. 
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2. The equation TSy
dx

dy
R =+ , where R, S and T are functions of x only or 

constants, must be divided by R to bring it to the general linear form. 

3. The factor ∫ Pdx
e  on multiplying by which the left-hand side of (i) becomes 

the differential coefficient of a single function, is called the integrating 

factor (I.F.) of linear equation (i). 

4. It is important to remember that I. F. ∫=
Pdx

e   

            and the solution is                    ( ) ( ) cdx.F..IQ.F.Iy += ∫ . 

 

Now let us solve some linear differential equations: 

Q.No.1.: Solve ( ) ( )2x3 1xey
dx

dy
1x +=−+ . 

Sol.: Given differential equation is ( ) ( )2x3 1xey
dx

dy
1x +=−+ . 

( )1xe
1x

y

dx

dy x3 +=
+

−⇒ ,                                                                                                (i) 

which is Leibnitz’s linear equation in y.  

Here 
1x

1
P

+
−=   and   ( ) ( ) 1

1xlog1xlog
1x

dx
Pdx

−
+=+−=

+
−= ∫∫ . 

∴  I.F. 
1x

1
ee

1
)1xlog(Pdx

+
==∫=

−+ . 

Thus, the solution of (i) is y (I. F.) ( )[ ]( ) cdxF. .I1xe
x3 ++= ∫  

c
3

e
cdxe

1x

y x3
x3 +=+=

+
⇒ ∫ ( )1xc

3

e
y

x3

+













+=⇒ , 

which is the required solution of given differential equation. 

Q.No.2.: Solve ( ) ( )dyxytandxy1
12 −=+ −

. 

Sol.: Given differential equation is ( ) ( )dyxytandxy1
12 −=+ −

. 

This equation contains 
2

y  and ytan
1−

 and is, therefore, not a linear in y; but since only x 

occurs, it can be written as   
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( ) ( )xytan
dy

dx
y1 12 −=+ − ( )

2

1

2 y1

ytan

y1

x

dy

dx

+
=

+
+⇒

−

,                                                       (i) 

which is Leibnitz’s linear equation in x.  

ytan
dy

y1

1

Pdy 12

eeeF. .I
−

=
∫

=∫=∴ + . 

Thus, the solution of equation (i) is ( ) ( ) cdy.F..IQ.F.Ix += ∫  

⇒  x (I. F.) xF.)dy .I(
y1

tan
2

1

+
+

=
−

∫   

cdye.
y1

ytan
xe ytan

2

1
ytan 11

+
+

=⇒
−−

−

∫  

                  cdte.1e.tcdtte
ttt +−=+= ∫∫      Here put tytan

1 =−
   dt

y1

dy
  

2
=

+
∴    

                  ( ) ce1ytancee.t ytan1tt 1

+−=+−=
−−  

ytan1
ce1ytanx

−− +−=⇒ ,  

which is the required solution of given differential equation. 

Q.No.3.: Solve the differential equation 1xy2x3
dx

dy
x 22 +−= . 

Sol.: Given differential equation is 1x3xy2
dx

dy
x 22 +=+  

2x

1
3

x

y2

dx

dy
+=+⇒ ,                    (i) 

which is Leibnitz’s linear equation in y.                              

∴  I.F. 2
dx

x

2

xe =
∫

= . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

cdxx.
x

1x3
yx 2

2

2
2 +

+
=⇒ ∫ ( ) cdx1x3yx

22 ++=⇒ ∫  cxxyx
32 ++=⇒  

21
cxxxy

−− ++=⇒ , 

which is the required solution of given differential equation. 
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Q.No.4.: Solve the differential equation xtany
dx

dy
xcos2 =+ . 

Sol.: Given differential equation is xtany
dx

dy
xcos2 =+  

xcos

xtan
xsecy

dx

dy
2

2 =+⇒ ,                   (i) 

which is Leibnitz’s linear equation in y.         

∴  I.F. xtanxdxsec
ee

2

=∫= . 

Thus, the solution of equation (i) is  ( ) ( ) cdx.F..IQ.F.Iy += ∫  

cdxe.xsecxtane.y
xtan2xtan +=⇒ ∫ . 

Put txtan =  xdxsecdt 2=∴ . 

Then [ ] c1tedtee.te.y
tttxtan +−=−= ∫ [ ] c1xtanee.y

xtanxtan +−=⇒  

xtan
ce1xtany

−+−=⇒ , 

which is the required solution of given differential equation. 

Q.No.5.: Solve the differential equation  2xlogy
dx

dy
xlogx =+ . 

Sol.: Given differential equation is 2xlogy
dx

dy
xlogx =+ xlog2y

dx

dy
xlogx =+⇒  

x

2

xlogx

y

dx

dy
=+⇒ ,                  (i) 

which is Leibnitz’s linear equation in y.                 

∴  I.F. = ( ) xlogeee xloglog
dx

xlog

x/1
dx

xlogx

1

==
∫

=
∫

.  

Thus, the solution of equation (i) is ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( ) ( ) cxlogxlogycxdxlog
x

2
xlogy

2
+=⇒+=⇒ ∫        

[ ]












+=∫ c

2

)x(f
)x('f)x(f

2

∵  

xlog

c
xlogy +=⇒ , 

which is the required solution of given differential equation. 
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Q.No.6.: Solve the differential equation xsinhxcosh2xsinhy
dx

dy
xcosh 2=+ . 

Sol.: Given differential equation is xsinhxcosh2xsinhy
dx

dy
xcosh 2=+           

xsinhxcosh2xtanhy
dx

dy
=+⇒ ,                                                                                     (i) 

which is Leibnitz’s linear equation in y. 

∴
( ) xcoshee F. .I xcoshlogtanhxdx

==∫= .                                  [ ]xcoshlogxdxtanh =∫∵  

Thus, the solution of equation (i) is cxdxcosh.xsinxcosh2xcoshy += ∫  

cxdxsinhxcosh2xcoshy
2 +=⇒ ∫  

c
3

xcosh
2xcoshy

3

+













=⇒                                               ( ) ( )

( )













+
=′

+

∫ 1n

xf
dxx f.xf

1n
n

∵  

cxcosh
3

2
ycoxhx 3 +=∴ , 

which is the required solution of given differential equation. 

Q.No.7.: Solve the differential equation ( )31x
1x

y2

dx

dy
+=

+
− . 

Sol.: Given differential equation is ( )31x
1x

y2

dx

dy
+=

+
− ,                                                 (i) 

which is Leibnitz’s linear equation in y. 

∴  I.F. ( ) ( )

( )2
1xlog1xlog2

dx
1x

2

1x

1
eee

2

+
===

∫
=

−
++−+

−

. 

Thus, the solution of equation (i) is    ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( )
( )

( )
( ) cdx1xcdx

1x

1
.1x

1x

y
2

3

2
++=+

+
+=

+
⇒ ∫∫  

( )
cx

2

x

1x

y 2

2
++=

+
⇒ , 

which is the required solution of given differential equation. 

Q.No.8.: Solve the differential equation 
xsin1

xcosyx

dx

dy

+

+
−= . 
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Sol.: Given differential equation is 
xsin1

xcosyx

dx

dy

+

+
−=  

xsin1

x

xsin1

xcosy

dx

dy

+

−
=

+
+⇒ ,                                                                                             (i) 

 which is Leibnitz’s linear equation in y. 

∴  I.F. ( )xsin1log
dx

xsin1

xcos

ee +









+ =
∫

= . 

Thus, the solution of equation (i) is  ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( ) 'cxdxxsin1y +−−=+⇒ ∫ ( ) 'cxxsin1y2
2 +−=+⇒  

( )
2

x
cxsin1y

2

−=+⇒ ,        







=

2

c
'c  where  

which is the required solution of given differential equation. 

Q.No.9.: Solve the differential equation 1
dy

dx

x

y

x

e x2

=













−

−

 

Sol.: Given differential equation is 1
dy

dx

x

y

x

e x2

=













−

−

 

 
x

e

x

y

dx

dy x2−

=+⇒ ,                                                                                                      (i) 

which is Leibnitz’s linear equation in y. 

∴  I.F. x2
dx

x

1

ee =
∫

. 

Thus, the solution of equation (i) is ( ) ( ) cdx.F..IQ.F.Iy += ∫  

cdxe.
x

e
ye

x2
x2

x2 +=⇒
−

∫ cx2ye 2

1
.x2

+=⇒  

cx2ye x2 += , 

which is the required solution of given differential equation. 

Q.No.10.: Solve the differential equation ( ) y
dx

dy
.y2x 3 =+ . 
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Sol.: Given differential equation is ( ) y
dx

dy
.y2x 3 =+  

3y2x

y

dy

dx

+
=⇒ 2y2

y

x

dy

dx
+=⇒ 2y2

y

x

dy

dx
=−⇒ ,                                                      (i) 

which is Leibnitz’s linear equation in x. 

∴  I.F. 
y

1
e.e ylog

dy
y

1

=
∫

= −
−

. 

Thus, the solution of equation (i) is   ( ) ( ) cdy.F..IQ.F.Ix += ∫  

cdy
y

1
.y2

y

1
x 2 +=⇒ ∫ cydy2

y

x
+=⇒ ∫ c

2

y
2

y

x 2

+=⇒  

cyyx
3 +=⇒ , 

which is the required solution of given differential equation. 

Q.No.11.: Solve the differential equation ( )dyxysindxy1 12 −=− −
. 

Sol.: Given differential equation is ( )dyxysindxy1 12 −=− −
 

ysinx
dy

dx
y1 12 −=+−⇒

2

1

2 y1

ysin

y1

x

dy

dx

−
=

−
+⇒

−

,                                                 (i) 

which is Leibnitz’s linear equation in x. 

∴  I.F. = ysiny1

dy

12

ee
−

=

∫
−

. 

Thus, the solution of equation (i) is ( ) ( ) cdy.F..IQ.F.Ix += ∫  

 cdye
y1

ysin
x.e ysin

2

1
ysin 11

+
−

=⇒
−−

−

∫  

Put dt
y1

dy
tysin

2

1 =
−

⇒=−
 

cdttexe
tt +=∴ ∫ cetexe ttt +−=⇒ ( ) c1texe

tt +−=⇒ ( ) t
ce1tx

−+−=⇒    

ysin1 1

ceysinx
−−− +=⇒ , 

which is the required solution of given differential equation. 
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Q.No.12.: Solve the differential equation ( )dy.xe2ydxe.y
y3y +=  

Sol.: Given differential equation is ( )dy.xe2ydxe.y
y3y +=

y

2

e

y

y

x2

dy

dx
=−⇒ ,              (i) 

which is Leibnitz’s linear equation in x. 

∴ I.F. 
2

ylogylog2
dy

y

1
2dy

y

2

y

1
eeee

2

===
∫

=
∫

=
−−

−−

. 

Thus, the solution of equation (i) is ( ) ( ) cdy.F..IQ.F.Ix += ∫  

cdy
y

1
.

e

y

y

1
.x

2y

2

2
+=⇒ ∫ ce

y

x y

2
+−=⇒ −

 

y2
ecxy

−− −=⇒ , 

which is the required solution of given differential equation. 

Q.No.13.: Solve the differential equation ( ) 0dyylogxydxlogy =−+ . 

Sol.: Given differential equation is ( ) 0dyylogxydxlogy =−+  

ylogy

x

ylogy

ylog

dy

dx
−=⇒

y

1

ylogy

x

dy

dx
=+⇒ ,                                                                 (i) 

which is Leibnitz’s linear equation in x.      

∴ I.F. ( ) ylogeee yloglog
dy

ylog

y/1

ylogy

dy

==
∫

=
∫

= . 

Thus, the solution of equation (i) is   ( ) ( ) cdy.F..IQ.F.Ix += ∫  

cydylog
y

1
ylogx +×= ∫ .                                                                                              (ii) 

Put tylog =  dtdy
y

i
=⇒ , then (ii) becomes 

ctdtylogx +=⇒ ∫ c
2

t
ylogx

2

+=⇒
( )

c
2

ylog
ylogx

2

+=⇒  

( ) 1
ylogc

2

ylog
x

−
+=⇒ , 

which is the required solution of given differential equation. 
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Q.No.14.: Solve the differential equation ( ) 0dyexdxy1 ytan2 1

=




 −++

−− . 

Sol.: Given differential equation is ( ) 0dyexdxy1 ytan2 1

=




 −++

−−  

( ) ( ) 0ex
dy

dx
y1 ytan2 1

=−++⇒
−− .           

Dividing throughout by ( )2
y1+ , we get   0

y1

ex

dy

dx
2

ytan 1

=
+

−
+

−−

    

0
y1

e

y1

x

dy

dx
2

ytan

2

1

=
+

−
+

+⇒

−−

2

ytan

2 y1

e

y1

x

dy

dx
1

+
=

+
+⇒

−−

. 

which is Leibnitz’s linear equation in x. 

ytan
dy

y1

1

Pdy 12

eee F..I
−

=
∫

=∫=∴ + . 

Hence, solution is     ( ) ( ) cdy.F..IQ.F.Ix += ∫   

( )
cdy

y1

1
xe

2

ytan 1

+
+

=⇒ ∫
−

cytanxe 1ytan 1

+=⇒ −−

, 

which is the required solution of given differential equation. 

Q.No.15.: Solve the differential equation ( ) ( ) 322 xy1x2
dx

dy
x1x =−+− . 

Sol.: Given equation is ( ) ( ) 322 xy1x2
dx

dy
x1x =−+− .                        

Dividing by ( )2
x1x −  to make the co-efficient of 

dx

dy
unity, the given equation becomes 

( ) 2

2

2

2

x1

x
y

x1x

1x2

dx

dy

−
=

−

−
+ ,                (i) 

which is Leibnitz’s linear equation in y.    

Comparing it with QPy
dx

dy
=+ , we have 

( )2

2

x1x

1x2
P

−

−
= ,  

2

2

x1

x
Q

−
= . 

Now 
( )( ) ( ) ( )x12

1

x12

1

x

1

x1x1x

1x2
P

2

+
+

−
+−=

+−

−
= . 
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( ) ( ) ( ) ( )[ ]2/12/1
x1x1xlogx1log

2

1
x1log

2

1
xlogPdx +−−=+−−−−=∫  

            ( )
2

2/12

x1x

1
logx1xlog

−
=





−−= . 

I.F. =
2

x1x

1
log

Pdx

x1x

1
ee

2

−
==∫ − . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( )
cdx

x1x

1

x1

x

x1x

1
.y

22

2

2
+

−
×

−
=

−
⇒ ∫ ( ) ( ) cdxx2x1

2

1 2/32 +−−−=
−

∫  

                        ( ) cx1
2/12 +−=

−
 

2x1cxxy −+=⇒ , 

which is the required solution of given differential equation. 

Q.No.16.: Solve the differential equation 
2

x4x2y4y −+=′ . 

Sol.: Given equation is
2

x4x2y4y −+=′ . 

2
x4x2y4y −=−′⇒ ,  

which is Leibnitz’s linear equation in y.    

Comparing it with QPy
dx

dy
=+ , we have 4)x(P −= ,  

2
x4x2)x(Q −= . 

I.F. = x4dx4Pdx
eee −−

=∫=∫ . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( ) dxex4x2ye
x42x4 −− −= ∫ ( )∫ ∫

−− += x42x4
edxdxxe2  

cxdx2.eexdxxe2ye
x4x42x4x4 +−+=⇒ −−−−

∫∫  

cexye
x42x4 +=⇒ −−

 

x42
cexy +=⇒ , 

which is the required solution of given differential equation. 

Q.No.17.: Solve the differential equation 0xsinxy2yx =−+′ . 
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Sol.: Given equation is 0xsinxy2yx =−+′ xsin
x

y2
y =+′⇒ , 

which is Leibnitz’s linear equation in y.    

Comparing it with QPy
dx

dy
=+ , we have xsinQ = ,  

x

2
P =  

I.F. = 2xlog
dx

x

2
Pdx

xeee
2

==
∫

=∫ . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( )xcosdxdx.xsinxyx
222

∫∫ ==  

xdxcos.x2xcosxyx
22

∫+−=⇒  

cxcos2xsin.x2xcosxyx
22 +++−= , 

which is the required solution of given differential equation. 

Q.No.18.: Solve the differential equation ( ){ } 0xdydxxcosxxtanx1y
2 =−+− . 

Sol.: Given equation is ( ){ } 0xdydxxcosxxtanx1y
2 =−+− . 

( )
xcosxy

x

1xtanx
y =

−
+′⇒ , 

which is Leibnitz’s linear equation in y.    

Comparing it with QPy
dx

dy
=+ , we have ( )

x

1xtanx
xP

−
= ,  ( ) xcosxxQ = . 

{ }xlogcosx log expdx
x

1xtanx
 exp  .F.I −−=
















 −
= ∫ xcosx

1
=  

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

cxcdx
xcosx

y
+=+= ∫  

xcoscxxcosxy
2 +=⇒ , 

which is the required solution of given differential equation. 

Q.No.19.: Solve the differential equation 
( )

( )ye
x1

1

dx

dy xtan

2

1

−
+

=
−

. 
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Sol.: Given equation is
( )

( )ye
x1

1

dx

dy xtan

2

1

−
+

=
−

. 

2

xtan

2 x1

e
y

x1

1

dx

dy
1

+
=

+
+⇒

−

, 

which is Leibnitz’s linear equation in y.    

Comparing it with QPy
dx

dy
=+ , we have 

2x1

1
)x(P

+
= ,   ( )

2

xtan

x1

e
xQ

1

+
=

−

. 

I.F. xtanx1

dx
dx)x(P 12

eee
−

=
∫

=∫= + . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( )
( )

cdx
x1

e
e.y

2

2
xtan

xtan

1

1

+
+

=

−

−

∫ ( ) ( ) cxtand.e 1
2

xtan
1

+= −−

∫  

( )
c

2

e
e.y

2
xtan

xtan

1

1

+=

−

−

, 

which is the required solution of given differential equation. 

Q.No.20.: Solve the differential equation ( ) 0dy1xy3dxy
2 =−+ . 

Sol.: Given equation is ( ) 0dy1xy3dxy
2 =−+  

xy31

y

dx

dy 2

−
=⇒  

This is not linear in y (because of the presence of the term y
2
). This is also not exact, not 

homogeneous, nor separable. Instead if we swap the roles of x and y by treating x as 

dependent variable and y as the independent variable, the given equation can be 

rearranged as 

2y

1
x

y

3

dy

dx
=+ , 

which is Leibnitz’s linear equation in x.    

Comparing it with QPy
dx

dy
=+ , we have 

y

3
)y(P =   and  

2y

1
)y(Q = . 

Now we get 
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I.F. 
( ) 3ylogylog3

dy
y

3

dyyP
yeeee

3

===
∫

=∫= . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

c
2

y
cydyxy

2
3 +=+= ∫  

c2yxy2
23 =−⇒ , 

which is the required solution of given differential equation. 

Q.No.21.: Solve the differential equation 
dy y log y

0
dx x log y

+ =
−

. 

Sol.: Given equation is
dy y log y

0
dx x log y

+ =
−

. 

This is not linear in y because of the presence of the term y. It is neither  separable nor 

homogeneous nor exact. But with x taken as dependent variable the given equation can 

be rearranged as 

y

1
x.

ylogy

1

dy

dx
=+ , 

which is Leibnitz’s linear equation in x.    

Comparing it with QPy
dx

dy
=+ , we have 

ylogy

1
)y(P =  and 

y

1
)y(Q =  so that 

I.F.= ( ) yloge
ylogy

dy
 expe yloglogdy)y(P

==








=∫ ∫ . 

Thus, the solution of equation (i) is   ( ) ( ) cdy.F..IQ.F.Ix += ∫  

( )
( )

c
2

ylog
ylogydlogdy

y

ylog
ylog.x

2

+=== ∫∫  

( ) c2ylogylogx2
2

+=⇒ , 

which is the required solution of given differential equation. 

Q.No.22.: Solve the differential equation xdydxydysece
2y +=−

 

Sol.: Given differential equation is xdydxydysece
2y +=−
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x
dy

dx
ysece 2y +=⇒ − ysecex

dy

dx 2y−=+⇒ ,                                                                (i) 

which is Leibnitz’s linear equation in x.    

∴  ydyPdy
eee.F.I =∫=∫= .                    (Here P = 1) 

Thus, the solution of equation (i) is   ( ) ( ) cdy.F..IQ.F.Ix += ∫  

cdy.ysecxe
2y += ∫     cytanx.e

y +=⇒ , 

which is the required solution of given differential equation. 

Q.No.23.: Solve the differential equation 02sincotr2
d

dr
=θ+θ+

θ
 

Sol.: Given differential equation is 02sincotr2
d

dr
=θ+θ+

θ
θ−=θ+

θ
⇒ 2sincotr2

d

dr
,(i) 

which is Leibnitz’s linear equation in r. 

∴  I.F. θ==
∫

=
∫

=∫= θ
θ

θ

θθ
θ

θ

θ
θθ 2sinlog

d
sin

sincos2
d

sin

cos2
dcot2

sineeee
22

. 

Thus, the solution of equation (i) is   ( ) ( ) cd.F..IQ.F.Ir +θ= ∫  

cdcos.sin2cdsin2sinsinr
322 +θθθ−=+θθ×θ−=θ⇒ ∫∫ . 

By Putting dtdcostsin =θθ⇒=θ , we get 

cdtt2sinr
32 +−=θ ∫    'csinsinr2       c

4

t2
sinr

42
4

2 +θ−=θ⇒+−=θ⇒  

'csinsinr2 42 =θ+θ⇒ , 

which is the required solution of given differential equation. 

Q.No.24.: Solve the differential equation ( ) 0drcoscosr2rdsinr
23 =θ+θ−+θθ  . 

Sol.: Given differential equation is ( ) 0drcoscosr2rdsinr
23 =θ+θ−+θθ .                    (i) 

Putting zcos =θ  so that dzdsin =θθ− . 

Then, equation (i) becomes  ( ) 0drzzr2rrdz
23 =+−+−    

 0
r

z
rz2r

dr

dz 2 =







+−−⇒   2rz

r

1
r2

dr

dz
=








−+⇒ ,   

which is Leibnitz’s linear equation in z. 
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∴  
r

e
ee.F.I

2
2

r
rlogr

dy
r

1
r2

==
∫

= −








−

.                      

Thus, the solution is    ( ) ( ) 'cdr.F..IQ.F.Iz += ∫  

'cdr
r

e
r

r

e
cos

22
r

2
r

+=θ⇒ ∫   'cdrre2
2

1

r

e
cos

2
2

r
r

+=θ⇒ ∫ .                                      (ii) 

Putting tr2 =  so that dtrdr2 = . 

∴  Equation (ii) becomes  'cdte
2

1

r

e
cos t

r2

+=θ ∫    

'ce
2

1

r

e
cos

t
r

2

+=θ⇒  'ce
2

1

r

e
cos

2
2

r
r

+=θ⇒  





 +=θ⇒ − 2rce1rcos2  ,  

which is the required solution of this differential equation. 

 

INITIAL VALUE PROBLEM:  

A differential equation together with an initial condition is called an initial 

value problem. In this type of problems, we can determine the value of the 

arbitrary constant in the general solution by using initial condition. 

Q.No.1.: Solve the differential equation ecxcosx4xcoty
dx

dy
=+ , if y = 0 when 

2
x

π
= . 

Sol.: Given differential equation is ecxcosx4xcoty
dx

dy
=+ ,                                   (i) 

which is Leibnitz’s equation in y.  

∴  I.F. xsinee xsinlogxdxcot
==∫= . 

Thus, the solution of equation (i) is ( ) ( ) cdx.F..IQ.F.Iy += ∫  

xdxsinecxcosx4xsiny ∫=⇒ c
2

x4
xsiny

2

+=⇒ cx2xsiny
2 +=⇒ .                    (ii) 

Given when 0y
2

x =⇒
π

= , we have 
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c
4

2

2
sin0

2

−
π

=
π

×
2

c
2π

−=⇒ . 

∴  (ii) becomes   
2

x2xsiny
2

2 π
−= , 

which is the required solution of given differential equation. 

Q.No.2.: Solve the differential equation ( ) ( ) 0dy1xdxy41x
2 =+−−  with y(2) = 1. 

Sol.: Given equation is ( ) ( ) 0dy1xdxy41x
2 =+−− . 

1x

x
y.

1x

x4
y

22 +
=

+
+′⇒ , 

which is Leibnitz’s linear equation in y.    

Comparing it with QPy
dx

dy
=+ , we have 

1x

x4
)x(P

2 +
=  and 

1x

x
)x(Q

2 +
=  

I.F. ( ) ( )221xlog2
dx

1x

x4
Pdx

1xeee
22

+==
∫

=∫= ++ . 

Thus, the solution of equation (i) is   ( ) ( ) cdx.F..IQ.F.Iy += ∫  

( ) ( ) c
2

x

4

x
cdxxx1x.y

24
322 ++=++=+ ∫  

( ) c4x2x1xy4 2422 ++=+ , 

which is the required solution of given differential equation. 

Since y(2) = 1, Put x = 2 and y = 1 

19cc481625.4 =⇒++=  

The particular solution is  76x2x)1x(y4
2422 ++=+ . 

Home Assignments 

Q.No.1.: Solve the differential equation 3x
x

y

dx

dy 3 −=+ . 

Ans.: cx15x2xy10
25 +−= . 

Q.No.2.: Solve the differential equation ( ) ( )2x 1xey
dx

dy
1x +=−+ . 
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Ans.: ( )( )ce1xy
x ++= . 

Q.No.3.: Solve the differential equation ( ) 22 xxy2
dx

dy
1x =++ . 

Ans.: ( ) c
3

x
1xy

3
2 +=+ . 

Q.No.4.: Solve the differential equation ( ) 223 x1yx6
dx

dy
x1 +=++ . 

Ans.: ( )
3 4 6

2
3 x x x

y 1 x x c
3 4 6

+ = + + + + . 

Q.No.5.: Solve the differential equation xcosxcoty
dx

dy
=+ . 

Ans.: cxsin
2

1
xsiny 2 += . 

Q.No.6.: Solve the differential equation ( ) xtan2
1

ey
dx

dy
x1

−

=++ . 

Ans.: ceye2 xtan2xtan 11

+=
−−

. 

Q.No.7.: Solve the differential equation ( ) 22 x1xxy2
dx

dy
x1 −=+− . 

Ans.: ( ) ( )22 x1cx1y −+−= . 

Q.No.8.: Solve the differential equation xyey
dx

dy
x x −=+ . 

Ans.: xx cee
2

1
xy −+= . 

Q.No.9.: Solve the differential equation 
xyylogy2

y

dx

dy

−+
= . 

Ans.: ylogy
y

c
x += . 

Q.No.10.: Solve the differential equation ( ) 0xdydxx4y2
2 =+− . 

Ans.: cx2yx
42 += . 

Q.No.11.: Solve the differential equation ecxcosx2xcotyy =+′ . 

Ans.: ( ) x eccoscxy
2 += . 



Differential Equations of First Order: Linear Differential Equations      

Visit: https://www.sites.google.com/site/hub2education/ 

 

20 

Q.No.12.: Solve the differential equation 
x2e1

1
yy

+
=+′ . 

Ans.:
xx1x

ceetan.ey
−−− += . 

Q.No.13.: Solve the differential equation ( ) xdxcotxydx2dyx1
2 =++ . 

Ans.:
( )

( )2x1

cxsinlog
y

+

+
= . 

Q.No.14.: Solve the differential equation ( )x2cos2x2sin3ey2y
x +=+′ . 

Ans.: x2sin.ecey
xx2 += −

 

Q.No.15.: Solve the differential equation 
xeeyy =+′ . 

Ans.: ceye
xex += . 

Q.No.16.: Solve the differential equation ( )[ ] ( ) 0dy1xdxe1xy
x32

=+−+ . 

Ans.: ( )1xce
3

1
y x3 +








+= . 

Q.No.17.: Solve the differential equation ( ) 0dyxy3dx =−+ . 

Ans.:
y

ce3y3x =−− . 

Q.No.18.: Solve the differential equation ( ) 0dy2xyx3ydx =+−+ . 

Ans.:
y23

ce4y4y2xy +++= . 

Q.No.19.: Solve the differential equation ( ) ( ) 0dyytanxdxy1
12 =−++ −

. 

Ans.:
ytan1 1

ce1ytanx
−−− +−= . 

Q.No.20.: Solve the differential equation ( ) 0dy1y2xydxy
22 =−−+ . 

Ans.: cylogyxy
2 ++= . 

Q.No.21.: Solve the differential equation ( ) 0dy1yxdx =++− . 

Ans.: ( ) y
ce2yx ++−= . 

Q.No.22.: Solve the differential equation ( ) 0dyy2xydx
3 =+− . 

Ans.: cyyx
3 += . 
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INITIAL VALUE PROBLEM:  

Q.No.1.: Solve the differential equation  

               x2sinxsiny4xcosy2 =+′ ,  given y = 0 when 
3

x
π

= . 

Ans.: 2xsecxsecy
2 −= . 

Q.No.2.: Solve the differential equation xcose5xcoty
dx

dy
=+ ,   if  4y −=  when 

2
x

π
= . 

Ans.: 
xcos

e51xsiny −= . 

Q.No.3.: Solve the differential equation xsine3xtany
dx

dy −=− ,  if y = 4 when x = 0. 

Ans.: 
xsin

e37xcosy
−−=  

Q.No.4.: Solve the differential equation y y tan x sin 2x′ + = ,  y(0) = 1. 

Ans.: xcos2xcos3y
2−= . 

Q.No.5.: Solve the differential equation t2e10I2
dt

dI −=+ ,  I = 0 when t = 0. 

Ans.:
t2te10I = . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Equation reducible to the linear equation (Bernoulli’s Equations) 

 

Bernoulli’s Equation: 

  

The equation 
nQyPy

dx

dy
=+                                                                            (i) 

where P, Q are functions of x only or constants, reducible to the Leibnitz’s linear 

equation and is usually called the Bernoulli’s equation. 

To solve (i), dividing both sides by 
n

y , we have QPy
dx

dy
y n1n =+ −− .                     (ii) 

Putting zy
n1

=
−

 so that ( )
dx

dz

dx

dy
yn1 n =− −

dx

dz

n1

1

dx

dy
y n

−
=⇒ −  

∴Equation (ii) becomes ( ) ( )n1Qzn1P
dx

dz
QPz

dx

dz

n1

1
−=−+⇒=+

−
. 

which is the Leibnitz’s linear differential equation in z as the dependent variable. 
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Remarks:  

General equation reducible to Leibnitz’s linear form is  

( ) ( )
dy

f  y Pf y Q
dx

′ + =                                                                                                        (i) 

where P and Q are function of x only or constants. 

Putting f(y) = z  so that ( )
dx

dz

dx

dy
y f =′  

Then equation (i) becomes 
dz

Pz Q
dx

+ = , which is Leibnitz’s linear equation form. 

 

Now let us solve some differential equations which are reducible to the linear 

equation: 

Q.No.1.: Solve 63yxy
dx

dy
x =+ . 

Sol.: The given equation is 63yxy
dx

dy
x =+  

Dividing throughout by 
6

xy , we get   2
5

6
x

x

y

dx

dy
y =+

−
− .                                              (i) 

Putting zy
5

=
−

, so that   
dx

dz

dx

dy
y5 6 =− −  

∴ (i) becomes 2x
x

z

dx

dz

5

1
=+

− 2x5z
x

5

dx

dz
−=−⇒ ,                                                        (ii) 

which is Leibnitz’s linear equation in z. 

∴ I. F. 5xlogxlog5
dx

x

5

xeee
5 −−









−

===
∫

=
−

 

∴The solution of (ii) is     z (I. F.) = ( )( ) cdxF. .Ix5
2

+−∫  

( ) cdxxx5zx
525

+−=⇒ −−
∫     c

2

x
.5xy

2
55

+
−

−=⇒
−

−−      [ ]5
yz

−
=∵  

Dividing throughout by 
55

xy
−−

, we get 

( ) 532
yxcx5.21 += ,     Ans.  which is the required solution. 

Q.No.2.: Solve ( ) 1
dx

dy
xy1xy 2 =+ . 



Differential Equations of First Order: Equation reducible to the linear equation  

(Bernoulli’s Equations)                   Visit: https://www.sites.google.com/site/hub2education/ 

 

3

Sol.: The given equation is ( ) 1
dx

dy
xy1xy 2 =+

3 2dx
yx y x

dy
⇒ − = . 

Dividing throughout by 2x , we get    312 yyx
dy

dx
x =− −− .                                               (i) 

Putting zx 1 =−  so that 2 dx dz
x

dy dy

− = − ,  

Then, equation (i) becomes   3yyz
dy

dz
−=+ ,                                                                   (ii) 

which is Leibnitz’s linear equation in z. 

∴  I. F. 2/yydy 2

ee =∫= . 

∴The solution of (ii) is  z (I. F.) ( ) cF.)dy .I(y3 +−= ∫   

cydy.e.yze

2
2 y

2

1

22/y
+−=⇒ ∫                                         








== dtydy that so ,ty

2

1
 Put 2  

                 cdte.t2 t +−= ∫ [ ] cdte.1e.t2 tt +−−= ∫           

                 [ ] ( ) cey2cete2 2/y2tt 2

+−=+−−=  

( )
2

y
2

1

2
cey2z

−

+−=⇒ ( )
2y

2

1

2 cey2
x

1 −

+−=⇒ . Ans. 

which is the required solution.  

Q.No.3.: Solve ycosxy2sinx
dx

dy 23=+ . 

Sol.: The given equation is ycosxy2sinx
dx

dy 23=+  

Dividing throughout by ycos2
, we get    

3

2

2
x

ycos

ycosysin
x2

dx

dy
ysec =+  

32 xytanx2
dx

dy
ysec =+⇒                                                          (i) 

which is of the form ( ) ( ) QyPf
dx

dy
y f =+′ . 

∴Putting zytan = , so that 
dx

dz

dx

dy
ysec2 =  
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Then equation (i) becomes    3xxz2
dx

dz
=+              (ii) 

which is Leibnitz’s linear equation in z. 

2x2xdx
eeF. .I =∫=∴  

∴The solution of (ii) is   ( ) ( ) cdx.F.IQ..F.Iz += ∫  

( ) ce1x
2

1
cdxx.eze

222
x23xx +−=+=⇒ ∫      ( ) 2

x2 ce1x
2

1
z −+−=⇒  

( ) 2
x2 ce1x

2

1
ytan −+−= , Ans.    

which is the required solution.  

Q.No.:4.: Solve ( )2zlog
x

z
zlog

x

z

dx

dz
=








+ . 

Sol.: The given equation is ( )2zlog
x

z
zlog

x

z

dx

dz
=








+  

Dividing by z, we get     ( )2zlog
x

1
zlog

x

1

dx

dz

z

1
=+       (i) 

which is of the form ( ) ( ) QyPf
dx

dy
y f =+′ . 

Putting tzlog =  so that 
dx

dt

dx

dz

z

1
= .   

∴Equation (i) becomes    
x

1

t

1
.

x

1

dx

dt

t

1

x

t

x

t

dx

dt
2

2

=+⇒=+    (ii) 

which is Bernoulli’s equation in t. 

Putting  v
t

1
=

dx

dv

dx

dt

t

1

dx

dv

dx

dt

t

1
22

−=⇒=−⇒  

∴  Equation (ii) reduces to    
x

1
v

x

1

dx

dv

x

1

x

v

dx

dv
−=−⇒=+−     (ii) 

which is Leibnitz’s linear equation in v. 

∴ I. F. 
x

1
e

dx
x

1

=
∫

=
−

 

∴The solution of (ii) is ( ) ( ) cdx.F.IQ..F.Iv += ∫  
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c
x

1
cdx

x

1
.

x

1

x

1
.v +=+−= ∫  

Replacing v by 
zlog

1
, we get 

( ) ( ) cx1zlogcxzlogx
111

+=⇒+=
−−−

, Ans.  which is the required solution.  

Q.No.5.: Solve the equation xsecyxtany
dx

dy 3=+ . 

Sol.: The given equation is xsecyxtany
dx

dy 3=+  

which is Bernoulli’s equation in y. 

∴Dividing throughout by 
3y on both sides, we get 

xsecxtany
dx

dy
y 23 =+ −−                                         (i) 

Putting 
2

du
dyydudyy2    uy 332 −=⇒=−∴= −−−  

Then equation (i) becomes xsecxtan2
dx

du

2

1
=+−  

xsec2xtan2
dx

du
−=−⇒ ,                                       (ii) 

which is Leibnitz’s linear equation in u. 

∴ I. F. xcosee 2xcoslog2xdxtan2
==∫=

−
 

∴The solution of (ii) is ( ) ( ) cdx.F.IQ..F.Iu += ∫  

cxdxcos2xcosu 2 +−= ∫     cxsin2xcosu 2 +=⇒  

xseccxsecxtan2u 2+=⇒   xseccxsecxtan2y 22 +=⇒ −
 

( )xsin2cyxcos 22 +=⇒  , Ans.  which is the required solution.  

 Q.No.6.: Solve the equation 2r
d

dr
cossinr =

θ
θ−θ . 

Sol.: The given equation is 2r
d

dr
cossinr =

θ
θ−θ θ=θ+

θ
−⇒ secrtanr

d

dr 2             (i) 

which is Bernoulli’s equation in r. 
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Dividing throughout by θcosr2 , we get  

θ=θ+
θ

−⇒ sectan
r

1

d

dr

r

1
2

           (ii) 

Putting 
θ

=
θ

−⇒=
d

du

d

dr

r

1
u

r

1
2

 

∴Equation (ii) becomes   θ=θ+
θ

sectanu
d

du
 

which is Leibnitz’s linear equation in u. 

Hence θ= tanP   and  θ= secQ  

∴ I. F. ( ) ( ) θ===∫=
−

θθ−θθ
seceee

1
coslogcoslogdtan

 

∴The solution of (ii) is  ( ) ( ) cdF. .IQF. .Iu +θ= ∫  

ctansecucdsec.secsecu +θ=θ⇒+θθθ=θ⇒ ∫  

θ+θ=⇒+
θ

θ
=

θ
⇒ coscsin

r

1
                   c

cos

sin

cos

u
, Ans. which is the required solution.  

Q.No.7.: Solve the equation yy10xyx2 53 +=′ . 

Sol.: The given equation is yy10x
dx

dy
x2 53 +=  

x2

y
y5x

dx

dy 52 +=⇒            52yx5
x2

y

dx

dy
=−⇒                (i) 

which is Bernoulli’s equation. 

Dividing both sides by 
5y , we get 

2
4

5
x5

x2

y

dx

dy
y =−

−
−                                                     (ii) 

Putting ty 4 =−

dx

dt

dt

dy
y4 5 =−⇒ −

dx

dt

4

1

dx

dy
y 5 −=⇒ −  

∴Equation (ii) becomes   2x5
x2

t

dx

dt

4

1
=−−    2x20

x

t2

dx

dt
−=+⇒  

which is Leibnitz’s linear equation in t. 

2
dx

x

2

xe F. I. =
∫

=∴  
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∴The solution is ( ) ( ) cdx.F.IQ..F.It += ∫   

cdxx20tx 42 +−= ∫  cx4tx 52 +−=⇒        cx4yx 242 +−=⇒ −
 

( ) 422 ycx4x −−=⇒    ( ) 0y cx4x 422 =′++⇒ . Ans.         [ ]c  c   where =′    

which is the required solution.  

Q.No.8.: Solve the equation ( ) dydxxyyx 23 =+ . 

Sol.: The given equation is ( ) dydxxyyx 23 =+ 23yxxy
dx

dy
=−⇒     (i) 

which is Bernoulli’s equation in y. 

Dividing throughout by 
2y , we get 

312 xxy
dx

dy
y =− −−  

Putting 3221 xux
dx

du
dudyydudyyuy =−−⇒−=⇒=−⇒= −−−  

3xxu
dx

du
−=+ ,                                            (ii) 

which is Leibnitz’s linear equation in u. 

∴ I. F. 2/xxdx 2

ee =∫=  

Hence the solution is   ( ) ( )( ) cdxF. .IxF. .Iu 3 +−= ∫  

( ) cdxexeu 2/x32/x 22

+




−=





⇒ ∫ cdxe.

2

x
.x2

2/x
2

2

+−= ∫        

                     [ ] cdveve2cdue.v2 vvv +−−=+−= ∫∫  

                     [ ] ce1v2 v +−−= .    Here put dvxdxv
2

x2

=⇒=  

By putting 
y

1
u = ,  

2

x
v

2

= , we get 

2

x2
2

ce1
2

x
2

y

1 −

+











−−=  2/x2

2

cex2
y

1 −+−=⇒ , Ans.  which is the required solution.  
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Q.No.9.: Solve the equation 
xy2

1yx

dx

dy 22 ++
= . 

Sol.: The given equation is 
xy2

1yx

dx

dy 22 ++
= 1

2

y
x2

1x
y

x2

1

dx

dy −













 +
=−⇒  ,                    (i) 

which is Bernoulli’s equation in y. 

Dividing throughout by 
1y−
, we get 













 +
=−

x2

1x
y

x2

1

dx

dy
y

2
2  .                                                                                                 (ii) 

Put 
dx

dz

2

1

dx

dy
.y

dx

dz

dx

dy
y2zy2 =⇒=⇒=  

∴Equation (ii) becomes   
x

1x
z

x

1

dx

dz

x2

1x
z.

x2

1

dx

dz
.

2

1 22 +
=−⇒

+
=− ,                        (iii) 

which is Leibnitz’s linear equation in z. 

∴ I. F. 
x

1
eee x

1
log

xlog
dx

x

1

===
∫

=









−
−

 

∴The solution is     ( ) ( ) cdxF. .I
x

1x
F. .1z

2

+












 +
= ∫     

cdx
x

1
.

x

1x

x

z 2

+
+

=⇒ ∫ c
x

1
x

x

y
cdx

x

1
1

x

y 2

2

2

+−=⇒+







+=⇒ ∫  

1cxxy 22 −+=⇒ , 

which is the required solution.  

Q.No.10.: Solve the equation  ( ) 0dxydyyxx 2 =+− . 

Sol.: The given equation is ( ) 0dxydyyxx 2 =+− xy
y

x

dy

dx
2

2

+−=⇒  

122 xyyx
dy

dx −−− +−=⇒  ,                                                                                                 (i) 

which is Bernoulli’s equation in y. 

Dividing throughout by 2x , we get 
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2112 yyx
dy

dx
x −−−− −=− . 

Putting dudxxux 21 −=⇒= −− , then 

21 yuy
dy

du −− −=−− 21 yuy
dy

du −− =+⇒ ,                                                                         (ii) 

which is Leibnitz’s linear equation in u. 

∴  I.F. yee ylogdyy 1

==∫=
−

. 

Then the solution is     ( ) ( ) cdyF .IyF. .Iu 2 += −
∫  

( ) cylog
x

y
cydyyyu 2 +=⇒+= −

∫ , which is the required solution.  

Q.No.11.: Solve the equation ( ) ysec.e.x1
x1

ytan

dx

dy x+=
+

− . 

Sol.: The given equation is ( ) ysec.e.x1
x1

ytan

dx

dy x+=
+

−  

which is Bernoulli’s equation in y. 

Dividing both sides by ysec , we get 

( )x1e
x1

ysin

dx

dy
ycos x +=

+
−        (i) 

Putting tysin = ,  
dx

dt

dx

dy
xcos = .  

Then (i) becomes          ( )x1et
x1

1

dx

dt x +=
+

− , 

which is Leibnitz’s linear equation in t. 

( )

( )x1

1
eeF. I. x1log

dx
x1

1

+
==

∫
=∴ +−+

−

. 

∴The solution is   ( ) ( )( ) cdxF. .Ix1eF. .It x ++= ∫  

( ) ( ) ( )( )cex1x1cx1eysince
x1

xsin xxx ++=+++=⇒+=
+

⇒ . Ans. 

which is the required solution.  

Q.No.12.: Solve the equation  xy e1
dx

dy
e =








+ . 
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Sol.: The given equation is xy e1
dx

dy
e =








+ xyy ee

dx

dy
e =+⇒               (i) 

which is Bernoulli’s equation in y. 

Putting 
dx

dz

dx

dy
eze yy =⇒= . 

∴Equation (i) becomes   xez
dx

dz
=+ ,                                                      (ii) 

which is Leibnitz’s linear equation in z. 

Hence I. F. xdx1
ee =∫= . 

∴The solution of the equation is    ( ) ( ) 'cdxF .IeF. .Iz x += ∫  

 cdxee.z x2x ′+=⇒ ∫  c
2

e
e.e

x2
xy ′+=⇒ cee.2 x2yx +=⇒ + ,  (where  c2c ′= ) 

ce
2

1
e x2yx +=⇒ + , Ans.  which is the required solution.  

Q.No.13.: Solve the equation 32 xytan
dx

dy
ysec =+ . 

Sol.: The given equation is 32 xytan
dx

dy
ysec =+  

which is Bernoulli’s equation in y. 

Putting 
dx

dz

dx

dy
ysec  that  so   zytan 2 ==  

∴Equation (i) becomes   3xz
dx

dz
=+ ,                                                      (ii) 

which is Leibnitz’s linear equation in z. 

Hence I. F. xdx1
ee =∫= . 

∴The solution of the equation is    ( ) ( ) cdxF .IeF. .Iz x += ∫  

cdxexe.z x3x +=⇒ ∫    cdxex3exe.ytan x2x3x +−=⇒ ∫    

 cdxxe6ex3exe.ytan xx2x3x ++−=⇒ ∫  

 cdxe6xe6ex3exe.ytan xxx2x3x +−+−=⇒ ∫  
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 ce6xe6ex3exe.ytan xxx2x3x +−+−=⇒  

x23 e c6x6x3xytan −+−+−=⇒ , Ans.  which is the required solution.  

Q.No.14.: Solve the equation xcos.ycosxtan
dx

dy
ytan 2=+ . 

Sol.: The given equation is xcos.ycosxtan
dx

dy
ytan 2=+  

Dividing both sides by ycos , we get 

xcos
ycos

xtan

dx

dy

ycos

ytan 2=+ xcos
dx

dy
.ytan.ysec 2=⇒                             (i) 

Putting 
dx

dt

dx

dy
ytanysec       tysec =∴=  

∴Equation (i) becomes   xcost.xtan
dx

dt 2=+  

which is Leibnitz’s linear equation in t. 

xseceeF. .I
xseclogtanxdx

==∫=∴  

Hence the solution is   ( ) ( ) cdxF. .IxcosF. .It 2 += ∫  

cxdxsec.xcosxsec.t 2 +=⇒ ∫ cxdxcosxsec.t +=⇒ ∫ cxsinxsec.t +=⇒  

( )cxsinxcost +=⇒ ( )cxsinxcosysec +=⇒ . Ans. 

which is the required solution.  

Q.No.15.: Solve the equation  
xyx

y

dx

dy

+
= . 

Sol.: The given equation is 
xyx

y

dx

dy

+
=  . 

y

xyx

dy

dx +
=⇒

y

x

y

x

dy

dx
=−⇒

y

x
x

y

1

dy

dx
=








−+⇒ ,                                            (i) 

which is Bernoulli’s equation in x. 

Dividing both sides by x , we get    
y

1
x

y

1

dy

dx

x

1
=








−+ .                                    (ii) 
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Putting zx = , so that  dzdx
x2

1
= dz2dx

x

1
=⇒  

∴  Equation (ii) becomes    
y

1

y

z

dy

dz
2 =








−+

y2

1
z

y2

1

dy

dz
=








−+⇒ , 

which is Leibnitz’s linear equation in z. 

y

1
yeeF. .I 2/1

ylog
2

1dy
y2

1

===
∫

=∴ −
−−

. 

Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iz += ∫  

cdy
y

1

y2

1

y

1
.z +=⇒ ∫ cdy

y

1

2

1

y

1
.z +=⇒ ∫ cylog

2

1

y

1
.z +=⇒  

cylog
y

1
.x +=⇒ [ ]cylogyx +=⇒ ,  

which is the required solution.  

Q.No.16.: Solve yxy
x1

x

dx

dy
2

=
−

+ . 

Sol.: The given equation is yxy
x1

x

dx

dy
2

=
−

+ ,                                                            (i) 

which is Bernoulli’s equation in y. 

Dividing by y , then given equation becomes  

( )
xy

x1

x

dx

dy
y

2/1

2

2/1
=

−
+

−
.               (ii) 

Putting zy 2/1 =  so that 
dx

dz

dx

dy
y

2

1 2/1 =−  
dx

dz
2

dx

dy
y 2/1 =⇒ − . 

∴Equation (ii) becomes     

xz
x1

x

dx

dz
2

2
=

−
+

( ) 2

x
z

x12

x

dx

dz
2

=
−

+⇒ ,  

which is Leibnitz’s linear equation in z. 

∴ I.F. ( ) ( )
( ) 4/12

x1log
4

1
dx

x1

x2

4

1dx
x12

x

x1eee

2

22 −−−
−

−
−

− −==
∫

=
∫

= . 

Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iz += ∫  
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z(I.F.) cdx.)F.I(
2

x
+= ∫  

( ) ( ) cdxx1
2

x
x1z

4/124/12 +−=−⇒
−−

∫  

                          ( ) ( )
( )

c
4/3

x1
.

4

1
cdxx2x1

4

1
4/324/12 +

−
−=+−−−=

−

∫  

( ) ( ) 4/122 x1cx1
3

1
z −+−−=⇒  

( ) ( ) 4/122 x1cx1
3

1
z −+−−=⇒  ,           [ ]yz =∵             

which is the required solution.      

Q.No.17.: Solve ycosxy2sinx
dx

dy 23=+ . 

Sol.: The given equation is ycosxy2sinx
dx

dy 23=+ ,                                                     (i) 

which is Bernoulli’s equation in y. 

Dividing by ycos2
, we have 

3

2

2
x

ycos

ycosysin2

dx

dy
ysec =+  

32 xytanx2
dx

dy
ysec =+⇒ .               (ii) 

Putting zytan =  so that 
dx

dz

dx

dy
ysec2 =  

∴Equation (ii) becomes  3xxz2
dx

dz
=+ ,  

which is Leibnitz’s linear equation in z. 

∴ I.F. 
2xxdx2

ee =∫= . 

Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iz += ∫  

cxdx.excdxe.xe.z
222 x2x3x +=+= ∫∫  

         cdtte
2

1 t += ∫   where ( ) ( ) ce1x
2

1
ce1t

2

1
xt

2
x2t2 +−=+−==  

( ) 2
x2 ce1x

2

1
z −+−=⇒  
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( ) 2
x2 ce1x

2

1
ytan −+−=⇒ ,                 [ ]ytanz =∵  

which is the required solution.  

Q.No.18.: Solve 
2xyxyy3 −=+′ . 

Sol.: The given equation is 
2xyxyy3 −=+′ 2y

3

x
y

3

x
y −=+′⇒ ,                                     (i) 

which is Bernoulli’s equation in y. 

Introducing 
( ) 321a1 yyyz === −−−

, so that 
dx

dy
y3

dx

dz 2= . 

∴Equation (i) becomes  x
3

1
xz

3

1

dx

dz

3

1
=+ , 

which is Leibnitz’s linear equation in z but is also a separable equation 

( )z1x
dx

dz
−=    xdx

1z

dz
−=

−
⇒  

Integrating both sides, we get  ( ) 0

2

c
2

x
1zlog +−=−  

( ) c.e1z 2/x2−=−⇒   where 0c
ec =  

Replacing z, we get  

2/x3 2

ce1y −+= ,  

which is the required solution.  

Q.No.19.: Solve ( )dxyxsinyxdycos −= . 

Sol.: The given equation is ( )dxyxsinyxdycos −=  

2y.xsecxtan.yy −=−′⇒ .                 (i) 

which is Bernoulli’s equation in y. 

Put 
121a1 yyyz −−− === , so that 

dx

dy

y

1

dx

dz
2

−= . 

∴Equation (i) becomes  xsecxtan.z
dx

dz
=+ ,  

which is Leibnitz’s linear equation in z. 

∴ I.F. xsece
xdtan

=∫= . 
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Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iz += ∫  

cxdxsecxsecz 2 += ∫  

cxtanxsecz +=  

Replacing z, we get 

cxtanxsec
y

1
+= ( )cxtanyxsec +=⇒ , 

which is the required solution.  

Q.No.20.: Solve 
32 x2yyxy2 −=′ ,  y(1) = 2  . 

Sol.: The given equation is 
32 x2yyxy2 −=′ . 

12yxy
x2

1
y −−=−′⇒ ,                 (i) 

which is Bernoulli’s equation in y. 

Put 
( ) 211a1 yyyz === −−−

,  and 
dx

dy
y2

dx

dz
= . 

∴Equation (i) becomes  2x2z
x

1

dx

dz
−=− , which is Leibnitz’s linear equation in z. 

∴ I.F.=
x

1
eee x/1logxlog

dx
x

1

=== −
−∫

. 

Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iz += ∫  

cxcxdx2
x

1
.z 2 +−=+−= ∫  

cxxz 3 +−=  

Replacing z, we get 

32 xcxy −=  

Since y(1) = 2, 5c11.c2 32 =⇒−= . 

Thus the required solution is 

( )22 x5xy −= . 

Q.No.21.: Solve ( ) 0dydxyxy5 =−+ . 
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Sol.: The given equation is ( ) 0dydxyxy5 =−+ 5xyyy =−′⇒ ,                                    (i) 

which is Bernoulli’s equation in y. 

Put 
451a1 yyyz −−− === ,  and 

dx

dy
y.4

dx

dz 5−−= . 

∴Equation (i) becomes  x4z4
dx

dz
−=+ ,  

which is Leibnitz’s linear equation in z. 

∴ I.F.= x4dx4
ee =∫ . 

Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iz += ∫  

cdxxe4e.z x4x4 +−= ∫ ce
4

1
xeze x4x4x4 ++−=⇒ . 

Replacing z by 
4y−

, we get 

ce
4

1
xeey x4x4x44 ++−=− , 

which is the required solution.  

Q.No.22.: Solve 0xcos.ecycos.xsinycot.xcos2y 2 =+−′ . 

Sol.: The given equation is 0xcos.ecycos.xsinycot.xcos2y 2 =+−′  

xsin.xcosycos.xcos2y.ysin 2−=′⇒ ( )( ) xcos.xsinxcos2ycos
dx

dy
ysin 2=+−⇒ ,   (i) 

which is Bernoulli’s equation in y. 

Put ycosv = , so that ysin
dy

dv
−= . 

∴Equation (i) becomes  xcos.xsinxcosv2
dx

dv 2=+ , 

which is Leibnitz’s linear equation in v. 

∴ I.F. = xsin2xdxcos2
ee =∫ . 

Hence, the solution is  ( ) ( ) cdxF. .IQF. .Iv += ∫  

xdxcos.xsin.eve 2xsin2xsin2
∫= ce

4

1
xsin.e

2

1
xsin.e

2

1 xsin2xsin22xsin2 ++−= . 

Replacing v by ycos , we get the required solution as 
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xsin22 ce
4

1
xsin

2

1
xsin

2

1
ycos −+−= , 

which is the required solution.  

 

Home Assignments: 

Q.No.1.: Solve the differential equation 
2

2

x

y

x

y

dx

dy
2 += . 

Ans.: xc1
y

x
+= . 

Q.No.2.: Solve the differential equation 

3x
3

1

22 eyyx
dx

dy −

=− . 

Ans.: ( )
3

x
3

1

excy
−

=− . 

Q.No.3.: Solve the differential equation ( ) ye21
dx

dy
1x −=++ . 

Ans.: ( ) cx2e1x y +=+ . 

Q.No.4.: Solve the differential equation ( ) 0ydyxdxexy 2x2 3/1

=−− . 

Ans.: ( )ce2xy3
3/1x22 += . 

Q.No.5.: Solve the differential equation xcosyxtany
dx

dy 3=+ . 

Ans.: 







+−= xsin

3

2
xsin2cyxcos 322 . 

Q.No.6.: Solve the differential equation
( )

2

2

x

ylogy

x

ylogy

dx

dy
=+ . 

Ans.: c
x2

1

ylogx

1
2

+= . 

Q.No.7.: Solve the differential equation ( ) xcosxsin1y
dx

dy
xcosy 2 −=− , given that y = 2 

when x = 0. 
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Ans.: ( ) ( )1xsin2yxsecxtan2 +=+ . 

Q.No.8.: Solve the differential equation ( ) dyedxexy2y xx =+ . 

Ans.: ( )2x xcye −= . 

Q.No.9.: Solve the differential equation ( ) 0xdydxxsinxyy 22 =+− . 

Ans.: ( ) 1xcoscyx =+ . 

Q.No.10.: Solve the differential equation ( ) 0xcosxsinyyy 2 =−++′ . 

Ans.: ( ) 1xsincey x =− . 

Q.No.11.: Solve the differential equation ( )2
zlog

x

z
zlog

x

z

dx

dz
=








+ . 

Ans.: ( ) 1zlogcx1 =+ . 

Q.No.12.: Solve the differential equation
3y

x

x2

y
y =+′ ,   y(1) = 2. 

Ans.: 15xyx 442 += . 

Q.No.13.: Solve the differential equation ( ) 0dyxyyxdx 32 =+− . 

Ans.: ( ) 1cxey2x 2

x

2

2

=+−

−

. 

Q.No.14.: Solve the differential equation ( ) 0dyxxydxy 32 =−+ . 

Ans.:
322 ycxy3x2 =− . 

Q.No.15.: Solve the differential equation
2x4y3yx =′−′′ . 

Ans.: 2
34

1 cx
3

4
xcy +−= . 

Q.No.16.: Solve the differential equation 
nByAyy −=′  with A, B, n ; constants and 

1,0n ≠ . 

Ans.: ( )






+= −− Axn1n1 ce

A

B
y . 

Q.No.17.: Solve the differential equation 0xcos.xsinxtanyy.y 232 =−−′ . 

Ans.: xsecc2xcosy2 333 =+ . 
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Q.No.18.: Solve the differential equation ycosxy2sinxy 23=+′ . 

Ans.: ( ) 2x2 ce21xy2 −+−= . 

Q.No.19.: Solve the differential equation ( )[ ] ( ) 0dyycos1xy2dxysin21x 224
=+−++ . 

Ans.: ( ) ( )242 1xc21xysin2 +++= . 

Q.No.20.: Solve the differential equation ( ) 0dydx1xsine4 y =−−−
. 

Ans.: ( ) xy cexcosxsin2e −+−= . 

Q.No.21.: Solve the differential equation 0ycotxycoty =+−′ . 

Ans.:
xce1xysec ++= . 

Q.No.22.: Solve the differential equation ( ) 0dydxy8y4x 3 =+− −
. 

Ans.: ( )2x84 ce2y −+= . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exact Differential equations: 

A differential equation of the form  

0dy y) N(x,y)dx ,x(M =+  

is said to be exact if its left hand member is the exact differential of some function 

u(x, y), i.e., duNdyMdx ≡+ .  

Hence, its solution  is u(x, y) = c.  

Necessary and sufficient condition for the differential equation to be exact: 

Theorem: 

 The necessary and sufficient condition for the differential equation 

0NdyMdx =+ to be exact is 

x

N

y

M

∂

∂
=

∂

∂
. 

or 

Discuss the necessary and sufficient condition for the differential equation

0NdyMdx =+ to be exact. Also derive the method of solution.                             
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Proof: Condition is necessary:  Given the equation 0NdyMdx =+ is exact. 

                                                       To show: 
x

N

y

M

∂

∂
=

∂

∂
. 

Since the equation 0NdyMdx =+ is exact  duNdyMdx ≡+⇒ .                                  (i) 

But also dy
y

u
dx

x

u
du

∂

∂
+

∂

∂
= .                (total differential)                                               (ii) 

∴Equating coefficients of dx and dy in (i) and (ii), we get 

      
x

u
M

∂

∂
=         and     

y

u
N

∂

∂
=  

xy

u

y

M 2

∂∂

∂
=

∂

∂
∴     and   

xy

u

x

N 2

∂∂

∂
=

∂

∂
, 

But 
yx

u

xy

u 22

∂∂

∂
=

∂∂

∂
. 

x

N

y

M

∂

∂
=

∂

∂
∴ , which is the necessary condition for exactness. 

This completes the first part. 

Condition is sufficient: Given 
x

N

y

M

∂

∂
=

∂

∂
. 

                                        To show:  0NdyMdx =+  is exact. 

Let uMdx =∫ , where y is supposed constant while performing integration. 

Then ( )
x

u
Mdx

x ∂

∂
=

∂

∂
∫ x

u
M

∂

∂
=⇒ .                                                                               (iii) 

Differential partially w.r.t.  y, we get 

xy

u

y

M 2

∂∂

∂
=

∂

∂
∴    

 








∂

∂

∂

∂
=

∂∂

∂
=

∂

∂
⇒

y

u

xyx

u

x

N 2

                               

( )












∂∂

∂
=

∂∂

∂

∂

∂
=

∂

∂

yx

u

xy

u
  and   given  

x

N

y

M
22

∵  

Integrating both sides w.r.t. x, taking y as constant. 
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( )yf
y

u
N +

∂

∂
= , where f(y) is a function y alone.                                                             (iv) 

Now start from the LHS of the given equation. 

dy)y(f
y

u
dx

x

u
NdyMdx









+
∂

∂
+

∂

∂
=+∴                                                    {by (iii) and (iv)} 

                       
u u

dx dy f (y)dy du f (y)dy d u f (y)dy
x y

 ∂ ∂  = + + = + = +   ∂ ∂ 
∫ .                (v) 

This shows that the equation 0NdyMdx =+ is exact. 

Method of solution: 

By (v), the equation 0NdyMdx =+   

                            [ ] 0dy)y(fud =+⇒ ∫ .  

Integrating, we get  cdy)y(fu =+ ∫ . 

But Mdxu

const.  y

∫=     and   xcontainingnot  N of terms)y(f = . 

∴The solution of 0NdyMdx =+  is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫ ,   provided   
x

N

y

M

∂

∂
=

∂

∂
. 

Now let us solve some differential equations, which are exact: 

Q.No.1.: Solve 0dyy3e xy2dxx4ey 2xy3xy2 22

=




 −+





 + . 

Sol.: The given equation is 0dyy3e xy2dxx4ey 2xy3xy2 22

=




 −+





 +  

Here 3xy2 x4eyM
2

+=   and  2xy y3e xy2N
2

−=  

x

N
xy2.eyye2

y

M 22
xy2xy

∂

∂
=+=

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) cdyy3dxx4ey 23xy2 2

=−+




 +⇒ ∫∫   cyx

y

e
y 34

2

xy
2

2

=−+⇒  
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cyxe 34xy2

=−+⇒ , Ans. 

which is the required solution. 

Q.No.2.: Solve 0
xycosxxsin

yysinxcosy

dx

dy
=

++

++
+ . 

Sol.: The given equation is 0
xycosxxsin

yysinxcosy

dx

dy
=

++

++
+  

( ) ( ) 0dyxycosxxsindxyysinxcosy =+++++⇒  

Here yysinxcosyM ++=    and   xycosxxsinN ++= . 

x

N
1ycosxcos

y

M

∂

∂
=++=

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) ( )y cos x sin y y dx 0 dy c⇒ + + + =∫ ∫   ( ) cxyysinxsiny =++⇒ , Ans. 

which is the required solution. 

Q.No.3.: Solve the equation ( ) ( )3 2 22x xy 2y 3 dx x y 2x dy 0− − + − + =  

Sol.: The given equation is  ( ) ( )3 2 22x xy 2y 3 dx x y 2x dy 0− − + − + =  

Here 3y2xyx2M
23 +−−=   and   ( )x2yxN

2 += . 

x

N
2xy2

y

M

∂

∂
=−−=

∂

∂
∴  . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) ( ) 'c0dx3y2xyx2
23 =++−−⇒ ∫∫    'cx3yx2

2

xy

4

x2 224

=+−−⇒  

'cx3yx2
2

xy

2

x 224

=+−−⇒    cx6xy4yxx
224 =+−−⇒ , Ans.   ( )2c'c  where =  

which is the required solution. 

Q.No.4.: Solve the equation ( ) ( ) 0dyyxy2x3dxyxy6x2
2222 =+−+−+ . 
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Sol.: The given equation is ( ) ( ) 0dyyxy2x3dxyxy6x2
2222 =+−+−+  

Here 
22

yxy6x2M −+=    and  
22

yxy2x3N +−=  

x

N
y2x6

y

M

∂

∂
=−=

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) cdyydxyxy6x2
222 =+−+⇒ ∫∫   c

3

y
xy

2

yx6

3

x2 3
2

23

=+−+⇒  

cyxy3yx9x2
3223 =+−+⇒ , Ans.       ( )3c'c  where =  

which is the required solution. 

Q.No.5.: Solve the equation ( ) ( )dyyaxdxayx
22 −=−  

Sol.: The given equation is ( ) ( )dyyaxdxayx
22 −=− ( ) ( ) 0dyaxydxayx

22 =−+−⇒  

Here ayxM
2 −=   and  axyN

2 −=  

a
y

M
−=

∂

∂
∴

x

N

∂

∂
=  . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) 'cdyydxayx
22 =+−⇒ ∫∫ ( ) 'c

3

y
xay

3

x 33

=+−⇒  

cyaxy3x
33 =+−⇒ , Ans.            ( )3c'c  where =  

which is the required solution. 

Q.No.6.: Solve the equation ( ) ( ) 0ydybyxxdxayx
222222 =−−+−+  

Sol.: The given equation is  ( ) ( ) 0ydybyxxdxayx
222222 =−−+−+  

Here ( )xayxM
222 −+=     and   ( )ybyxN

222 −+=  

xy2
y

M
=

∂

∂
∴

x

N

∂

∂
= . 

Thus the equation is exact and its solution is  
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y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) ( ) 'cydybydxayx
22222 =−−+−+⇒ ∫∫                                                                               

'c
2

yb

4

y

2

xa

2

x
.y

4

x 224222
2

4

=











++












−+⇒  

 cyb2yxa2yx2x
22422224 =−−−+⇒ ,           ( )4c'c  where =  

( )  cybxa2yx2yx
22222244 =+−+−⇒ , Ans. 

which is the required solution. 

Q.No.7.: Solve the equation ( ) ( ) 0dyx2xy4ydxy2xy4x
2222 =−−+−−  

Sol.: The given equation is  ( ) ( ) 0dyx2xy4ydxy2xy4x
2222 =−−+−−  

Here ( )22
y2xy4xM −−=       and   ( )22

x2xy4yN −−=  

y4x4
y

M
−−=

∂

∂
∴  

x

N

∂

∂
= . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) 'cdyydxy2y4x
222 =+−−⇒ ∫∫   'c

3

y
xy2

2

x
.y4

3

x 3
2

23

=+











−−⇒  

 cyxy6yx6x
3223 =+−−⇒             ( )3c'c  where =  

( )  cxyyx6yx
2233 =+−+⇒ , Ans. 

which is the required solution. 

Q.No.8.: Solve the equation ( ) ( ) 0dyysinxy4yx2dxyxy2x
32424 =+−−+− . 

Sol.: The given equation is  ( ) ( ) 0dyysinxy4yx2dxyxy2x
32424 =+−−+−  

Here 
424

yxy2xM +−=    and   ( )ysinxy4yx2N
32 +−−= . 

3y4xy4
y

M
+−=

∂

∂
∴

x

N

∂

∂
= . 

Thus the equation is exact and its solution is  
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y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) ( ) cdyysindxyxy2x
424 =−++−⇒ ∫∫            cycosxy

2

x
y2

5

x 4
2

2
5

=+













+−⇒  

cycosxyyx
5

x 422
5

=++−⇒  , Ans. 

which is the required solution. 

Q.No.9.: Solve the equation ( ) 0dyy2xedxye
xyxy =++ . 

Sol.: The given equation is ( ) 0dyy2xedxye
xyxy =++ . 

Here 
xy

yeM =    and   y2xeN
xy += . 

xyxy ex.ye
y

M
+=

∂

∂
∴

x

N

∂

∂
= . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

cydy2dxye
xy =+⇒ ∫∫ c

2

y2

y

e
y

2xy

=+⇒ cye
2xy =+⇒ , Ans. 

which is the required solution. 

Q.No.10.: Solve the equation ( ) ( ) 0dyy5yx3yx2dxxy2yx3x5
42233324 =−−+−+  

Sol.: The given equation is ( ) ( ) 0dyy5yx3yx2dxxy2yx3x5
42233324 =−−+−+ . 

Here 
3224

xy2yx3x5M −+=    and   
4223

y5yx3yx2N −−= . 

x

N
xy6yx6

y

M 22

∂

∂
=−=

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) ( ) cdyy5dxxy2yx3x5
43224 =−+−+⇒ ∫∫   c

5

y5

2

x
y2

3

x
y3

5

x5 52
3

3
2

5

=−−+⇒  

cyxyxyx
523325 =−−+⇒ , Ans. 
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which is the required solution. 

Q.No.11.: Solve the equation  ( ) ( ) 0dyy4yx6dxxy6x3
3222 =+++ . 

Sol.: The given equation is ( ) ( ) 0dyy4yx6dxxy6x3
3222 =+++ . 

Here 
22

xy6x3M +=  and  
32

y6yx3N += . 

x

N
y12

y

M

∂

∂
==

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

( ) cdyy4dxxy6x3
322 =++⇒ ∫∫  c

4

y4
y

2

x6

3

x3 4
2

23

=++⇒  

cyyx3x
4223 =++⇒ , Ans. 

which is the required solution. 

Q.No.12.: Solve the equation 0dy
y

x3y
dx

y

x2
4

22

3
=

−
+ . 

Sol.: The given equation is 0dy
y

x3y
dx

y

x2
4

22

3
=

−
+ . 

Here 
3

xy2M
−=    and   

422

4

22

yx3y
y

x3y
N −− −=

−
= . 

x

N
xy6

y

M 4

∂

∂
=−=

∂

∂
∴ − . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c+ =∫ ∫  

cdyydxxy2
23 =+⇒ −−

∫∫    c
1

y

2

x
y2

12
3 =

−
+⇒

−
−  

322

3

2

cyyxc
y

1

y

x
=−⇒=−⇒ , Ans. 

which is the required solution. 
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Q.No.13.: Solve the equation ( ) 0dyxcosy1xdx2siny
22 =++−  

Sol.: The given equation is ( ) 0dyxcosy1xdx2siny
22 =++− . 

Here x2sinyM =    and   ( )xcosy1N
22 ++−= . 

x

N
x2sin

y

M

∂

∂
==

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) ( ) 'cdyy1dxx2siny
2 =++⇒ ∫∫   'c

3

y
y

2

x2cos
y

3

=













++








⇒  

cy2y6x2cosy3
3 =++⇒ , Ans.     (where 'c6c = )  

which is the required solution. 

Q.No.14.: Solve the equation ( ) 0ydysecxsecdxeytanxtanxsec
2x =+−  

Sol.: The given equation is ( ) 0ydysecxsecdxeytanxtanxsec
2x =+− . 

Here 
x

eytanxtanxsecM −=  and  ysecxsecN
2= . 

x

N
ysecxtanxsec

y

M 2

∂

∂
==

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) ( ) 'cdy0dxeytanxtanxsec
x =+−⇒ ∫∫     

( ) 'ceytanxsec
x =−⇒ cytanxsece

x +=⇒ , Ans.       (where 'cc −= ) 

which is the required solution. 

Q.No.15.: Solve the equation ( ) ( )dyysecytanxxdxytanyxy2
22 +−+−+ . 

Sol.: The given equation is ( ) ( )dyysecytanxxdxytanyxy2
22 +−+−+ . 

Here ( )ytanyxy2M −+=  and  ysecytanxxN
22 +−= . 
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x

N
ysec1x2

y

M 2

∂

∂
=−+=

∂

∂
∴ . 

Thus the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) cydysecdxytanyxy2
2 =+−+⇒ ∫∫   cytanytanxxy

2

x
y2

2

=+−+⇒  

( ) cx1ytanxyyx
2 =−++⇒                        ( ) ( ) cx1ytanx1xy =−++⇒ , Ans. 

which is the required solution. 

Q.No.16.: Solve the equation ( ) 0dyysinxxlogxdxycos
x

1
1y =−++








+







+ . 

Sol.: The given equation is ( ) 0dyysinxxlogxdxycos
x

1
1y =−++








+







+ . 

Here 







+







+= ycos

x

1
1yM    and  ( )ysinxxlogxN −+= . 

x

N
ysinx1

y

M 1

∂

∂
=−+=

∂

∂
∴ − . 

Thus, the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( ) ( ) cdy0dxycosyxy
1 =+++⇒ ∫∫

−
     cycosxxlogyxy =++⇒  

( ) cycosxxlogxy =++⇒ , Ans. 

which is the required solution. 

Q.No.17.: Solve ( )[ ] ( )[ ] 0dyyxcosysecxsindxyxcosytanxcos
2 =+++++ . 

Sol.: The given equation is ( )[ ] ( )[ ] 0dyyxcosysecxsindxyxcosytanxcos
2 =+++++ . 

Here ( )yxcosytanxcosM ++=  

and ( )yxcosysecxsinN
2 ++=  

( )
x

N
yxsinysecxcos

y

M 2

∂

∂
=+−=

∂

∂
∴  
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Thus, the equation is exact and its solution is  

y const.

Mdx (terms of N not containing x)dy c'+ =∫ ∫  

( )[ ] cdxyxcosytanxcos

constant y

=++⇒ ∫  

( ) cyxsinytanxsin =++⇒ , which is the required solution. 

Home assignments 

Q.No.1.: Solve the differential equation ( ) 0dye
y

x
1dxe1 y/xy/x =








−++ . 

Ans.: cyex
y/x =+ . 

Q.No.2.: Solve the differential equation ( ) 0xdysindx1xcosy =++ . 

Ans.: cxxsiny =+ . 

Q.No.3.: Solve the differential equation ( ) 0ydysecxsecdxeytanxtanxsec
2x =+− . 

Ans.: ceytanxsec
x =− . 

Q.No.4.: Solve the differential equation ( ) ( ) 0dyxxsindx1xy2xcosxy2
222 =−++− . 

Ans.: cxyxxsiny
22 =+− . 

Q.No.5.: Solve the differential equation ( ) ( ) 0dyytanysinxcosdxeycosxsin
x2 =+++ . 

Ans.: cysecloge
2

1
ycosxcos x2 =++− . 

Q.No.6.: Solve the differential equation 0
yx

ydxxdy
ydxxdy

22
=

+

−
++ . 

Ans.: c
x

y
tanxy 1 =+ − . 

Q.No.7.: Solve the differential equation ( ) ( ) 0dyx2yxdx3y2xyx2
223 =+−+−− . 

Ans.: cx6xy4yxx
224 =+−− . 

Q.No.8.: Solve the differential equation ( ) ( ) 0dyysinxsindxxcotycos.xcos =−− . 

Ans.: ( )xsinclogycos.xsin = . 
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Q.No.9.: Solve the differential equation ( ) ( ) 0dyyxdxxy
33 =++− . 

Ans.: cyxxy4
44 =+− . 

Q.No.12.: Solve the differential equation ( ) ( )dxycos.xcosedyxeysin.xsin
yy +=− . 

Ans.: cycos.xsinxe
y =+ . 

Q.No.13.: Solve the differential equation ( ) ( ) 0ydybyxxdxayx
222222 =−++−+ . 

Ans.: cyb2xa2yyx2x
22224224 =−−−+ . 

Q.No.14.: Solve the differential equation  

                ( ) ( ) 0dyysinhxcosdxycosh.xsin =− ,  y(0) = 3. 

Ans.: 07.10ycosh.xcos = . 

Q.No.15.: Solve the differential equation 
( ) ( )

0dy
yx

x
1dx1

yx

y
22

=












+
−+












−

+
. 

Ans.: ( )yxcxyx
22 +=−+ . 

Q.No.16.: Solve the differential equation 
xy2

x2y
y

−

−
=′ ;  y(1) = 2. 

Ans.: 3yxyx
22 =+− . 

Q.No.17.: Solve ( ) ( ) 0dxxsinyysindyycosxxcos =+−− . 

Ans.: cysinxxcosy =− . 

Q.No.18.: Solve ( ) 0dyxlogxdx
x

y
yx3 32 =++








+ . 

Ans.: cxlogyyx
3 =+ . 

Q.No.19.: Solve ( ) 0dyy2xedxe
yy =++ . 

Ans.: cyxe
2y =+ . 

Determine which of the following are exact and solve the ones that are exact: 

Q.No.20.: ( ) ( ) 0dyyxyxxdxyxxyy
232322 =+−+++ . 

Ans.: Not exact. 

Q.No.21.: ( ) 0ydysec.xcosdx1ytan.xsin
2 =++ . 
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Ans.: Not exact. 

Q.No.22.: 0dxy2xdy
2 =+ . 

Ans.: Not exact. 

 

 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Equation reducible to exact equations: 

 Sometimes a differential equation, which is not exact, can be reduced to an 

exact differential equation after multiplication by a suitable factor (a function of x 

and/or y) called an integrating factor (I.F.).  

Now let us discuss few methods for evaluating integrating factor of 

differential equations Mdx + Ndy = 0 , which are not exact:  

 

CATEGORIES: 

(1) Differential equations, where Integrating factor (I.F.) can be found by 

inspection: 

(2) I.F. of a differential equation, which is given in homogeneous form: 

(3) I.F. for a differential of the type  f1(xy)ydx + f2(xy)xdy = 0: 

 (4) I.F. of  a differential equation Mdx + Ndy = 0 , 

(a) where 
N

x

N

y

M

∂

∂
−

∂

∂

 is a function of x only, say f(x).  
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(b) where 
M

y

M

x

N

∂

∂
−

∂

∂

 is a function of y only, say F(y).  

(5) I.F. for the equation of the type: ( ) ( )a b a b  
x y mydx nxdy x y m ydx n xdy 0.

′ ′ ′ ′+ + + =  

 

(1) Integrating factor (I.F.) found by inspection: 

 In a number of problems, the integrating factor can be found after 

regrouping the terms of the equation recognizing each group as being a part of 

exact differential.  

The following differentials are useful in selecting a suitable integrating factor. 

(i)  ( )xydydxxdy =+ ;                            (ii)   
2

xdy ydx y
d

x x

−  
=  

 
 ;     

(iii)  







−=

−

y

x
d

y

ydxxdy
2

;                       (iv)   















=

−

x

y
logd

xy

ydxxdx
; 

(v)  ( )[ ]xylogd
xy

xdyydx
=

+
;                    (vi)   








=

+

− −

x

y
tand

yx

ydxxdy 1

22
; 

(vii) 








−

+
=

−

−

yx

yx
log

2

1
d

yx

ydxxdy
22

;       (viii)  ( )







+=

+

+ 22

22
yxlog

2

1
d

yx

ydyxdx
. 

Q.No.1.: Solve ( ) dyedxexy2y xx =+ . 

Sol.: The given equation is ( ) dyedxexy2y xx =+  

( ) 0dxxy2dyedxye 2xx =+−⇒ . 

Now we observe that the term dxxy2 2
should not involve 

2y . This suggest that 
2y

1
may 

be I.F. Multiplying throughout by 
2y

1
, the equation becomes 

0xdx2
y

dyedxye
2

xx

=+
−

  0xdx2
y

e
d

x

=+













⇒ . 

Integrating, we get cx
y

e 2
x

=+ , which is the required solution. 
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(2) I.F. of a differential equation, which is given in homogeneous form: 

 If 0NdyMdx =+  be a differential equation in homogeneous form in x and y, 

then 
( )NyMx

1

+
 is an integrating factor, provided 0NyMx ≠+ . 

 

Q.No.2.: Solve ( ) ( ) 0dyyx3xdxxy2yx 2322 =−−− . 

Sol.: The given equation is ( ) ( ) 0dyyx3xdxxy2yx 2322 =−−−  

Here 
22 xy2yxM −=   and yx3xN 23 +−=   xy4x

y

M 2 −=
∂

∂
∴ ,    2N

3x 6xy
x

∂
= − +

∂
 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now this differential equation is in homogeneous form in x and y. 

( ) ( ) 222322 yx

1

yyx3xxxy2yx

1

NyMx

1
F.  .I =

−−−
=

+
=∴ . 

Multiplying throughout by 
22yx

1
, the equation becomes 

0dy
y

3

y

x
dx

x

2

y

1
2

=









−−








− , which is an exact equation, ∵

x

N

y

1

y

M
2 ∂

∂
=−=

∂

∂
 . 

∴The solution is  

cylog3xlog2
y

x
=+−⇒ , which is the required solution. 

(3) I.F. for an equation of the type  f1(xy)ydx + f2(xy)xdy = 0: 

 If the equation 0NdyMdx =+  is of the form ( ) ( ) 0xdyxyfydxxyf 21 =+ , then 

( )NyMx

1

−
is an integrating factor, provided 0NyMx ≠− . 

Q.No.3.: Solve ( ) ( ) 0xdyxy1ydxxy1 =−++ . 

Sol.: The given equation is ( ) ( ) 0xdyxy1ydxxy1 =−++  

Here 
2xyyM +=   and yxxN 2−=  

M
1 2xy

y

∂
∴ = +

∂
,    

N
1 2xy

x

∂
= −

∂
 

( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫
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x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now the given equation is of the form ( ) ( ) 0xdyxyfydxxyf 21 =+  

Here  ( )yxy1M += , ( )xxy1N −= .  

( ) ( ) 22yx2

1

xyxy1yxxy1

1

NyMx

1
F.  .I =

−−+
=

−
=∴ . 

Multiplying throughout by 
22yx2

1
, the equation becomes 

2 2

1 1 1 1
dx dy 0

2x y 2x 2xy 2y

   
+ + − =   

   
,  

which is an exact equation, 
2 2

M 1 N

y 2x y x

∂ ∂
= − =

∂ ∂
∵  . 

∴The solution is  

   cylog
2

1
xlog

2

1

x

1

y2

1
=−+








−⇒    c

xy

1

y

x
log ′=−⇒  ,  

which is the required solution. 

(4) In the equation 0NdyMdx =+ , 

(a)  If 
N

x

N

y

M

∂

∂
−

∂

∂

 is a function of x only, say f(x),  

     then 
( )∫ dxxf

e is an integrating factor. 

(b)  If 
M

y

M

x

N

∂

∂
−

∂

∂

 is a function of y only, say F(y),  

        then 
( )∫ dyyF

e is an integrating factor. 

Theorem: If in an equation 0NdyMdx =+  which is not exact,  
N

x

N

y

M

∂

∂
−

∂

∂

 
depends only  

                  on x, say R(x),  then show that 
( )R x dx

e∫ is an integrating factor. 

Proof: The given equation is 0NdyMdx =+ .       (i) 

( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫



Differential Equations of First Order: Equations reducible to exact equations 

Visit: https://www.sites.google.com/site/hub2education/ 

 

5

Since this equation is not exact 
x

N

y

M

∂

∂
≠

∂

∂
⇒ . 

Let F be an integrating factor.  

To show: 
R(x)dx

F e∫= . 

Since F be an integrating factor. Then (i) becomes 

FMdx FNdy 0+ =  . Now here 
( ) ( )FM FN

y x

∂ ∂
=

∂ ∂
y y x xF M FM F N FN⇒ + = + .       (ii) 

Note: In the general case, this would be complicated and useless. So we follow the 

Golden Rule: If you cannot solve your problem, try to solve a simpler one--the result may 

be useful (and may also help you later on). Hence, we look for an integrating factor 

depending only on one variable; fortunately, in many practical cases, there are such 

factors, as we shall see. 

Thus let F = F(x), yF 0=   , then (ii) becomes y x xFM F N FN⇒ = + . 

M dF N
F N F

y dx x

∂ ∂
⇒ = +

∂ ∂

1 dF 1 M N
R(x)

F dx N y x

 ∂ ∂
⇒ = − = 

∂ ∂   

dF
R(x)dx

F
⇒ = . 

Integrating, we get   

R (x)dx
log F R(x)dx F exp R(x)dx F e∫= ⇒ = ⇒ =∫ ∫

 

. 

This proves the theorem. 

Theorem: If in an equation 0NdyMdx =+  which is not exact,  

N M

x y

M

∂ ∂
−

∂ ∂

 
depends only  

                  on y, say R(y),  then show that 
( )R y dy

e∫ is an integrating factor. 

Proof: The given equation is 0NdyMdx =+ .       (i) 

Since this equation is not exact 
x

N

y

M

∂

∂
≠

∂

∂
⇒ . 

Let F be an integrating factor.  

To show: 
R(y)dy

F e∫= . 
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Since F be an integrating factor. Then (i) becomes 

FMdx FNdy 0+ =  . Now here 
( ) ( )FM FN

y x

∂ ∂
=

∂ ∂
y y x xF M FM F N FN⇒ + = + .       (ii) 

Note: In the general case, this would be complicated and useless. So we follow the 

Golden Rule: If you cannot solve your problem, try to solve a simpler one--the result may 

be useful (and may also help you later on). Hence, we look for an integrating factor 

depending only on one variable; fortunately, in many practical cases, there are such 

factors, as we shall see. 

Thus let F = F(y), xF 0=   , then (ii) becomes 
y y xF M FM FN⇒ + = . 

F M N
M F F

y y x

∂ ∂ ∂
⇒ + =

∂ ∂ ∂

1 dF 1 N M
R(y)

F dy M x y

 ∂ ∂
⇒ = − = 

∂ ∂   

dF
R(y)dy

F
⇒ = . 

Integrating, we get   

R (y)dy
log F R(y)dy F exp R(y)dy F e∫= ⇒ = ⇒ =∫ ∫

 

. 

This proves the theorem. 

Q.No.4.: Solve 0ydyxdxexy 2x/12 3

=−




 − . 

Sol.: The given equation is 0ydyxdxexy 2x/12 3

=−




 −  

Here 
3x/12 exyM −=    and   yxN 2−=     xy2

y

M
=

∂

∂
∴ ,    xy2

x

N
−=

∂

∂
 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now since 
( )

x

4

yx

xy2xy2

N

x

N

y

M

2
−=

−

−
=

∂

∂
−

∂

∂

, which is a function of x only. 

4xlog4
dx

x

4
 

xeeF. .I −−








−

==
∫

=∴  

Multiplying throughout by 4x− , the equation becomes  
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0dy
x

y
dxe

x

1

x

y
2

x/1

43

2
3

=−













− , 

which is an exact equation,    
x

N

x

y2

y

M
3 ∂

∂
==

∂

∂
∵ . 

∴The solution is  

( ) cdy0dxe
x

1

x

y 3x/1

43

2

=+













−⇒ ∫∫ ( ) cdxx3e

3

1

2

xy 4x
22

3

=−+−⇒ −
−

−

∫

c
x

y

2

1
e

3

1
2

2
x 3

=−⇒
−

, which is the required solution. 

Q.No.5.: Solve ( ) ( ) 0dyyxyx2dxyxy 4223 =++++ . 

Sol.: The given equation is ( ) ( ) 0dyyxyx2dxyxy 4223 =++++ . 

Here  yxyM 3 += ,   ( )422 yxyx2N ++=   1xy3
y

M 2 +=
∂

∂
∴ ,    ( )1xy22

x

N 2 +=
∂

∂
. 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now since 
( )

( )
y

1
1xy32xy4

1xyy

1

y

M

x

N

M

1 22

2
=−−+

+
=









∂

∂
−

∂

∂
, which is a function of y 

alone. 

yeeF. .I ylog
dy

y

1

==
∫

=∴









. 

Multiplying throughout by  y, the equation becomes  

( ) ( ) 0dyy2xy2yx2dxyxy 53224 =++++ , 

which is an exact equation,  
x

N
y2xy4

y

M 3

∂

∂
=+=

∂

∂
∵ . 

∴  The solution is  

 cy
3

1
xyyx

2

1 6242 =++⇒ , which is the required solution. 

(5) I.F. for the equation of the type: ( ) ( )a b a b  x y mydx nxdy x y m ydx n xdy 0
′ ′ ′ ′+ + + =  

( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫

( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫
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If the equation Mdx Ndy 0+ =  is of the form 

( ) ( )a b a b  x y mydx nxdy x y m ydx n xdy 0
′ ′ ′ ′+ + + = , 

where a,   b,  a',  b',  m,  n,  m',  n'  are all constants, then an integrating factor is 

khyx ,    

where 
n

1kb

m

1ha ++
=

++
,  

n

1kb

m

1ha

′

++′
=

′

++′
. 

Q.No.6.: Solve ( ) ( ) 0dyyxxyxdxyx2xyy 2222 =−++ . 

Sol.: The given equation is ( ) ( ) 0dyyxxyxdxyx2xyy 2222 =−++  

Here  
322 yx2xyM += ,   

232 yxyxN −= . 

22yx6xy2
y

M
+=

∂

∂
∴ ,    22yx3xy2

x

N
−=

∂

∂
. 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now the given equation can be written as  

( ) ( ) 0xdyydx2yxxdyydxxy 22 =−++  and comparing with  

( ) ( )a b a b  x y mydx nxdy x y m ydx n xdy 0
′ ′ ′ ′+ + + = . 

We have 1ba == ,  1nm == ;  2ba =′=′ ,  1n  ,2m −=′=′ .      
khyxF. .I =∴ . 

where 
n

1kb

m

1ha ++
=

++
,  

n

1kb

m

1ha

′

++′
=

′

++′
 

i. e. 
1

1k1

1

1h1 ++
=

++
,  

1

1k2

2

1h2

−

++
=

++
 0kh =−⇒ ,  09k2h =++  

Solving these, we get 3kh −== .      
33yx

1
.F.I =∴ . 

Multiplying throughout by 
33yx

1
, the equation becomes 

0dy
y

1

xy

1
dx

x

2

yx

1
22

=












−+













+ , which is an exact equation,  

x

N

yx

1

y

M
22 ∂

∂
=−=

∂

∂
∵ . 

∴The solution is  ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫



Differential Equations of First Order: Equations reducible to exact equations 

Visit: https://www.sites.google.com/site/hub2education/ 

 

9

 cylogxlog2
x

1

y

1
=−+








−⇒ c

xy

1
ylogxlog2 =−−⇒ ,  

which is the required solution. 

Let us understand more about the above methods by solving the following 

problems: 

Q.No.7.: Solve the equation ( ) 0dxyxaydxxdy 22 =++− . 

Sol.: The given equation is ( ) 0dxyxaydxxdy 22 =++− . 

Dividing throughout by ( )22 yx + , we get 

0adx
yx

ydxxdy
22

=+
+

−
0adx

x

y
tand 1 =+








⇒ − . 

Integrating both sides, we get   cax
x

y
tan 1 =+− , 

which is the required solution. 

Q.No.8.: Solve the equation 
( )

22

2

yx

ydxxdya
ydyxdx

+

−
=+ . 

Sol.: The given equation is 
( )

22

2

yx

ydxxdya
ydyxdx

+

−
=+  









=+⇒ −

x

y
tandaydyxdx 12  

Integrating both sides, we get  

c
x

y
tana

2

y

2

x 12
22

′+=+ − c
x

y
tana2yx 1222 =−+⇒ − ,       where ( )c2c ′=  

which is the required solution. 

Q.No.9.: Solve the equation 0xdxlogxdyydx =+− . 

Sol.: The given equation is 0xdxlogxdyydx =+−  

( ) 0xdydxxlogy =−+⇒  

Here xlogyM +=    and   N x= −  

1
y

M
=

∂

∂
∴ ,   1

x

N
−=

∂

∂
  

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 
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Now ( )
1 M N 1 2

1 1
N y x x x

 ∂ ∂ −
 − = − − =   ∂ ∂ − 

, which is a function a of x alone. 

2

2xlogxlog2
dx

x

2
 

x

1
xeeeF. .I

2

====
∫

=∴ −−








− −

. 

Multiplying throughout by 2x− , the equation becomes   0dy
x

x
dx

x

xlogy
22

=






 −
+







 +
. 

Now here 
2x

xlogy
M

+
=    and   

x

1
N −= . 

x

N

x

1

y

M
2 ∂

∂
==

∂

∂
∴  , which is an exact equation. 

∴The solution of equation is  

cdy)0(dx
x

xlogy
2

=+






 +
⇒ ∫∫                 cdx

x

xlog

x

y
22

=







+⇒ ∫  

cdx
x

1
.

x

1

x

1
.xlog

1

x
y

1

=







+−+

−
⇒ ∫

−

        c
x

1

x

xlog

x

y
=−−−⇒  

01xlogcxy =+++⇒ ,  

which is the required solution. 

Q.No.10.: Solve the equation 
2

33

xy

yx

dx

dy +
= . 

Sol.: The given equation is 
2

33

xy

yx

dx

dy +
=     

( )dxyxdyxy 332 +=⇒    ( ) 0dyxydxyx 233 =−+⇒                                           (i) 

Here ( )33 yxM +=   and 
2xyN =   2y3

y

M
=

∂

∂
∴ ,      2y

x

N
−=

∂

∂
. 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now since the given equation is homogeneous in x and y. 

4334 x

1

xyxyx

1

NyMx

1
F. .I =

−+
=

+
=∴ . 

( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫
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Multiplying throughout by 
4x

1
, the equation becomes 

0dy
x

y
dx

x

y

x

1
3

2

4

3

=−













+ , which is an exact equation,  

x

N

x

y3

y

M
4

2

∂

∂
==

∂

∂
∵  .  

∴The solution of equation is ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫  

cdy)0(dx
x

y

x

1
4

3

=+













+⇒ ∫∫  'c

)3(x

y
xlog

3

3

=
−

+⇒  

'c
x

y
xlog3

3

=







−⇒ ,    [where c3'c = ] 

which is the required solution. 

Q.No.11.: Solve the equation ( ) ( ) 0dxyyxdyxyx 3223 =−++  . 

Sol.: The given equation is ( ) ( ) 0dxyyxdyxyx 3223 =−++  

Here xyxN 23 +=   and yyxM 32 −=   1yx3
y

M 22 −=
∂

∂
∴ ,   1yx3

x

N 32 +=
∂

∂
. 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now since the given equation is of the form . 

xyyxxyyx

1

NyMx

1
F. .I

3333 −−−
=

−
=∴

xy2

1
−= . 

Multiplying throughout by 
xy2

1
− , the equation becomes. 

0dy
y2

1

2

yx
dx

x2

1

2

xy 22

=













−

−
+














+

−
, which is an exact equation, 

x

N
xy

y

M

∂

∂
=−=

∂

∂
∵ .  

∴The solution of equation is ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫  

cdy
y2

1
dx

x2

1

2

xy2

=







−+














+

−
⇒ ∫∫   cylog

2

1
xlog

2

1

4

yx 22

=−+−⇒  

'cyx
2

1

x

y
log 22 =+⇒ ,       [where c2'c = ] 

( ) ( ) 0xdyxyfydxxyf 21 =+
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which is the required solution. 

Q.No.12.: Solve the equation ( ) ( ) 0xdy1xyyxydx1xyyx 2222 =+−+++ . 

Sol.: The given equation is ( ) ( ) 0xdy1xyyxydx1xyyx 2222 =+−+++  

Here ( )yxyyxM 232 ++=  ,   ( )xyxyxN 223 +−= . 

⇒ 1xy2yx3
y

M 22 ++=
∂

∂
,     1xy2yx3

x

N 22 +−=
∂

∂
. 

x

N

y

M

∂

∂
≠

∂

∂
⇒ .  Thus the equation is not exact. 

Now since the given equation is of the form  . 

( ) ( ) 22223222 yx2

1

yxyxyxxyxyyx

1

NyMx

1
F. .I =

+−−++
=

−
=∴  

Multiplying throughout by 
22yx2

1
, the equation becomes. 

0dy
xy2

1

y2

1

2

x
dx

yx2

1

x2

1

2

y
22

=









+−+










++ , which is an exact equation. 

∵Here 









++=

yx2

1

x2

1

2

y
M

2
  and 










+−=

2xy2

1

y2

1

2

x
N   ∴

x

N

x2

ylog

2

1

y

M
2 ∂

∂
=+=

∂

∂
. 

∴The solution is ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫ . 

 cdy
y2

1
dx

yx2

1

x2

1

2

y
2

=







−+










++⇒ ∫∫ . 

cylog
2

1

xy2

1
xlog

2

1

2

xy
=−−+⇒   'c

xy

1

y

x
logxy =−+⇒ ,     [where c2'c = ] 

which is the required solution. 

Q.No.13.: Solve the equation ( ) ( ) 0dyx4y2xydxy2y 434 =−+++ . 

Sol.: The given equation is ( ) ( ) 0dyx4y2xydxy2y 434 =−+++  

Here y2yM 4 +=    and   x4y2xyN 43 −+= . 

∴ 2y4
y

M 3 +=
∂

∂
 and  4y

x

N 3 −=
∂

∂
⇒

x

N

y

M

∂

∂
≠

∂

∂
.  Thus the equation is not exact. 

( ) ( ) 0xdyxyfydxxyf 21 =+
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Now 
( ) ( )3 3

4

N M
y 4 4x 2x y

M y 2y

∂ ∂
−

− − +∂ ∂
=

+ y

3

y2y

6y3
4

3

−=
+

−−
= , which is a function of y alone. 

3

ylog3
dy

y

3

y

1
eeF. .I ==

∫
=∴ −









−

. 

Multiplying throughout by 
3y

1
, the equation becomes. 

0dy
y

x4
y2xdx

y

2
y

32
=










−++










+ ,  which is an exact equation,  

x

N

y

4
1

y

M
3 ∂

∂
=−=

∂

∂
∵   

∴The solution of equation is ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫  

cydy2dx
y

2
y

2
=+










+⇒ ∫∫   c

2

y2

y

x2
yx

2

2
=++⇒  cy

y

2
yx 2

2
=+













+⇒ , 

which is the required solution. 

Q.No.14.: Solve the equation ( ) ( ) 0dyaxy2xdxay2xy3 22 =−+− . 

Sol.: The given equation is ( ) ( ) 0dyaxy2xdxay2xy3 22 =−+−  

Here 
2ay2xy3M −=  and axy2xN 2 −=  ∴ ay4x3

y

M
−=

∂

∂
, ay2x2

x

N
−=

∂

∂
 

⇒
x

N

y

M

∂

∂
≠

∂

∂
.  Thus the equation is not exact. 

Now 
( ) ( )

axy2x

ay2x2ay4x3

N

x

N

y

M

2 −

−−−
=

∂

∂
−

∂

∂

( ) x

1

ay2xx

ay2x
=

−

−
= ,  

which is a function of x alone. 

xeeF. .I xlog
dx

x

1

==
∫

=∴









. 

Multiplying throughout by x, the equation becomes. 

( ) ( ) 0dyyax2xdxaxy2yx3 2322 =−+− ,  

which is an exact equation, 
x

N
axy4x3

y

M 2

∂

∂
=−=

∂

∂
∵   
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∴The solution of the equation is ( ) 'cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫  

( ) ( ) 'cdy0dxaxy2yx3
22 =+− ∫∫  

c
2

x
ay2

3

x
y3

2
2

3

′=−⇒   cyaxyx
223 ′=−⇒  

( ) cxyayx
22 =−⇒ ,            [where cc ′−= ] 

which is the required solution. 

Q.No.15.: Solve the equation ( ) 0xyeccosyx
dx

dy
x 34 =++ . 

Sol.: The given equation is ( ) 0xyeccosyx
dx

dy
x 34 =++  

( )[ ] 0dyxdxxyeccosyx
43 =++⇒                                       (i) 

Here ( )[ ]xyeccosyxM
3 +=   and  4xN =  

∴ ( ) ( )3M
x cosec xy cot xy x

y

∂
= −

∂
,     3x4

x

N
=

∂

∂
 

⇒
x

N

y

M

∂

∂
≠

∂

∂
.  Thus the equation is not exact. 

Now equation (i) can also be written as  ( ) 0xdy1ydx
xy

ecxycos
1 =+








+ . 

Now comparing with ( ) ( ) 0xdyxyfydxxyf 21 =+  

ecxycosx

1

yxecxycosxyx

1

NyMx

1
 F.  .I

3434
=

−+
=

−
=∴  

Multiplying throughout by 
ecxycosx

1
3

, the equation becomes 

0xydysinxdx
x

1
xysiny =+








+ , which is an exact equation. 

∵Here 
x

1
xysinyM +=   and   xysinxN = ∴

x

N
x.xycosyxysin

y

M

∂

∂
=+=

∂

∂
. 

∴The solution of the equation is ( ) 'cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫  
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( ) 'cdy0dx
x

1
xysiny =+








+ ∫∫  

c
x2

1

y

xycosy
2

′=−
−

⇒  cxxycos2
2 =+⇒ −

,  [where c2c ′−= ] 

which is the required solution. 

Or (Another simple method) 

The given equation is ( ) 0xyeccosyx
dx

dy
x 34 =++  

0ecxycosy
dx

dy
xx3 =+





+⇒                                       (i) 

Put zxy =  and therefore 
dx

dz

dx

dy
xy =+ . 

Thus (i) ⇒ 0eczcos
dx

dz
x3 =+





⇒ zdzsin

x

dx
3

−=  

czcos
x2

1
2

+=−⇒ cxxycos2
2 =+⇒ −

, which is the required solution. 

Q.No.16.: Solve the equation  ( )4 x 2 2x e 2mxy dx 2mx ydy 0− + = . 

Sol.: The given equation is ( ) 0ydymx2dxmxy2ex
2x4 =+− , 

Here 
2x4

mxy2exM −=   and  ymx2N
2=  

∴ mxy4
y

M
−=

∂

∂
,     mxy4

x

N
=

∂

∂
   ⇒

x

N

y

M

∂

∂
≠

∂

∂
.  Thus the equation is not exact. 

Now [ ]
x

4

ymx2

mxy8
mxy4mxy4

ymx2

1

x

N

y

M

N

1
22

−=
−

=−−=








∂

∂
−

∂

∂
, which is a function of 

x alone. 

4xlogxlog4
dx

x

4

xeee F.  .I
4 −−









−

===
∫

=∴
−

. 

Multiplying throughout by 4x− , the equation becomes. 

dy
x

my2
dx

x

my2
e

23

2
x









+














− , which is an exact equation, ∵

x

N

x

xy4

y

M
3 ∂

∂
=−=

∂

∂
 . 
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∴The solution of the equation is  ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫  

cdy)0(dx
x

my2
e

3

2
x =+














−⇒ ∫∫  c

x

my
e

2

2
x =+⇒  c

x

y
me

2
x =








+⇒ , 

which is the required solution. 

Q.No.17.: Solve the equation 0dxeyx3xdyydx
3x22 =+− . 

Sol.: The given equation is 0dxeyx3xdyydx
3x22 =+−  

3x2

2
ex3

y

xdyydx
−=

−
⇒   

3x2ex3
y

x
d −=








⇒  

Integrating both sides, we get  

cdxex3dx
y

x
d

3x2 ′+−=







∫∫ ,        Putting tx3 = , so that  dtdxx3 2 =  

cdtedx
y

x
d t ′+−=








∴ ∫∫   ce

y

x t ′+−=⇒    0ce
y

x 3
x =++⇒ ,   [where cc ′−= ] 

which is the required solution. 

Q.No.18.: Solve the equation ( ) ( ) 0dyxyx2dxyx2y
322 =−++ . 

Sol.: The given equation is ( ) ( ) 0dyxyx2dxyx2y
322 =−++                                           (i) 

Here yx2yM
22 +=   and   xyx2N

3 −=  

∴ 2x2y2
y

M
+=

∂

∂
,     yx6

x

N 2 −=
∂

∂
⇒

x

N

y

M

∂

∂
≠

∂

∂
.  Thus the equation is not exact. 

Now the equation (i) can be written as  

( ) ( ) 0xdyydxyxxdy2ydx2yx
1002 =−++  

Comparing with ( ) ( ) 0xdy  nydx  myxnxdymydxyx
 b aba =′+′++
′′

, we get  

2n  2,m  0,b  ,2a ==== ,  1n  1,m  1,b  ,0a −=′=′=′=′ ,   

 

where 
n

1kb

m

1ha ++
=

++
,  

n

1kb

m

1ha

′

++′
=

′

++′
 

kh
yxF.  .I =∴
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2

1k0

2

1h2 ++
=

++
⇒ ,   

1

1k1

1

1h0

−

++
=

++
 

2

1k

2

3h +
=

+
⇒ ,  

1

2k

1

1h

−

+
=

+
   01k3h =−−+⇒ ,   02k1h =+++  

Solving we get 
2

1
k  ,

2

5
h −=−= .        

2/15/2
yxF. .I

−−=∴  

Multiplying throughout by 
2/15/2

yx
−−

, the equation becomes. 

( ) ( ) 0dyyxxyyxx2dxyxyx2yx.y
2/15/22/15/232/15/222/12/52 =−++ −−−−−−−−

 

( ) ( ) 0dyyxyx2dxyx2yx
2/12/32/12/12/12/12/35/2 =−++⇒ −−−−

 

∴The solution of the equation is ( ) cdy xcontainingnot  N of termsMdx

const. y

=+ ∫∫
 

 ( ) cdy)0(dxyx2yx
2/12/12/35/2 =++⇒ ∫∫

−−
 

c

2

1

x
y2

1
2

5

x
.y

2/1
2/1

1
2

5

2/3 =+

+−

⇒

+−

   ( ) cxy4
x

y

3

2 2/1
2/3

=+







−⇒ , 

which is the required solution. 

Q.No.19.: Solve the differential equation dxyxxydxxdy 22 −=− . 

Sol.: The given equation is dx
x

y
1xydxxdy

2
2









−=− dx

x

y
1

x

ydxxdy

2

2









−

−

⇒  

dx
x

y
sind 1 =








⇒ − , which is exact differential equation. 

Integrating, we get   

cx
x

y
sin 1 +=− ( )cxsinxy +=⇒ , which is the required solution. 

Q.No.20.: Solve the differential equation ( ) ( ) 0dyyxxyxdxyx2xyy
2222 =−++ . 

Sol.: The given equation is of the form ( ) ( ) 0xdyxyfydxxyf 21 =+ . 

Here 
322

yx2xyM +=    and   
232

yxyxN −=  
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Now 0yx3yxyxyx2yxNyMx
3333223322 ≠=+−+=−  

∴ I.F. 
33yx3

1

NyMx

1
=

−
. 

Multiplying throughout by 
33yx3

1
, the given equation becomes 

0dy
y3

1

xy3

1
dx

x3

2

yx3

1
22

=












−+













+ , which is exact. 

The solution is  

cdy
y3

1
dx

x3

2

yx3

1
2

constanty 

=−+












+ ∫∫    cylog

3

1
xlog

3

2

y3

1
=−+−⇒  

Cylogxlog2
xy

1
=−+−⇒ ,   where C = 3c, which is the required solution. 

Q.No. 21.: Solve the differential equation ( ) ( ) 0dyyxx3dxyyx2
322 =−++ . 

Sol.: The equation can be written as ( ) ( ) 0xdy3ydxydyxdxyx2
322 =++−  

( ) ( ) 0xdy3ydxyxxdyydx2yx
002 =++−⇒ . 

Therefore, it has an I.F. of the form 
kh

yx . 

Multiplying the given equation by 
kh

yx , we get 

( ) ( ) 0dyyxyx3dxyxyx2
1k3hk1h1kh2k2h =−++ ++++++

. 

For this equation to be exact, we must have 

x

N

y

M

∂

∂
=

∂

∂
 

i.e., ( ) ( ) kh1k2h
yx1kyx2k2 +++ ++ ( ) ( ) 1k2hkh

yx3hyx1h3
+++−+= . 

which holds when ( ) ( )3h2k2 +−=+   and  ( )1h31k +=+  

i.e. when 07k2h =++    and  02kh3 =+− . 

Solving these equation, we have 
7

11
h −= ,   

7

19
k −=  

∴ I.F. = 7

19

7

11

yx
−−

. 
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Multiplying the given equation  by 7

19

7

11

yx
−−

, we have 

0dyyxyx3dxyxyx2 7

12

7

10

7

19

7

4

7

12

7

11

7

5

7

3

=












−+













+

−−−−−−

, which is an exact equation. 

The solution is cdxyxyx2 7

12

7

11

7

5

7

3

 constant   y

=












+

−−−

∫  

cyx
4

7
yx

5

7
7

12

7

4

7

5

7

10

=−⇒
−−−

   Cyx5yx4 7

12

7

4

7

5

7

10

=−⇒
−−−

, where c
7

20
C == , 

which is the required solution. 

Q.No. 22.: Solve the differential equation ( ) ( ) 0dyxyxdxxyy
33 =++− . 

Sol.: The equation can be written as 0dyxdyxyxydxdxy
234 =++− . 

Regrouping the terms, we obtain 

( ) ( ) 0ydxxdyxxdyydxy
3 =−++ ( ) 0

x

y
dx.xxydy 23 =








+⇒  

( ) 0
x

y
d

y

x
xyd

3

=















+⇒ ( ) 0

y

x
d

x

y
xyd

3

=















+⇒

−

 

Integrating both sides, we get 

1

2

c
x

y

2

1
xy =








−

−

 

Rearranging, we get 
223

cyxxy2 =−   where 1c2c = , which is the required solution. 

Q.No. 23.: Solve the differential equation ( ) 0dyyxdx1yx
2433 =++ . 

Sol.: The equation can be written as 0dyyxdxdxyx
2433 =++ . 

Dividing by x throughout, we get 

0dyyx
x

dx
dxyx 2332 =++  

Regrouping, we get 

( ) 0
x

dx
xdyydxyx 22 =++ ( ) ( ) 0

x

dx
xydxy

2
=+⇒  
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( )
cxlog

3

xy
3

=+⇒ , which is the required solution. 

Q.No. 24.: Solve the differential equation ( ) ( ) 0dyexxyxdxyexy
xy3xy3 =++− . 

Sol.: The equation can be written as 0dyexxydydxydxeyx
xy42xy3 =++− . 

Regrouping, we get 

( ) ( ) 0ydxxdyyxdyydxex
xy3 =−++  

 

( ) 0
x

ydxxdy
.x.yedx

2

2xy3 =






 −
+ . 

Dividing throughout by 3x , we get 

( ) 0
x

y
d.

x

y
ed xy =








+ . 

Integrating both sides, we get 

c
2

1

x

y
e

2
xy =








+ , which is the required solution. 

Q.No. 25.: Solve the differential equation ( ) ( ) 0dyaxyxdxayy.x
1nnn1n =+++ ++

. 

Sol.: Regrouping the terms, we get 

( ) ( ) 0xdyydxaydyxdxyx
nn =+++ . 

Dividing throughout by 
nn

yx , we get 

( )
( )

( )
0

xy

xyad
ydyxdx

n
=++ . 

If 1n ≠  

Integrating, we get 
( )( )

01n

22

c
xy1n

1
.a

2

yx
=

+−
+

+
−

 

( )( )( ) a2xycyx1n
1n22 =−+−

−
,   where 0c2c =  

If n = 1,  cxyloga
2

yx 22

=+
+

, which is the required solution. 

Q.No. 26.: Solve the differential equation ( ) ( ) 0dy1yxxdx1yxy
2222 =++− . 
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Sol.: The equation can be written as 0xdydyyxydxdxyx
2332 =++−  

Regrouping, we get 

( ) ( ) 0ydxxdyxdyydxyx
22 =−++ ( )

( )
0

x

ydxxdy
xxydyx

2

222 =
−

+⇒  

( ) 0
x

y
dxxydyx 222 =








+⇒ . 

The second term in LHS becomes an exact differential if k = n  + 2, while the second 

term in LHS becomes an exact differential if kn −= . Solving these two equations,  

k = n  + 2   and  kn −= , we get  1n −=  and  k = 1. 

Substituting these values, the DE reduces to 

( ) 0
k

y
dyxxydy.x 121 =








′+′ −+− ( ) 0

x

y
d

y

x
xyxyd =








+⇒ ( ) 0

x

y

x

y
d

xyxyd =



















+⇒  

Integrating both sides, we get 

( )
c

x

y
log

2

xy
2

=







+ , which is the required solution. 

Q.No. 27.: Solve the differential equation ( ) ( ) 0dyyxdx1xyx2y
2 =−++− . 

Sol.: Here yxyyx2M
22 +−= ,  yxN −=  

x

N
11xy2x2

y

M 2

∂

∂
=≠+−=

∂

∂
, which is not exact. 

Since )x(fx2
yx

11xy2x2

x

N

y

M

N

1 2

==
−

−+−
=









∂

∂
−

∂

∂
is a function of x only.  

We get an I.F. as 

IF 
2xxdx2

ee =∫= . 

Multiplying the given DE by 
2xe , we get 

( ) ( ) 0dyyxedx1xyx2ye
22 x2x =−++−  

which is of the form 

0dy*Ndx*M =+  . 
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 This is exact, since ( )
x

*N
e1xy2x2

N

*M 2
x2

∂

∂
=+−=

∂

∂
 

Integrating, we get 

( ) *Nyxe
y

f 2x =−=
∂

∂
  

Integrating partially w.r.t. y, we have 

( ) ( )xh
2

y
xy.ey,xf

2
x2

+













−= . 

Differentiating partially w.r.t. and equating it to M*, we get 

[ ]
dx

dh
yex2.

2

y
xye

22 x
2

x ++











−  

( )1xyx2ye*M 2x2

+−==  

Simplifying, 0
dx

dh
= , so h is constant. 

Thus, the general solution is  

( ) cyxy2e 2x2

=− . 

Q.No. 28.: Solve the differential equation ( ) 0dydxyx =−− ,   y(0) = 2. 

Sol.: yxM −= ,  1N −= ,  1M y −= , 0Nx = , not exact. 

( ) [ ] 101
1

1
NM

N

1
xy =−−

−
=−  is a function of x. 

IF xdx1
ee =∫= . 

Multiplying DE by IF, we get  ( ) 0dyedxeyx
xx =−− . 

Rewriting, we get     

0dyedxyedxxe
xxx =−− ( )[ ] 0yeddxxe

xx =−⇒  

( ) 0yeddxedxedxxe
xxxx =−−+⇒ ( ) ( ) 0yeddxedxe1x

xxx =−+−⇒  

( )[ ] ( ) 0yede1xd
xx =−−⇒  

The solution is 

( ) cyee1x
xx =−− −

. 
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Put x = 0,  y = 2, so that 3c −=  

( ) 3yee1x
xx −=−−∴ −

 is the particular solution. 

Q.No. 29.: Solve the differential equation ( ) ( ) 0dyxyx2dxxy2yx3
23342 =−++ . 

Sol.: Here xy2yx3M
42 += ,    

233
xyx2N −= . 

x
3232

y Nx2yx6x2yx12M =−≠+= ,  Not exact 

Since 

( ) ( )
xy2yx3

x2yx12x2yx6
MN

M

1
42

3232

yx
+

+−−
=− )x(g

y

2
=−=  = function of y alone. 

We get an IF 
2

ylog2
dy

y

2

dy)y(g

y

1
eeee ==

∫
=∫= −

−

. 

Multiplying the given DE throughout by 
2y

1
, we get 

0dy
y

x
yx2dx

y

x2
yx3

2

2
322 =














++








+ . 

Since 
*
x2

2*
y N

y

x2
yx6M =−= , this DE is exact. 

Rearranging the terms, we get 

( ) 0dy
y

x
dx

y

x2
ydyx2dxyx3

2

2
322 =














−++  

( ) ( ) ( ) 0
y

1
dxxd

y

1
ydxxdy 222332 =








+++⇒  

Regrouping, we get ( ) 0
y

x
dyxd

2
23 =














+ . 

Integrating, we get 

c
y

x
yx

2
23 =+ , which is the required solution. 

Q.No. 30.: Solve ( ) ( )2 2 2 2y y 2x dx x 2y x dy 0− + − = . 
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Sol.: Here )x2y(yM
22 −=    and   ( )22

xy2xN −=  are both homogeneous functions of 

degree 3. 

Since ( ) ( ) ( )( ) 0xyxy3xy2yxx2yxyyNM
222222 ≠−=−+−=+  unless y = x, DE has 

an IF 

IF=
( )22 xyxy3

1

yNxM

1

−
=

+
. 

Multiplying the DE by IF, we get  
( )

( )
( )

( )
0

xyxy3

xy2x
dx

xyxy3

x2yy
22

22

22

22

=
−

−
+

−

−
  

Rewriting, we get  
( )

( )
( )

( )
0dy

xyy

xyy
dx

xyx

xxy
22

222

22

222

=
−

−+
+

−

−−
 

0
y

dy

xy

ydy

xy

xdx

x

dx
2222

=+
−

+
−

−⇒ . 

Regrouping, we get  ( )
( )

( )
0

xy

xyd

2

1
xylogd

22

22

=
−

−
+  

Integrating ( ){ }( ) 0xyyxlogd
2222 =− , we get 

( ) cxyyxlog
2222 =−  

( ) 1
2222

cxyyx =−⇒   where 
c

1 ec = , which is the required solution. 

Q.No. 31.: Solve the differential equation ( ) ( ) 0xdy1xyyxydx1xyyx
2222 =+−+++ . 

Sol.: ( )y1xyyxM
22 ++= ,   ( )x1xyyxN

22 +−=  so 

x
2222

y N1xy2yx31xy2yx3M =+−≠++= . 

DE is not exact. But ( )xyygM =  and  ( )xyxhN = , so the given DE is of the form 

( ) ( ) 0dyxyxhdxxyyg =+ , 

which has an integrating factor given by 

( ) ( ) 222222 yx2

1

1xyyxxy1xyyxxy

1

yNxM

1
=

+−−++
=

−
. 

Multiplying DE with IF 
22yx2

1
, we get 
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( ) ( )
0

yx

xdy1xyyx

yx

ydx1xyyx
22

22

22

22

=
+−

+
++

. 

Rearranging, we get 

0
xy

dy

y

dy
xdy

yx

dx

x

dx
ydx

22
=













+−+













++ . 

Regrouping the terms, we get 

( ) 0
y

dy

x

dx

yx

xdy

yx

ydx
xdyydx

2222
=








−+













+++ ( )

( )

( )
0

y

x
logd

xy

xyd
xyd

2
=








++⇒ . 

Integrating both sides, we get 

c
y

x
log

xy

1
xy =+− , which is the required solution. 

Q.No. 32.: Solve the differential equation ( ) ( ) 0dyx3xy4dxyx4y2
322 =+++ . 

Sol.: Here yx4y2M
22 += , 

3
x3xy4N += ,    

x
22

y Nx9y4x4y4M =+≠+= , not exact.  

It is also not homogeneous.  

It is not )xy(yhM =   and )xy(xgN =  form.  

So let us try to find an integrating factor of the form 
kh

yx . 

Consider the DE 

0dyx3xydy4ydxx4dxy2
322 =+++  

Rearranging the terms 

( ) ( ) 0xdy4ydx2yxdy3ydx4x
2 =+++  

Comparing this with 

( ) ( ) cqxdypydxyxnxdymydxyx
dcba =+++  

Here a = 2,   b = 0,  m = 4,  n = 3,   c = 0,   d = 1,   p = 2,   q = 4. 

Also 04128nqmp ≠−=−=−  

The unknown constants in the integrating factor are determined from the following 

n

1kb

m

1ha ++
=

++
5h3k4

3

1k0

4

1h2
=−⇒

++
=

++
⇒ . 
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q

1kd

p

1hc ++
=

++
02k

4

1k1

2

1h0
=−⇒

++
=

++
⇒ . 

Solving for h,  k, we get  h = 1,   k = 2. 

Thus, the required integrating factor is 
21

y.x . 

Multiplying the given DE by 
2

y.x , we get 

( ) ( ) 0dyx3xy4xydxyx4y2xy
32222 =+++  

0dyyx3dyyx4dxyx4xy2
2432334 =+++⇒  

Regrouping the terms (1
st
 and 3

rd
 ) and (2

nd
 and 4

th
) 

( ) ( ) 0yxdyxd
3442 =+ . 

Integrating, we get cyxyx
3442 =+ , which is the required solution. 

 

 Home assignments 
Total =50 Problems 

Note: Solve the following differential equations (by regrouping the terms): 

Q.No.1.: Solve the differential equation ( ) ( ) 0dyxyx3dxxy2yx4
22433 =−+− . 

Ans.: .cyxyx
234 =−  

Q.No.2.: Solve the differential equation ( ) 0dyxyydxx3
342 =−+ . 

Ans.: .cyyx3
43 =+  

Q.No.3.: Solve the differential equation ( ) ( ) 0dyxyxydxyxyx
2323 =+++++ . 

Ans.: ( ) xy4cyx
22 −=+ . 

Q.No.4.: Solve the differential equation ( ) 0dyyxxydx
23 =++ . 

Ans.: ( ) .1cylog.yx2
22 =  

Q.No.5.: Solve the differential equation ( ) ( ) 0dyyxxdxyxy
33 =+−− . 

Ans.:
22

cxyy2x =+ . 

Q.No.6.: Solve the differential equation dyxyxdyydx
3=− . 
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Ans.: .cy
3

1

y

x
log 3 +=  

Q.No.7.: Solve the differential equation ( )dxyyxxxdy
235 ++= . 

Ans.: .cx
4

1

y

x
tan 41 +−=−  

Q.No.8.: Solve the differential equation ( )dxy9xyxdy
22 ++= . 

Ans.: .cx3
x

y3
tan 1 +=−  

Q.No.9.: Solve the differential equation ( ) dyedxexy2y
xx =+ . 

Ans.: .cx
y

e 2
x

=+  

Q.No.10.: Solve the differential equation ( ) ( ) 0dyy3xye2dxx4ey 2xy3xy2 22

=−++ . 

Ans.: .cyxe 34xy2

=−+  

(2) I.F. of a homogeneous differential equation: 

 If 0NdyMdx =+  be a homogeneous differential equation in x and y, then 

( )NyMx

1

+
 is an integrating factor, provided 0NyMx ≠+ . 

Q.No.1.: Solve the differential equation ( ) 0dyyxydxx
332 =+− . 

Ans.: ( )23 y3/xcey −= . 

Q.No.2.: Solve the differential equation ( ) ( ) 0dyyx3xdxxy2yx
2322 =−−− . 

Ans.: cylog3xlog2
y

x
=+− . 

Q.No.3.: Solve the differential equation ( ) 0dyxydxyx
344 =−+ . 

Ans.:
444

cxxlogx4y += . 

Q.No.4.: Solve the differential equation ( ) 0dyyxyxdxy
222 =−−+ . 

Ans.: ( ) ( )yxcyyx
2 +=− . 

Q.No.5.: Solve the differential equation ( ) ( ) 0dyxydxxy =++− . 
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Ans.: ( ) c
y

x
tanyxlog 12/122 =








−+ −

. 

 (3) I.F. for an equation of the type  f1(xy)ydx + f2(xy)xdy = 0: 

 If the equation 0NdyMdx =+  is of the form ( ) ( ) 0xdyxyfydxxyf 21 =+ , then 

( )NyMx

1

−
is an integrating factor, provided 0NyMx ≠− . 

Q.No.1.: Solve the differential equation ( ) ( ) 0dyyx22xdx2yxy
2222 =−++ . 

Ans.: ( )22yx

1

2ecyx = . 

Q.No.2.: Solve the differential equation ( ) ( ) 0dyyxxyxdxyx2xyy
2222 =−++ . 

Ans.: c
xy3

1
ylog

3

1
xlog

3

2
=−− . 

Q.No.3.: Solve the differential equation            

               ( ) ( ) 0xdyxycosxysinxyydxxycosxysinxy =−++ . 

Ans.: cyxysecx = . 

Q.No.4.: Solve the differential equation ( ) ( ) 0xdyxy1dxxy1y =−++ . 

Ans.: c
xy

1

y

x
log =− . 

Q.No.5.: Solve the differential equation  

              ( ) ( ) 0xdy1xyyxyxydx1xyyxyx
22332233 =++−++++ . 

Ans.: 1cylogxy2yx
22 =− . 

Q.No.6.: Solve the differential equation ( ) ( ) 0dyyxyx2xdxyxy2
3422 =−+=+ . 

Ans.: 

( )
( )33yx3

1xy3

cey

+−

= . 

(4) In the equation 0NdyMdx =+ , 

(a)  If 
N

x

N

y

M

∂

∂
−

∂

∂

 is a function of x only, say f(x) ,  

      then 
( )∫ dxxf

e is an integrating factor. 
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Q.No.1.: Solve the differential equation ( ) ( ) 0dyy2xxdxxy3xy4
2 =++−+ . 

Ans.: ( ) cxy4xy4x
23 =−+ . 

Q.No.2.: Solve the differential equation ( ) ( ) 0dy1y2xdxyxy =−+++ . 

Ans.: ( ) x
cey1xy

−=+− . 

Q.No.3.: Solve the differential equation ( ) 0dx1yxxydy2
22 =++− . 

Ans.: cx1xy
22 =+− . 

Q.No.4.: Solve the differential equation ( ) ( ) 0dyaxy2xdxay2xy3
22 =−+− . 

Ans.: cyaxyx
223 =− . 

Q.No.5.: Solve the differential equation ( ) ( ) 0dyycosxydxysin2
22 =+ ,  

2
)2(y

π
= . 

Ans.: ( ) 16ysinx
24 = . 

Q.No.6.: Solve the differential equation                      

              ( ) ( )3 2 2 2 4 3 22x y 4x y 2xy xy 2y dx 2 y x y x dy 0+ + + + + + + = . 

Ans.: ( ) ceyxy4yx2
2x422 =++ . 

 

(4) In the equation 0NdyMdx =+ , 

(b)  If 
M

y

M

x

N

∂

∂
−

∂

∂

 is a function of y only, say F(y),  

        then 
( )∫ dyyF

e is an integrating factor. 

Q.No.1.: Solve the differential equation ( ) 0xdydxxyy
2 =−+ . 

Ans.: c
2

x

y

x 2

=+ . 

Q.No.2.: Solve the differential equation ( ) ( ) 0dy2y3xxdx1yxy =+++++ . 

Ans.: ( ) c2y2xxy
2 =++ . 

Q.No.3.: Solve the differential equation ( ) ( ) 0dyy6y3xxdxyx3
2222 =++++ . 
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Ans.: ( ) cy3xxe
22y =+ . 

Q.No.4.: Solve the differential equation ( ) ( ) 0dyyxyx2dxyxy
4223 =++++ . 

Ans.: cy2xy6yx3
6242 =++ . 

Q.No.5.: Solve the differential equation ( ) ( ) 0dyx4y2xydxy2y
434 =−+++ . 

Ans.: ( ) 243
cyyx2y =++ . 

Q.No.6.: Solve the differential equation ( ) 0dyxyxydx2
22 =−+ ,  y(2) = 1. 

Ans.: y5yx
22 =+ . 

(5) I.F. for the equation of the type: ( ) ( ) 0xdy  nydx  myxnxdymydxyx  b aba =′+′++
′′  

If the equation NdyMdx +  is of the form 

( ) ( ) 0xdy  nydx  myxnxdymydxyx
 b aba =′+′++
′′

, 

where n'  ,m'  n,  n,  ,b'  ,a'  b,  ,a  are all constant, then an integrating factor is 
kh

yx ,    

where 
n

1kb

m

1ha ++
=

++
,  

n

1kb

m

1ha

′

++′
=

′

++′
. 

Q.No.1.: Solve the differential equation ( ) ( ) 0xdy5ydx3yxdy2ydx4x
3 =+++ . 

Ans.: cyxyx
3324 =+ . 

Q.No.2.: Solve the differential equation ( ) ( ) 0xdy5ydx4yxxdy8ydx8
32 =+++ . 

Ans.: cyxyx4
5422 =+ . 

Q.No.3.: Solve the differential equation ( ) ( ) 0xdy7ydx5xdyydx2yx
33 =+−+ . 

Ans.:
3/73/533

ycx2yx =+ . 

Q.No.4.: Solve the differential equation ( ) ( ) 0dyyxxyxdxyx2xyy
2222 =−++ . 

Ans.: c
xy

1
ylogxlog2 =−− . 

Now let us solve some more assignments for experience: 

Q.No.1.: Solve the differential equation ( )dxyxydxxdy
22 +=− . 

Ans.: ( )cxtanxy += . 
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Q.No.2.: Solve the differential equation dxxyydxxdy
2=− . 

Ans.: c
y

x

2

x2

=+ . 

Q.No.3.: Solve the differential equation ( ) 0dyexdxyxy
y/x22y/x =−+ . 

Ans.: cxloge
y/x =+ . 

Q.No.4.: Solve the differential equation ( ) 0dyyxydxx
332 =+− . 

Ans.: c
y3

x
ylog

3

3

=− . 

Q.No.5.: Solve the differential equation ( ) ( ) 0dyxyyx2dxyxy3
2232 =−−− . 

Ans.: c
x

y
ylog2xlog3 =+− . 

Q.No.6.: Solve the differential equation ( ) ( ) 0dyyxxy21xdx1xy2y
33 =−+++ . 

Ans.: cylog
yx3

1

yx

1
3322

=++ . 

Q.No.7.: Solve the differential equation ( ) 0ydy2dxx2yx
22 =+++ . 

Ans.: ( ) cyxe
22x =+ . 

Q.No.8.: Solve the differential equation ( ) 0xydy2dx1yx
22 =−++ . 

Ans.: c
x

1

x

y
x

2

=−− . 

Q.No.9.: Solve the differential equation ( ) 0dyxyx
4

1
dx

2

x

3

y
y 2

23

=++













++ . 

Ans.: cxyxyx3
6344 =++  

Q.No.10.: Solve the differential equation ( ) ( ) 0dyx4y2xydxy2y
434 =−+++ . 

Ans.: cyx
y

2
y 2

2
=+













+ . 

Q.No.11.: Solve the differential equation ( ) ( ) 0dyaxy2xdxay2xy3
22 =−+− . 
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Ans.: ( ) cxyayx
22 =− . 

Q.No.12.: Solve the differential equation ( ) ( ) 0dyyxyxdxyx2xy
232322 =−++ . 

Ans.: cylogxlog2
xy

1
=−+− . 

Q.No.13.: Solve the differential equation ( ) ( ) 0dyxy2x3dxy3yx2
3342 =++− . 

Ans.: cyx12yx5 13

15

13

10

13

24

13

36

=−
−−−

. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now here we will discuss the differential equations of first order and 

higher degrees. If 
dy

dx
 will occur in higher degrees, then it is convenient to 

denote 
dy

dx
 = p. Such equations are of the form ( )f x, y, p = 0 .  

Now there are three cases for discussion: 

(i)   Equation solvable for p: 

(ii)  Equation solvable for y: 

(iii) Equation solvable for x: 

 

Equation solvable for p: 

 In the beginning, write down the given differential equation of the first order and 

n
th

 degree, which is of the form (in general) 

0P...............pPpPp n
2n

2
1n

1
n

=++++
−−

,                                                                        (i) 

where n21 P......,,.........P ,P are function of x and y. 

6th Topic 

Differential Equations of First order  

and higher degree 

PART-I: Equation solvable for p 
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Step No.1: (Process of splitting) 

Splitting up the left hand side of (i) into n linear factors, we have 

( )[ ] ( )[ ] ( )[ ] 0y ,xfp..............y ,xfp.y ,xfp n21 =−−− . 

Step No.2: 

Equating each of the factor to zero, we obtain 

( ) ( ) ( )1 2 np f x,  y 0,   p f x,  y 0,..............., p f x,  y 0− = − = − =  

( ) ( ) ( )1 2 np f x,  y ,   p f x,  y ,...............p f x,  y⇒ = = = . 

These are ODE of the first order and first degree. 

Step No.3: 

Solving each of these equations of the first order and first degree, we get the following 

set of solutions 

( ) ( ) ( ) 0c y, ,xF....,,.........0c y, ,xF  ,0c y, ,xF n21 === . 

These n solutions constitute the general solution of (i). 

Step No.4: 

Otherwise, the general solution of (i) may be written as   

( ) ( ) ( ) 0c  y, ,xF.............c  y, ,xF .c  y, ,xF n21 = . 

 

Now let us solve few differential equations of first order and higher degree, 

which are solvable for p: 

Q.No.1.: Solve the differential equation 
x

y

y

x

dy

dx

dx

dy
−=− . 

Sol.: The given equation is 
x

y

y

x

dy

dx

dx

dy
−=−  

x

y

y

x

p

1
p −=−⇒ ,  where 

dx

dy
p = . 

01
y

x

x

y
pp2

=−







−+⇒ . 

Step No.1: (Process of splitting)  

y x
p p 0

x y

  
+ − =  

  
. 

Step No.2: 

Equating each of the factors to zero, we obtain 
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0
x

y
p =+                  (i)      or    0

y

x
p =−                   (ii) 

Step No.3: 

Solving each of these equations of the first order and first degree.  

From equation (i),       0ydxxdy0
x

y

dx

dy
=+⇒=+  ( ) 0xyd =⇒ . 

By integrating, we get   cxy = . 

From equation (ii),       0ydyxdx0
y

x

dx

dy
=−⇒=− .  

By integrating, we get   cyx 22
=− .  

Thus cyx   and   cxy 22
=−=  constitute the required solution. 

Step No.4: 

Otherwise, combining these two results into one, the required solution can be written as 

( )( ) 0cyxcxy 22
=−−− . 

Q.No.2.: Solve 
22 yxcotpy2p =+ . 

Sol.: The given equation is 
22 yxcotpy2p =+ . 

( ) xcotyyxcotyxcotpy2p 22222
+=++⇒        ecxcosyxcotyp ±=+⇒ . 

Thus we have ( )ecxcosxcotyp +−=                (i)      or     ( )ecxcosxcotyp −−= .     (ii) 

From (i),  ( )ecxcosxcoty
dx

dy
+−=     ( )dxxcotecxcos

y

dy
−=⇒ . 

Integrating, we get     ( ) cdxxcotecxcos
y

dy
+−= ∫∫ . 



















=+−=⇒
xsin

2

x
tanc

logclogxsinlog
2

x
tanlogylog ( ) cxcos1y

2

x
cos2

c
y

2
=+⇒=⇒ . (iii) 

From (ii),  ( )ecxcosxcoty
dx

dy
+−= ( )dxecxcosxcot

y

dy
+−=⇒ . 

Integrating, we get   ( ) cdxecxcosxcot
y

dy
++−= ∫∫  
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

















=+−−=⇒

2

x
tanxsin

c
logclog

2

x
tanlogxsinlogylog   

( ) cxcos1y

2

x
sin2

c
y

2
=−⇒=⇒ .                                              (iv) 

Thus combining (iii) and (iv), the required general solution is  

( ) cxcos1y =± . 

Q.No.3.: Solve the equation ( ) 0x
dx

dy
yx

dx

dy
y

2

=−−+







. 

Sol.: The given equation is ( ) 0x
dx

dy
yx

dx

dy
y

2

=−−+







. 

( ) 0xpyxyp2
=−−+⇒ , where 

dx

dy
p = . 

0
y

x
1

y

x
pp2

=−







−+⇒    ( ) ( ) 01p

y

x
p1p =−+−⇒    ( ) 0

y

x
p1p =








+−⇒ . 

Thus, we have         01p =−                              (i)               or    0
y

x
p =+ .                   (ii) 

From (i),       0dxdy   01
dx

dy
=−⇒=− . 

Integrating, we get             cxy =− . 

From (ii), 0xdxydy0
y

x

dx

dy
=+⇒=+ . 

Integrating, we get              cxy 22
=+ . 

Thus,  cyx =−    and   cyx 22
=+  constitute the required solution.  

Otherwise, combining these into one, the required solution can be written as  

( )( ) 0cyxcyx 22
=−+−− . Ans. 

Q.No.4.: Solve the equation ( ) ( )yxxypp +=+ . 

Sol.: The given equation is ( ) ( )yxxypp +=+  
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( ) 0xyxpyp 22
=+−+⇒ ( )( ) 0yxpxp =++−⇒ . 

Thus, we have     0xp =−                                      (i)  or     0yxp =++                       (ii) 

From (i),  0xdxdy0x
dx

dy
=−⇒=−  . 

Integrating, we get     c
2

x
y

2

=−  cxy2 2
=−⇒ .           (iii) 

From (ii),   xy
dx

dy
−=+ , which is a Leibnitz’s linear equation in y, 

xdx
ee F. .I =∫=∴ .                 

Then solution is   ( ) ( )( ) cdxF. .IxF. .Iy +−= ∫       

cdxxeye
xx

+−=⇒ ∫  [ ] cdxexeye
xxx

+−−=⇒ ∫    [ ] cexeye
xxx

+−−=⇒  

x
ce1xy

−
=−+⇒           01cexy

x
=−++⇒ −

.                                                           (iv) 

Combining (iii) and (iv), we get 

( )( ) 01cexycxy2
x2

=−+++−
−

, 

which is the required general solution. 

Q.No.5.: Solve the equation ( )




 ++=

2p1pxy . 

Sol.: The given equation is ( )




 ++=

2p1pxy  

xp1xpy 2





 ++=⇒                     xp1xpy 2






 +=−⇒  

( )22222
p1xpxy2xpy +=−+⇒       0pxy2xy

22
=−−⇒  

22 yxxy
dx

dy
2 −=−⇒  x

x

y

dx

dy
y2

2

−=−⇒ .                         (i) 

Putting ty
2

= , so that  
dx

dt

dx

dy
y2 = . 

The equation (i) becomes            x
x

t

dx

dt
−=− .                       (ii) 

which is Leibnitz’s linear equation in t. 



Differential Equations of First Order and Higher Degree: Equation solvable for p 

 Visit: https://www.sites.google.com/site/hub2education/ 

 

6

x

1
ee F.  .I xlog

dx
x

1

==
∫

=∴
−

−

 . 

 Then solution is   ( ) ( )( ) cdxF. .IxF. .Iy +−= ∫       

cdx
x

1
x

x

1
t +−=⇒ ∫   cx

x

y2

+−=⇒    cxxy
22

+−−⇒    cxyx
22

=+⇒ , 

which is the required solution. 

Q.No.6.: Solve the equation ( ) 0xy
dx

dy
yx

dx

dy
xy

22
2

=++−







. 

Sol.: The given equation is ( ) 0xy
dx

dy
yx

dx

dy
xy

22
2

=++−







. 

( ) 0xy
dx

dy
yxxyp 222

=++−⇒   01p
x

y

y

x
p2

=+







+−⇒   0

x

y
p

y

x
p =








−








−⇒  

Thus, we have    0
y

x
p =−                                (i)   or  0

x

y
p =−                                     (ii) 

From  (i),  0
y

x

dx

dy
=−   0xdxydy =−⇒ .    

Integrating, we get             cxy
22

=− .                                                                          (iii) 

From (ii),   0
x

y

dx

dy
=−   0

x

dx

y

dy
=−⇒ .     

Integrating, we get          clogxlogylog =−  c
x

y
=⇒ .                                                (iv)         

Combining (iii) and (iv), we get 

( )( ) 0cxycyx
22

=−+− , 

which is the required solution. 

Q.No.7.: Solve the equation 0pxy2pyxp2p
22223

=−−+ . 

Sol.: The given equation is 0pxy2pyxp2p
22223

=−−+  

( )[ ] 0xy2yx2pppp
222

=−−+⇒               ( )( )[ ] 0ypx2pp
2

=−+⇒  

Thus, we have     0p =         (i),               0x2p =+ ,             (ii)  or   0yp
2

=−          (iii) 
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From (i), 0dy0
dx

dy
=⇒= .                    

Integrating, we get          cy = .                                   (iv) 

From (ii),  0xdx2dy0y
dx

dy 2
=+⇒=− . 

Integrating, we get  c
2

x2
y

2

=+  cxy
2

=+⇒ .            (v) 

From (iii),  0dxydy0y
dx

dy 22
=−⇒=−  0dy

y

1
dx

2
=−⇒ .  

Integrating, we get    cdy
y

1
dx

2
=− ∫∫ cy1xyc

y

1
x =+⇒=+⇒ .                          (vi) 

Combining (iv), (v) and (vi), we get 

( )( )( ) 01cyxycxycy
2

=++−+− , 

which is the required general solution.  

Q.No.8.: Solve the equation ( ) 0xy6y2x3pxyp
222

=−−+  . 

Sol.: The given equation is  ( ) 0xy6y2x3pxyp
222

=−−+ . 

Solving the given equation for p, we have 

( ) ( )
xy2

yx24y2x3y2x3
p

2222222
+−±−−

=

( ) ( )
y

x3
or      

x

y2

xy2

y2x3y2x3
p

2222

−=
+±−−

=⇒ . 

Thus, we have                
x

y2
p =                     (i)   or                        

y

x3
p −=                   (ii) 

From  (i),  
x

y2

dx

dy
=   0

x

dx
2

y

dy
=−⇒ .    

Integrating, we get    clogxlog2ylog =−  c
x

y
2

=⇒  
2

cxy =⇒ .              (iii) 

From (ii),   
y

x3

dx

dy
−=    0xdx3ydx =+⇒ .    
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Integrating, we get    'c
2

x
3

2

y 22

=+  cx3y
22

=+⇒ .                                                    (iv)         

Combining (iii) and (iv), we get 

 ( )( ) 0cx3ycxy
222

=−+− , 

which is the required general solution. 

Q.No.9.: Solve 0y6
dx

dy
xy

dx

dy
x

2
2

2
=−+








. 

Sol.: This is a first order, second degree, non-linear homogeneous differential equation 

(all the three terms are non-linear).  

Introducing p
dx

dy
= , the given equation taken the form 

0y6xyppx
222

=−+ . 

Factorizing, we get  

( )( ) 0y2pxy3px =−+ ( ) 0y3px =+⇒  and  ( ) 0y2px =− . 

Solving  

0y3
dx

dy
x =+ ,   0

x

dx
3

dy

dy
=+ ,   cyx

3
=  

0y2
dx

dy
x =− ,   0

x

dx2

y

dy
=− ,   c

x

y
2

= . 

The primitive of the given differential equation is  

( )( ) 0cxycyx
23

=−− . 

Q.No.10.: Solve             

               ( ) ( ) 0x2sin.xpx2sinxsinx4xcosxp.xcosxsin4x2p2
23

=++−−−+− . 

Sol.: Observe that p = x satisfies the given differential equation. i.e., 

( ) ( ) 0x2sin.xxx2sinxsinx4xcosxx.xcosxsin4x2x2
23

=++−−−+− .  

Thus )xp( −  is factor.  

Rewriting the given differential equation ( ) ( )[ ] 0x2sin2p.xcosxsin4p2xp
3

=−−−−    

( ) ( ) ( )[ ] 0xsin2pxcosxsin2pp2xp =−+−−⇒ . 

( )( ) 0xcosp2xsin2pxp =+−−⇒ . 
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Equating the three factors to zero. 

x
dx

dy
0xp =⇒=− c

2

x
y

2

+=⇒ . 

0xdxsin2dy0xsin2p =−⇒=− cxcos2y =+⇒ . 

0xdxcosdy20xcosp2 =+⇒=+ cxsiny2 =+⇒ . 

The general solution is  ( )( )( ) 0cxsiny2cxcos2ycxy2
2

=−+−+−− . 

Home Assignments 

Q.No.1.: Solve the differential equation 06p5p
2

=+− . 

Ans.: ( )( ) 0cx2ycx3y =−−−− . 

Q.No.2.: Solve the differential equation ( ) 0x31x3pxy2py4
322

=+++ . 

Ans.: ( )( ) 0cyxcy2x
2322

=−+−+ . 

Q.No.3.: Solve the differential equation  

               ( ) ( ) 0xye2pyexe2xy2pex2yp
yxyxyx2yx3

=+−−+−+−
−−−−

. 

Ans.: ( )( )( ) 0ceecxycey
xy2x

=−+−−− . 

Q.No.4.: Solve the differential equation   

               ( ) ( ) 0xyp2pxy2y2xp1y2xp
234

=−+++++− . 

Ans.: ( )( )( )( ) 0ceycxy2cxycy
x22

=−−−−−− . 

Q.No.5.: Solve the differential equation ( ) 0xyxpyxyxxyp
2222

=+++++ . 

Ans.: ( )( ) 0cyxcxxy2
222

=−+−+ . 

Q.No.6.: Solve the differential equation ( ) ( ) 0xyypyxy2xxpxx
2222

=−+−−+++ . 

Ans.: ( )[ ][ ] 0logcx  xy1xcy =++− . 

Q.No.7.: Solve the differential equation 012p7p
2

=+− . 

Ans.: ( )( ) ccx3ycx4y =−−−− . 

Q.No.8.: Solve the differential equation ( ) 0xpyxyp
2

=−−+ . 

Ans.: ( )( ) 0cyxcxy
22

=−+−− . 
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Q.No.9.: Solve the differential equation 0y2
dx

dy
xy3

dx

dy
x

2
2

2
=++








. 

Ans.: ( )( ) 0cyxcxy
2

=−− . 

Q.No.10.: Solve the differential equation 01xsinhp2p
2

=−− . 

Ans.: ( )( ) 0ceycey
xx

=−−−−
−

. 

Q.No.11.: Solve the differential equation ( ) ( )yxxypp +=+ . 

Ans.: ( ) 01cexycx
2

1
y x2

=−++







+−

− . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Equations solvable for y: 

 In the beginning, write down the given differential equation of the first order but 

of the n
th

 degree, which is of the form (in general) 

0P...............pPpPp n
2n

2
1n

1
n =++++ −−

,                                                                         

where n21 P......,,.........P ,P are function of x and y. 

Step No.1:  

The given equation, on solving for y, takes the form     

                                                               ( )y f x,  p .=                                                         (i) 

Step No.2:  

Differentiating  (i) w. r. t.  x , we get an equation of the form 

                                                         







φ==

dx

dp
 p, ,x

dx

dy
p .                                             (ii) 

This equation is a differential equation of first order in p and x. 
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Step No.3:  

Solve this new differential equation in x and p. 

Suppose the solution of (ii) is ( ) 0c p, ,xF = .                                                                   (iii) 

Step No.4:  

Now the elimination of p from (i) and (iii) gives the required solution. 

In case elimination of p is not possible, then we solve (i) and (ii) for x and y and obtain 

( ) ( )c  ,pFy     ,c ,pFx 21 == . 

These two relations taken together, with parameter p, constitute the solution of the given 

equation. 

Remarks: This method is useful for equations, which do not contain x. 

Now let us solve few differential equations of first order and higher degree, 

which are solvable for y: 

Q.No.1.: Solve ( )21 xptanpx2y −=− . 

Sol.: The given equation is ( )21 xptanpx2y −=− . 

Step No.1:  

( )1 2y 2px tan xp−= + .                                                                                                   (i) 

Step No.2:  

Differentiating both sides w. r. t. x, we get 

42

2

px1

dx

dp
xp2p

dx

dp
xp2p

dx

dy

+

+
+







+==       0

px1

p
.

dx

dp
x2p

dx

dp
x2p

42
=

+








+++⇒  

0
px1

p
1

dx

dp
x2p

42
=











+
+








+⇒ . 

Step No.3:  

We have 0
dx

dp
x2p =+  

dx dp
2 0

x p
⇒ + = . 

Integrating, we get              clog
p

dp
2

x

dx
=+ ∫∫  

clogplog2xlog =+⇒  ( ) clogxplog 2 =⇒  
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cxp2 =⇒   







=⇒

x

c
p .                                                                                               (ii) 

Step No.4:  

Eliminating p from (i) and (ii), we get  

ctanx
x

c
2y

1−+







= ( ) ctancx2y 1−+=⇒ , 

which is the general solution of (i). 

Note: The significance of the factor 










+
+

42px1

p
1  = 0, which we did not consider, will 

not be considered here as it concerns ‘singular solution’ of (i), whereas we are interested 

only in finding general solution. 

Singularity: 

In mathematics, a singularity is in general a point at which a given mathematical 

object is not defined or a point of an exceptional set where it fails to be well-behaved in 

some particular way, such as differentiability.  

For example:  

• The function  
1

f (x)
x

=  on the real line has a singularity at x = 0, where it seems to 

“explode” to ±∞  and is not defined. 

• The function  g(x) x=  also has a singularity at x = 0, since it has not 

differentiable there. 

• The graph defined by  
2y x=  also has a singularity at (0, 0). This time it has a 

‘corner’ (vertical tangent) at that point. 

Singular solution:  

A singular solution ys(x) of an ordinary differential equation is a solution that is 

tangent to every solution from the family of general solutions. By tangent we mean that 

there is a point x where ys(x) = yc(x) and y's(x) = y'c(x) where yc is any general solution. 

Usually, singular solutions appear in differential equations when there is a need 

to divide in a term that might be equal to zero. Therefore, when one is solving a 

differential equation and using division one must check what happens if the term is equal 

to zero, and whether it leads to a singular solution. 
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Q.No.2.: Solve 
nppx2y += . 

Sol.: Given equation is 
nppx2y +=  .                                                                              (i) 

Differentiating both sides w. r. t. x, we get 

dx

dp
np

dx

dp
x2p2p

dx

dy 1n−++==     1nnpx2
dp

dx
p −−=+⇒    2nnp

p

x2

dp

dx −−=+⇒ .     (ii) 

This is Leibnitz’s linear equation in x and p. 

2plog
dp

p

2

pee F. .I
2

==
∫

=∴ . 

∴The solution of (ii) is     ( ) ( )( ) cdpF. .I.npF. .Ix 2n +−= −
∫  

c
1n

np
cdppnxp

1n
n2 +

+
−=+−=⇒

+

∫     

n
1n

2 p
1n

np
cpx

+
−=⇒

−
− .                                                                                                  (iii) 

Substituting this value of x in (i), we get  nn
1n

2
pp

1n

np

p

c
p2y +













+
−=

−

 









+

+
−+=⇒ 1

1n

n2
p

p

c2
y n










+

++−
+=⇒

1n

1nn2
p

p

c2
y n

 

np
n1

n1

p

c2
y

+

−
+=⇒  .                      (iv) 

The equation (iii) and (iv) taken together, with parameter p, constitute the general 

solution of (i). 

Q.No.3.: Solve the equation ptanaxy 1−+= . 

Sol.: The given equation is ptanaxy 1−+= .                                                                   (i) 

Differentiating (i) w. r. t. x, we get 

dx

dp

p1

a
1p

dx

dy
2+

+==     
( )( )2p11p

dp

a

dx

+−
=⇒  

( ) dp
1p

1p

1p

1

2

1

a

dx
2 









+

+
−

−
=⇒   ( ) dp

1p

1

1p

p2

2

1

1p

1

2

a
dx

22 








+
−

+
−

−
=⇒ . 

Integrating both sides, we get 
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( ) 








+
−

+
−

−
=+ ∫∫∫∫

1p

dp
dp

1p

p2

2

1

1p

dp

2

a
cdx

22
 














−

+

−
=+⇒ − ptan

1p

1p
log

2

a
cx 1

2
,                                                                                (ii) 

with the given relation, constitute the required solution. 

Q.No.4.: Solve the equation 
24pxpxy =+ . 

Sol.: The given equation is 
24pxpxy =+ .                                                                       (i) 

Differentiating (i) w. r. t. x, we get 

0x4.p
dx

dp
p2x

dx

dp
xp

dx

dy 324 =−−++     0x4p
dx

dp
px2

dx

dp
xpp 324 =−−++⇒  

0x4pp2
dx

dp
px2

dx

dp
x 324 =−+−⇒        ( ) ( ) 0px21p2px21

dx

dp
x 33 =−+−⇒  

( ) 0p2
dx

dp
xpx21 3 =








+−⇒ . 

Thus  we have 0p2
dx

dp
x =+ . 

Separating the variables, we get 
x

dx

p

dp

2

1
−= . 

Integrating both sides, we get  clog
x

dx

p

dp

2

1
′+−= ∫∫  

 clogxlogplog
2

1
′+−=⇒  

x

 c
p

′
=⇒   

2

2

x

 c
p

′
=⇒ . 

Putting the value of p in equation (i), we get 

4

4
4

2

2

x

 c
.xx

x

 c
y

′
=

′
+  4

2

 c
x

 c
y ′=

′
+⇒  

42 'xc cxy =′+⇒  

cxcxy 2 += ,                 (where c c 2 −=′ ) 

which is the required general solution. 

Q.No.5.: Solve the equation 0y
dx

dy
x2

dx

dy
x

4
2 =−+








. 



Differential Equations of First Order and Higher Degree: Equations solvable for y 

 Visit: https://www.sites.google.com/site/hub2education/ 

 

6

Sol.: The given equation is 0y
dx

dy
x2

dx

dy
x

4
2 =−+








. 

0yxp2px 42 =−+⇒          px2pxy 42 +=⇒ .                                                              (i) 

Differentiating (i) w. r. t. x, we get 

dx

dp
x2p2x2p

dx

dp
p4xp

dx

dy 432 +++==    0
dx

dp
px4

dx

dp
x2xp2p 324 =+++⇒  

( ) ( ) 0xp21
dx

dp
x2xp21p 33 =+++⇒            ( ) 0

dx

dp
x2pxp21 3 =








++⇒ . 

Thus we have  0
dx

dp
x2p =+  

x

dx

p

dp
2 −=⇒ . 

Integrating both sides, we get  clog
x

dx

p

dp
2 +−= ∫∫  

clogxlogplog2 +−=⇒   
x

c
logplog 2 =⇒   

x

c
p2 =⇒    

x

c
p =⇒  

Substituting the value of p in equation (i), we get 

x
x

c
2

x

c
xy

2

2
2 +














=   cx2cy 2 +=⇒ , 

which is the required general solution. 

Q.No.6.: Solve the equation  yp2xxp2 =+ . 

Sol.: The given equation is yp2xxp2 =+                                                                         (i) 

p2

xxp
y

2 +
=⇒   

p

x
xpy2 +=⇒ .                                                                                    (ii) 

Differentiating (ii) w. r. t. x, we get  


















−

+







+=

2p

dx

dp
xp

p
dx

dp
x

dx

dy
2  

2p

dx

dp
xp

p
dx

dp
xp2

−
++=⇒         

dx

dp

p

x

p

1

dx

dp
xp

2
−+=⇒  
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0p
p

1

dx

dp

p

x

dx

dp
x

2
=−+−⇒         0

p

1
1p

p

1
1

dx

dp
x

22
=










+−+










−⇒  

0
p

1
1p

p

1
1

dx

dp
x

22
=










−−










−⇒  0p

dx

dp
x

p

1
1

2
=








−










−⇒ . 

Thus we have  0p
dx

dp
x =








−

x

dx

p

dp
=⇒ . 

Integrating both sides, we get  clog
x

dx

p

dp
+= ∫∫  

clogxlogplog +=⇒  ( )xclogplog =⇒  cxp =⇒ . 

Substituting the value of p in (i), we get ( ) ( )cxy2xxcx 22 =+    

xyc2xxc 32 =+⇒            1cy2cx 22 −=⇒            1xccy2 22 +=⇒ , 

which is the required general solution. 

Q.No.7.: Solve the equation pxpy 2 += . 

Sol.: The given equation is pxpy 2 += .                                                                           (i) 

Differentiating (i) w. r. t. x, we get 

dx

dp
p

dx

dp
p2xp

dx

dy 2 ++==   0pp
dx

dp

dx

dp
xp2 2 =−++⇒ . 

Dividing both sides by 
dx

dp
, we get 

( ) 0pp
dp

dx
1xp2 2 =−++   ( ) 22 pp

1
x

pp

p2

dp

dx

−
=

−
+⇒   

( ) 2pp

1
x

1p

2

dp

dx

−
=

−
+⇒ ,       (ii) 

which is Leibnitz’s linear equation in x and p. 

[ ] ( )21plog2)1p(

dp2
dp

1p

2

1peee F.  .I −==
∫

=
∫

=∴ −−− . 

So required solution of equation (ii) is  

( ) ( ) cdpF. .I
pp

1
F. .Ix

2
+

−
= ∫  

( )
( )

( ) cdp1p
p1p

1
1px

22 +−
−

=−⇒ ∫   cdp
p

1p
+

−
−= ∫   cdp

p

p1
+

−
= ∫  
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( ) cdpdp
p

1
1px

2 +−=−⇒ ∫∫ ( ) cpplog1px
2

+−=−⇒  

( )( ) 2
1pcpplogx

−
−+−=⇒ , with the given relation, constitute the required solution. 

Q.No.8.: Solve the equation pcospsinpy += . 

Sol.: The given equation is pcospsinpy +=  .                                                                 (i) 

Differentiating (i) w. r. t. x, we get 

dx

dp
psin

dx

dp
psin

dx

dp
pcospp

dx

dy
−+==   

dx

dp
pcospp =⇒  

pdpcosdx =⇒ . 

Integrating both sides, we get   

cpdpcosdx += ∫∫   cpsinx +=⇒ , with the given relation, constitute the required 

solution. 

i.e. cxpsin −=    ( )2cx1pcos −−=∴ . 

Hence ( ) ( ) ( )21
cx1cxsincxy −−+−−= −

, 

which is the required general solution. 

Q.No.9.: Find the general solution 0yxppx3 24 =−− . 

Sol.: This is a first order, second degree, non-linear homogeneous differential equation 

which can be solved for y. 

Thus xppx3y 24 −= . 

Differentiating w.r.t. x both sides, we get 

dx

dp
xp

dx

dp
px6px12

dx

dy 423 −−+= ( ) ( )
dx

dp
px6xpx12p2 423 −+−⇒  

( ) 0
dx

dp
xp2px61 3 =








+−⇒ . 

Equating the second order to zero, we have 

p

dp

x

dx
20

dx

dp
xp2 +⇒=+ cpx2 =⇒ . 

Eliminating p from the given differential equation by using p 
2x

c
= , we get 



Differential Equations of First Order and Higher Degree: Equations solvable for y 

 Visit: https://www.sites.google.com/site/hub2education/ 

 

9

x

c
c3

x

c
.x

x

c
x3y 2

2

2

2

4 −=−







= . 

The require general solution is   ( )1cx3cxy −= . 

Q.No.10.: Solve 0pcoslogyptanp =+− . 

Sol.: Solving pcoslogyptanpy +−=  

Differentiating w.r.t. x both sides, we get 

( )
dx

dp
.psin.

pcos

1

dx

dp
.psec.p

dx

dp
.ptan

dx

dy 2 −++= 0
dx

dp
.psec1p 2 =








−⇒ . 

Considering the second factor, 0
dx

dp
psec1 2 =− . 

Solving cptanxpdpsecdx 2 +=⇒= . 

Since p cannot be eliminated, the general solution in the parametric form (with 

parametric p) is ,cptanx += pcoslogptanpy += . 

 

Home Assignments 

Q.No.1.: Solve the differential equation 0x16xpyp2 232 =+− . 

Ans.: 0xcyc2 232 =−+ . 

Q.No.2.: Solve the differential equation 0xpyp 2 =−+ . 

Ans.: 
1p

p
x

−
−= ( )

1
1

p

cp
pplog ++ ,    ( )

1
1

1 p

c
pp log

p

1
py ++−−=  , where 1pp 2

1 −= . 

Q.No.3.: Solve the differential equation 0pxypx2 2 =+−+ . 

Ans.: ( ) 2/pcep22x −+−= , ( ) 2/p2 cep2p8y −++−= . 

Q.No.4.: Solve the differential equation 0amxaympp 23 =−−+ . 

Ans.: ( )mplogmmp
2

p3
cax

2
2

++−+=   and     

          ( ) 3222 pmpmplogmmpp
2

3
cmay ++





++−+−= . 
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Q.No.5.: Solve the differential equation 0axyp2xp2 =+− . 

Ans.:
c

a
cxy2 2 += . 

Q.No.6.: Solve the differential equation ( )21 xptanpx2y −=− . 

Ans.: ctancx2y 1−+= . 

Q.No.7.: Solve the differential equation 0xpyp2x16 322 =−+ . 

Ans.: 0xcyc216 232 =−+ . 

Q.No.8.: Solve the differential equation ptan2xy 1−+= . 

Ans.: ptan

1p

1p
logcx 1

2

−−
+

−
=+ , with the given relation. 

Q.No.9.: Solve the differential equation plogx3y += . 

Ans.:
x3ce1

3
logx3y

−
+= . 

Q.No10.: Solve the differential equation
2apypx =− . 

Ans.: ( )psinac

p1

p
x 1

2

−+
−

= , ( ) appsinac

p1

1
y 1

2
−+

−
= − . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Equations solvable for x: 

 In the beginning, write down the given differential equation of the first order but 

of the n
th

 degree, which is of the form (in general) 

0P...............pPpPp n
2n

2
1n

1
n =++++ −−

,                                                                       

where n21 P......,,.........P ,P are function of x and y. 

Step No.1:  

The given equation on solving for x, takes the form   

                                                                ( )p ,yfx = .                                                         (i) 

Step No.2:  

Differentiating w. r. t.  y, we get an equation of the form 









φ==

dy

dp
 p, ,y

dy

dx

p

1
. 

Step No.3:  

Solve the new differential equation in y and p.  
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Let its solution be ( ) 0c p, ,yF = .                                                                                      (ii) 

Step No.4:  

The elimination of p from (i) and (ii) gives the required solution. 

In case the elimination is not feasible, (i) and (ii) may be expressed in terms of p and p 

may be regarded as a parameter.  

Remarks: This method is especially useful for equations, which do not contain y. 

Now let us solve few differential equations of first order and higher degree, 

which are solvable for x: 

Q.No.1.: Solve 
32pypx2y += . 

Sol.: The given equation is 
32pypx2y +=    

Step No.1: The given equation on solving for x, takes the form   

 
2 3

y y p
x

2p

−
= . 

Step No.2: Differentiating it w. r. t. y, we get  

( )
2

32223

p

dy

dp
pyy

dy

dp
p3yp.y21p

.
2

1

p

1

dy

dx
−−








−−

=







=  

dy

dp
py

dy

dp
y

dy

dp
py3yp2pp2 32324 +−−−=⇒  

0
dy

dp
y

dy

dp
py2yp2p 324 =+++⇒   ( ) ( ) 0yp21

dy

dp
yyp21p 33 =+++⇒  

( ) 0yp21
dy

dp
yp 3 =+








+⇒ .              

Step No.3: We have 0
dy

dp
yp =+                  ( ) 0py

dy

d
=⇒ . 

Integrating, we get           cpy =  
y

c
p =⇒  .                                                                     (i) 

Step No.4:  

Substitute the value of p in (i), we get 
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2

3

3

y
y

c
x

y

c
2y +=    

32 ccx2y +=⇒ , 

which is the required general solution. 

Q.No.2.: Solve the equation 0y8xyp4p 23 =+− . 

Sol.: The given equation is 0y8xyp4p 23 =+− .                                                              (i) 

23 y8pxyp4 +=⇒   
yp4

y8p
x

23 +
=⇒ . 

Differentiating w. r. t. y, we get 













 +
=

yp4

y8p

dy

d

dy

dx
23

 

( )

( )2

232

yp

p
dy

dp
yy8py16

dy

dp
p3yp

4

1








++−








+

=  

( )




























++−








+

=⇒
22

232

py

p
dy

dp
yy8py16

dy

dp
p3yp

4

1

p

1
 









−−−−








+=⇒ 2343222 py8

dy

dp
y8p

dy

dp
ypy16

dy

dp
p3ypppy4  

234322 py8
dy

dp
y8p

dy

dp
ypy16

dy

dp
p3pypy4 −−−−








+=⇒  

2343232 py8
dy

dp
y8p

dy

dp
yppy16

dy

dp
yp3py4 −−−−+=⇒  

0
dy

dp
yp2

dy

dp
y8ppy4 3342 =+−−⇒              0

dy

dp
yp2p

dy

dp
y8py4 3432 =+−−⇒  

0
dy

dp
y2pp

dy

dp
y2py4 32 =








−−








−⇒          [ ] 0py4

dy

dp
y2p 32 =−








−⇒ . 

Thus we have 
dy

dp
y2p −  p

dy

dp
y2 =⇒

y

dy

p

dp
2 =⇒ . 

Integrating, we get             'clog
y

dy

p

dp
2 += ∫∫  
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'clogylogplog2 +=⇒ ( ) ( )'yclogplog 2 =⇒ ( ) ( )'ycp2 =⇒ 'ycp =⇒  

Substituting the value of p in (i), we get  

( ) ( ) 0y8'ycxy4'yc 23
=+− ( ) ( ) 0y8'cxy4'c'c =+−⇒  

[ ]'cx4'cy8 −=⇒              [ ]'cx4
4

'c

4

1
y −=⇒   








−=⇒

4

'c
x

4

'c
y  

[ ]cxcy −=⇒ ,      where 
4

'c
c =  

which is the required solution. 

Q.No.3.: Solve the equation ypx2yp2 =+ . 

Sol.: The given equation is ypx2yp2 =+ .                                                                       (i) 

p2

ypy
x

2−
=⇒ . 

Differentiating w. r. t. y, we get 

( )




























−−
















+−

==
2

22

p

dy

dp
ypy

dy

dp
p2.yp1p

2

1

p

1

dy

dx
 

dy

dp
yp

dy

dp
y

dy

dp
yp2ppp2 223 +−−−=⇒  

0
dy

dp
yp

dy

dp
y

dy

dp
yp2pp 223 =+−−−−⇒ 0

dy

dp
y

dy

dp
yppp 23 =−−−−⇒  

( ) ( ) 0p1
dy

dp
yp1p 22 =+−+−⇒    ( ) 0p1

dy

dp
yp 2 =+








+⇒ . 

Thus we have 0
dy

dp
yp =+   0ydppdy =+⇒    ( ) 0py

dy

d
=⇒ . 

Integrating, we get    cpy =   
y

c
p =⇒ . 

Substitute the value of p in (i), we get 
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yx.
y

c
2y.

y

c
2

2

=+    
22 ccx2y +=⇒ , 

which is the required solution. 

Q.No.4.: Solve the equation 
2apypx =− . 

Sol.: The given equation is 
2apypx =− . 

2apypx +=⇒  .                                                                                                                (i) 

Differentiating w. r. t. y, we get 

dy

dp
.p2ap

dy

dp
y

dy

dx
++=⇒          

dy

dp
ap2p

dy

dp
y

p

1
++=⇒  

0
dy

dp
ap2

dy

dp
y

p

1
p =++








−⇒    ( ) 0

p

p1
ap2y

dy

dp 2

=
−

++⇒  

( )
p

p1
ap2y

dy

dp 2−
=+⇒                  

( )
2p1

ap2yp

dp

dy

−

+
=⇒  















−
=











−
+⇒

2

2

2 p1

ap2
y

1p

p

dp

dy
, 

which is Leibnitz’s linear equation, in y 

( )1plog
2

1dp
1p

p2

2

1
dp

1p

p
2

22

eeeF.  .I
−

−− =
∫

=
∫

=∴    1pe 21plog 2

−==
−

. 

∴  The solution is     ( ) ( ) cdpF. .IQF.  .Iy += ∫  

cdp1p.
p1

ap2
1py 2

2

2
2 +−

−
=−⇒ ∫                   cdp

1p

ap2
1py

2

2
2 =

−
+−⇒ ∫  

cdp
1p

1
dp1pa21py

2

22 =














−
+−+−⇒ ∫∫  

( )













+













−

−
+−⇒ −− pcoshpcosh

2

1

2

1pp
a21py 11

2
2  

( ) cpcosha1papy 12 =+−+⇒ −
, 

with the given relation, constitute the general solution. 
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Q.No.5.: Solve the equation 










+
−=

2p1

p
xtanp . 

Sol.: The given equation is 










+
−=

2p1

p
xtanp

2

1

p1

p
ptanx

+
+=⇒ −

.                         (i) 

Differentiating w. r. t. y, we get 

( )
( ) dy

dp
.

p1

p2p1

dy

dp
.

p1

1

p

1

dy

dx
22

22

2
+

−+
+

+
==  

( )
( ) dy

dp

p1

p2p12

p

1
22

22

+

−+
=⇒                 

( )
dp

p1

p2
dy

22+

=⇒ . 

Integrating both sides, we get           

( )
cdp

p1

p2
dy

22
+

+

= ∫∫  

Putting tp1
2

=+ ,  so that dtpdp2 =  

c
t

dt
y

2
+=⇒ ∫   c

t

1
y +−=⇒    c

p1

1
y

2
+

+
−=⇒  

( ) cp1y
12 =++⇒

−
.                                                                                                         (ii) 

Thus the equations (i) and (ii) taken together constitute the general solution. 

Q.No.6.:Find the primitive of 0yxpp
2

=+− . 

Sol.: Solving for x, we obtain  
p

yp
x

2 +
= . 

Differentiating w.r.t. y, we get 

2p

dy

dp
yp

dy

dp

p

1

dy

dx








−

+== ( ) 0
dy

dp
yp2 =−⇒ . 

So 0
dy

dp
=  with solution p = c = constant.  

Eliminating p from the given equation 

22
ccxy0yxcc −=⇒=+− , which is the required primitive. 

Q.No.7.: Solve 0yypxp
2

=−− . 
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Sol.: Solving for x, we obtain  
( )

2p

p1y
x

+
= . 

Differentiating w.r.t. y, we get 

( )
dy

dp

p

p2p1p

p

p1

p

1

dy

dx
4

2

2 











 +−
+

+
==

y

1
.

p2

p

dy

dp

+
=⇒ . 

Separating the variables and integrating  
y

dy
dp

p

p2
=

+
 

1
2

cy  logpplog +=+⇒ ( ) 1
p2

cy  logeplog +=⇒  

p2
ecpy =⇒  and  ( ) p

2
ep1cy.

p

p1
x +=

+
= , 

 which is required primitive in the parametric form. 

Home Assignments 

Q.No.1.: Obtain the primitive for the equation 0px3yyp6
22

=+− . 

Ans.: 
23

c6cx3y += . 

Q.No.2.: Obtain the primitive for the equation xyp2py4
32

=+ . 

Ans.: ( )2
xccy2 −= . 

Q.No.3.: Obtain the primitive for the equation ypx4py3
3

=+ . 

Ans.: P.cy = ,  ( )P.3pcp
4

1
x 2 −= , where ( ) ( ) 5/3210/921 1p.4pP +−−=− . 

Q.No.4.: Obtain the primitive for the equation 0px2ypy
32

=+− . 

Ans.: 
32

ccx2y += . 

Q.No.5.: Obtain the primitive for the equation 0yp6ypx3
22

=+− . 

Ans.: ( )c2xc3y
3

+= . 

Q.No.6.: Obtain the primitive for the equation 0cyp
2

=−+ . 

Ans.: ( )[ ]1plogp2cx −+−= , ( )





−++−= 1plogpp

2

1
2cy 2 . 
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Q.No.7.: Solve the differential equation yppx2y
2

+= . 

Ans.:
22

ccy2y += . 

Q.No.8.: Solve the differential equation
22

pxypylogy += . 

Ans.:
2

ccxylog += . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Clairaut’s Equation: 

 

Alexis Claude de Clairault (or Clairaut) (3 May 1713 – 17 May 1765) 
He was a prominent French mathematician, astronomer, geophysicist, and intellectual. 

 

In mathematics, a Clairaut's equation is a differential equation of the form 

dy dy
y(x) x f

dx dx

 
= +  

 
( )y px f p⇒ = +  
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This equation was named after Alexis Clairaut, who introduced it in 1734. 

This is a first order and higher degree differential equation, linear in y and x. 

Note:  

A first-order partial differential equation is also known as Clairaut's 

equation or Clairaut equation: 

( )x y x yu(x, y) xu yu f u ,u .= + +  

 

Solution: Given differential equation is ( )y px f p .= +                                               (i) 

Differentiating w.r.t. x, we have ( )
dx

dp
p  f

dx

dp
xpp ′++=  

( )[ ] 0
dx

dp
p  fx =′+⇒ .       

Discarding the factor  ( )p  fx ′+  = 0 , we have 0
dx

dp
= .      

Integrating, we get cp = .                                                                                                 (ii) 

Substituting the value of p in (i), we get  ( )cfcxy += ,                                                 (iii)  

which is the general (or complete) solution of (i). 

This is one parameter family of straight lines; with c as parameter. 

Hence, the solution of the Clairaut’s equation is obtained on replacing p by c.  

 

Note: The significance of the factor 













+
+

42px1

p
1  = 0, which we did not consider, will 

not be considered here as it concerns ‘singular solution’ of (i), whereas we are interested 

only in finding general solution. 

Singularity: 

In mathematics, a singularity is in general a point at which a given mathematical 

object is not defined or a point of an exceptional set where it fails to be well-behaved in 

some particular way, such as differentiability.  

Examples:  
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• The function  
1

f (x)
x

=  on the real line has a singularity at x = 0, where it seems to 

“explode” to ±∞  and is not defined. 

• The function  g(x) x=  also has a singularity at x = 0, since it has not 

differentiable there. 

• The graph defined by  
2y x=  also has a singularity at (0, 0). This time it has a 

‘corner’ (vertical tangent) at that point. 

Singular solution:  

A singular solution ys(x) of an ordinary differential equation is a solution that is 

tangent to every solution from the family of general solutions. By tangent we mean that 

there is a point x where ys(x) = yc(x) and y's(x) = y'c(x) where yc is any general solution. 

Usually, singular solutions appear in differential equations when there is a need to 

divide in a term that might be equal to zero. Therefore, when one is solving a differential 

equation and using division one must check what happens if the term is equal to zero, 

and whether it leads to a singular solution. 

Singular solution” of Clairaut’s equation:  

Clairaut’s equation is ( )y px f p .= +                                                                             (i) 

General (or complete) solution of (i) is ( )cfcxy += ,                                                 (iii) 

Besides the complete solution (iii), one may obtain a “singular solution” of 

Clairaut’s equation, which satisfies the Clairaut’s equation (i), but not obtained from the 

complete solution (iii) for any value of c. 

Method of solution:  

If we eliminate p from ( ) 0p fx =′+  and (i), we get an equation involving no 

constant. This is the singular solution of (i), which gives the envelope of the family of 

straight lines (iii). 

To obtain the singular solution, we proceed as follows: 

(i)   Find the general solution by replacing p by c, i.e., we get (iii) means ( )cfcxy += .                               

(ii)  Differentiate this w.r.t. ‘c’ giving ( ) 0c'fx =+ .                                                       (iv) 

(iii) Eliminate c from (iii) and (iv) which will be the singular solution. 
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Remarks:  

Equations, which are not in the Clairaut’s form can be reduced to Clairaut’s 

form by suitable substitutions (transformations). 

 

Now let us solve some differential equations, which are solvable for y and 

of Clairaut’s form: 

Q.No.1.: Solve ( )xpysinp −= . Also find its singular solution. 

Sol.: The given equation is xpypsin
1

−=
−

. 

psinpxy
1−

+=⇒ , which is of Clairaut’s form. 

∴ Its general solution is   csincxy
1−

+= .                                                                        (i) 

To find the singular solution: 

Differentiating (i) w.r.t. c, we get 

2c1

1
x0

−
+=  

2

2
c1

x

1
−=⇒

2

2
2

x

1x
c

−
=⇒

x

1x
c

2 −
=⇒ .                                     (ii) 

Now substituting this value of c in (i), we get 

( ) ( )










 −

+−= −

x

1x
sin1xy

2
12 , 

which is the desired singular solution. 

Q.No.2.: Find the general and singular solution of the equations: 

                (i)    
p

a
xpy += ,                   (ii)   ( )ypxlogp −= , 

                (iii) 
2p1pxy +−= ,          (iv)   ( ) pypxsin =−  

Sol.: (i): The given equation is 
p

a
xpy += , 

which is of Clairaut’s form. 

∴  Its general solution is 
c

a
xcy +=  . Ans.                                                                       (i)  

To find the singular solution: 

Differentiating (i) w.r.t. c, we get 
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2c

a
x0 −=   

2c

a
x =⇒    

x

a
c =⇒ . 

Now substituting this value of c in (i), we get  

x

a

a

x

a
xy +=   axaxy +=⇒    ax2y =⇒   ax4y

2
=⇒ , 

which is the required singular solution. 

(ii): The given equation is ( )ypxlogp −=  

ypxe
p

−=⇒    
p

epxy −=⇒ ,                                              

which is of Clairaut’s form. 

∴  Its general solution is 
c

excy −=  ( )ycxlogc −=⇒ . Ans.                                         (i)  

To find the singular solution: 

Differentiating (i) w.r.t. c, we get  

x.
ycx

1
1

−
=    xycx =−⇒   yxcx +=⇒    

x

yx
c

+
=⇒  

Now substituting this value of c in (i), we get  









−

+
=

+
y

x

yx
.xlog

x

yx
   [ ]xlog

x

yx
=

+
⇒     1xlog

x

y
−=⇒  

( )1xlogxy −=⇒ , 

which is the required singular solution. 

(iii): The given equation is 
2p1pxy +−= , 

which is of Clairaut’s form. 

∴  Its general solution is 2c1cxy +−= . Ans.                                                               (i)  

To find the singular solution: 

Differentiating (i) w.r.t. c, we get  

( ) c2.c1
2

1
x0

2/12 −
+−= 0

c1

c
x

2
=

+
−⇒ x

c1

c

2
=

+
⇒ 2

2

2

x
c1

c
=

+
⇒  

2222 cxxc +=⇒ [ ] 222
xx1c =−⇒  

22

2

x1

x

x1

x
c

−
=

−
=⇒ . 
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Now substituting this value of c in (i), we get  

2

2

2 x1

x
1x.

x1

x
y

−
+−

−
=       ( ) 2222 xx1xx1y +−−=−⇒ ( )22

x11x −−=−=  

0x1y 2 =−+⇒ , 

which is the required singular solution. 

(iv): The given equation is ( ) pypxsin =−  

psinypx
1−

=−⇒   psinpxy
1−

−=⇒ , 

which is of Clairaut’s form. 

∴  Its general solution is csincxy
1−

−= . Ans.                                                                 (i)  

To find the singular solution: 

Differentiating (i) w.r.t. c, we get  

2c1

1
x0

−
−=       x

c1

1

2
=

−
⇒     

2

2
x

c1

1
=

−
⇒       222 xcx1 −=⇒  

222 xcx1 −=−⇒   1xxc 222 −=⇒   
x

1x
c

2 −
=⇒ . 

Now substituting this value of c in (i), we get  

x

1x
sinx.

x

1x
y

2
1

2 −
−

−
=

−    
x

1x
sin1xy

2
12 −

−−=⇒ − , 

which is the required singular solution. 

Q.No.3.: Find the general and singular solution of ( )2
yyxy ′−′= . 

Sol.: The given equation is ( )2
yyxy ′−′= . 

2
pxpy −=⇒ , which is of Clairaut’s form. 

Its general solution is obtained by replacing p by a constant c.  

∴  Its general solution is 
2

cxcy −= .  

To find the singular solution: 

To obtain the singular solution, differentiate the general solution w.r.t. ‘c’, we get 

c2x0 −=       
2

x
c =∴ . 
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Eliminating c form the GS, we get 

y4x
4

x

4

x
x.

2

x
ccxy

2
22

2
=⇒=−=−= . 

Thus, the singular solution y4x
2

=  (which is a parabola) is the envelop of the one 

parameter family of straight lines 
2

ccxy −=    (representing the general solution). 

Q.No.4.: Solve ( )
dx

dy
1x

dx

dy
2y

2

+=







+ . 

Sol.: The given equation is ( )
dx

dy
1x

dx

dy
2y

2

+=







+ . 

( )p1xp2y
2

+=+⇒   ( )p1xp2y
2

++−=⇒   ( )2
p2ppxy −+=⇒ , 

which is of Clairaut’s form. 

∴  Its general solution is ( )2
c2ccxy −+= . Ans.                                  

Q.No.5.: Solve ( )( ) p1ppxy =−− . 

Sol.: The given equation is ( )( ) p1ppxy =−−   
1p

p
pxy

−
+=⇒ , 

which is of Clairaut’s form. 

∴  Its general solution is 
1c

c
cxy

−
+=     ( )( ) c1ccxy =−− . Ans.                                  

Q.No.6.: Solve ( ) ( ) 0y
dx

dy
yx

dx

dy
ax

2

=−−+







− . 

Sol.: The given equation is  ( ) ( ) 0y
dx

dy
yx

dx

dy
ax

2

=−−+







−  

( ) 0yypxppax
2

=−−+−⇒   ( ) ( ) 0ap1pyp1px
2

=−+−+⇒  

1p

ap
xpy

2

+
−=⇒ ,  which is of Clairaut’s form. 

∴  Its general solution is  
1c

ac
xcy

2

+
−=    ( )( ) 0ac1ccxy

2
=++−⇒ . Ans.       

Q.No.7.: Find the primitive 
23

py16xp4y −= . 

Sol.: The equation is not in the Clairaut’s form.  
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Multiplying the given equation by y
3
, we have 

2634
py16pxy4y −= . 

Put vy
4

=  so  
dx

dv

dx

dy
y4 3 = .  

Then 

2

dx

dv

dx

dv
xv 








−= , 

which is a Clairaut’s equation in v.  

Its general solution is obtained by replacing 
dx

dv
 by a constant c.  

Thus, the general solution is 

242
ccxycxcv −=⇒−= . 

                            

Equations reducible to Clairaut’s form: 

Q.No.8.: Solve the following differential equation by reducing it to Clairaut’s form by  

               suitable substitution ( ) 22
yppxyx =− . 

Sol.: The given equation is ( ) 22
yppxyx =− .                      (i) 

Putting  ux2 =   and  vy
2

=                                                (ii) 

so that duxdx2 =   and   dvydy2 = . 

P
v

u

du

dv

y

x

x2

du

y2

dv

dx

dy
p ====∴ ,   where  

du

dv
P =  

Then the given equation becomes 

2P
v

u
vuP.

v

u
vu =








−⇒   2P

v

1
P

v

u
v =−⇒  

2PuPv =−⇒    2PuPv +=⇒ , 

which is of Clairaut’s form. 

∴  Its general solution is  2cucv +=   
222

ccxy +=⇒ . Ans. 

Q.No.9.: Solve the following differential equation by reducing it to Clairaut’s form by  

               suitable substitution ( )( ) p2pyxypx =+− . 
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Sol.: The given equation is ( )( ) p2pyxypx =+−                     (i) 

Now putting 2xu =  and  
2

yv = ,   

so that        xdx2du =   and  ydy2dv = . 

P
v

u

du

dv

y

x

dx

dy
p ===∴ ,  where  

du

dv
P = . 

Then, the given equation becomes  

P
v

u
2vP

v

u
uvu.P.

v

u
=








+








− ( )( ) P21PvPu =+−⇒  

1P

P2
vPu

+
=−     

1P

P2
Puv

+
−=⇒ , 

which is of Clairaut’s form. 

∴  Its general solution is 
1c

c2
cuv

+
−=⇒    

1c

c2
cxy 22

+
−=⇒ . Ans. 

Q.No.10.: Solve the following differential equation by reducing it to Clairaut’s form by  

                  suitable substitution ( )( ) paxpyypx
2

=+− . 

Sol.: Put ux2 =   and  vy
2

= , so that duxdx2 =    and  dvydy2 =  

P
y

x

x

du

y

dv

dx

dy
P ===∴ ,  where 

du

dv
P = . 

Then, the given equation becomes 
y

xP
axy.

y

xP
yx.

y

xP 2=







+








−  

( )( ) Pa1PvuP
2

=+−⇒
1P

Pa
vuP

2

+
=−⇒

( )1P

Pa
uPv

2

+
−=⇒ , 

which is a Clairaut’s form.  

∴ Its general solution is 
( )1c

ca
ucv

2

+
−=

( )1c

ca
cxy

2
22

+
−=⇒ . 

Q.No.11.: Solve the following differential equation by reducing it to Clairaut’s form by  

                  suitable substitution ( ) 22
pyypx =+ . 

Sol.: The given equation is ( ) 22
pyypx =+ . 
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Now putting yu =   and  xyv = ,   

so that       dydu = , and  du
u

v
udxxdyydxdv +=+=  

                                   udxdu
u

v
dv =−⇒    

2u

vduudv
dx

−
=⇒  

vuP

u

u

vduudv

du

dx

dy
p

2

2

−
=

−
==∴  ,  where 

dv

du
P = . 

Then the given equation becomes  

2
2

2
2

u.
vuP

u
u

u

v
.

vuP

u

−
=












+

−
   ( )[ ] ( )vuPuvuPuuv

42
−=−+⇒  

[ ] ( )vuPuuvPuuv 422 −=−+⇒   ( )vuPuPu
424

−=⇒  

2PvuP =−⇒    2PuPv −=⇒ , 

which is of Clairaut’s form. 

∴  Its general solution is 2cucv −=⇒    
2

ccyxy −=⇒ . Ans. 

Q.No.12.: Solve the following differential equation by reducing it to Clairaut’s form by  

                  suitable substitution ( ) 0pe1pe
2y2x4

=+− . 

Sol.: The given equation is ( ) 0pe1pe
2y2x4

=+−                     (i) 

Now putting x2eX =        and  y2eY = ,   

so that        dxe2dX x2=   and  dye2dY
y2

= . 

P
Y

X

dX

dY

e

e

dx

dy
p

y2

x2

===∴ ,  where  
dX

dY
P = . 

Then, the given equation becomes  

0P
Y

X
.Y1P

Y

X
X 2

2

2
2 =+








−   0PYXP 2 =+−⇒  

2PPXY +=⇒ ,  which is of Clairaut’s form. 

∴  Its general solution is 2ccXY += 2x2y2 ccee +=⇒ . Ans. 

Q.No.13.: Solve the following differential equation by reducing it to Clairaut’s form by  
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                  suitable substitution ( ) 0epe1p
y23x3

=+− . 

Sol.: To reduce the Clairaut’s form, put Xex = ,  Yey = . 

x y

x y

e dx dX,  e dy dY

dX dY
dx ,  dy

e e

dX dY
dx ,  dy

X Y

⇒ = =

⇒ = =

⇒ = =

 

Then 
dy XdY X

p P
dx YdX Y

= = = . 

Substituting for 
Y

p P
X

= , the given equation reduces to 

0YP
Y

X
X1P

Y

X 23

3

3
3 =+








− 3Y XP P⇒ = + , 

which is the Clairaut’s differential equation.  

∴  Its general solution is 2 y x 3Y Xc c e ce c= + ⇒ = + . 

Q.No.14.: Solve the following differential equation by reducing it to Clairaut’s form by  

                  suitable substitution ypcosxcos.xsinypcosxcosysin
222

+= . 

Sol.: To reduce to Clairaut’s form, put uysin =  and vxsin = . 

ycosdv

xcosdu

xcos/dv

ycos/du

dx

dy
p ===  

Then ypcosxcos.xsinypcosxcosysin
222

+=  









+








=⇒

ycosdv

xcosdu
ycosxcosv

ycosdv

xcosdu
ycosxcosu

2
22  









+








=⇒

dv

du
v

dv

du
u

2

vPPu 2 +=⇒ ,  where 
dv

du
P = . 

2PvPu +=⇒  

which is the Clairaut’s form.  

∴  Its general solution is 
22

cxsin.cysinccvu +=⇒+= . 

Q.No.15.: Solve the following differential equation by reducing it to Clairaut’s form by  

                  suitable substitution ( )( ) ( )( )( ) ( )2222
ypxypxp1yx2p1yx +−+++=++ . 
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Sol.: Rewriting 
( )( )

( )

2
22

p1

ypx

p1

ypxyx2
yx 









+

+
−

+

++
=+ .  

Put vyx
22

=+  so 
dv

2x 2yp
dx

+ =  and put uyx =+  so
dx

du
p1 =+ . 

Then 
( )
( )p1

ypx2

du

dv

+

+
= . 

Substituting the given equation reduces to 

2

du

dv

4

1

du

dv
uv 








−= ,  

which is a Clairaut’s form.  

∴ Its general solution is ( ) 2222 c
4

1
yxcyxc

4

1
ucv −+=+⇒−= . 

 

Home Assignments 
Q.No.1.: Find the general solution (GS) and singular solution (SS) of the Clairaut’s  

               equation 
2p1

ap
xpy

+

+= . 

Ans.: GS: 
2c1

ac
cxy

+

+= ;   SS: 
3/23/23/2

ayx =+ . 

Q.No.2.: Find GS and SS of 
3

ppxp += . 

Ans.: GS: 
3

ccxy += ;  SS:
32

x4y27 −= . 

Q.No.3.: Find GS and SS of ( ) 01yxyp2p1x
222

=−+−− . 

Ans.: GS: ( ) 01yxyc2c1x
222

=−+−− .   SS: 1yx
22

=+ . 

Q.No.4.: Solve the differential equation plogpxy += . 

Ans.: GS: clogcxy += . 

Q.No.5.: Solve the differential equation 0yxpxyp
332

=−+ . 

Ans.: 
222

ccxy += . 
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Q.No.6.: Solve the differential equation 
y2

a
yxy

′
+′= . 

Ans.: GS: 
c2

a
cxy += , one parameter family of straight lines. SS: ax2y

2
=  parabola, 

which is the envelop of the straight lines. 

Q.No.7.: Find GS and SS of 
2

p2pxy += . 

Ans.: GS: 
2

ccxy += ,   SS: y8x
2

− (Parabola). 

Q.No.8.: Find GS and SS of 
22

yp6px3y += . 

Ans.: GS: 23 c
3

2
cxy += ,    SS: 0x3y8

23
=+  (semicubical parabola). 

Q.No.9.: Solve the following differential equation by reducing it to Clairaut’s form by  

                suitable substitution ( )( )ypxxpypa
2

−+= . 

Ans.: 
( )1c

cacx
y

22
2

+

−
= . 

Hint: Use 
1P

Pa
Puv,

du

dv
P,vy,ux

2
22

+
−==== . 

Q.No.10.: Solve the differential equation ( ) ( ) 02xxp2xxy2y2pyy
22

=−++−−++ . 

Ans.: GS: ( )( ) 01cxyc2cxy =+−+− .  

Q.No.11.: Solve the following differential equation by reducing it to Clairaut’s form by  

                  suitable substitution ( ) ( )222
1pypxypx +=++ . 

Ans.: ( ) 01cxyyxc
2

=−−+ . 

Hint: Use 
P

1
Puv,

du

dv
P,vxy,uyx −====+ . 

Q.No.12.: Solve the differential equation 
222 bpapxy ++= . 

Ans.: 222 bcacxy ++= . 

Q.No.13.: Solve the differential equation ( ) 01ypxy21xp
222

=−+−− . 

Ans.: ( ) 22
c1cxy +=− . 

Q.No.14.: Solve the differential equation 0ep)1p(e
y23x3

=+− . 
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Ans.:
2xy ccee += . 

Q.No.15.: Solve the differential equation ( ) pxpxy
22

=+ . 

Ans.:
2

ccxxy −= . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Orthogonal trajectories: 

Orthogonal: right angle, 90
0
, perpendicular 

Trajectory (Latin word): cut across 

 

(i) Trajectory: A curve, which cuts every member of a given family of curves 

according to some definite law, is called a trajectory of the family. 

 

(ii) Orthogonal trajectory: A curve, which cuts every member of a given family 

of curves at right angles, is called an orthogonal trajectory of the family. 

 

(iii) Orthogonal trajectories: Two families of curves are said to be orthogonal if 

every member of either family cuts each member of the other family at right 

angles. 

In other words, orthogonal trajectories are a family of curves in the plane 

that intersect a given family of curves at right angles. 

Applications  

of  

Ordinary Differential Equations of first order 

 

“Orthogonal Trajectories” 
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In applied mathematics, we frequently come across families of curves 

related in this manner.  

Classical examples of Orthogonal trajectories are: 

1. Meridians and parallels on world globe. 

2. Curves of steepest descent and contour lines on a map. 

3. Curves of electric force and equipotential lines (constant voltage). 

4. Streamlines and equipotential lines (of constant velocity potential) 

5. Lines of heat flow and isothermal curves. 

 

If we draw the two families together on the same graph we get 

 

************************************************* 

 



Applications of Differential Equations of First Order: Orthogonal Trajectories 

Visit: https://www.sites.google.com/site/hub2education/ 

 

3

 

If we put both families together, we appreciate better the orthogonality of the curves (see 

the picture below). 

 

************************************ 
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Method of  finding the equation of orthogonal trajectories of a family of 

curves: 

(a) Cartesian curve ( ) 0c,y,xf = .                                                                         (i) 

Step No. 1.: To find the differential equation of given family of curves. 

• Differentiate given family of curves (i).  

• Eliminate the arbitrary constant c between (i) and the resulting equation.  

That gives the differential equation of the family (i). 

Let it be 0
dx

dy
,y,xF =








.                                                                                                  (ii) 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

Replace 
dx

dy
 by  

dy

dx
− . 

Purpose: The product of their slopes at each point of intersection is 1− . 

Then the differential equation of the orthogonal trajectories is 0
dy

dx
,y,xF =








− .         (iii) 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Solve the differential equation of the orthogonal trajectories (iii),  

we get the equation of the required orthogonal trajectories. 

(b) Polar curves ( ) 0c,,rf =θ .                (i) 

Step No. 1.: To find the differential equation of given family of curves. 

• Differentiate given family of curves (i).  

• Eliminate the arbitrary constant c between (i) and the resulting equation.  

That gives the differential equation of the family (i). 
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Let it be 0
d

dr
,,rF =









θ
θ                                                                                                     (ii) 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

Replace, in this differential equation,  
θd

dr
 by  

dr

d
r2 θ

−   

                                                        or 
dr

d
r

θ
 by 

θ
−

d

dr

r

1
. 

The differential equation of the orthogonal trajectories is    0
dr

d
r,,rF 2 =







 θ
−θ .           (iii) 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Solve the differential equation of the orthogonal trajectories (iii),  

we get the equation of the required orthogonal trajectories. 

Self-Orthogonal:  

A given family of curves is said to be ‘self-orthogonal’ if its family of orthogonal 

trajectories is the same as the given family.  

 

Now let evaluate the orthogonal trajectories of the family of the following 

curves:  

Cartesian curves 

Q.No.1.: Find the orthogonal trajectories of the family of parabolas ax4y
2 = . 

Sol.: Given family of parabolas is,  ax4y
2 = .                                                                  (i) 

Step No. 1.: To find the differential equation of given family of parabolas. 

Differentiating (i) w. r. t. x, we get 

a4
dx

dy
y2 =  a2

dx

dy
y =⇒ .                                                                                                (ii) 

Eliminating a between (i) and (ii), we get 

dx

dy
x2yx

dx

dy

2

y
4y2 =⇒








= ,                                                                                        (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 
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For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (iii), we get 

dy

dx
x2y −= 0xdx2ydy =+⇒ ,                                                                                       (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get 

cyx2c2yx2cx
2

y 22222
2

′=+⇒=+⇒=+ , 

which is the equation of required orthogonal trajectories of (i). 

Q.No.2.: If the stream lines (paths of fluid particles) of a flow around a corner are 

               xy = constant, find their  orthogonal trajectories. 

Sol.: Taking the axis as the walls, the stream lines of the flow around the corner of the 

walls is xy = c.                                                                                                                    (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t.  x, we get 0y
dx

dy
x =+ ,                                                           (ii) 

which is the differential equation of  the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replacing 
dx

dy
  by  

dy

dx
−  in (ii), we get  

0y
dy

dx
x =+








−  0ydyxdx =−⇒ ,                                                                                (iii) 

which is the differential equation of the orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iii), we get cyx
22 ′=− , 

which is the required equation of the orthogonal trajectories of (i). 

Q.No.3.: Find the orthogonal trajectories of the family of parabolas 
2

axy = . 

Sol.: Given family of parabolas is,  
2

axy =  .                                                                   (i) 
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Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. x, we get 

ax2
dx

dy
= .                                                                                                                         (ii) 

Eliminating a between (i) and (ii), we get 

x

y
.2

dx

dy
x.

x

y
.2

dx

dy
2

=⇒







= ,                                                                                          (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (iii), we get 

ydy2xdx
x

y
.2

dy

dx
=−⇒=− ,                                                                                          (iv)              

which is the differential equation of the family of orthogonal trajectories.           

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating  (iv), we get 

c2y2xc
2

y2

2

x 22
22

′−=+⇒′+=−  

∴Replace c2 ′−  by 2c , we get                        [ ]negative-nony2x  since
22 =+  

222
cy2x =+⇒ , 

which is the equation of required orthogonal trajectories of (i). 

Q.No.4.: Find the orthogonal trajectories of the family of semi-cubical parabolas  

               
32

xay = . 
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Sol.: The given equation of the family of semi-cubical parabolas is 
32

xay = .               (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. x, we get 

ay2

x3

dx

dy
x3

dx

dy
ay2

2
2 =⇒= .                                                                                             (ii) 

Eliminating a between (i) and (ii), we get 

x

y
.

2

3

y

yx2

x3

dx

dy

2

3

2

== ,                                                                                                         (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (iii), we get 

x

y

2

3

dy

dx
=− ydy3xdx2 =−⇒ ,                                                                                         (iv)                 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get 

ydy3xdx2 ∫∫ =− 2
1

22

c
2

y3

2

x2
+=−⇒ 2

2
22

cy3x2 +=−⇒  

222
cy3x2 =+⇒ , 

which is the equation of required orthogonal trajectories of (i). 

Q.No5.: Find the orthogonal trajectories of the family of curves (Confocal conics) 

                  1
b

y

a

x
2

2

2

2

=
λ+

+ , where λ  is a parameter. 

Sol.: The equation of the family of given curves is 1
b

y

a

x
2

2

2

2

=
λ+

+ .                               (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t.  x, we get 

0
dx

dy

b

y2

a

x2
22

=
λ+

+ 0
dx

dy

b

y

a

x
22

=
λ+

+⇒ .                                                                    (ii) 
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To eliminate the parameter λ , we equate the values of λ+2b  from (i) and (ii). 

Since from (i),  
2

22

2

2

2

2

a

xa

a

x
1

b

y −
=−=

λ+ 22

22
2

xa

ya
b

−
=λ+⇒ , 

and from (ii), 
dx

dy

x

ya
b

2
2 −=λ+ . 

dx

dy

x

ya

xa

ya 2

22

22

−=
−

∴ 0
dx

dy

xa

xy
22

=+
−

⇒ ,                                                                   (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replacing 
dx

dy
  by  

dy

dx
−  in (iii), we get  

0
dy

dx

xa

xy
22

=−
−

0dx
x

xa
ydy

22

=












 −
−⇒ ,                                                                 (iv) 

which is the differential equation of the orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get cdxx
x

a
ydy

2

=













−− ∫∫  

c
2

x
xloga

2

y 2
2

2

=+−⇒ Cxloga2yx
222 +=+⇒ ,  

which is the required equation of orthogonal trajectories of (i). 

Q.No.6.: Prove that the system of confocal and coaxial parabolas ( )axa4y
2 +=  is a  

                   self-orthogonal. 

or 

                  Find the orthogonal trajectories of a system of confocal and coaxial parabolas. 

Sol.: The equation of the family of given parabolas is ( )axa4y
2 += .                            (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. x, we get 

a2
dx

dy
ya4

dx

dy
y2 =⇒= .                                                                                                 (ii) 

Eliminating a between (i) and (ii), we get  
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







+=

dx

dy
.

2

y
x

dx

dy

2

y
.4y2

2
2

dx

dy
y

dx

dy
xy2 








+= 0y

dx

dy
x2

dx

dy
y

2

=−+







⇒ ,                 (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replacing 
dx

dy
  by  

dy

dx
−  in (iii), we get  

0y
dy

dx
x2

dy

dx
y

2

=−−







0

dx

dy
y

dx

dy
x2y

2

=







−−⇒ 0y

dx

dy
x2

dx

dy
y

2

=−+







⇒ ,       (iv) 

which is the differential equation of the orthogonal trajectories. 

Since (iv) is same as (iii)  

⇒  The system of confocal and coaxial parabolas is self-orthogonal,  

i.e. each member of (i) cuts every other member orthogonally. 

Q.No.7. Find the orthogonal trajectories of the family of coaxial circles 

               2cy2yx
22 =+λ++ , λbeing the parameter. 

Sol.: The given equation of the family of coaxial circles is 2cy2yx
22 =+λ++ .         (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. x, we get 

0
dx

dy
2

dx

dy
y2x2 =λ++ .                                             (ii) 

Eliminating λ  between (i) and (ii), we get 

0
dx

dy

y

yxc2

dx

dy
y2x2

22

=












 −−−
++  

( ) 0
dx

dy
2cxyxy2 22 =+−−+⇒ , 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (iii), we get 

( ) xy2
dy

dx
2cxy 22 −=+−−− ( ) 0xydy2dx2cxy

22 =−+−−⇒ ,                    (iii) 



Applications of Differential Equations of First Order: Orthogonal Trajectories 

Visit: https://www.sites.google.com/site/hub2education/ 

 

12 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Now from (iv): 2cxyM
22 +−−= , xy2N −= . 

Now since 
x

N

y

M

∂

∂
≠

∂

∂
⇒  The above equation is not exact. 

Now ( )xf
x

2

N

x

N

y

M

=−=
∂

∂
−

∂

∂

 alone. 

2

dx
x

2

x

1
e.F.I =
∫

=∴
−

.                                                                            

Multiplying (iii) by I.F., we obtain 

( )
0

x

xydy2

x

dx2cxy
22

22

=−
+−−

.                                                                                    (iv) 

Now here
x

N

y

M

∂

∂
=

∂

∂
⇒  The above equation is exact. 

∴Solution is   µ=−
+−−

∫∫ dy0dx
x

2cxy
2

22

 

µ=−+−−
x

2

x

c
x

x

y2

x2cxy
22 µ=−+−−⇒  

x2cxy
22 µ=−+−−⇒ 2 2y x c 2 x′⇒ − − + = + µ  

2 2

1x y x c 0⇒ + + µ + = ,  

which is the required equation of orthogonal trajectories of (i). 

Q.No.8.: The electric lines of force of two opposite charges of the same strength at  

               ( )0  ,1± are circles (through these points) of the form 1ayyx
22 =−+ , find  

                their  equipotential lines (orthogonal trajectories). 

Sol.: The given equation of the family of circles is 1ayyx
22 =−+ .                              (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. x, we get 

( ) 0
dx

dy
ay2x2 =−+ ( ) 0Pay2x2 =−+⇒ .              








=

dx

dy
P  Here                               (ii) 
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Eliminating a from (i) and (ii), we get 

1yy2
P

x2
yx 22 =








+−+

P

xy2
1yx 22 =−−⇒

1yx

xy2
P

22 −−
=⇒  

1yx

xy2

dx

dy
22 −−

=⇒ ,                                                                                                       (iii) 

which is the differential equation of family of circles given in (i) 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (iii), we get 

1yx

xy2

dy

dx
22 −−

=− ( ) 0dx1yxxydy2
22 =−−+⇒                                       

( ) 0xydy2dx1yx
22 =+−− ,                          (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Now ( ) 0xydy2dx1yx
22 =+−− 0NdyMdx =+⇒  

Here 1yxM
22 −−= ,       xy2N =  

Now y2
y

M
−=

∂

∂
     and    y2

x

N
=

∂

∂
 

x

N

y

M

∂

∂
≠

∂

∂
⇒ ⇒  The above equation is not exact. 

Now since 
x

2

xy2

y4

N

x

N

y

M

−=
−

=
∂

∂
−

∂

∂

= f(x) alone. 

∴ I. F. = 
∫− dx

x

2

e
2

xlog2

x

1
e == − . 

Multiplying by 
2x

1
throughout (iv), we get 

( ) 0dy
x

xy2
dx1yx

x

1
2

22

2
=+−− 0dy

x

y2
dx

x

1

x

y
1

22

2

=+













−− ,  
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Now here
x

N

y

M

∂

∂
=

∂

∂
⇒  The above equation is exact. 

∴The solution is  

'codydx
x

1

x

y
1

22

2

constant  y

=+












−− ∫∫ 'c

x

1

x

y
x

2

=++⇒ 01x'cyx
22 =+−+⇒  

01cxyx
22 =+++⇒ ,  

which is the required equation of orthogonal trajectories of (i). 

Q.No.9.: Find the orthogonal trajectories of one parameter family of curves cxy =  

Sol.: Given family of parabolas is,  cxy = .                                                                      (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w.r.t. x, we get 

0
dx

dy
xy =+  

x

y

dx

dy −
=⇒ ,                                                                                               (ii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (ii), we get 

y

x

dx

dy
= ,                                                                                                                           (iii) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iii), we get 

c2xy
22 =− , 

which is the equation of required orthogonal trajectories of (i). 

Q.No.10.: Find the orthogonal trajectories of one parameter family of curves 

                 x ye e c−+ = . 

Sol.: Given family of parabolas is,  cee yx =+ − .                                                            (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w.r.t. x, we get 

yxyx
ey0y.ee

+− =′⇒=′= ,                                                                                           (ii) 
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which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (ii), we get 

( )yx
ey

+−−=′
y

x

e

e

dx

dy −−
=⇒ 0dxedye

xy =+⇒ −
,                                                        (iii) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iii), we get 

kee yy =− − , 

which is the equation of required orthogonal trajectories of (i). 

Q.No.11.: Find the orthogonal trajectories of one parameter family of curves cxy
2 = . 

Sol.: Given family of parabolas is,  cxy
2 = .                                                                    (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w.r.t. x, we get 

cyy2 =′ .                                                                                                                           (ii) 

Eliminating c between (i) and (ii), we get 

x

y
cyy2

2

==′
x2

y
y =′⇒ ,                                                                                              (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dx

dy
 by 

dy

dx
−  in (iii), we get 

y

x2
y −=′ ,                                                                                                                        (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get 

cx
2

y 2
2

=+ , 
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which is the equation of required orthogonal trajectories of (i). 

Q.No.12.: Show that family of curves 1
22

cy4x =+  and  
4

2xcy =  are (mutually) 

orthogonal (to each other). 

Sol.: Slope of tangent of any curve of the first family of curves is obtained by 

differentiating it w.r.t . x 

i.e. 0yy8x2 =′+  

y4

x

y8

x2
y1 −=−=′⇒         (*) 

Similarly for the second family by eliminating c2  

x

y4

x

y
.x4cx4dydx

4

3
2

3 ===  

i.e. 
x

y4
y2 =′          (**) 

The given two families are orthogonal of the product of their slopes is 1− . From (*) and 

(**), we get 

1
x

y4

y4

x
y.y 21 −=















 −
=′′ , hence the result. 

Q.No.13.: Find particular member of orthogonal trajectories of 1cyx
22 =+  passing 

through the point (2, 1). 

Sol.: DE 0ycy2x2 =′+  

Eliminating c 

0
y

x1
.yyx.0cyyx

2

2

=












 −
′+=′+  

i.e.  
1x

xy
y

2 −
=′  

DE corresponding to OT 

xy

x1
y

2−
=′  

Solving xdx
x

dx
dx

x

x1
ydy

2

−=
−

=  
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1

22

cx In
2

x

2

y
+=+  

22 yx
2

2 ecx +=          (*) 

To find the particular member of this OT 

Put x = 2 when  y = 1 in (*) 

5
2ec4 =                 

5
2 e4c

−=  

Thus the particular curve of OT passing through the point (2, 1) 

22 yx52 ee4x +−= . 

Q.No.14.: Show that the family of parabolas 
22

c4cx4y +=  is self-orthogonal. 

Sol.: DE    0c4yy2 +=′  

Substituting 
2

yy
c

′
=  in given equation, we get 








 ′
+






 ′
=

2

yy
4

2

yy
.x4y2  

222
yyyxy2y ′+′=          (*) 

Put yp ′=  so that  

222
pyxyp2y +=          (**) 

This is the DE of the given family of parabolas. 

In order to get DE corresponding to the OT replace y′  by 
p

1
−  in (*). Then 

2
22

p

1
y

p

1
xy2y 








−+








−=  

( ) 222
ypxy2yp +−=  

Rewriting  

222
ypxyp2y += , which is same as equation (**). Thus (*) is DE for the given family  

and its orthogonal trajectories. Hence the given family is self-orthogonal. 
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Polar curves 

 

Q.No.1.: Find the orthogonal trajectory of the cardioids ( )θ−= cos1ar  . 

Sol.: The equation of the family of given cardioids is ( )θ−= cos1ar .                             (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t θ , we get θ=
θ

sina
d

dr
.                                                             (ii) 

Dividing (ii) by (i) to eliminate a,   

θ−

θ
=

θ cos1

sin

d

dr
.

r

1

2
cot

2
sin2

2
cos

2
sin2

d

dr

r

1

2

θ
=

θ

θθ

=
θ

⇒  ,                                                          (iii) 

which is the differential equation of the given family (i) 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replacing 
θd

dr
  by  

dr

d
r2 θ

−  in (iii), we get  

2
cot

dr

d
r

r

1 2 θ
=







 θ
− 0

2
cot

dr

d
r =

θ
+

θ
⇒ 0d

2
tan

r

dr
=θ

θ
+⇒ ,                                         (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get  

clog
2

coslog2rlog =
θ

−
2

cosclog
2

coslogclogrlog 22 θ
=

θ
+=⇒  

( ) ( )θ+=⇒θ+=
θ

=⇒ cos1Crcos1
2

c

2
coscr 2 ,  

which is the required equation of orthogonal trajectories of (i). 

Q.No.2.: Find the orthogonal trajectories of the family of cardioids ( )θ+= cos1ar . 

Sol.: The given equation of the family of cardioids is ( )θ+= cos1ar .                             (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. θ , we get 

θ−=
θ

sina
d

dr

θ+

θ−
=

θ
⇒

cos1

sinr

d

dr

θ+

θ−
=









θ
⇒

cos1

sin

r

1

d

dr
,                                                    (ii) 
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which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
θd

dr
 by 

dr

d
r2 θ

−  in (ii), we get. 

θ+

θ
=

θ

cos1

sin

dr

d
r ( ) θθ+θ=⇒ dcoteccos

r

dr
,                            (iii) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iii), we get 

( ) clogsinlogcoteccoslogrlog +θ+θ−θ=                        [where log c is constant] 

( ) θθ−θ=⇒ sincoteccoscr ( )θ−=⇒ cos1cr , 

which is the required equation of orthogonal trajectories of (i). 

Q.No.3.: Find the orthogonal trajectories of the family of confocal and coaxial parabolas  

                
( )θ+

=
cos1

a2
r  

Sol.: The given equation of the family of confocal and coaxial parabolas is  

          
2

seca
cos1

a2
r 2 θ

=
θ+

= .                                                                                           (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. θ , we get      
( ) 2

tan
2

seca
cos1

sina2

d

dr 2

2

θθ
=

θ+

θ
=

θ
.                     (ii) 

Dividing (ii) by (i), we get          
2

tanr
r

d

dr

θ
=










θ
,                                       (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
θd

dr
 by 

dr

d
r2 θ

− , we get   
2r

rdr

2
tan

d −
=

θ

θ
,                (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get 
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clog
r

1
log

2
sinlog 2 +=

θ

r

c

2
sin 2 =

θ
⇒  

( ) θ−
=⇒

θ−
=⇒

cos1

b2
r

2

cos1

c
r ,  (where b = 2c) 

which is the required equation of orthogonal trajectories of (i). 

Q.No.4.: Find the orthogonal trajectories of the family of  curves θ= 2cosar 22 . 

Sol.: The given equation of the family of the curve is θ= 2cosar 22 .                             (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. θ , we get 

θ−=
θ

2sin2a
d

dr
r2 2 θ−=

θ
⇒ 2sina

d

dr
r 2 .                                                                        (ii) 

Also from (i), we have 
θ

=
2cos

r
a

2
2 .                                                                               (iii) 

From (ii) and (iii), we get 

θ−=
θ

2tanr
d

dr
r 2 ,                                                                                                            (iv)  

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
θd

dr
 by 

dr

d
r2 θ

− , we get 

θ−=
θ

− 2tanr
dr

d
r 23 θ=

θ
⇒ 2tan

dr

d
r

r

dr

2tan

d
=

θ

θ
⇒ ,                                                     (v) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (v), we get 

r

dr

2tan

d
∫∫ =

θ

θ
1clogrlog

2

2sinlog
+=

θ
⇒ 1rclog22sinlog =θ⇒  

( )2
1rclog2sinlog =θ⇒ ( )2

1rc2sin =θ⇒  

2
1

2

c

2sin
r

θ
=⇒ θ= 2sincr 22 ,        














=

2
1

2

c

1
c  where  

which is the required equation of orthogonal trajectories of (i). 
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Q.No.5.: Find the orthogonal trajectories of the family of curves θ= nsinar nn . 

Sol.: The given equation of the family of curves is θ= nsinar nn .                                  (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. θ , we get 

n.ncosa
d

dr
nr n1n θ=

θ

− n
1n

a
d

dr

ncos

r
=

θθ
⇒

−

.                                   (ii) 

From (i) and (ii), we get 

θ
θθ

=
−

nsin
d

dr

ncos

r
r

1n
n θ

θ
=⇒ ntan

d

dr
r θ=

θ
⇒ ntan

dr

d
r ,                                                (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dr

d
r

θ
  by  

θ
−

d

dr

r

1
, we get 

θ=
θ

− ntan
d

dr

r

1
θθ=−⇒ dntandr

r

1
,                                                                              (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Integrating (iv), we get 

blogd
ncos

nsin
dr

r

1
+θ

θ

θ
=− ∫∫  

Now put 
n

dt
dnsindtnd.nsintncos −=θθ⇒=θθ−⇒=θ  

blog
nt

dt
dr

r

1
+−=−∴ ∫∫  blogtlog

n

1
rlog +=⇒ ( )btlogrlog

n/1=⇒  

Taking antilog, we get 

btr n/1=   nn tbr =⇒ nn bncosr θ=⇒ , 

which is the required equation of orthogonal trajectories of (i). 

Q.No.6.: Find the orthogonal trajectories (OT) of the family of curves θ= 2cosar . 

Sol.:  The given equation of the family of curves is θ= 2cosar .                                    (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. θ , we get 
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( ) θθ−θ= dsincosa2dr .                                                                                                    (ii) 

From (i) and (ii), we get 

θθθ
θ

−= d.sin.cos.
cos

r
.2dr

2 








θ
=

2cos

r
a∵  

θ
=

θ

tan2

1

dr

d
r .                (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 

For orthogonal trajectories, replace 
dr

d
r

θ
  by  

θ
−

d

dr

r

1
, we get 

θ=
θ

tan2
dr

d
r ,                (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

 (iv) 
r

dr
2

tan

d
=

θ

θ
⇒ .                 (v) 

Integrating (v), we get 

cr log  2sin +=θ θ=⇒ sinbr2 , 

which is the required equation of orthogonal trajectories of (i). 

Q.No.7.: Find the orthogonal trajectories (OT) of the family of curves θ= 2sinar2 . 

Sol.:  The given equation of the family of curves is θ= 2sinar2 .             (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. θ , we get 

θθ= d2cosa2rdr2 .                  (ii) 

From (i) and (ii), we get 

θθ
θ

= d.2cos.
2sin

r
rdr

2













θ
=

2sin

r
a

2

∵  

θ=
θ

⇒ 2tan
dr

d
r ,                         (iii) 

which is the differential equation of the given family (i). 

Step No. 2.: To find the differential equation of the orthogonal trajectories. 
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For orthogonal trajectories, replace 
dr

d
r

θ
  by  

θ
−

d

dr

r

1
, we get 

θ−=
θ

2cot
dr

d
r ,                 (iv) 

which is the differential equation of the family of orthogonal trajectories. 

Step No. 3.: To find the equation of the required orthogonal trajectories. 

Solving 
r

dr
d

2cos

2sin
=θ

θ

θ
− .                (v) 

Integrating (v), we get 

( ) cr log  22coslog +=θ θ=⇒ 2cosbr 2 , 

which is the required equation of orthogonal trajectories of (i). 

 

Isogonal Trajectories: 

Definition: Two families of curves such that every member of either family cuts each 

member of the other family at constant angle α  (say) are called isogonal trajectories of 

each other. The slopes m, m′of the tangent to corresponding curves at each point are 

connected by the relation, 

α=
′+

′−
tan

mm1

mm
= constant. 

Q.No.1.: Find the isogonal trajectories of the family of circles 
222

ayx =+ , which  

                intersects at °45 . 

Sol.: The given equation is 
222

ayx =+ .                                                                         (i) 

Step No. 1.: To find the differential equation of given family of curves. 

Differentiating (i) w. r. t. x, we get 

y

x

dx

dy
x2

dx

dy
y20

dx

dy
y2x2 −=⇒−=⇒=+ ,                                                                  (ii) 

which is the differential equation of family of circles given in (i) 

Step No. 2.: To find the differential equation of the family of isogonal trajectories. 

Now isogonal trajectories are two families of curves such that every member of either 

family cuts each member of the other family at constant angle α  (say). The slopes m, m′

of the tangent to corresponding curves at each point are connected by the relation, 
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α=
′+

′−
tan

mm1

mm
= constant .                                                                                            (iii) 

Now here °=α 45   and 
dx

dy
m = .  

∴ (iii) becomes          

145tan

m
dx

dy
1

m
dx

dy

=°=

′







+

′−
 m

dx

dy
1m

dx

dy
′








+=′−⇒ m1

dx

dy
1

dx

dy
′








+=−⇒  

1
dx

dy

1
dx

dy

m

+

−
=′ . 

Replacing 
dx

dy
  by  

1
dx

dy

1
dx

dy

m

+

−
=′  in equation (ii), we get 

y

x

1
dx

dy

1
dx

dy

−=

+

−
x

dx

dy
xy

dx

dy
y −−=−⇒ ( ) xy

dx

dy
xy −=+⇒  

xy

xy

dx

dy

+

−
=⇒ ,                (iv) 

which is the differential equation of the family of isogonal trajectories. 

Step No. 3.: To find the equation of the required isogonal trajectories. 

Now since (iv) is homogenous in x and y 

To solve (iv), we have put txy =
dx

dt
xt

dx

dy
+=⇒ .                                                        (v) 

∴  (iv) ⇒   
xtx

xtx

dx

dt
xt

+

−
=+

1t

1t

dx

dt
xt

+

−
=+⇒ t

1t

1t

dx

dt
x −

+

−
=⇒  

1t

tt1t

dx

dt
x

2

+

−−−
=⇒

( )
x

dx
dt

t1

1t
2

=
+

+−
⇒ .                                                            (vi)  

Integrating (vi), we get 

( )
12

clog
x

dx
dt

t1

1t
+=

+

+
− ∫∫ 122

clogxlogdt
t1

1
dt

t1

t2

2

1
+=

+
−

+
−⇒ ∫∫  

( ) ( ) 1
12 clogxlogttant1log

2

1
+=−+−⇒ −  
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( ) 1
12 clogxlogttant1log +=−++−⇒ −              [ ]n

mlogmlogn =∵  

Substituting 
x

y
t = , we get 

1
1

2

2

clogxlog
x

y
tan

x

y
1log +=








−+− −

1
1

2

22

clogxlog
x

y
tan

x

yx
log +=








−

+
−⇒ −  

2 2 1

1

y
log x y tan log c

x

−  
⇒ + + = 

 
            

which is the required equation of isogonal trajectories of (i). 

 

Home Assignments 
 

Cartesian curves 

Q.No.1.: Find the orthogonal trajectories of one parameter family of curves cy4x =− . 

Ans.: kyx4 =+ . 

Q.No.2.: Find the orthogonal trajectories of one parameter family of curves
222

cyx =+ . 

Ans.: kxy = . 

Q.No.3.: Find the orthogonal trajectories of one parameter family of curves cyx
22 =− . 

Ans.: kxy = . 

Q.No.4.: Find the orthogonal trajectories of one parameter family of curves 
32

cxy = . 

Ans.: ( ) 222
ay1x =++ . 

Q.No.5.: Find the orthogonal trajectories of one parameter family of curves 

               ( )xtanxseccy += . 

Ans.: ( )xsink2y
2 −= . 

Q.No.6.: Find the orthogonal trajectories of one parameter family of curves   

               cxyx
22 =− . 

Ans.: ( ) kx3yy
22 =+ . 
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Q.No.7.: Find the orthogonal trajectories of one parameter family of curves 
xa

x
y

3
2

−
= . 

Ans.: ( ) ( )22222 yx2byx +=+ . 

Q.No.8.: Find the orthogonal trajectories of one parameter family of curves   

               ( ) ( )xa3xyxa
22 −=+ . 

Ans.: ( ) ( )223522 yx5cyyx +=+ . 

Q.No.9.: Find the orthogonal trajectories of one parameter family of curves 
2

cxy = . 

Ans.: *2
2

cy
2

x
=+ . 

Q.No.10.: Find the orthogonal trajectories of circles through origin with centres on the  

                  x-axis. 

Ans.: Circles through origin with centres bon y-axis. 

Q.No.11.: Find the orthogonal trajectories of Family of parameters through origin and  

                 foci on y-axis. 

Ans.: Ellipses with centres at origin and foci on x-axis. 

Q.No.12.: Find the orthogonal trajectories of the family of ellipses having centre at the 

origin, a focus at the point (c, 0) and semi-major axis of length 2c. 

Ans.: 3

4

cxy = . 

Q.No.13.:Given cyy3x
22 =+ , find that member of the orthogonal trajectories which 

passes through the point (1, 2). 

Ans.: ( )1x3xy
22 += . 

Q.No.14.:Given ,x3cey
x2 += −

 find that member of the OT which passes through point 

(0, 3). 

Ans.: 
( )y36

e45y3x9
−−=+− . 

Q.No.15.: Find constant ‘e’ such that xcy 1
3 =  and 2

22
ceyx =+ are orthogonal to each 

other . 
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Ans.:
3

1
e = . 

Q.No.16.: Find the value of constant d such that the parabolas dxcy
2

1 +=  are the 

orthogonal trajectories of the family of ellipses 2
22

cyy2x =−+ . 

Ans.:
4

1
d = . 

Q.No.17.: Show that the family of parabolas 
22

ccx2y +=  is self-orthogonal. 

Q.No.18.: Show that the family of confocal conics 
( )

1
ba

y

a

x 22

=
−

+  is self orthogonal. 

Here a is an arbitrary constant.  

Q.No.19.: Show that the family of confocal conics 1
cb

y

ca

x
2

2

2

2

=
+

+
+

 is self-orthogonal. 

Here a and b are given constants. 

Q.No.20.: Find the orthogonal trajectories of 1cyx
pp =+ , p = constant. 

Ans.: cx
p2

x2
y 2

p2
2 +−

−
=

−

,  if  2p ≠  

22 yx2
1 exc +=  if  p = 2 

Q.No.21.: Show that the two families of parameter family of curves ( ) 1cy,xu =  and 

( ) 2cy,xv =  are mutually orthogonal provided they satisfy the b(Cauchy-

Riemann) equation yx vu =  and xy vu −=  

Q.No.22.: Find the orthogonal trajectories of the family of  confocal conics  

               1
b

y

a

x
2

2

2

2

=
λ+

+
λ+

, where λbeing the parameter. 

Q.No.23.: Prove that the system of confocal conics 1
b

y

a

x
2

2

2

2

=
λ+

+
λ+

, λ  being the  

                 parameter, is self-orthogonal. 

Q.No.24.: Show that the family of the parabolas ( )aya4x
2 +=  is self orthogonal. 

Q.No.25.: Find the orthogonal trajectories of the family of coaxial  
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                 0cgx2yx
22 =+++ , g being the parameter. 

Ans.: 0cfy2yx
22 =−++ . 

Polar curves 

Q.No.1.: Find the orthogonal trajectories of family of curves   

               dcos
r

k
r

2
2 =θ














+ ,  d being a parameter. 

Ans.: ( ) crsinkr
22 =θ− . 

Q.No.2.: Find the orthogonal trajectories of family of curves  ( )θ+θ= cossina2r . 

Ans.: ( )θ−θ= cossinb2r . 

Q.No.3.: Find the orthogonal trajectories of family of curves  θθ= tan.seca4r . 

Ans.: ( ) 222
bsin1r =θ+ . 

Q.No.4.: Find the orthogonal trajectories of family of curves  ( )θ+= 2
sin1ar . 

Ans.: θθ= cot.cosbr2
. 

Q.No.5.: Find the orthogonal trajectories of family of curves:  Cissoid θθ= tan.sinar . 

Ans.: ( )θ+= 22
cos1br . 

Q.No.6.: Find the orthogonal trajectories of family of curves  
θ+

=
cos21

k
r . 

Ans.: ( )θ+=θ cos1bsinr
32

. 

Q.No.7.: Find the orthogonal trajectories of family of curves:  Stophoids  

                ( )θ+θ= tansecar . 

Ans.: 
θ−= sinber  

Q.No.8.: Find the orthogonal trajectory of the family of the curve θ= ncosar nn . 

Ans.: θ= nsincr nn . 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Physical applications:  

  

I: Let a body of mass m start moving from a fixed point O along a 

straight line OX under the action of a force F. Let P be the position of the 

body at any instant t, where OP = x, then 

 
 

 

(i) its velocity (v) =
dt

dx
 

(ii) its acceleration (a) 
dt

dv
=   or  

2

2

dt

xd
   or  

dx

dv
v . 
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Also, by Newton’s second law of motion, 
dt

dv
mmaF ==  or 

2

2

dt

xd
m   or  

dx

dv
mv , 

where F is the effective force. 

****************************** 

Let a body of mass m start moving from a fixed point O along a curve then 

 
 

 

(i) its velocity (v) =
ds

dt
 

(ii) its acceleration (a) 
dt

dv
=   or  

2

2

d s

dt
   or  

dv
v

ds
. 

The quantity mv is called the momentum. 

II: Newton’s second law states that ( )
d

F mv
dt

=  . 

             If m is constant, then 
dv

F m ma
dt

= = ,  

              i.e., net force = mass x acceleration. 

Q.No.1.: [Resisted motion]: 

A moving body is opposed by a force per unit mass of value cx and resistance per unit 

mass of value 
2bv , where x and v are the displacement and velocity of the particle at that 

instant. Show that the velocity of the particle, if it starts from rest, is given by 

( )
b

cx
e1

b2

c
v

bx2

2

2 −−= −
. 

Sol.: Mathematical model of given problem: 

By Newton's second law, the equation of motion of the body is  

2bvcx
dx

dv
v −−=

 

           
cxbv

dx

dv
v 2 −=+⇒ ,                 (i) 



Applications of Differential Equations of First Order: 

 

This is Bernoulli’s equation. 

∴ Putting zv2 =   and  
dx

dv
v2

Then (i) becomes 
1 dz

bz cx
2 dx

+ = −

This is Leibnitz’s linear equation

∴ I. F. bx2bdx2
ce =∫= . 

∴ The solution of (ii) is   ( .Iz

1
bx2bx2 cdxe.cx2e.z +−= ∫

2

bx2bx22

b2

c
e

b

cx
e.v +−=⇒

Initial value problem: 

Initially, when x = 0: v = 0. 

Substituting the value of 1c  in (iii), we get 

      

      
⇒

which is the required velocity of the particle

Q.No.2.:    A particle of mass m is projected vertically upward under gravity, the 

                 resistance of the air being mk times the velocity. Show that the greatest 

                   height attained by the particle is 

                   velocity which the above mass will attain when it falls freely and 

                   initially velocity.
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dx

dz

dx

dv
= .  

bz cx+ = −
dz

2bz 2cx
dx

⇒ + = −  ,                                     

is Leibnitz’s linear equation in z, i.e. 
dz

Pz Q.
dx

+ =  

) ( ) cdx.F.IQ..F. += ∫  

1 1
bx2 cdxxec2 +−= ∫  

1
bx2

2
ce + bx2

12

2 ec
b2

c

b

cx
v −++−=⇒                          

2112 b2

c
c0c

b2

c
−=⇒=+∴ . 

in (iii), we get  

bx2

22

2 e
b2

c

b2

c

b

cx
v −−+−=  

( )
b

cx
e1

b2

c
v bx2

2

2 −−=⇒ − ,  

which is the required velocity of the particle 

A particle of mass m is projected vertically upward under gravity, the 

resistance of the air being mk times the velocity. Show that the greatest 

ained by the particle is ( )[ ]λ+−λ 1log
g

V2

, where V is the greatest 

velocity which the above mass will attain when it falls freely and 

initially velocity. 

https://www.sites.google.com/site/hub2education/ 
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,                                           (ii) 

                         (iii) 

A particle of mass m is projected vertically upward under gravity, the  

resistance of the air being mk times the velocity. Show that the greatest  

, where V is the greatest  

velocity which the above mass will attain when it falls freely and Vλ is the  
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Sol.: Let v be the velocity of the particle at time t. The forces acting on the particle are: 

(i) its weight mg acting vertically downwards. 

(ii) the resistance mkv of the air acting vertically downwards. 

Accelerating force on the particle mkvmg −−=  

∴ By Newton’s second law, the equation of the motion of the particle is 

mkvmg
dx

dv
mv −−= kvg

dx

dv
v −−=⇒ .                                          (i) 

When the particle falls freely (under gravity), equation (i) becomes(changing  g  to g− ). 

kvg
dx

dv
v −= .                                                                                   (ii) 

When the particle attains the greatest velocity V, its acceleration is zero. 

∴ From (ii), 
V

g
kkVg0 =⇒−=  

Putting this value of k in (i), we have  

( )vV
V

g
v

V

g
g

dx

dv
v +−=−−= dx

V

g
dv

vV

v
−=

+
⇒ . 

Integrating, we get   cdx
V

g
dv

vV

v
+−=

+ ∫∫ cx
V

g
dv

vV

V
1 +−=









+
−⇒ ∫  

( ) cx
V

g
vVlogVv +−=+−⇒                                                    (iii) 

Initially, when x = 0,  Vv λ=  

From (iii), we have ( ) cVVlogVV =λ+−λ ( )[ ]λ+−λ=⇒ 1VlogVc  

Substituting the value of c in (iii),  ( ) ( )[ ]λ+−λ+−=+− 1VlogVx
V

g
vVlogVv      (iv) 

Let h be the greatest height attained by the particle, then x = h  when v = 0 

∴  From (iv), we have ( )[ ]λ+−λ+−=− 1VlogVh
V

g
VlogV  

( )[ ]Vlog1VlogVVh
V

g
−λ+−λ=⇒

( )
V

1V
logVV

λ+
−λ=  

( )[ ]λ+−λ=⇒ 1log
g

V
h

2

, Ans. 

which is the required greatest height attained by the particle. 
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Q.No.3.:    [Resisted vertical motion] 

A body of mass m, falling from rest, is subject to the force of gravity and an air resistance 

proportional to the square of the velocity (i.e. 
2kv ). If it falls through a distance x and 

possesses a velocity v at that instant, prove that 
22

2

va

a
log

m

kx2

−
= , where 

2kamg = . 

Sol.: The forces acting on the body are  

(i) its weight ‘mg’ acting vertically downwards. 

(ii) The resistance ‘
2kv ’ of the air acting vertically upward. 

Accelerating force on the body ( )2 2 2 2 2mg kv ka kv k a v .= − = − = −         [ ]2kamg =∵  

If the body be moving with the velocity ‘v’ after having fallen through a distance ‘x’, 

then its equation of motion is 

( )2 2dv
mv k a v

dx
= − .         

  
2 2

v k
dv dx

a v m
⇒ =

−
     (i) 

Integrating on both sides, we get  

 cdx
m

k
dv

va

v
22

+=
−

∫∫
 
⇒ cx

m

k
dv

va

v2

2

1
22

+=
−

−
− ∫  

( ) cx
m

k
valog

2

1 22 +=−−⇒         (ii) 

Initially, when x = 0,  v = 0       ∴  (ii) ⇒  calog
2

1 2 =−  

∴ From (i), we have  

   ( ) 222 alog
2

1
x

m

k
valog

2

1
−=−−  

( )222 valogalog
m

kx2
−−=⇒ 














−
=⇒

22

2

va

a
log

m

kx2
.  

Hence proved. 

Q.No.4.:      A paratrooper and his parachute weight 50 kg. At the instant parachute  

                      opens, he is traveling vertically downward at the speed of 20 m/s. If the air  

                      resistance varies directly as the instantaneous velocity and it is 20 Newtons  
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                      when the velocity is 10m/s, find the limiting velocity, the position and the  

                      velocity of the paratrooper at any time t.                             

Sol.: Let v m/s be the velocity of the paratrooper t seconds after the parachute opens. The 

forces acting on the paratrooper are 

(iii) its weight 50 kg acting vertically downwards. 

(iv) the resistance kv of the air acting vertically upwards. 

Accelerating force ( )Nkv50 −= . 

∴ By Newton’s second law, the acceleration force is   
dt

dv

g

50

dt

dv

g

W

dt

dv
m == . 

∴ The equation of motion is kv50
dt

dv

g

50
−= .                                                            (i) 

When v = 10 m/s, the air resistance kv = 20 N. 

2k2010.k =⇒=∴  

Substituting the value of k in (i), we have  

v250
dt

dv

g

50
−= dt

25

g

v25

dv
=

−
⇒ . 

Integrating, we get  ( ) c
25

gt
v25log +=−− .                                                                (ii) 

When  t = 0,  v = 25        5logc −=∴ . 

Substituting the value of c in (ii),  we get ( ) 5log
25

gt
v25log −=−−  














−=⇒=

−
⇒−=

−
⇒

−−
25

gt

25

gt

e55ve
5

v25

25

gt

5

v25
log , Ans.                           (iii) 

which gives the velocity of paratrooper at time t. 

The limiting velocity is the velocity when ∞→t . 

∴ From (ii), the limiting velocity s/m  25= . 

∴ From (iii), we have 













−=

−
25

gt

e55
dt

dx
dte55dx 25

gt














−=⇒

−
. 
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Integrating, we get  ce
g

25
t55x 25

gt

′+












+=

−
.                                                         (iv) 

Initially, when t = 0,   x = 0              
g

125
c −=′∴  

Substituting the value of  ' c  in (iv), we get 














−−=

−
25

gt

e1
g

125
t25x , Ans. 

which is the position of the paratrooper at any time t. 

Q.No.5.:     Velocity of escape from the earth 

Determine the least velocity with which a particle must be projected vertically upwards 

so that it does not return to the earth. Assume that it is acted upon by the gravitational 

attraction of the earth only. 

or 

Find the initial velocity of a particle which is fired in radial direction from the earth’s 

centre and is supposed to escape from the earth. Assume that it is acted upon by the 

gravitational attraction of the earth only. 

Sol.: Let r be the variable distance of the particle from the earth’ centre.     

By Newton’s law of gravitation, the acceleration a of the particle is proportional to 
2r

1
 . 

2rdr

dv
va

µ
−==∴                 (i) 

where v is the velocity of the particle when its distance from the earth’s centre is r. 

On the surface of the earth, r = R, the radius of earth and ga −= . 

2

2
gR

R
g =µ⇒

µ
−=−∴  

∴ From (i),    
2

2

dv gR
v

dr r
= −

 

Separating the variables, we get
    

2

2

gR
vdv dr.

r
= −
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Integrating, we get  c
r

dr
gRvdv

2

2 +−= ∫∫
 

                               
c

r

gR

2

v 22

+=⇒
 

                              
c2

r

gR2
v

2
2 +=⇒       (ii) 

Let 0v be the velocity of projection from the surface of the earth. 

Then  0vv =    when   r = R. 

∴ From (ii),     c2gR2v2
0 += .                                (iii) 

Subtracting (iii) from (ii) [to eliminate c], we get 

gR2
r

gR2
vv

2
2
0

2 −=− ( )gR2v
r

gR2
v 2

0

2
2 −+=⇒  

The particle will never return to earth if its velocity v during ascent remains positive.  

When v vanishes, the particle stops and the velocity will change from positive to negative 

and particle returns to the earth. 

Now, as the particle rises upwards, 
r

gR2 2

 goes on decreasing.  

The velocity will remain positive if 0gR2v2
0 ≥− . i.e. if gR2v0 ≥ . 

∴ The least velocity of projection gR2v0 = . 

A particle projected with this velocity will never return to the earth, i. e. will escape from 

the earth. This velocity is called the velocity of escape from the earth. 

 

Q.No.6.:    Motion of a boat across stream 

                   A boat is rowed with a velocity u across a stream of width a. If the velocity of  

                   current is directly proportional to the product of the distances from the two  

                   banks, find the equation of the path of the boat and the distance down stream  

                   to the point where it lands. 

Sol.: Let the point from where the boat starts be taken as the origin O and the axis as 

shown in the figure. At any time t, let the boat be at P(x, y), then its distances from the 

two banks are y and ( )ya − . 
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dt

dx
= velocity of the current ( )yaky −= ,      

dt

dy
= velocity of the boat = u 

( )yaky

u

dt

dx

dt

dy

dx

dy

−
=+=∴                                                      (i) 

This is the direction of the resultant velocity of the boat at P and hence the direction of 

the tangent to the path of the boat at P. 

From (i),  ( ) dx
k

u
dyyay =− . 

Integrating, we get  cx
k

u

3

y

2

ay 22

+=− . 

When   x = 0,  y = 0, so that c = 0. 

∴ The equation of the path of the boat is ( )y2a3y
u6

k
x 2 −= .                  (ii) 

The distance down-stream to the point where the boat lands, is obtained by putting y = a 

in (ii). 

Thus 
u6

ka
x

3

= , Ans. 

Which is the required distance AB, down stream where the boat lands 

Q.No.7.:    Atmospheric Pressure 

                    Find the atmospheric pressure p kg/ 2m at a height z meters above the sea- 

                    level. 

or 

                    Find the atmospheric pressure bpℓ per feet at a height z feet above the sea  

                    level, both when the temperature is constant and variable. 

Sol.: Consider a vertical column of air of unit cross-section. Let an element of this 

column  be bounded by two horizontal planes at height z and zz δ+  above the sea level. 

Let p and pp δ+  be the pressure at heights z and zz δ+  respectively. Let ρ  be the 

average density of the element. 

The thin column zδ  of air is in equilibrium under the action of forces (i) p kg upward,  

(ii) ( )δ+p kg downwards,  (iii) the weight z g δρ kg downwards. 
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zgppp δρ+δ+=∴ g
z

p
0zgp ρ−=

δ

δ
⇒=δρ+δ⇒ . 

Taking the limit as 0z →δ , we have g
dz

dp
ρ−= ,                                      (i) 

which is the differential equation giving atmospheric pressure at any height z. 

Now, we discuss equation (i) under two assumptions: 

(i) when the temperature is constant. 

(ii) When the temperature varies. 

Case 1. When the temperature is constant. 

By Boyle’s Law, 
k

p
kp =ρ⇒ρ= . 

Substituting this value of ρ  in (i), we get dz
k

g

p

dp

k

pg

dz

dp
−=⇒−=  

Integrating, we get  cdz
k

g

p

dp
+−= ∫∫ cz

k

g
plog +−=⇒                       (ii) 

At the sea-level, z = 0,  0pp =   (say), then 0plogc =  

∴ From (ii), 0plogz
k

g
plog +−= z

k

g

p

p
log

p

−=⇒  

k

gz

0epp
−

=∴ . Ans. 

Case I1. When the temperature varies. 

Let 
nkp ρ= ,  1n ≠   or   

n/1

k

p








=ρ . 

Substituting this value of ρ  in (i), we get 

n/1

k

p

dz

dp








−=  

dzgkdpp n

1

n

1
−−

−=⇒  

Integrating, we get cdzgkdpp n

1

n

1

+−= ∫∫
−−

czgkp
1n

n
n

1

n

1
1

+−=
−

⇒
−−

.           (iii) 

At the sea-level, z = 0,  0pp =   (say), then   n

1
1

0p
1n

n
c

−

−
= . 
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∴ From (iii), n

1
1

0
n

1

n

1
1

p
1n

n
zgkp

1n

n −−−

−
+−=

−
 

z.gkpp
1n

n
n

1

n

1
1

n

1
1

0

−−−
=














−

−
⇒ . Ans. 

Q.No.8.:    Rotating cylinder containing liquid 

                    A cylindrical tank of radius r is filled with water. When the tank is rotated  

                    rapidly about its axis with angular velocity ω , centrifugal force tends to  

                    drive the water outwards from the centre of the tank. Under steady  

                    conditions of uniform rotation, find the equation of the curve in which the 

                    free surface of the water is intersected by a plane through the axis of the  

                    cylinder. 

or 

                     A cylindrical tank of radius r is  filled with water to a depth h. When the  

                     tank is rotated with angular velocity ω  about its axis, centrifugal force tends  

                     to drive the water outwards from the centre of the tank. Under steady  

                     conditions of uniform rotation, show that the section of the water by a plane  

                     through the axis, is the curve h
2

r
x

g2
y

2
2

2

+













−

ω
= . 

Sol.: Consider a particle of mass m at the point P(x, y) on the plane curve cut out of the 

surface by an axial section. The forces acting on the particle are: 

(i) the weight mg acting vertically downwards. 

(ii) The centrifugal force xm 2ω  acting horizontally outwards. 

Since the motion is steady, P cannot move either up or down the surface of the water. 

Thus P moves just on the surface of the water and, therefore, there is no force along the 

tangent to the curve. The resultant R of mg and xm 2ω is along the outward normal to the 

curve, 

From the figure, mgcosR =ψ  and xmsinR 2ω=ψ  

g

x

mg

xm
tan

dx

dy 22 ω
=

ω
=ψ=∴ ,                                                       (i) 
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which is the differential equation of the surface of the rotating liquid. 

From (i), dx
g

x
dy

2ω
=  

Integrating, we get  cxdx
g

dy
2

+
ω

= ∫∫ c
g2

x
y

22

+
ω

=⇒            (ii) 

To determine c, we use the fact that the volume of the liquid remains the same before and 

after rotation. 

Thus the shaded area in the two figures remain the same. 

Now, the shaded area in non-rotational case rh2= . 

Also, the shaded area in rotational case ydx2
r

0∫=













+

ω
= ∫ c

g2

x
2

22
r

0 












+

ω
= cr

g2

r
2

32

 

rh2cr
g6

r
2

32

=













+

ω
∴

g6

r
hc

22ω
−=⇒  

∴ From (ii), we have 
g6

r
h

g2

x
y

2222 ω
−+

ω
= h

3

r
x

g2
y

2
2

2

+













−

ω
=⇒ ,  

which is the required equation of the curve. 

Q.No.9.:    Discharge of water through a small hole 

                   If the velocity of flow of water through a small hole is gy26.0  where g is  

                   the gravitational acceleration and y is the height of water level above the  

                   hole, find the time required to empty a tank having the shape of a right  

                   circular cone of base radius a and height h filled completely with water and  

                   having a hole of area 0A  in the base. 

Sol.: A any time t, let the height of the water level be y and radius of its surface be r so 

that 

( )
h

yh
ar

a

h

r

yh −
=⇒=

−
 

∴ Surface area of the liquid 

2
22

h

y
1ar 








−π=π=  

Volume of water drained through the hole per unit time  
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          ( ) 00 Ay8.4Agy26.0 ==              [ ]32g =∵  

∴ Rate of fall of liquid level 

2
2

0
h

y
1ayA8.4 








−π+=

2
2

0

h

y
1

yA8.4

dt

dy









−π

−=⇒      

                                            [Negative is taken since the water level decreases] 

Hence time to empty the tank (= t) 

              dy
yA8.4

h

y
1a

0

2
2

0

h









−π

−= ∫ dy
h

y

h

y2
y

A8.4

a
2

2/32/1
2/1h

0
0

2














+−

π
= −

∫  

              

h

0

2/5

2

2/32/1

0

2

y
h5

2
y

h3

4
y2

A8.4

a
+−

π
=

0

2

A

h
a2.0 π= . Ans. 

Q.No.10.: A particle of mass m moves under gravity in a medium whose resistance is k  

                  times its velocity, where k is a constant. If the particle is projected vertically  

                 upwards with a velocity v, show that the time to reach the highest point is           

                 







+

mg

kv
1log

k

m
e . 

Sol.: Let u be the velocity of the particle at time t. The forces acting on the particle are: 

(v) its weight mg acting vertically downwards. 

(vi) the resistance ku of the air acting vertically downwards. 

Accelerating force on the particle kumg −−=  

∴ By Newton’s second law, the equation of the motion of the particle is 

kumg
dt

du
m −−= dtu

m

k
gdu 








+−=⇒ dt

u
m

k
g

du
−=









+

⇒ .                                (i) 

Integrating (i) both sides, we get 

ctu
m

k
glog

k

m
+−=








+ .                                              (i) 

When  t = 0,   u = v        ∴  (i) ⇒ cu
m

k
glog

k

m
=








+ . 

Putting the value of c in (i), we get 
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







++−=








+ v

m

k
glog

k

m
tu

m

k
glog

k

m
ee 








++−=








+⇒ v

m

k
glog

m

kt
u

m

k
glog ee  









++














=








+⇒

−
v

m

k
glogelogu

m

k
glog e

m

kt

ee






















+














=








+⇒

−
v

m

k
gelogu

m

k
glog m

kt

ee 







+=








+⇒

−
v

m

k
geu

m

k
g m

kt

 














−







+=⇒

−
gv

m

k
ge

k

m
u m

kt

. 

At maximum height u = 0. 

gv
m

k
ge m

kt

=







+

−









+

=⇒
−

m

kv
g

g
e m

kt

 



















+

=−⇒

m

kv
g

g
logt

m

k
e



















+

−=⇒

m

kv
g

g
log

k

m
t e  

∴ The magnitude of tine required is  



















+

=

m

kv
g

g
log

k

m
t e , Ans. 

which is the time to reach the highest point. 

Q.No.11.: A body of mass m falls through a medium that opposes its fall with a force  

                  proportional to the square of its velocity so that its equation of motion is  

                 
2

2

2

kvmg
dt

xd
m −= , v = xɺ  , where x is the distance of fall and v is the velocity.  

                 If, at  t = 0, x = 0 and v = 0, find the velocity of the body and the distance it has  

                 fallen in t seconds. 

Sol.: Given 2

2

2

kvmg
dt

xd
m −= 2kvmg

dt

dv
m −=⇒

m

kv
g

dt

dv 2

−=⇒  
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dt

m

kv
g

dv

2
=














−

⇒ .                                                        (i) 

Integrating (i) both sides, we get 

c

v
m

k
gv

m

k
g

dv
t +











−










+

= ∫ c

v
m

k
gv

m

k
g

v
m

k
gv

m

k
g

g2

1
+











−










+











−+










+

= ∫  

   c

m

k

v
m

k
glog

m

k

v
m

k
glog

g2

1
+































+

+

−











−

=  

c

v
m

k
g

v
m

k
g

log
gk2

m
t +



















−

+

=⇒  

But at t = 0,    c = 0. 



















−

+

=∴

v
m

k
g

v
m

k
g

log
gk

m

2

1
t



















−

+

=⇒

v
m

k
g

v
m

k
g

e m

gk
t2

 

By componendo and dividendo, we get 

g2

v
m

k
2

1e

1e

m

gk
t2

m

gk
t2

=

+

−
v.

mg

kv
t

m

gk
tanh =










⇒  











=∴ t

m

gk
tanh

k

mg
v 










=⇒ t

m

gk
tanh

k

mg

dt

dx
, Ans. 

which is the required velocity of the body in t seconds. 

Now, integrating again, we get 
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cdtt
m

gk
tanh

k

mg
dx +










=⇒ ∫∫    

cdt

ee

ee

k

mg
x

t 
m

gk
t 

m

gk

t 
m

gk
t 

m

gk

+

+

−
=∴

−

−

∫ c

m

gk

ee
log

k

mg
t 

m

gk
t 

m

gk

+
+

=

−

 

        ceelog
k

m t 
m

gk
t 

m

gk

+
















+=
−

. 

At  t = 0,   x = 0 

2log
k

m
cc2log

k

m
0 −=⇒+=∴ . 

2log
k

m
eelog

k

m
x

t
m

gk
t

m

gk

−
















+=
−



















+
=

−

2

ee
log

k

m
t

m

gk
t

m

gk

 



















+
=

−

2

ee
log

k

m
x

t 
m

gk
t 

m

gk

, Ans. 

which is the required distance in t seconds. 

Q.No.12.: A body of mass m falls from rest under gravity in a field whose resistance is  

                  mk times the velocity of the body. Find the terminal velocity of the body and  

                  also the time taken to acquire one half of its limiting speed. 

Sol.: Let v be the velocity of the body at time t. The forces acting on the body are: 

(i) its weight mg acting vertically downwards. 

(ii) the resistance mkv of the medium acting vertically downwards. 

Accelerating force on the body mkvmg −−=  

∴ By Newton’s second law, the equation of the motion of the particle is 

mkvmgma −−= kvga −=⇒ , 

when body falls with terminal velocity its acceleration is zero 
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k

g
vgkv0kvga =⇒=⇒=−=∴ , Ans. 

which is the required terminal velocity. 

When the velocity of the body reaches to half of the terminal velocity, then time can be 

found by solving the differential equation under appropriate limits. 

( )
dt

kvg

dv
kvg

dt

dv
=

−
⇒−= . 

Integrating both sides and the limits of v varies from 
k2

g
0 →  and time t varies from 

t0 → , we get 

( )
dt

kvg

dv
t

0

k2

g

0

∫∫ =
−

( ) tkvglog
k

1 k2

g

0

=−−⇒ tglog
k

1

k2

kg
glog

k

1
=+
















−−⇒  

tglog
k

1

2

g
log

k

1
=+





−⇒ tglog

k

1
2log

k

1
glog

k

1
=++−⇒  

2log
k

1
t =⇒ .  

Hence time taken to acquire one half of its limiting speed is 2log
k

1
. Ans. 

Home Assignments 
Q.No.1.: A particle is projected with velocity v along a smooth horizontal plane in the  

                medium whose resistant per unit mass is µ  times the cube of the velocity.  

                Show that the distance it has described in time t is 




 −µ+

µ
1tv21

v

1 2
. 

Sol.: 

Q.No.2.: When a bullet is fired in a sand tank, its retardation is proportional to the square  

                 root of its velocity. How long will it take to come to rest if it enters the sand  

                 bank with velocity 0v ? 

Sol.: 

Q.No.3.: A particle of mass m is attached to the lower end of the light spring (upper end  
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                is fixed) and is released. Express the velocity v as the function of the stretch x  

                feet. 

Sol.: 

Q.No.4.: A chain coiled up near the edge of a smooth table just start to fall over the edge.  

               The velocity v when a length x has fallen is given by gxv
dx

dv
xv 2 =+ . Show         

                that 







=

3

x
8v  ft./sec. 

Sol.: 

Q.No.5.: A toboggan weighing b 200 ℓ , descends from rest on a uniform slope of 5 in 13  

               which is 15 yards long. If the co-efficient of friction is 
10

1
 and the air resistance  

               varies as the square of the velocity and is b  3 ℓ  weight when the velocity is 10  

               ft/sec.; prove that its velocity at the bottom is 38.6 ft/sec and show that however  

               long, the slope is the velocity can not exceed 44 ft/sec. 

Sol.: 

Q.No.6.: Show that a particle projected from the earth’s surface with a velocity of 7  

                miles/sec. will not return to the earth.[ taking earth’ radius = 3960 miles and  

                
2sec/ft17.32g = . 

Sol.: 

Q.No.7.: A cylindrical 1.5 m. high stands on its circular base of diameter 1 m. and is  

                  initially filled with water. At the bottom of the tank there is a hole of diameter  

                  1 cm., which is opened at some instant, so that the water starts draining under  

                  gravity. Find the height  of water in the tank at any time t sec. Find the time  

                  which the tank is one-half full, one-quarter full, and empty. 

Sol.: 

Q.No.8.: The rate at which water flows from a small hole at the bottom of a tank is  

                  proportional to the square root of the depth of the water. If half the water  

                  flows from the cylindrical tank (with vertical axis) in 5 minutes, find the time  

                  required to empty the tank. 

Sol.: 
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Q.No.9.: A conical cistern of height h and semi-vertical angle α is filled with water and                                   

                  is held in vertical position with vertex downward. Water leaks out from the              

                 bottom at the rate of 2kx  cubic cms per second, k is a constant and x is the        

                 height of water level from the vertex. Prove that the cistern will be empty in   

                
( )

k

tanh
2 απ

 seconds. 

Sol.: 

Q.No.10.: Up to a certain height in the atmosphere, it is found that the pressure p and the  

                 density ρ  are connected by the relation ( )1n  kp n >ρ= . If this relation  

                 continued to hold up any height, show that the density would vanish at a finite  

                 height. 

Sol.: 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Simple Electric Circuits: 

As we know heat flows from one point to the other due to a temperature 

difference.  

Electric current flows due to a difference in the electric potential or voltage 

measured in volts (v). Electric current is a flow of charges, measured in amperes (A).  

Electric current: 

 Electric current means, a flow of electric charge (a phenomenon) or the rate of 

flow of electric charge (a quantity).  

This flowing electric charge is typically carried by moving electrons, in a conductor such 

as wire; in an electrolyte, it is instead carried by ions, and, in a plasma, by both.  

The SI unit for measuring the rate of flow of electric charge is the ampere, which is 

charge flowing through some surface at the rate of one coulomb per second.  

Electric current is measured using an ammeter. 
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An electric circuit consists of a source of electric energy (electromotive force) and 

elements such as resistors, inductors or voltage and capacitors.  

A mathematical model of an electric circuit is represented by linear (first or 

second order) differential equations.  

Formation of Equation: 

To form such an equation, the following relationships are needed: 

1. The voltage drop ER across a resistor is proportional to the instantaneous current 

I(t) through it: 

RIER =  (Ohm’s law)        (i) 

Here t is time and the constant of proportionality R is known as the resistance of 

the resistor, measured in ohms ( )Ω . Resistor uses (consumes) energy.  

2. The voltage drop EL across an inductor is proportional to the instantaneous time 

rate of change of the current: 

dt

dI
LEL = .                (ii) 

Here the constant of proportionality L is known as inductance of the inductor and 

is measured in henrys (H).  

3. The voltage drop Ec across a capacitor is proportional to the instantaneous 

electric charge Q on the capacitor 

Q
c

1
Ec = .                (iii) 

Here c is called the capacitance and is measured in farads (F). The charge Q is 

measured in coulombs.  

Since current is the time rate of change of charge, 

dt

dQ
)t(I = .          (iv) 

Equation (iii) may be written as  

( )
0

t

c

t

1
E I t dt

c
= ∫ .        (v) 

To determine the current I(t) in an electric circuit, a differential equation is formed using 

the Kirchoff’s law (KVL) which states that “the algebraic sum of all the instantaneous 
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voltage drops around any closed loop is zero or the voltage impressed on a closed loop 

is equal to the sum of the voltage drops in the rest of the loop”.  

[Gustav Robert Kirchoff (1824-1887), German Physicist] 

Consider two simple cases of series or one-loop electric circuits.   

RL-Circuit 

By (i), the voltage drop across the resistor is RL by (ii), the voltage drop across the 

inductor is 
dt

dI
L .  

Now applying Kirchoff’s law to the RL-circuit, the sum of the two voltage drops must be 

equal to electromotive force E(t).  

Thus, the current I(t) in the RL-circuit is determined by the first order linear differential 

equation. 

( )tERI
dt

dI
L =+ .               (vi) 

Rewriting (vi), we get 

L

)t(E
I

L

R

dt

dI
=+ . 

This is a Leibnitz’s Linear equation.   

Integrating factor = t
t

L

R

L

R

eedte α==
∫

, where 
L

R
=α  . 

Then, the general solution of (vi) is 

( )
( )

cdte.
L

tE
e.tI

tt += αα
∫ ( )

( )






+=⇒ αα−

∫ cdte.
L

tE
etI tt .        (vii) 

Case (a):  

Suppose E = E0 = constant.  

Then (vii) becomes  

( )
( )

( )
t

t t t t0 0
E t E Ee

I t e .e dt c I t e . c ce
L L R

α
−α α −α −α
   

= + ⇒ = + = +   
α  

∫ .   (viii) 

As ∞→t , ( ) 0
E

I t constant
R

→ = .   
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Here 
α

=
1

R

L
 is known as inductive time constant. 

Case (b):  

Suppose tsinEE 0 ω= .   

Then (vii) becomes   

( )
( )

( )t t t t0
E t E

I t e .e dt c I t e e sin tdt c
L L

−α α −α α
   

= + ⇒ = ω +     
∫ ∫ , 

( )
( )

at
at

2 2

e
e sin btdt a sin bt bcos bt

a b

 
 = −

+  
∫∵ , 

( ) 







ωω−ω














ω+

+=⇒
−

tcos.tsin
L

R

L

R
L

E
cetI

2

2

2

0
t

L

R

 

( ) ( )tcos.LtsinR
LR

E
cetI

222

0
t

L

R

ωω−ω
ω+

+=⇒
−

 

Using ( )θ±+=+ xsinbaxsinbxcosa 22 , where 
b

a

cos

sin
tan ±=

θ

θ
=θ . 

The trigonometric terms can be expressed in phase angle from as  

( )θ−ω

ω+

+= tsin

LR

E
ce)t(I

222

0
t

L

R

,            (ix) 

where 
g

L
tan 1 ω

=θ − .  

The current I in (ix) is expressed as the sum of an exponential and sinusoidal terms.  

As ∞→t , the first term tends to zero. It is known as the transient term.  

The second sinusoidal term corresponds to the steady-state, which is free of te− . The 

period is 
ω

π2
 and phase is θ . The steady state solution is permanent, periodic and has the 

same period as that of the applied external force. 

Case (c):  

Suppose tcosEE 0 ω= .  
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Then (vii) becomes 

 ( )
( )

( )t t t t0
E t E

I t e .e dt c I t e e cos tdt c
L L

−α α α α
   

= + ⇒ = ω +     
∫ ∫ . 

( )
( )

at
at

2 2

e
e cos btdt a cos bt bsin bt

a b

 
 = +

+  
∫∵  

( )tsin.L.tcosR
LR

E
ce)t(I

222

0
t

L

R

ωω+ω
ω+

+=⇒
−

. 

Using ( )θ±+=+ xcosbaxsinbxcosa 22 , where 
a

b

cos

sin
tan ∓=

θ

θ
=θ . 

We have 

( ) ( )θ−ω

ω+

+=
−

tcos

LR

E
cetI

222

0
t

L

R

,             (x) 

where 
R

L
tan

1 ω
=θ −

. 

RC-Circuit: 

Using (i), (v) and Kirchoff’s law, we get the integro-differential equation. 

( ) ( )tEdttI
c

1
RI =+ ∫ , 

which on differentiation reduces to 

dt

dE
I

c

1

dt

dI
R =+                (xi) 

dt

dE

R

1
I

Rc

1

dt

dI
=+⇒ . 

This is a first order linear differential equation with integrating factor  cR

1
dt

cR

1

ee =
∫

. 

The general solution of (xi) is 

( )
1 1

cR cR
1 dE

I t .e .e .dt c
R dt

= +∫ ( )
1 1

cR cR
1 dE

I t e .e .dt c
R dt

−  
⇒ = + 

 
∫ .                           (xii) 

Case (a):  

Suppose E = E0 = constant.  
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Then (xii) simplifies as  

( ) cR

1

cetI
−

= .              (xiii) 

Here RC is known as capacitive time constant of the circuit. 

Case (b):  

Suppose tsinEE 0 ω= . 

Then (vii) reduces to tcosE
dt

dE
0 ωω= . 

From (xii), we get 

tdtcos.E.e
R

1
ce)t(I 0

cR

1

cR

1

ωω+=
−−

∫  

       





ωω+ω

ω+








ω
+=

−
−

tsintcos
cR

1

cR

1

e

R

E
ce

2
2

cR

1

0cR

1

 

        
( )

[ ]tsin.Rctcos
cR1

cE
ce

2

0cR

1

ωω+ω
ω+

ω
+=

−

 

( )
[ ]θ−ω

ω+

ω
+=⇒

−

tsin
cR1

cE
ce)t(I

2

0cR

1

          (xiv) 

where 
Rc

1
tan

ω
−=θ .  

The first term which is transient tends to zero as ∞→t while the second sinusoidal term 

corresponds to steady state. 

Problems on RL-circuit 

Q.No.1.: Find the current at any time t > 0 in a circuit having in series a constant 

electromotive force (E) 40 V, a resistor (R) 10 Ω  and an inductor (L) 0.2 H, 

given that initial current is zero. Find the current when E(t) = t200cos150 . 

Sol.: Mathematical model:  

The current I(t) in the RL-circuit is determined by the first order linear differential 

equation. 
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( )tERI
dt

dI
L =+ . 

Case (a): L =0.2,  R = 10, E = 40,  so equation is 

40I10
dt

dI
2.0 =+ 200I50

dt

dI
=+⇒ . 

Solution: Its general solution is [Leibnitz’s linear equation in I] 

( ) c
50

e
.200cdte.200e.tI

t50
t50t50 +=+= ∫ ( ) [ ]ce4etI

t50t50 +=⇒ −
. 

At t = 0,  I = 0,   so  0 =  [4 + c]  4c −=⇒ .  

The current I(t) is given by ( )t50
e14)t(I

−−= . 

Case (b): E(t) 150cos 200tv= , so equation is  

t200cos750I50
dt

dI
=+ . 

Solution: The general solution is [Leibnitz’s linear equation in I] 

ctdt200cos.e750e).t(I
t50t50

+= ∫ ( )
( )t200sin200t200cos50

400002500

e
750c

t50

+
+

+=  

At t = 0,   I = 0 so 

c50
170

3
0 +=

17

15
c =⇒ . 

The current  I(t) is given by 

( ) ( ) t50
e

17

15
t200sin200t200cos50

170

3
tI

−
−+= . 

Q.No.2.:    A constant electromotive force E volts is applied to a circuit containing a  

                   constant resistance R ohms in series and a constant inductance L henries. If  

                   the initial current is zero, show that the current builds up to half its theoretical  

                   maximum in  
( )Llog 2

R
 seconds. 

Sol.: Let I be the current in the circuit at any time t. 

Mathematical model:  

The current I(t) in the RL-circuit is determined by the first order linear differential 

equation. 
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dI
L RI E

dt
+ = . 

Now 
dI dI R E

L RI E I
dt dt L L

+ = ⇒ + = .                                            (i) 

This is a Leibnitz’s linear differential equation.  

Its I.F. L

Rt
dt

L

R

ee =
∫

= . 

Solution: ∴The solution is  I.(I.F.) cdt.)F.I(
L

E
+= ∫  

Rt/L Rt /L Rt /LE E L
I.e .e dt c . e c

L L R
⇒ = + = +∫  

Rt/LE
I ce

R

−⇒ = + .                                                                                                          (ii) 

Initial value problem: Initially when t = 0,  I = 0      so that 
R

E
c −=  

Thus (ii) becomes, ( )Rt/LE
I 1 e

R

−
= −  .                                                                             (iii) 

This equation gives the current at any time t. 

Clearly, I increases as t increases.  

From (iii), theoretical maximum of I is 
E

I .
R

=
 

To show: The time, when the current builds up to half its theoretical maximum is  

                   
( )Llog 2

R
 seconds. 

This means that, we have to evaluate the time when current builds up to half its 

theoretical maximum. 

Let T be the time when the current builds up to half its theoretical maximum. 

Then  ( )
2

1
ee1

R

E

R

E
.

2

1 L/RTL/RT
=⇒−=

−−
2log

2

1
log

L

RT
−==−⇒  

( )
R

2logL
T =∴ . Ans. 

Q.No.3.:    Show that the differential equation for the current I in an electric circuit  

                   containing an inductance L and a resistance R in series and acted on by an  
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                   electromotive force tsinE ω  satisfy the equation 
dI

L RI Esin t
dt

+ = ω .  

                   Find the value of the current at any time t, if initially there is no current in the  

                   circuit. 

Sol.: Mathematical model:  

The current I(t) in the RL-circuit is determined by the first order linear differential 

equation. 

dI
L RI E

dt
+ = . 

In this problem, we have given sum of the voltage drop across R and L is Esin tω . 

dI
L RI Esin t.

dt
+ = ω  

This is the required differential equation which can be written as 
dI R E

I sin t
dt L L

+ = ω . 

This is a Leibnitz’s equation.  

Its I. F. L

Rt
dt

L

R

ee =
∫

= . 

Solution: ∴The solution is  I.(I. F.) cdt.)F.I.(tsin
L

E
+ω= ∫  

Rt/L Rt /LE
Ie e sin tdt c

L
⇒ = ω +∫ c

R

L
tantsin

L

R

e

L

E 1

2
2

L/Rt

+






 ω
−ω














ω+





















= −  

( )
( ) Rt /L

2 2 2

E
I sin t ce

R L

−⇒ = ω − ϕ +
+ ω

   where 
R

L
tan

ω
=φ .                                      (i) 

Initial value problem:  

Initially when t = 0, I = 0.          
( )

( )
c

LR

sinE
0

222
+

ω+

φ−
=∴

( )222 LR

sinE
c

ω+

φ
=⇒  

Thus (i) takes the form 
( )

( ) ( )
Rt/L

2 2 2 2 2 2

Esin t Esin
I .e

R L R L

−
ω − ϕ ϕ

= +
+ ω + ω
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( )
Rt /L

2 2 2

E
I sin t sin .e

R L

− ⇒ = ω − ϕ + ϕ 
+ ω

, which gives the current at any time t. 

Problems on RC-Circuit 

Q.No.4.: The equation of the electromotive force in terms of current I for an electrical  

                circuit having resistance R and a condenser of capacity C, in series, is  

                
I(t)

E RI dt
C

= + ∫ . Find the current I at any time t, when  tsinEE 0 ω= . 

Sol.: Mathematical model:  

The current I(t) in the RC-circuit is determined by the first order linear differential 

equation. 

I(t)
RI dt E

C
+ =∫ . 

Now here given equation can be written as 0

I(t)
RI dt E sin t

C
+ = ω∫ . 

Differentiating both sides w. r. t. t, we get  

0

dI I
R E cos t

dt C
+ = ω ω 0EdI I

cos t
dt RC R

ω
⇒ + = ω .                                                         (i) 

which is Leibnitz’s linear equation. 

Its I.F. 
1 t

dt
RC RCe e

∫
= = . 

Solution: ∴The solution of (i) is  

t /RC t/RC t /RC0 0E E
I.e cos t.e dt k e cos tdt k

R R

ω ω
= ω + = ω +∫ ∫  

             
t /RC

10

2

2

E e
. cos t tan k

1R 1
RC

RC

−

 
 ω ω

= ω − + 
  

+ ω   
 

 

                                           



















−

+
= −

∫ a

b
tanbxcos

ba

e
bxdxcose 1

22

ax
ax

∵  

              ( ) ktcose
CR1

CE RC/t

222

0 +φ−ω
ω+

ω
=  ,    where ω=φ RCtan  
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( ) t /RC0

2 2 2

CE
I cos t ke

1 R C

−ω
⇒ = ω − ϕ +

+ ω
, which gives the current at any time t. 

Q.No.5.: A capacitor C = 0.01 F in series with a resistor R = 20 Ohms is charged from a 

battery E0 = 10V. Assuming that initially the capacitor is completely uncharged. 

Determine the charge Q(t), voltage V(t) on the capacitor and the current I(t) in 

the circuit. 

Sol.: Given: Capacitor C = 0.01 F, Resistor R = 20 Ohms, E0 = 10V. 

Mathematical model:  

The current I(t) in the RC-circuit is determined by the first order linear differential 

equation. 

I
RI dt E

C
+ =∫ . 

But Q Idt= ∫ . i.e. 
dQ

I
dt

= . 

Thus, the above first order linear differential equation becomes  

dQ Q
R E

dt C
+ =

  

dQ Q
20 10

dt 0.01
⇒ + =

   

                          
5.0Q5

dt

dQ
=+⇒

 

which is Leibnitz’s linear differential equation. 

Solution: The general solution is c
5

e
.5.0dte5.0e.Q

t5
t5t5 +== ∫  

t5
ce1.0Q

−
+=⇒ . 

Initial value problem:  

At t = 0,  Q = 0    so 0 = 0. 1 + c 1.0c −=⇒ . 

Thus the charge ( )5tQ(t) 0.1 1 e−= − . 

Voltage 
( ) ( )

( )
5t

t
0.1 1 eQ t

V(t) 10 1 e
C 0.01

−

−
−

= = = − . 

Current  I(t) =
t5

e5.0
dt

dQ −
= . 
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Home Assignments 
Q.No.1.: A generator having emf 100volts is connected bin series with a 10 ohm resistor 

and an inductor of 2 H. If the switch is closed at a time t = 0, determine the 

current at time  t > 0. 

Ans.: )e1(10I
t5−

−= . 

Q.No.2.: Solve the above example when the generator is replaced by on having an emf of 

t5cos20  volts. 

Ans.: 
t5et5sint5cosI −−+= . 

Q.No.3.: A decaying emf t5e200E −=  is connected in series with a 20 ohm resistor and 

0.01 farad capacitor. Find the charge and current at any time assuming Q = 0 at t 

= 0. Show that the charge reaches a maximum, calculate it and find the time 

when it reached. 

Ans.:
t5

te10)t(Q
−

= ,    
t5t5

te50e10)t(I
−−

−= . 

Maximum of 74.0~
c

2
e.

5

1
.10Q

1
==

−
 coulombs when 

5

1
t =  second 

Q.No.4.: Find the current I(t) in the RL-circuit with R = 10 Ohms,    L = 100 H,   E = 40 

Volts. when 100t0 ≤≤  and  E = 0   when  t > 100   and (I)  = 4. 

Ans.: I = 4,   when  100t0 ≤≤ ,   
10/t10ee.4I −=   when   t > 100. 

Q.No.5.: Find I(t)  in an RL-circuit with E = 10 V,  R = 5 Ohm,  ( )t10L −=  H, when 

10t0 ≤≤  sec. and L = 0 when  t > 10 sec and I(0) = 0. 

Ans.: ( )5
t1.0122I −−=   when  10t0 ≤≤ ,  when t  > 10,  I = 2. 

Q.No.6.: Solve the (RL-circuit) equation )t(ERI
dt

dI
L =+  when (a) ( ) 0EtE =  and the 

initial current is I0. (b). Solve the problem when L = 3 H, R = 15 ohm, emf is 

the 60 cycle sine wave of amplitude 110 volts and I(t = 0) = 0. 

Ans.: (a). ( ) ( ) L/Rt
0

L/Rt0 eIe1
R

E
tf −− +−=  
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(b). 
2

t5

5761

e24t120cos24t120sin
.

3

22
)t(I

π+

π+ππ−π
=

−

 

Q.No.7.: Solve the RC-circuit) equation E
c

Q

dt

dQ
R =+  with R = 10 Ohm,  310c −=  

farad and ( ) t120sin100tE π=  assuming Q(t = 0) = 0. Find I(t) given I(t = 0) =5. 

Ans.: ( )
( )

( ) 2

t100

2 3625

e3

36252

t120sin
tQ

π+

π
+

π+

φ−π
=

−

. 

Q.No.8.: Determine the current at time t > 0 in a series RL-circuit having an emf given 

by E(t) = tV40sin100 , a resistor of Ω10 and an inductor of 0.5 H given that initial 

current is zero. Find the period and the phase angle. 

Ans.: ( ) ( ) ,t20
e4t40cos2t40sin2tI

−
+−= . 

Period  = 
20

π
, Phase angle = 11.1−≈φ  

Q.No.9.:    Find    the current in    RC-circuit with R = 10,  c = 0.1,  ( ) t314sin110tE = ,  

I(0) = 0 

Ans.: )etsin314t314(cos035.0)t(I
t−

−+= . 

Q.No.10.: Determine the charge and current at time  t > 0 in a RC-circuit with R = 10,  

4102c −×= ,  E = 100 V given that Q(t = 0) = 0. 

Ans.: ( )
( )

50

e1
tQ

t500−−
= ,  

t500
e10)t(I

−
= . 

 

Q.No.11.: When a switch is closed in a circuit containing a battery E, a resistance R and  

                an inductance L, the current i builds up at a rate given by ERi
dt

di
L =+ . Find i   

                as a function of t. How long will it be, before the current has reached one-half   

                its final value if  E = 6 volts, R = 100 ohms and L = 0.1 henry ? 

Ans.: 

Q.No.12.: When a resistance R ohms is connected in series with an inductance L henries  

                with an e. m. f. of E volts, the current i amperes at time t is given by  
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               ERi
dt

di
L =+ . If tsin10E =  volts and i = 0 when t = 0, find I as a function of t. 

Ans.: 

Q.No.13.: A resistance R in series with inductance L is shunted by an equal resistance R  

               with capacity C. An alternating e. m. f.  ptsinE  produces currents 1i   and  2i  in  

               two branches. If initially there is no current, determine 1i   and  2i from the  

               equations ptsinERi
dt

di
L 1

1 =+   and  ptcospE
dt

di
R

C

i 22 =+ . Verify that if  

              LCR2 = , the total current 21 ii +  will be 
( )

R

ptsinE
. 

Ans.: 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

 


