—] —

1%* Topic

Partial Differential Equations

Formation of partial differential equations

Prepared by:
Prof. Sunil

Department of Mathematics & Scientific Computing

NIT Hamirpur (HP)
€3 r

PARTIAL DIFFERENTIAL EQUATIONS

INTRODUCTION:

Real world problems in general, involve functions of several (independent)
variables giving rise to partial differential equations more frequently than ordinary
differential equations. Thus, most problems in engineering and science reproduce with
first and second order linear non-homogeneous partial differential equations. Thus,
before discussing the methods of obtaining solutions, we will discuss some definitions,
how we can formulate partial differential equations and other related concepts.
PARTIAL DIFFERENTIAL EQUATION

A differential equation, which involves partial derivatives, is called a partial

differential equation.

2 2 2 3
For example, xg—i + yg—:’ =z, () sx—i +§y—§ =0, (i) and aaxi;ly = (auj (iii)

0z

are the partial differential equations.
Order of the differential equation:
The order of the partial differential equation is the order of the highest ordered
derivative appearing in the partial differential equation.
Degree of a partial differential equation:
The degree of a partial differential equation is the degree of the highest order

partial derivative occurring in the equation.
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Thus, equation (i) is of first order, equations (ii) and (iii) are of second order. The
degree of all above equations is one.
STANDARD NOTATION

If z is function of two independent variables x and y, then we shall use the
following standard notation for the partial derivatives of z:
oz _ 0z _ %z _ %z _ %z _
ox dy oxdy oy’

t.

b b b

ax2
FORMATION OF PARTIAL DIFFERENTIAL EQUATION:

Unlike the case of ordinary differential equations which arise from the elimination
of arbitrary constants; the partial differential equation can be formed either by the
elimination of arbitrary constants or by the elimination of arbitrary functions from a
relation involving three or more variables.

By elimination of arbitrary constants:

Let f(x,y,z,a,b)=0, (1)
be an equation involving two arbitrary constants a and b.
Differentiating this equation partially w.r.t. x and y, we get

of of oz

—+——=0,

ox 0dz dx

of of 0z
—_ + _ =
dy 0z dy

(i)
0. (iii)
By eliminating a, b from (i), (ii) and (iii), we get an equation of the form
f(x.y,2,p.q)=0, (iv)
which is a partial differential equation of the first order.

By elimination of arbitrary functions:

(a) One arbitrary function:

Consider z =f(u), (1)
where f(u) is an arbitrary function of u and u is a given (known) function of x, y, z.

ie. u=ulx,y,z).

Differentiating (i) partially w.r.t. X and y by chain rule, we get



Partial Differential Equations: Definitions, Formation of PDE 3

For Video Lecture, Visit: https://youtu.be/PWobEwMvXZc

az_afa_u of du oz

= (i)

X Oudx Ouodzox
az_afa_u of du 9z

ol ou oz (111)

E_ﬁafau 0z dy

By eliminating the arbitrary function f from (i), (ii) and (iii), we get an equation a partial

differential equation of the first order.

(b) Two arbitrary functions:

Differentiating twice or more, the elimination process results in a partial

differential equation of second or higher order.

Always remember:

If the number of arbitrary constants to be eliminated is equal to the number of
independent variables, then the partial differential equations that arise are of the
first order.

If the number of arbitrary constants to be eliminated is more than the number of
independent variables, then the partial differential equations obtained are of second
or higher order.

If the partial differential equation is obtained by elimination of arbitrary functions,
then the order of the partial differential equation is, in general, equal to the number of
arbitrary functions eliminated.

When n is number of arbitrary functions, one may get several partial differential

equations. But generally the one with the least order is chosen.

The method is best illustrated by the following problems:

Q.No.1.: Form partial differential equations from the following equations by eliminating

the arbitrary constants:

(i) z=ax +by+ab, (i) z=ax+a’y’ +b,
y y
2 2 2 2 2
. X y X y© oz
(iii) z = x> +a y2+b , (iv) 2z="+1-, (v) =+ +==1.
( x ) a2 b2 a2 b2 Cz

Sol.: (i). Given z = ax +by+ab.

Here the number of arbitrary constants is equal to the number of independent variables.
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Differentiating z partially w. r. t. X and y, we get
0z 0z _

=—=a,q=—-=D.
ox a ay

p

Substituting for a and b in the given equation, we get

z=px+qy+pq,

which is the partial differential equation of the first order.

(ii). Given z = ax + azy2 +b.

Here the number of arbitrary constants is equal to the number of independent variables.
Differentiating z partially w. r. t. X and y, we get

0z 0z _

=—= == =2a%.
0x ay Y

p

9

Eliminating a between these result, we get

q=2p,

which is the partial differential equation of the first order.

(iii). Given z = (x> +a)y2 +b).

Here the number of arbitrary constants is equal to the number of independent variables.

Differentiating z partially w. r. t. X and y, we get

0z . 0z ..
p=—= 2x(y2+b)’ (1) q=—-= 2y(X2+a). (ll)
ox dy
Multiplying (i) and (ii), we get
pq = 4xy(x2 + aXy2 +b):> pq = 4xyz,
which is the partial differential equation of the first order.
2 2
(iv). Given 2z =+ (i)
a’ b2

Here the number of arbitrary constants is equal to the number of independent variables.

Differentiating partially w. r. t. X and y, we get

202 _2x 1 _1oz_p
ox a2 a2 xox X
and 2%:2—y L— aZ:
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Substituting these values in (i), we get 2z = xp+ yq,

which is the desired partial differential equation of the first order.

2 2 2

(v). Given X—+y—+Z—2=1.
a

b2
Here the number of arbitrary constants (a, b, c) is greater than the number of independent
variables (X, y).

Differentiating partially w. r. t. X and y, we get

2—)2(+2%—0:>c X+a zﬁzo, (1)
a ox X
2y+2Z%—O:c2y+bzza—Z=0. (i)

Again differentiating (1) partially w. r. t. X, we get

2 2 2 2 2
c2+a2[%j +a2zM:0:>C—+[%j 4292 .
ox ox> a? \ox x?

2
Substituting C—2 = —E% (from (1)), we have
a X a
z 0z (azj 0%z 0%z (az jz oz
—— | = +—=0:>xz—+x— -z—=0,
x 0x (0x ox2 ox2 ox ox

which is the partial differential equation of the second order.

Always remember:

If the partial differential equation is obtained by elimination of arbitrary functions, then
the order of the partial differential equation is, in general, equal to the number of
arbitrary functions eliminated.

Q.No.2.: Form the partial differential equations (by eliminating the arbitrary functions)
() z= f(x2 - yz), (ii)f(x2 + yz,z —Xy): 0, (iii) z=f(x+at) +g(x —at),
(iv) z = f(x +it) + g(x —it), (v) z=xf(x +t)+f,(x+t).

Sol.: (i). Given z = f(x2 — y?).

Here we have one arbitrary function.

Differentiating z partially w. r. t. X and y, we get
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0z oz
p:—:f'(xz—yz)Zx, q=—-=1"' ( -y )(—Zy).
0x dy
Division givesB SN yp+xq=0,

which is the required partial differential equations of first order.
(>ii). Given f(x2 + y2, zZ— Xy): 0.

Here we have one arbitrary function.

Let x2+y2 =u and z—Xxy = v, so that f(u, v) = 0.
Differentiating partially w. r. t. x and y, we get

of (du odu of (dv ov of of
e |+ & D =02 S (2x)+ S (—y+p) =0
au(ax+azpj+av(8x+azpj = au( X)+8V( y+p)

du\dy o0z ovidy o0z du v

Eliminating a—f and a—f from (i) and (ii), we get
du ov

2x —y+p
:0:>xq—yp:X2—y2.

2y —x+q
which is the desired partial differential equation of the first order.
(iii). Given z =f(x +at) + g(x —at).

Here we have two arbitrary functions.

Differentiating z partially w. r. t. X and t, we get

0z 0%z

—=f'(x+at)+g'(x—at), — =f"(x+at)+g"(x—at)
0x ox
2
%zaf'(x+at)—ag'(x—at), a—Zzazf (x+at)+a2g”(x—at)=aza—.
ot ot
0%z ,0%z

From (i1) and (ii1), we get 8_2 =a
t

o’
which is the required partial differential equation of the second order.
@iv). Given z =f(x +it) + g(x —it).

Here we have two arbitrary functions.

d-i{?3+92q)+m(év+avqj—0:>§£Qy}k§¥—x+q)=0.

(1)

(i)

@

(ii)

(i)
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Differentiating z twice partially w. r. t. X and t, we get

2
9 _prxtit)+g(x—it) = a_; =£"(x +it)+g"(x —it) ()
X ox
2
9z _ if’(x +it)—ig'(x —it) = 97z _ i2£7(x +it)+i%g”(x —it)
ot at?
2
% =" (x +it)— g”(x —it). (i)
Adding (i) and (i1), we get
ox2 o

which is the desired partial differential equation of the second order.
(v). Given z = xf(x +t)+f,(x +t).
Here we have two arbitrary functions.

Differentiating z twice partially w. r. t. X and t, we get

g—z:fl(x+t)+xf1'(x+t)+fé(x+t)

X

P2 et )£ ) " )4 67 )

0x

a—zz:2f1'(x+t)+xfl”(x+t)+f2"(x+t) @)

0x

oz

— =xf" (x+t)+f,"(x +t)

ot

02 ..

yzzzxfl"(x+t)+f2"(x+t). (i1)

Subtracting (ii) from (i), we get

9%z 9%z

———==2f"(x+1t) . iii

aXZ atz 1( ) ( )
2 2 2 2

Also 2~ :fl'(x+t)+xf1”(x+t)+f2"(x+t)=l|:a z_0 Z} 0z

- +
oxot 21 ox% o2 | ot?
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0%z 9%z 9%z
) -2 +t—=
0x oxot ot

which is the desired partial differential equation of the second order.

Solve some more problems

Q.No.3.: Form the partial differential equations (by eliminating the arbitrary functions)
Z= y2 +2f(l+logyj.
X
. 2 1
Sol.: Given z =y~ +2f| —+logy |.
X

Here we have one arbitrary function.

Differentiating z partially w. r. t. X and y, we get

p= oz _ =2f [1 +logyj.(—ij — —px? =2f '(l+logyj 1
ax x2 X

q= oz _ =2y+2f (1 +log yj(lj = qy—2y2 =2f '(1+10g yj. (i1)
ay X y X

From (i) and (ii), we get

—px’ =qy -2y’ = x’p+yq =2y,
which is the required partial differential equation of the first order.
Q.No.4.: Form the partial differential equations (by eliminating the arbitrary functions)

f(x+y+z,x2+y2+z2)=0.

Sol.: Given f(x+ y+z, x2 +y2 +22): 0.
Here we have one arbitrary function.

2

Letx+y+z=u and X2+y2+z =v, then f(u,v)=0

Differentiating partially w. r. t. X and y, we get

of (du odu of (dv  ov of of

S5 T, —|=——+=p|=0 1 —(2x+2zp)=0 -

au(ax+azpj+av(ax+azpj :au( +p)+av( X +2zp) (i)
of (du du of (dv v of of

and S| ==+ - Fal=0=Z(1+q)+ 2 (2y +229)=0. i
au(ay-i_aij—i-av(ay—i-az j :>au( +q)+av( y+ Zq) (11)
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Eliminating g—f and g—f from (i) and (ii), we get
u \%

(1+p)2y +22q) = (1+q)2x +22p) = (y~z)p+(z—x)g = x~y,

which is the required partial differential equation of the first order.

Q.No.5.: Find the differential equation of all planes which are at a constant distance ‘a’
from the origin.

Sol.: Equation of the plane in normal form is /X + my+nz=a. (1)

where 7, m, n are the d. c.’s of the normal from the origin to the plane.

Then, Z+m?+n’ =1=n=4/{l-¢*+m?).

. (i) becomes /x +my + \/il —*—m? }z =a. (i1)

Differentiating partially w. r. t. X , we get

r4 =2 —m? i.pzo. (iii)

Differentiating partially w. r. t. y, we get

m+yll—2—m?)q=0. (iv)

Now we have to eliminate ¢, m from (ii), (iii) and (iv), we get
From (ii1), ¢ = —\/‘1—62 —m? ).p and m= —\/‘1—62 —m? )q
Squaring and adding, we get /*+m? = (1 -0 - mzx‘p2 + qz).

pP+q* 1
2

= (€2+m2x1+p2+q2)=p2+q2 =1--m’=1-

1+p2+q - 1+p2+q2 .

Also f=—— P apd m=——9
\/(1+p2+q2) Ji+p2+42)
Substitute the value of /, m and 1-¢>-m? in (i1), we obtain

= 1
X e

\/(1+p2+q2) \/(1+p2+q2) \/(1+p2+q2)

:>z=px+qy+a\/il+p2+q2i,

which is the required partial differential equation.
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Home Assignments

Form the partial differential equations (by eliminating the arbitrary constants)

Q.No.1.: Form the partial differential equation (by eliminating the arbitrary constants)
from: z = ax+by+a2 +b2.
Ans.: z =px+qy+p2 +q2.

Q.No.2.: Form the partial differential equation (by eliminating the arbitrary constants)

from: (x—a)2 +(y—b)2 +22 =c2.

Ans.: 22(p2 + q2 + 1): 2.

Q.No.3.: Form the partial differential equation (by eliminating the arbitrary constants)
from: z = xy+y\/x2 —a’ +b.

Ans.:px +qy =pq.

Q.No.4.: Form the partial differential equation (by eliminating the arbitrary constants)
from: z =ax” + bxy + cy2.

Ans.: x°r+ 2xys + y2t =2z.

Q.No.5.: Form the partial differential equation (by eliminating the arbitrary constants)

1
from: z = axe” +58262y +b.

Ans.: q =px +p2 .

Q.No.6.: Form the partial differential equation (by eliminating the arbitrary constants)
from: z=a(x +y)+b(x—y)+abt +c.

Ans.:

Q.No.7.: Form the partial differential equation (by eliminating the arbitrary constants)

from: z = (X—a2)+ (y—b)z.
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Ans.: p2 +q2 =4z.

Q.No.8.: Form the partial differential equation (by eliminating the arbitrary constants)

)

from:.z = alog{
1+x

Ans.: p+q=px+qy.
Form the partial differential equations (by eliminating the arbitrary functions)

Q.No.9.: Form the partial differential equation (by eliminating the arbitrary functions)
from: xyz = O(x +y +2z).

Ans.: x(y—z)p+y(z—x)g=z(x-y).

Q.No.10.: Form the partial differential equation (by eliminating the arbitrary functions)

from: z = f(x +4t)+ g(x —4t).

2 2
Ans.: 163—5—8—;: 0
ox ot

Q.No.11.: Form the partial differential equation (by eliminating the arbitrary functions)

from: z = f(ﬁ)
z

Ans.: px =qy

Q.No.12.: Form the partial differential equation (by eliminating the arbitrary functions)
from: z = yf(x) + xg(y) .

Ans.: Xxys=px+qy—2z

Q.No.13.: Form the partial differential equation (by eliminating the arbitrary functions)

from: z =f(x)+eg(x).

2
Ans.: a—; = %
dy> Oy
Q.No.14.: Form the partial differential equation (by eliminating the arbitrary functions)
from: xyz = o(x +y+z).

Ans.: x(y - z)p +y(z- x)q = Z(X - Y)
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Q.No.15.: Form the partial differential equation (by eliminating the arbitrary functions)

from: z = f;(x)f,(y).

0%z 0z oz

dxdy Ox dy

Ans.: z

Q.No.16.: Form the partial differential equation (by eliminating the arbitrary functions)
from: z = fl(y +2x)+ fz(y —3x).

2 2 2
0 z+8 2_68 Z o
ax2  oxdy  gy?

Ans.:

Q.No.17.: Form the partial differential equation (by eliminating the arbitrary functions)

from: v = %[f (r - at)+ F(r + at)] .

2 2
Ans: OV :a_i(rz ﬁj,
atz r2 ar ar

Q.No.18.: Form the partial differential equation (by eliminating the arbitrary functions)
from: F(Xy +2% x + y+ z)z 0.

Ans.: p(x —2z)+q(2z-y)=y—-x.

Q.No.19.: Form the partial differential equation (by eliminating the arbitrary functions)
from: z = xzf(y)+ yzg(x) .

Ans.: xyr = 2(px +qy —2z)

Q.No.20.: Form the partial differential equation (by eliminating the arbitrary functions)
from:z=e™ d(x —y).

Ans.: p+q=mz.

Q.No.21.: Form the partial differential equation (by eliminating the arbitrary functions)

from:z =1 (Zj .
X

Ans.: px+qy =0.

Some miscellaneous problems
Q.No.22.: Find the differential equation of all spheres of radius 3-units having their

centers in the xy-plane.
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Ans.: 22(b2 +q2 +1)= 9.
Q.No.23.: Find the differential equation of all spheres whose centers lies on z-axes.

Ans.: py—qgx =0.

Q.No.24.: If u = f(x2 +2yz, y2 + 2ZX),

prove that (y2 - zx)g—z + (x2 - yz)g—s + (z2 - xy)a—u =0

seeksk ckesleske skesksk skesleske sk
desfesk ckskesk ek
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SOLUTIONS OF A PARTIAL-DIFFERENTIAL EQUATION:

It is clear that a partial differential equation can be obtained by elimination of
arbitrary constants or by the elimination of arbitrary functions.
Partial differential equation of first order

The general form of a first order partial differential equation is

f(x,y,2,p,q)=0, (i)

where X, y are the two independent variables, z is the dependent variable and a—Z =p,
X

9z _

ady a-

Complete solution:

Any function {(x, y, z, a, b) =0, (i1)

involving two arbitrary constants a, b and satisfying the partial differential equation (i) is
known as complete solution or complete integral or primitive.

General solution or general integral:

Any arbitrary function F of specific (given) functions u, v

F(u,v)=0, (iii)
satisfying partial differential equation (i) is known as general solution or general

integral.
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Particular solution or particular integral:

A solution obtained from the complete integral by assigning particular values to
the arbitrary constants is called a particular solution or particular integral.
Singular solution or singular integral:

The envelope of the family of surfaces (ii), with parameters a and b, if it exist, is
called a singular solution or singular integral.
Remarks: The singular integral differs from the particular integral in that it is not
obtained from the complete integral by giving particular values to the constants.

A solution of a partial differential equation in a region R is a function of the
independent variables, whose partial derivatives satisfy the partial differential equation at
every point in R. As such, a partial differential equation may have a large number of

entirely different solutions.
For example, u = x2 - y2, u= log(x2 - yz), u =sinkx cosky are solutions of the

. 9%u 0 : . o . .
Laplace equation a—g+a—121 = 0. The unique solution of a partial differential equation
X y

corresponding to a physical problem must satisfy certain other conditions at the boundary
of the region R. These are known as the boundary conditions.
If these conditions are given for the time t = 0, they are known as the initial
conditions.
Theorem: Show thatif u; and u, are two solutions of the equation
0%u . 0%u N 0%u _ 0%u
ox* dy* dz° ot

du : :
+ Ba—, then cyu; +cyu, is also a solution.
t

Proof: Since u; and u, are two solutions of the given equation, we have

2 2 2 2
a 1].21 a U; a U; A a l’;l +B aul , (1)
ox ady 0z ot ot
2 2 2 2
and 22 97U Oy 0%, oy (i)

ox* 9y’ oz® o’ ot
92 92 92

Now —I(cyu; +cHu, )+ ——1\cuy +cHu, )+ ——=I(cu; +cHu
aX2(11 22) ay2(11 22) azz(ll 22)
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azul azul azul BZU2 azuZ aZU2
N R B I )
ox ady 0z ox ady 0z

=C

—

=C

—

2 2
A aat‘il + %J + CZ[A aatuf + Ba(,;l—tzJ [using (i) and (ii)]

2
= A%(Clul + C2U.2)+ B%(Clul +C2U.2).

= cjuj +Cyu, is also a solution of the given equation.
Generalization: If uj,uj,us.......... u, are n independent solutions,

then cju; +couy +c3u3 +.nen. +c,u, 1s also a solution.

Problem on verifications of a solution

2
: —n2t . : : : u J°u
Q.No.1.: Verify that e ™ "sinnx is a solution of the heat equation > = 8_2
t X
N
_n2t . .
Hence, show that Z cpe sinnx , where €j,Co,cvieniinne ,cN are arbitrary
n=1

constants, is a solution of this equation satisfying the boundary conditions

u(0,t)=0 and u(m t)=0.

2
_n? . ) ) ) u Jd-u
Sol.: 1° Part: Show that e™ 'sinnx is a solution of the heat equation > = 8_2
t X
2
Here u=¢ " 'sinnx .
Jdu a2t . Ju —n2 0%u n2t .
Then — = —n2e ™ 'sinnx, — =ne ™ ' cosnx, —2:—n2e "leinnx .
ot ox ox
ou 0%u
So that — = —-
ot ox

2
~u=e¢ " 'sinnx is a solution of the given equation.

N 2
2" Part: Show that Z cpe " sinnx is also a solution.

n=1
Forn=1,2, ............ , N, we get N different solutions.

Their linear combination
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1t 2%t . -N%t . . .
u=cie sinlx+cye © "sin2x +........... +cne sin Nx 1is also a solution.

N
—_ 2 . . .
= u(x,t)= z cpe " ' sin nx is also a solution.
n=l

Clearly, u(0,t)=0 and u(m,t)=0, since sinnm =0, where n is an integer.

desfesk ckskeske ek skeskeske ek skeskesk

Home Assignments

Q.No.1.: Verify that z = f(x2 + y2) is a solution of y% - x% =0.
ox  dy
Sol.:

Q.No.2.: Verify that u = coskx sinh kyis a solution of the Laplace equation

0%u 9%u
—2 + —2 - O .
ox~ dy
Sol.:
) k2t kx ). ) . du o 9%u
Q.No.3.: Verify that e sin| — |is a solution of the heat equation — =c~ —.
c ot ox 2
1 _k2t kX .
Hence, show that z Aye sin| — |, where Ay, Ay, .......... are arbitrary
k=1 ¢

constants, is a solution satisfying the boundary conditions u(0,t)=1u(cm,t)=0.

Sol.:

sfe sfe e s sfe sfe sfe sfe sfe sfe sfesfe s e sfe sfe sfe sfe sfe sfesfesie e e sfe sfe sfe sfe sfe sfese e she e s s e o

EQUATIONS SOLVABLE BY DIRECT INTEGRATION:
Those equations, which contain only one partial derivative, can be solved by
direct integration. In place of usual constants of integration, we must, use arbitrary

functions of the variable kept constant.
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Now let us solve some partial differential equations, which can be solved by direct

integration:

Q.No.1.: Solve the following partial differential equation:
0’z
ox 2y

+18xy2 +sin(2x —y)=0.

3

Sol.: Given partial differential equation is + 18xy2 +sin(2x —y)=0.

0x%0

X oy
Integrate twice w.r.t. X (keeping y fixed), we get
822 2.2 1
+9x ——cos(2x —y)=1(y),
3oy TV 3 (2x-y)=f(y)
a—Z + 3)(3’y2 —lsin(Zx - y) =xf(y)+g(y).
ady 4

Now integrate w.r.t. y (keeping x fixed), we get

zZ+ X3y3 —%COS(ZX - y) = x.[ f(y)dy + J- g(y)dy + w(x).

The result may simplified by writing J- f(y)dy =u(y) and J- g(y)dy = v(y).
Thus, z = icos(ZX - y)— )(3’y3 + xu(y)+ v(y) +w(x),

where u, v, w are arbitrary functions.

This is the required solution.

2
Q.No.2.: Solve the following partial differential equation: g—i +z2=0,
X
. 0z
given that when x =0, z=¢” and Fw =1.
X

Sol.: If z were a function of x alone, the solution would have been z = Asinx + Bcosx ,
where A and B are arbitrary constants.

But here z is a function of x and y, therefore, A and B can be arbitrary functions of y, the
independent variable kept constant.

Hence, the solution of the given equation is z = f(y)sinX + ¢(y)cosx.
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0z

— =f(y)cosx —(y)sinx .
ox

Whenx=0, z=¢Y. ..e¥=0(y).

When x =0, a—Z=1. ~1=1(y).
ox

Hence, the desired solution is z =sinx +e” cosx .

2

Q.No.3.: Solve the following partial differential equation: 88 E)Z
xdy

=sinxsiny,
) 0z )
given that 8_ =—2siny, when x =0;

and z = 0, when y is an odd multiple of g

0%z

Sol.: Given partial differential equation is =sinxsiny.

xdy
Integrating w.r.t. X, keeping y as constant, we get

g—zz—cosxsiny+f(y). )

y
When x =0, a—Z =-2siny.
dy
so—2siny =—siny +f(y) = f(y) = —siny.

, oz . :
From (1), we get F™ =-—cosxsiny—siny.

Integrating w.r.t. y, keeping x as constant, we get

z =cosxcosy+cosy+¢(x). (i1)

When y is an odd multiple of g, z=0.

~0=0+0+0(x), since cos(2n +1)§ 0= 0(x)=0.

-.From (ii), we get z = (1+cosx)cosy,

which is the required particular solution.

et ckeksk delese ckeksk selek
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2
Q.No.1.: Solve the following partial differential equation: oz =

2
Ans.: z = %logy +axy + ¢(x)+\|l(y).

Q.No.2.: Solve the following partial differential equation: — = xy.

Ans.: z = %x3y+ xf(y)+o(y).

Q.No.3.: Solve the following partial differential equation: 5
Xdt

Ans.: u=—e 'sinx +¢(x)+y(t).

0’z
ox 20y

Q.No.4.: Solve the following partial differential equation:

Ans.:z = f(y)+ xd(y)+ y(y)- %sin(Zx +3y).

Q.No.5.: Solve the following partial differential equation:

92 . _
—izz,gwesthatwheny:O, z=¢e* and %:e X
ay dy

Ans.: z=e* coshy+e *sinhy

Q.No.6.: Solve the following partial differential equation:

92 .
—i = azz, gives that when x = 0, %: asiny and % =0.
o0x ox dy
Ans.: z=Acoshx +sinysinhax.
2z 1

Q.No.7.: Solve the following partial differential equation: ; =—.

xdy Xy

X
Z+a
oxdy vy

=€ COSX.

= cos(2x + 3y) .
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Sol.: z=logxlogy +g(y)+o(x).

2
Q.No.8.: Solve the following partial differential equation: (_;9 aZ =2x+2y.
Xdy
Ans.: z = xy(x +y)+g(y) +o(x).
: . 9%z
Q.No.9.: Solve the following partial differential equation: 8_2 =sin(xy).
y
|
Ans.: z = ——5sinxy+ v (x)+o(x).
X
9%u
Q.No.10.: Solve the following partial differential equation: >3 = 4xsin(3xy).
yox

Ans.: u= _9isin(3xy)+f(x)+ oly).
y

2
Q.No.11.: Solve the following partial differential equation: 10g|:88 BZ :l =X+y.
Xoy

Ans.: z=¢e*"Y +g(y)+o(x).
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Partial Differential Equations
Linear partial différential equation of fir'st order

(Lagrange’s linear equation)

, Prepared by: |
Prof. Sunil

Department of Mathematics & Scientific Computing
- NIT Hamirpur (HP) -

\
DEFINITIONS:
PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER:

e

A differential equation involving first order partial derivatives p and q only is
called a partial differential equation of the first order.
LINEAR PARTIAL DIFFERENTIAL EQUATION:

A partial differential equation is said to be linear if the dependent variable z and
its derivatives are of degree one and products of z and its derivatives do not appear in the

equation.

e.g. x2p + y2q =z is linear partial differential equation in z and of first order.

QUASI-LINEAR PARTIAL DIFFERENTIAL EQUATION:
Partial differential equation is said to be quasi-linear if degree of highest ordered

derivative is one and no products of partial derivatives of the highest order are present.
€.8. ZZyy + (zy )2 =0 is quasi-linear partial differential equation in z and of second order.

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION:

A P.D.E., which is not linear, is known as non-linear P.D.E.

2
e.g. 8—121 + uz(a—u) = f(x,y) is non-linear in u and of second order.
ox dy
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HOMOGENEOUS PARTIAL DIFFERENTIAL EQUATION:

If in a P.D.E., each term contains the dependent variable or its derivatives, THE
p.d.e. is known as homogeneous p.d.e. Otherwise p.d.e. is non-homogeneous.
LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER:

If p and q both occur in the first degree only and are not multiplied together, then

it is called a linear partial differential equation of the first order.

LAGRANGE’S LINEAR EQUATION:

The general form of a quasi-linear partial differential equation of the first order is
P(x,y,z)p+Q(x,y,z)q = R(x,y,2). (i)
This equation (i) is known as Lagrange’s linear equation.

If P and Q are independent of z and R is linear in z, then (i) is a linear equation.

Such an equation is obtained by eliminating an arbitrary function ¢ from ¢(u,v)=0, (ii)
where u, v are specific (known) functions of x, y, z.

Lagrange’s auxiliary equations:

Differentiating (i1) partially w. r. t. x and y.
a_q)(a_u_ka_upj_k@(ﬂ.pa_vpj =0 and 8¢(8_u+a_qu+@(a_v+8_vqj =0.

du\dx 0z oviox 0oz du dy 0z ovidy 0z
Eliminating % and %, we get
du ov

o oy

ox azp ox azp ~0

du du oJdv odv |

—+—q —+-—q

dy 0z dy 0z
du dv du ov (au ov du avj du dv du ov

>l — - —p+t|—————g=—————. (iii)
dy 0z 0Jz dy 0z dx OXx 0z 0x dy dy Ox

This is of the same form as (i) with

du dv du Jv (8u ov  du an du dv du dv
p=| BN AN o[ BN NN pdR=| BN _MAN)
dy dz 0z dy dz 0x OJx 0z ox dy dy Ox
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To determine u, v, from P, Q, R:

Suppose u = a and v = b, where a, b are constants, so that

a—udx +a—udy+a—udz =du=0,
ox ady 0z
a—de +a—vdy +a—vdz =dv=0.
ox ady 0z

By cross-multiplication, we get

dx B dy B dz

v oudv dudv dudv v du v
dy 0z 0z dy 0z 0x Ox 0z Ox dy dy Ox

dx dy dz . . .
= —=—=— by virtue of (i) and (iii iv

P 0 R [by (1) and (ii1)] (iv)
The solution of these equations are u = a and v = b.
Thus, determining u, v from the simultaneous equations d?x = d_(;/ = %,

we have the solution of the partial differential equation.
Thus, ¢(u,v)=0 or u =f(v)is the required solution of Pp+Qq=R.

. dx dy d - .
Note: Equations ?X =9 :EZ are called Lagrange’s auxiliary equations or

Q

subsidiary equations

Method of obtaining General Solution:
@) Rewrite the equation in the standard formPp+Qq =R.

(i1) Form the Lagrange’s auxiliary equations (A.E.) d?x = d—(;/ = % .

(i11))  Solve the auxiliary equations by the method of grouping or the method of
multiplier or both to get two independent solutions u = a and v = b, where a,
b are arbitrary constants.

(iv)  Then ¢(u,v)=0 or u=f(v) is the general solution of the equation

Pp+Qq=R.
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Extended form for more than two independent variables:
In the differential equation Pp +Qq =R, there are two independent variables x and y. To
solve it, we have to find two independent solutions satisfying the equation

& _dy_dz

P 0 R This procedure can be extended to linear partial equations of the last

order involving more than two independent variables.

If uy =cq,up =co s u, =c, are n independent solutions of the equations
dx; dxp _dxy,  dz
P p, PR
Then, the general solution of the differential equation
P ip, 9% p %R
ox1 0X» X,
is ¢(u1,u2, ......... u, )=0, where ¢is an arbitrary function.

Now let us solve some linear partial differential equation of the first order:
Q.No.1.: Solve the following differential equation: pz—qz = 22+ (x + y)2 .
Sol.: Given differential equation is pz—qz = 22+ (x + y)2.

This is a Lagrange’s linear partial differential equation of first order.

. . d d d
Now here the Lagrange’s auxiliary equations are &9 2—22
zZ -7 7"+ (x + y)
Taking the first two members, we get dx +dy =0.
Integrating, we get x+y=a. (1)

This is first independent solution.

Again taking first and third members, we get

d—X—dex— zdz sincex+y=a
z 22+(X+y)2 22 +a2’

2zd

T = 2dx.

z°+a

Integrating both sides, we get

log(z2+a2)=2x+b:>10g22+(x+y)2J—2x:b. (i1)
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This is second independent solution.

Since we know that if u = a and v = b are two independent solutions, then ®(u,v)=0 or
u =f(v) is the general solution of the equation Pp+Qq =R.

Thus, from (i) and (ii), the required general solution is

ox+y, log(x2 + y2 +7% + 2xy)— 2XJ= 0. Ans.

Q.No.2.: Solve the following differential equation:

(mz— ny)% +(nx — fz)% =/y—-mx.
ox dy

Sol.: Given differential equation is (mz — ny)g—Z +(nx — éz)? =/y—-mx.
X y

This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are dx = dy = dz .
mz—ny nx-—/z [(y—mx

Using multipliers X, y, z, we get

+ ydy +
each fraction = xdx y(c)ly 2dz = xdx+ydy+zdz=0.
Integrating, we get
X2+y2+22=a. @)

Again using multipliers /, m and n, we get

{dx + mdy + ndz
0

each fraction =

= (dx + mdy +ndz =0.

Integrating, we get

/X+my+nz=>b. (i1)
Since we know that if u = a and v = b are two independent solutions, then ®(u,v)=0 or

u = f(v) is the general solution of the equation Pp+Qq =R.

Hence, from (1) and (i1), the required general solution is
x? +y2 +2% = f(¢x + my +nz).
Q.No.3.: Solve the following differential equation: (x2 - y2 - zz)p +2xyq = 2Xz.

Sol.: Given differential equation is (x2 — y2 — zz)p +2xyq = 2xz.
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This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are = _C;; — _ 2d)z/y _ deZZ .

From the last two fractions, we have d—; = %

Integrating both sides, we get

10gy=logz+loga:>%:a. @)

Using multipliers x, y and z, we have
xdx + ydy + zdz xdx +ydy+zdz dz

each fraction = =
2, .2, 2
Ty +z ) X(x2+y2+z2) 2xz

X(X

2xdx +2ydy +2zdz _ dz
(X2+y2+Z2) Z

Integrating both sides, we get

x2+y?+7?

log(x2 + y2 + 22)= logz +logh = =b. (i1)

Since we know that if u = a and v = b are two independent solutions, then ®(u,v)=0 or

u = f(v) is the general solution of the equation Pp+Qq =R.

Hence, from (i) and (ii), required general solution is X2+ y2 +72% =of (lj .

z
Q.No.4.: Solve the following differential equation: (x2 - yz)p + (y2 - zx)q =z2- Xy .

Sol.: Given differential equation is (x2 - yz)p + (y2 - zx)q =z2- Xy .

This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are de = 2dy = 2dz ) @)
X“—yz Yy~ —zX 717 —Xy
Each of these equations = — d); —dy =— d;/ —dz .
x?—y =(y-x)z  y*-z>-x(z—y)
= d(x-y) = d(y-z) N d(X_Y):d(y—Z)'

(x-y)x+y+z) (y-zlx+y+z)  x-y  y-z

Integrating both sides, we get



Partial Differential Equations: Linear partial differential equation of first order 7
(Lagrange’s linear equation) For Video Lecture, Visit: https://youtu.be/PWobEwMvXZc

Y . (i)
Y-z

log(x —y) = log(y — z) + logc =

Using multipliers x, y and z, each fraction of (1)

xdx + ydy + zdz xdx + ydy + zdz

= = — : (iii)
X" +y +z° =3xyz (X+y+z)(x +y +z —yz—zx—xy)
+dy +
Also, each of the Lagrange’s auxiliary equations = 5 de 2dy dz . (iv)
X“+y +z2°—yz—zX—Xy

Equating (iii) and (iv) and canceling the common factor, we get
xdx + ydy +zdz =dx+dy+dz = (xdx + ydy +zdz) = (x + y + z)d(x + y + 2)

X+y+z
Integrating both sides, we get
I (de+ydy+zdz)zj (x+y+z)d(x+y+z)+c
= x? +y2 +22 :(x+y+z)2 +2c
= xy+yz+zx+c'=0. (v)

Since we know that if u = a and v = b are two independent solutions, then ¢(u,v)=0 or

u =f(v) is the general solution of the equation Pp+Qq =R.

X—-y

Hence, from (i) and (i), required general solution is q{ , Xy +yz+ zxj =0.

Q.No.5.: Solve the following differential equation: 220+ x%2q = yx .
g q yzp q=y

Sol.: Given differential equation is yzzp + xzzq = y2x .

This is a Lagrange’s linear partial differential equation of first order.

dx dy dz

y2z x%z xy2

Now here the Lagrange’s auxiliary equations are

Taking first two members, we get x2dx = yzdy.

Integrating, we get

X3—y3:a. (1)

Again taking first and third members, we get xdx = zdz

Integrating, we get

x*—z%=b. (i)
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Since we know that if u = a and v = b are two independent solutions, then ®(u,v)=0 or

u = f(v) is the general solution of the equation Pp+Qq=R.

Hence, from (i) and (ii), required general solution is ¢(x3 - y3, x2 - 22)= 0.
Q.No.6.: Solve the following differential equation: x? (y—z)p+ y2 (z—x)q = 22(x -y).

Sol.: Given differential equation is x> (y—z)p+ y2 (z—x)q = 22(x —y).

This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are dx =— =— .
x“(y-2z) y*(z-x) z7(x-y)

. 1 1 1 .
Using — 5> 5 as multipliers, we get
X“ y° oz

1 1 1

Each fraction = Y z

0
dx dy dz
S5+ =0
X° y oz
Integrating, we get
l+l+l=a. (1)
X y z

) ) 111 1
Again using —,—,—as multipliers, we get
Xy z

ldx +ldy+1dz

Each fraction = > Y z :d—x+d—y+%:0.
0 X 'y z
Integrating, we get
logx +logy +logz = logb = log(xyz) =logb = xyz=b. (i1)

Since we know that if u = a and v = b are two independent solutions, then ®(u,v)=0 or
u = f(v) is the general solution of the equation Pp+Qq=R.
. . . .. 1 1 1
Hence, from (1) and (ii), required general solution is ¢| —+—+—,xyz [=0.
X y z

Q.No.7.: Solve the following differential equation:



Partial Differential Equations: Linear partial differential equation of first order 9

(Lagrange’s linear equation) For Video Lecture, Visit: https://youtu.be/PWobEwMvXZc
(22 —2yz—y2)p+(xy+zx)q =Xy —2ZX.

Sol.: Given differential equation is (z2 -2yz— yz)p +(xy+zx)q=xy—zx.

This is a Lagrange’s linear partial differential equation of first order.

. . d d d
Now here the auxiliary equations are X = y _ z

22 -2yz—y* Xy+zx Xy-—zX

Taking X, y, z as multipliers, we get

xdx + ydy + zdz
0

Each fraction =

soxdx+ydy+zdz=0.

Integrating, we get

X2+y2+22=a. 1)
Again taking the last two numbers, we get

dy - dz :(y_z)dy:(y+z)dz:ydy—(zdy+ydz)—zdz=0
Xy+2zX Xy-—2zX

= ydy —d(yz)—zdz =0.

Integrating, we get

y2—2yz—22:b. (i1)
Since we know that if u = a and v = b are two independent solutions, then ¢(u,v)=0 or

u =f(v) is the general solution of the equation Pp+Qq =R.

Hence, from (i) and (ii), required general solution is ¢(x2 + y2 + 22,y2 —-2yz— 22 ): 0.

Q.No.8.: Solve the following differential equation: xa—u + ya—u + za—u =XyZ.
ox ~dy 0z
Sol.: Given differential equation is xa—u + ya—u + za—u =XyZ.
ox ~dy 0z

This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are 3 = dy = 4z = du .
X 'y Z Xyz

Taking first and second members, we get d—X = ﬂ

X y
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Integrating both sides, we get

X X
logx =logy +logc; = log— =logc; = —=¢;.
y

Similarly, taking second and third members, we get pA Cy.
z

yZdX + ZXdy + Xydz — du = d(Xyz) =13du.

Also, we have
3xyz XyzZ

Integrating both sides, we get

Xxyz—3u =cj3.

(1)

(ii)

(iii)

Since we know that if u = a and v = b are two independent solutions, then ®(u,v)=0 or

u = f(v) is the general solution of the equation Pp+Qq=R.
Thus, from (i), (ii) and (iii), the required general solution is
q{f, X, XyzZ— 3uJ =0. Ans.
y z
Q.No.9.: Solve the following differential equation: xp+ yq = 3z.
Sol.: This is a PDE of first order Pq+Qq =R withP=x,Q =y and R =3z.

The Lagrange’s auxiliary equations are 3 = d = 4z .
X y 3z
. . . dx d
Integrating the first two equations L , we get
X Yy

InX:Iny+CI:>§=c.

N . dx dz
Integrating first and last equations — = 3 we get
X z

3Inx=Inz+c, .‘.X3=C12.

Thus the required solution is x> =zf (EJ .

y

3
) . X~ X
The general solution can also be written as F{—,—] =0,
z
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. . an . . dy d
Note: By integrating 2 4 and 3" equations A —Z, we also get y3 = cpz so the general

y 3z
. . 3 X
solution is also given by y~ =zf| — |.
y
Q.No.10.: Solve the following differential equation: p—q = log(x +y).
Sol.: Given differential equation is p—q = log(x +y).

This is a Lagrange’s linear partial differential equation of first order.
Now here the Lagrange’s auxiliary equations are

dx dy = dz
I -1 In(x+y)

Integrating the first two fractions dx +dy =0 yields

X+y=¢

From first and last fractions In (x + y)dx = dz

Putx +y=cy, then Inc;dx =dz

Integrating xInc; =z+cp, = x.In(X + y) =z+cCy.

The general solution is

F(x +y,In(x + y)—z): 0.

Q.No.11.: Solve yzp—xzq = Xy.

Sol.: Given differential equation is yzp — xzq = Xy .

This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are

dx_dy _dz
yZ —XZ Xy

from first and second fractions, we get

dx _ dy :d—xzﬂjxdx+ydy:0
yz —Xxz 'y -z

Integrating x2 + y2 =
From first and third fraction

dx dz dx dz
—_— = — = —
yZ Xy z X
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Integrating, x2—7% = CH

Thus the general solution is
F(x2 + y2, x2 —22)= 0.

Q.No.12.: Solve 2(22 + kapx —qy)= x4

Sol.: Given differential equation is z(z2 + xypr —qy)= x4

This is a Lagrange’s linear partial differential equation of first order.
Now here the Lagrange’s auxiliary equations are
dx B dy dz

xz(z2 +Xy)_ —yz(z2 +xy):x_4

From first and second fractions, we get
dx dy

x -y

on integration xy = ¢

From first and third fraction

x3dx = (Z3 + Xyz)dz

using xy =cy, x3dx = (23 +clz)dz

4 Z4 Z2

Integrating X2 e +cy = x*
4 4 1o 772

- Z4 - 2C1Z2 =CH

Substituting for cl.x4 24— 2(Xy)z2 =Cy

The general solution is

F(Xy, xt—z% - 2xyz2 )= 0.

Q.No.13.: Solve (z—y)p+(x—z)g =y —x.

Sol.: Given differential equationis (z—y)p+(x —z)q=y—x.

This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are

dx dy dz

z-y X—z_y—x

Choosing multipliers as 1, 1, 1
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dx +dy+dz=(z-y)+(x-2z)+(y-2)=0
Integrating x+y+z=cy

Choosing multipliers as X, y, z

xdx + ydy +zdz = x(z—y)+y(x —z)+z(y—x) =0

Integrating x2 + y2 +2° = Cy

The general solution is

F(X+y+z,X2+y2+z2)=0.

Q.No.14.: Solve (y+zx)p—(x + yz)q = x2 - y2 .

Sol.: Given differential equation is (y + zx)p — (x + yz)q = x2 - y2 .
This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are

dx dy dz

y+zx  —(x+yz) 2 —y? ’
Choosing multipliers as x,y,—z

xdx + ydy — zdz = x(y + zx )+ y(—= 1)(x + yz)—z(x2 - y2)= 0

Integrating x2 + y2 —7% = Cq

Choosing multipliers as vy, x, 1, we get

ydx + xdy + dz = y(y + zx) + x (= 1)(x + yz) + (x2 - y2)= 0
Integrating xy+z=c,.

The general solution is

F(x2 + y2 —zz,xy+ z): 0.

Q.No.15.: Solve (y2 +2° )p —-xyq+zx=0.

Sol.: Given differential equation is (y2 +2° )p —-xyq+zx=0.

This is a Lagrange’s linear partial differential equation of first order.
Now here the Lagrange’s auxiliary equations are

dx dy dz

y2+z2 -Xy —ZX
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From the second and third fractions

by_d_y_.
y z z

Choosing multipliers as x, y, z
xdx + ydy +zdz = x(y2 +22 )+ y(=xy)+2z(-2x)=0

Integrating x2 + y2 +2° = Cy

The general solution is

F[X,x2 +y2+22j=0.
z

Q.No.16.: Solve px(x +y)=qy(x +y)—(2x + 2y +z)(x - y).
Sol.: Given differential equation is px(x +y)=qy(x +y)—(2x +2y + z)(x — y).
This is a Lagrange’s linear partial differential equation of first order.

Now here the Lagrange’s auxiliary equations are

dx dy dz

X(X+y) —y(x+y) —X(x—y)(2x+2y+z)

From first two fractions, canceling (x +y),

We get
&Y (i x)+d(Iny)=c
X y

which on integration gives Xy = ¢

dx +dy _dx+dy dz

x(x+y)-ylx+y) (x+ylx-y) —-x(x-y)2x+2y+z)

Canceling the x —y terms, we get

(2x + 2y +z)(dx +dy)+(x + y)dz =0

or (x+y+z)(dx+dy)+(x+y)(dx+dy)+(x+y)dz =0
(x+y+z)d(x+y)+(x+y)dx+y+z)=0
1.e. d[(x +y)x+ y+z)]= 0

Integrating (x + y)(x +y+2z)= CH.
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Thus the general solution is
F[Xy, (x+y)x+y+ z)] =0.
Q.No.17.: Solve (x2 - y2 - yz)p + (x2 - y2 - zx}] =z(x—y).

Sol.: Auxiliary equations are

dx dy _dz

x2—y2—yz_X2—y2—zx_Z(X—Y)

2—y2—zx)—z(x—y)=0

dx —dy—-dz= x2 —y2 —yz—(x

Integrating x —y—z =¢y

From first and second fraction
xdx — ydy _dz xdx—ydy dz

x3 —xy2 —xzy—y3 - z(x—y) - (xz —yZXx—y) - z(x—y)

ie., %d[ln(x2 —yz)]zd(ln z)

(XZ—YZ)ZCZ

Z2

.. The general solution is

oyt )0

Z2

Home Assignments

Q.No.1.: Solve the following differential equation: px/; + q\/g =Jx.
Ans.:Vx -y =f(Vx =z).

Q.No.2.: Solve the following differential equation: pcos(x +y)+qsin(x +y)=z.

Ans.: [cos(x +y)+sin(x + y)c¥Y ™% = q{z‘/5 tan[x—;y+§ﬂ .
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Q.No.3.: Solve the following differential equation: pyz+qzx = xy.

Ans.: x° —y2 :f(y2 —22).

Q.No.4.: Solve the following differential equation: ptanx +qtany =tanz.

Aq{_YJO
siny sinz

Q.No.5.: Solve the following differential equation: xp—yq = y2 —x2.

Ans.:x? + y2 +2z = [log(xy)].

Q.No.6.: Solve the following differential equation: (y+z)p—(z+x)q=x-y.
Ans.: x° +y2 —z? =f(x+y+z).

Q.No.7.: Solve the following differential equation: x(y—z)p+y(z—x)q=z(x-y).
Ans.: x+y+z="f(xyz).

Q.No.8.: Solve the following differential equation:
x(y2 —22)p+ y(z2 - )(2)£1—z()(2 - yz): 0.
Ans.: ¢(x2 + y2 + zz,xyz)z 0.
Q.No.9.: Solve the following differential equation: y2p —xyq = x(z—-2y).
Ans.:x? + y2 = f(y2 - yz).

Q.No.10.: Solve the following differential equation: px (z - 2y2 ) =(z— qy)(z - y2 -2x3 )

2
Ans.:¢(l,£—y—+x2J =0.

Z X X

Q.No.11.: Solve the following differential equation: 2p+3q=1.
Ans.: 0(3x —2y,y—32)=0.

Q.No.12.: Solve the following differential equation: (y—z)p+(x—y)Jg=z-x.
X2
Ans.: 0 x+y+z,7+yz .

Q.No.13.: Solve the following differential equation: (y+z)p+y(z+x)q=x+y .
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Ans.: ¢{X_y,(x—y)2(x+y+z)}=0.
y—z

Q.No.14.: Solve the following differential equation: (y — ZJP + (ZZ_XX jq = xx—yy :

Ans.: O(x +y+z,xyz)=0.

Q.No.15.: Solve the following differential equation: x2p + y2q =(x+y)z.

Ans.: q)(x_y,l—lJ:O.

z 'y X

Q.No.16.: Solve the following differential equation: z(xp —yq)= y2 —x2.

Ans.: ¢(xy,x2 + y2 +z2): 0.

Q.No.17.: Solve the following differential equation:

(y3x—2x4)p+(2y4—x3y)q:9z(x3 —y3) .

Ans.: ¢ l2+i2,xyz“3 =0.
X y
Q.No.18.: Solve the following differential equation:

X1p1 +2X,pp +3x3p3 +4x4p4 =0.
2 3 4
Ans.: Z:q) i,i’i .
X2 X3 X4

Q.No.19.: Solve xp+yq=z.

Ans.: F(E,Zj =0.

7z 7

Q.No.20.: Solve X2p + y2q =22

Q.No.21.: Solve p+3q =5z + tan(y —3x).
Ans.: F(y —3x,e {5z + tan(y — 3x)}): 0.

Q.No.22.: Solve (X3 + 3xy2)p+ (y3 + 3x2y)q = 2(x2 + yz)z.
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Ans.: F[(x O (xs y)-2,;‘_§} _0.

Q.No.23.: Solve xz(y3 —23)p+ yz(z3 —x3)q = 22(x3 — y3).

An&:%}2+y2+22ﬁnpl+lj=0
X y z

Q.No.24.: Solve (2)(2 + y2 +2° —2yz—zx—xy)p+ (x2 +2y2 +z- yz—2zx—xy)q

= (x2 + y2 + 222 —-yz— 2xy).

y—z 7Z—X

Q.No.25.: Solve (x +2z)p+(4zx —y)q = 2x2 + y.
Ans.: F(xy—zz,x2 —y—z): 0.

Q.No.26.: Solve x(y—z)p+y(z—x)q=z(x —y).
Ans.: F(x +y+2z,xyz)=0.

Q.No.27.: Solve (y+z)p+(z+x)g=x+y.

Ans.: F{X_y y— X ]:O.

y—z Jx+y+z

Q.No.28.: Solve px(z - 2y2 ): (z— qy)(z - y2 —2x3 )

2
Ans.: F[X,y——i—sz =0.

Z X X

Q.No.29.: Solve x(y2 —zz)p+ y(z2 - xz)q = z(x2 - yz).

2

Ans.: F(x2 +y2 +z ,xyz):O.

>k st sk ke sk st sk sk st sk sk sk sk sk st sk sk sk sk sk sk sk skt sk skt sk skt sk stk skoke skok
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Partial Differential Equations

Non-linear partial differential equation of first order
Standard forms:

() f(p.q)=0,

(i) f(z.p.q)=0,

(iii) f(x,p)=F(y.q),

(iv) z=px+qy+f(p,q).

sk sfe st sfe sfe st s sk st sk sk st sk sheoste sk sheosie sk skeoste sk skeoste sk skt sk skt sk st sk skt skoskokoskesk
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Partial Differential Equations

Non-linear partial differential equation of first order
Standard forms:

@) f(p,q)=0, (i) f(z,p,q) =0,
(iii) f(x,p)=F(y.q), (iv) z=px +qy+f(p.q)

Prepared'by:
Prof. Sunil

Department of Mathematics & Scientific domputing

NIT Hamirpur (HP
o, pur (HP) 4

PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER:

A differential equation involving first order partial derivatives p and g only is
called a partial differential equation of the first order.
NON-LINEAR PARTIAL DIFFERENTIAL EQUATION:

A partial differential equation, which is not linear, is known as non-linear P.D.E.

e.g. (&J + uz(a—uj = f(x,y) is non-linear in u and of second order.
ox 2 dy

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE FIRST
ORDER:

A partial differential equation, which involves first order partial derivatives p
and q of degree (power) higher than one and/or product of terms p and q, is called a
non-linear partial differential equation. Some special types of non-linear first order
partial differential equations are presented.

Form 1. Equation of the form f(p, q) = 0:

i.e. Equation involving only p and q and no x, y, z.
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Complete solution:

In this case, the complete solution is z = ax + by +c, @)
where a and b are connected by the relation  f(a,b)=0. (i1)
[since p=a—Z=a and q=%=b]
ox ady

From (ii), we can find b in terms of a and let us suppose b = ¢(a).
Putting this value in (i), the complete solution is z = ax + ¢(a)y +c,

where a and c are arbitrary constants.

Now let us solve some partial differential equations for the present case
i.e. when equation of the form f(p, q) = 0:

Q.No.1.: Solve the following partial differential equations:
@+/p++a =1, (i) pg=p+q.
Sol.: (i). Given partial differential equation is \/p ++/q =1.

This non-linear partial differential equation is of the form f(p, q) = 0.

.. The complete solution is z =ax+by+c, (1)

where \/§+\/B=1:>b:(1—\/g)z.

Thus, from (i), the complete solution is z = ax + (1 - \/E )Zy +c. Ans.

(ii). Given partial differential equation is pq =p+q-.

This non-linear partial differential equation is of the form f(p, q) = 0.

.. The complete solution is z =ax+by+c, (1)

where ab=a+b:bzil.

a—

Thus, from (i), the complete solution is z = ax + Lly +c. Ans.
a p—

Equations reducible to the form f(p, q) = 0:
Q.No.2.: Solve the following partial differential equation: (y —x)(qy —px) = (p— q)2 .
Sol.: Given partial differential equation is (y —x)(qy —px) = (p — q)2 .

This equation is not of the form f(p, q) = 0, but this can be reduced this form.
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Let x+y=X and xy=Y,

0z 0z 0X o0z dY oz 0z
sothat p=—=———+—.—=——-+y——
ox 0X dx dY ox dX ~9Y

_az_a_zax EBY_BZ 0z

4 q=2£_°z 0o oz oY _or, oz
W AT TX 9y oY 9y ox oy
0z oz
cay—px=(y—x)2Z and p-q=(y—x)Z.
qy —px =y X)ax and p—q=(y X)E)Y

2
.. The given equation can be written as E = E .
oX \dY

0z oz
P=Q?, where P=— and Q=—.
= Q~, where X and Q 5y

Now this equation is of the form f(P, Q) = 0.
.. The complete solution is z =aX +b¥Y +c, (1)
where a=b> = b=+/a.
Thus, from (i), the complete solution is z = aX + JaY+c
=z=a(x+y)++vaxy+c. Ans.
Form 2. Equation of the form z = px +qy+f(p,q):

Complete solution:
In this case, the complete solution is
z=ax+by+f(a,b)

obtained by writing a for p and b for q.

Now let us solve some partial differential equations for the present case

i.e. when equation of the form z = px+qy+f(p,q):

Q.No.3.: Solve the following partial differential equation: z = px + qy ++/1+ p2 + q2 .

Sol.: Given partial differential equation isz = px + qy ++/1+ p2 + q2 .

This non-linear partial differential equation is of the form z = px +qy +f(p,q) .

Thus, its complete solution is z = ax + by +V1+ a’+b”.
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Equations reducible to the form z = px +qy +f(p,q) .
Q.No.4.: Solve the following partial differential equation: 4xyz = pq + 2px2y + 2qu2.

Sol.: Given partial differential equation is 4xyz = pq + 2px2y + 2qu2.

This equation is not of the form z = px +qy +f(p,q) , but this can be reduced this form.

Let x> =X and y2=Y

dz dz dX 0z dz 0z dY oz
sothat p=—=——=2x— and q= =2y—.
ox dX oJx 0X ay Ty ay oY
.. The given equation becomes
4xyz—4xya—a—+4 3,92 — +4xy 382
0X dY ax oY
202 5 az 0z 0z 0z dz 0Jz 0z
S z=X"—+y — =X—4+Y—+—.—
0X BY X Y oX dY 09X dY
0z 0z
=PX+QY +PQ, where P=— d Q=—.
=7z +QY +PQ, where X and Q 5

Now this equation is of the form z =PX + QY +f(P,Q).

Thus, the complete solutionis z=aX+bY +ab=z = ax” + by2 +ab . Ans.

Form 3. Equation of the form f(z,p,q) =

i.e. Equation not containing x and y.

Let us assume z = ¢(x +ay) = ¢(u),

where u = x +ay as a trial solution of the given equation.

0z , , 0z 0z , , 0z
p=—=0"(x+ay)=0"(u)==——and q=-—=0¢'(x+ay)a=ad'(u)=a—.
ox du ay du
o dz dz
Substituting these values of p and q, we get ( a—j =0,
du’ du

which is the ordinary differential equation of the first order.
Integrated it, we get the complete solution.
Method:

0z

(1) Assume u = x +ay, sothaltp—g—Z and q=a—.
u

Ju
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(i1) Substitute these values of p and q in the given equation.
(ii1) Solve these resulting ordinary differential equations in z and u.

(iv) Replace u by x +ay.

Now let us solve some partial differential equations for the present case

i.e. when equation of the form f(z,p,q)=0:

Q.No.5.: Solve the following partial differential equation: 22(p2 + q2 + 1) =a?.

Sol.: Given partial differential equation is 22(p2 + q2 + 1) =a’

This non-linear partial differential equation is of the form f(z,p,q) =0.

Let u =x+by, [Note the use of b instead of a, since a is given in the constant]

sothatng—Z and qzbg—z.
u u

Substituting these values of p and q in the given equation, we get

2 2 2
z? (Ej +b2(%j +1 =a2:>zz(1+b2{£j =a’ -7’
du du du

[ 249z _ [5 5 [ 2 z _
= zV1+b Qu a“—z" => +\1+Db .—mdz du

Integrating on both sides, we get

i‘\/1+b2\/a2 ~z22 =u+c> (1+b2Xa2 —zz): (x+by+c)2,
which is the required complete solution.

Q.No.6.: Solve the following partial differential equation: 22(p2x2 + q2) =1.
Sol.: Given partial differential equation is z? (pzx2 + q2) =1.
2\ (o)
This equation can be written as 7? (x—j +— | [=1. 1)
ox ady
Let X =logx,

020X _ 1 _ %z %
ox 00X ox 09X x ox 00X
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.. The equation (i) reduces to
2 2
22 (%j 2] 212222 +q2)=1. where p-9% (ii)
oX ady oX

Let u = X +ay, so that ng—z and q:ag—z.
u u

2 2 2
wem g (2] 12 2] o1 feath( 2 -1
Ju ou du

— V1+a%.zdz = +du.

Integrating on both sides, we get

2
\/1+a2.z7:iu+b = V1+a%z2 =+2(X +ay)+2b.

—Vl+a2z? =+2(logx +ay)+c,

which is the required complete solution.

Form 4. Equation of the form f,(x,p) =f,(y,q):
i. e. Equations in which z is absent and the terms involving x and p can be
separated from those involving y and q.
As a trial solution, let us put each side equal to an arbitrary constant a, then
fi(x,p)=f,(y.q)=a.
Solving the equations for p and g, let p=F(x) and q=FE((y).

0z

Since dz = %dx +—
ox ady

dy = pdx +qdy

- dz = F(x)dx + B (y)dy

Integrating on both sides, we get
z=[ R)dx + [ B(y)dy+b,

which is the required complete solution.
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Now let us solve some partial differential equations for the present case

i.e. when of the form fl(x,p) = fz(y,q):

Q.No.7.: Solve the following partial differential equation: yp = 2yx +logq.

Sol.: Given partial differential equation is yp = 2yx +logq .

This equation can be written as p = 2X +llogq =>p-2x= llogq.
y y

This non-linear partial differential equation is of the form f; (x,p)= f, (v,q).
Let p—2x =llogq =a,then p=2x+a and logg=ay = q=¢%.
y

Substituting these values of p and q in dz = pdx + qdy, we get
dz = (2x +a)dx + e dy.

. ) 1
Integrating on both sides, we get z=x2 +ax+—e® +b,
a

which is the required complete solution.

Q.No.8.: Solve the following partial differential equation: 22(p2 + qz): X+ y2 .
Sol.: Given partial differential equation is zz(p2 + qz): X2+ y2 .

2 2
This equation can be written as (z%j + z% =x2+ y2. @)
ox ady

Let zdz = dZ, so that Zzézz.

0Z dZ dz _ oz

W—=———=7—
ox 0z ox o0x

0Z dZ dz 0z

No — ==z
dy 0z dy dy

and
2
9z (oz
.. The equation (i) becomes (—j + (—j =x2% 4+ yz.
ox ady
:>l:‘2+Q2 :X2+y2, where P:a_z and Q:a_z
aX ay
=P?-x?=y*-Q%,

This partial differential equation is the form of f; (X,P) =1, (y,Q) .
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LetPZ—XZ:yZ—sza,thenP: x> +a and Q= yz—a.

Substituting these values of P and Q in dZ = Pdx + Qdy , we get

dZ:\/x2+adx+\/y2—ady.

Integrated on both sides, we get
ZZ%X\/X2+a +%log(x+\/xz+aj+%y yz—a —%log(y+\/X2—aj+b

2
X+vVvX“+a
— 72 :X\/X2+a+y\/y2—a +alog

y+y’-a

which is the required complete solution.

+c, (where ¢ = 2b),

Q.No.9.: Solve the following partial differential equation: p2 — q2 =X-Yy.
Sol.: Given partial differential equation is p2 -X = q2 -y.

This non-linear partial differential equation is of the form f; (x,p)= f, (v.q).
Let pz—xzqz—yza.

Then p2 =x+a and q2 =y+a

ie. p=+4x+a and gq=.y+a.

Substituting these values of p and q in dz = pdx + qdy, we get
dz =+/x+adx+.y+ady.
. . 2 2
Integrating on both sides, we get z = g(x + a)3/2 + g(y + a)3/2 +b,
which is the required complete solution.
Now let us solve some more partial differential equations:
2

Q.No.10.: Solve the following partial differential equation: x2p2 + y2q2 =z

Sol.: Given partial differential equation is x 2p2 + y2q2 =22,

This equation is not of the form f(p, q) = 0, but this can be reduced this form.
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Given equation can be reduced to the above form by writing it as

2 2
LA A )
z OX z dy
and setting 03 = du,d—y = dv,% =dw so that u =logx,v=Ilogy,w =logz.
X y z
2 2
Then (i) becomes (a_wj + (a_wj =1.
du ov
ie. P? +Q2 =1 where Pza—W and Pza—w.
du ov
This equation is of the form f(p, q) = 0.
.. The complete solution is w =au+bv +c. (i1)

where a2+b2=1:>b= 1—a2.

- (ii) becomes w =au+ 1-a’+c.

:>10gz:alogx+\/il—a2ilogy+c,

which is the required solution.

Q.No.11.: Solve the following partial differential equation: p(1+q)=qz.
Sol.: Given partial differential equation is p(1+q)=qz.

This non-linear partial differential equation is of the form f(z,p,q) =0.

Let u =x +ay, so that p=£ andq=a%.
du du

Substituting values of p and q in the given equation, we have

E 1+aE :azgzaﬂzaz—lzjl adz =J- du+b
du du du du az—1

= log(az—1)=u+b = log(az—1)=x +ay +b,

which is the required complete solution.

Q.No.12.: Solve the following partial differential equation: q2 = 22p2 (1 - p2 )
Sol.: Given partial differential equation is q2 = z2p2 (1 - p2 )

This non-linear partial differential equation is of the form f(z,p,q) =0.
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Setting u =y+axand z="f(u), we get

dz dz du dz dz du dz

p=—=——=a— and q=—.—=—.

0x du dx du du dy du

2 2 2
.. The given equation becomes [Ej =a222(%j 1—a2[£j . 1)
du du du

2 2.2

-1

:>a422(ﬂj :a2z2_1:£:L_
du du a2z

Integrating on both sides, we get

J- a’z
\/‘azzz —li

= Z=aX+bY +c ['.'u:y+ax].

dz=.[ du+c :(21222—1)”2 =u+c

’

The second function in (i) is :_121 =0=>z=c,
which is the required complete solution.
Q.No.13.: Solve the following partial differential equation: p2 + q2 =X+y.
Sol.: Given partial differential equation is p2 + q2 =X+y.

This partial differential equation can be written as p2 -X=y- q2

This non-linear partial differential equation is of the form f; (x,p)= f, (v,q).
Let p2 -X= y—q2 =a, say

.'.p2 —x=a gives p=+/(a+x)

and y—q2 =a gives q=+/(y—a).

Substituting these values of p and q in dz = pdx +qdy, we get

dz :\/(a+x)dx+\/(y—a)dy.

Integrating on both sides, we get z = %(a + x)3/2 + %(y - a)3/2 +b,

which is the required complete solution.

Q.No.14.: Solve the following partial differential equation:
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(x+y)lp+a) +(x-ylp-q)* =1.
Sol.: Given partial differential equation is (x +y)(p + q)2 +(x—y)p- q)2 =1.
This equation can be reduced to the form f;(x,p)=1f,(y.q).

By putting u =x+y, v=x—y and taking z = z (u, V).

Then p= 229290, 92 0V _p
dx ou ox v ox

andq—aZ %a—u+%i—P Q, whereP— Q——
dy du dy v dy au ov

Substituting these, the given equation reduces to
u(2P)? + v(2Q)? =1 = 4P%u =1-4Q?v.
This equation is of the form f; (u,P)= fr (v,Q).

Let 4P%u = 1—4Q2V =a (say).

R

0z 0z Ja du  1-a

sdz=—du+—dv=Pdu+Qdv =+——+
du ov Q 2 Ju 2

Integrating on both sides, we get
z=%JaJu+1-a/v+b :>z=i\/a(x+y)i\/(l—a)(x—y)+b,

which is the required complete solution.

Ql‘g.
< || <

*f¢ sfe s sl sl e sfe sfe sfe sfe sfe sfe sfe sl sl sfe sfe sfe sfe sfe sfe sfe sfe sl e sfe sfe sfe sfe sfe sfe sfe sl e sfe sfe sfe sfe sfe sfe sl e shestesfe e sfe sfe sfe s s
sfe e e s sfe sfe sfe sfe sfe sfe sfe e e sfe sfe sfe sfe sfe sfe sfe e st e sfe sfe sfe sfe sfe sfesfesie she e sl sfe sfe sfe sfe ek

sfe sfe e she e sfe sfe sfe sfe sfe sfesfe e e sfe sfe sfe sfe sfe sfe sfesie e she s sfe s sfe sfe sfe e

Home Assignments

Q.No.1.: Solve the following partial differential equation: pq+p+q =0.

Ans.: z=ax — ay +b.

(1+a)
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Q.No.2.: Solve the following partial differential equation: p3 - q3 =0.
Ans.:

Q.No.3.: Solve the following partial differential equation: z = p2 + q2.
Ans.: 42(1 +a’ ): (x +ay + b)2 .

Q.No.4.: Solve the following partial differential equation: 22 =1+ p2 + q2.

x+ay+b

Ans.: z = cosh{ ———.
w/‘1+a2)

Q.No.5.: Solve the following partial differential equation: yp +xq+pq =0.

}X2+b.

Ans.: 2z :ay2 —{( 1)
a

Q.No.6.: Solve the following partial differential equation:p+q=sinx +siny.

Ans.: z=a(x—y)—(cosx +cosy)+b.

Q.No.7.: Solve the following partial differential equation: \/E + \/a =Xx+y.
Ans.:3z = (x+a)3 +(y—a)3 +b.

Q.No.8.: Solve the following partial differential equation: (p2 - qz)z =X-Yy.

Ans.:
Q.No.9.: Solve the following partial differential equation: z = px +qy — 2+/(pq)

Ans.:z = ax + by — 24/(ab).

Q.No.10.: Solve the following partial differential equation: p2 + q2 =1.

Ans.: z=ax + 1—312 +c.

Q.No.11.: Solve the following partial differential equation: p2 + q2 =x2+ y2 .

Xl\/(x2 +a2)+ y\/(yZ _az)—ﬁcosh_ll+b-
2 2 a

-1 X
24

a“® .
Ans.: z=—sinh
a

3
Q.No.12.: Solve the following partial differential equation: 4y +y=3+5".

dx3
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—X
Ans.: y=cje " +e2 (02 cos§x+c3 sin%x)+3+%ex.

2

Q.No.13.: Solve the following partial differential equation: d_;/ + 4j—y +5y=-2coshx.
dx X

Ans.: y=e *(c{ cosx +c5 sin x)—iex —le_x

! 2 10 2
) C . . d2y dy .

Q.No.14.: Solve the following partial differential equation: . + 5y =sin3x.

dx X

Ans.: y =e*(c| cos2x +c, sin 2x)+2L6(3cos 3x — 2sin 3x).

Q.No.15.: Solve the following partial differential equation:

3 2
d—§+d—§—d—y+y=sin2x.
dx” dx~ dx

_ . 1 .
Ans.: y=cje * +cycosx +c3 smx+E(200s2x—sm2x).

d’y
dx3

2 X

Q.No.16.: Solve the following partial differential equation: +y =sin3x —cos ER

Ans.:

—X

y=cie *+e2 |cy cos 2 x + c3 sin > +L(Sin3x + 27cos3x)—l—l(cosx —sinx)
2 2 730 2 4

Q.No.17.: Solve the following partial differential equation:

(D2 —4D + 3)y = sin3x cos 2x.
Ans.: y=cre * + cze3X + 8%(100055)( +11sin x)+2i0(sin X +2c0sX).
Q.No.18.: Solve the following partial differential equation:
(D2 -3D+ 2)y =6e7% +5in2x.
Ans.: y=ce* +cpe2* +ie_3X +i(3cos 2X —sin 2x).
ST 20

2
Q.No.19.: Solve the following partial differential equation: d_;/ +4y=e” +sin2x.

dx
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. 1 X
Ans.: y =cj cos2x + ¢, sin 2x +§eX —ZCOSZX .

Q.No.20.: Solve the following partial differential equation:

3 2
d—y—2ﬁ+ ﬂ:eh +sin 2x .

x> dx? dx
Ans.: y=¢; +ex(cz cos~/3x +c3 sin ﬂ)+%(e2x +sin 2x).

3 2
Q.No.21".: Solve the following partial differential equation: dy_dy ¢y =

2
dx3 dx2 dx .

1+x

2
_ 1 X 25
Ans.: y=c; +cre X +cqe X xS -2 4 22x .
y 1 2 3 18 ) 6

Q.No.22.: Solve the following partial differential equation:

2

d—y+y=eZX +cosh2x +x°.

dx2

2

. 1 1
Ans.: y=cjcosx+cy s1nx+§e X +§cosh2x+x3 —-6x.

Q.No.23.: Solve the following partial differential equation:

2
ay_ ﬂ+2y: Xe
dX2 dx

3X 4 sin2x .

Ans.: y=cpe* + 02e2X + iek (2x -3)+ %(3 cos 2X —sin 2x).
Q.No.24.: Solve the following partial differential equation: (D2 - 2D)y =e*sinx.
Ans.: y=c| + 02e2X —%ex sinx .

QNo.25.: Solve the following partial differential equation:
2

d—g+2y =x2e> +e* cos2x.
dx
3x X
Ans.: y=c cosﬁx+c2 sin/2x + ° _[x2 —Ex+ﬂ +e—(4sin2x—c052x).
11 11 121) 17

QNo.26.: Solve the following partial differential equation:
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(D3 +2D2 + D)y = x2e?* +sin?x.

2x
7 11 1
Ans.: y=c +(ch +cax)e + 2+ S (xz——x+—j+— 3sin 2x +4cos2x).
y=ct(egteaxfe™ + -+ T ! )

QNo.27.: Solve the following partial differential equation:
(D2 —4D + 4)y =8x2eX sin2x.

Ans.: y =(c; +cox)e?* —e2X l4cos 2Xx + (2X2 - 3)sin 2XJ.

QNo.28.: Solve the following partial differential equation:
(D-1’(D+1)’y= sin2§+eX +X.

2
-x 1 1 X
Ans.: y =(c; +cox)e™ +(c3 +cyx)e™ +E—§cosx+—eX +X.

2
QNo.29.: Solve the following partial differential equation: d—Z + a2y =secax .
dx
. 1 ( . log cos ax J
Ans.: y =cjcosax +c, sinax + —| xsinax + cosax —— |.
a a
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\ "

CHARPIT’S METHOD:

Charpit’s method is a general method for finding the complete solution of non-
linear partial differential equation of the first order of the form
f(x,y,z,p.q)=0. @

Since we know that dz = g—zdx + g—zdy =pdx +qdy . (i1)
X Yy

Integrating (ii), we get the complete solution of (i).

Note: In order to integrate (ii), we must know p and q in terms of x, y, z.

For this purpose, introduce another non-linear partial differential equation of the first
order of the form

F(x.y.z.p.q) =0, (iii)
Solving (i) and (iii), we get

p=px.y.z.a), a=q(x.y.zb). (iv)
Let (iii) be the relation such that when the values of p and q derived from it and the given

equation (i) are substituted in (ii), it becomes integrable.
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On substitution of (iv) in (ii), equation (ii) becomes integrable, resulting in the complete
solution of (i) in the form

0(x,y.z,a,b)=0, )
containing two arbitrary constants a and b.

To determine F: We differentiate (i) and (iii) partially w. r. t. x and y. Thus

8_f+8_fp of 8p of 8q
ox 0z ap "Ox aq “ox
OF OJF oF ap oF aq

—+—p+t— , 1i
ox 0z P dp Ox 8q Ox (vii)

o oF  of p o dq _

=0, (vi)

oy oz p oy Taqay (vin)
O O O 3 OF &y, -
dy 0z ap ay aq 9y
Eliminating g—p between (vi) and (vii), we get
X
3 3F_OF o), (3t OF 3 or) (df 9F_OF ar\ay o
dx dp Ox Ip dz dp 0Jz dp P oq dp dq dp )ox '
Eliminating gq between (viii) and (ix), we get
y
3 OF_OF 3r) (f OF OF ar) (3 3F_3F ar\ap )
dy dq dy dq dz 9q az'aq dp dq dp 9dq )ay '

2 2
aq 0z _ 0z _ a_p and the last term in (x) and (xi) differ in sign only, then

ox oxdy OJyox dy

Since

adding (x) and (x1), we get

(af afjaF of  of |oF af af oF of |oF of |oF 3
—+p—|=—*+|=—+tqQ=— |=—+| —p=—— — |- |=—+|—=— [— =0, (xi)
ox ~dz)dp \dy dz)dq ap aq 0z dp ) Ix aq ) dy

which is the linear partial differential equation (Lagrange’s linear equation) of the first

order with X, y, z, p, q as independent variables and F as the dependent variable.
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.. The auxiliary equations of (xii) are

dp dq dz _dx _dy _dF
o, oF of o _a_a ol o 0 et

87x+p£ % qg pap qaq ap aq

These equations (xiii) are known as Charpit’s auxiliary equations.
Any integral of (xiii) will satisfy (xii). Take the simplest relation involving at least one of
p and q for F = 0. From f = 0 and F = 0, find the values of p and q and substitute in
dz = pdx + qdy
which on integration gives the solution.
Solving (xii1), we get relations (iv) of p and g, using which, the equation (ii) is integrated

resulting in the complete solution (v).

Note: All the equations of Charpit’s equations (xiii) need NOT be used. Choose the

simplest of (xiii), so that p and q are easily obtained.

Now let us solve complete solution of non-linear partial differential equation of the

first order by Charpit’s method:

Q.No.1.: Solve the following non-linear partial differential equation by Charpit’s
method: 2zx — px2 —-2gxy+pq=0.

Sol.: Given non-linear partial differential equation is f = 2zx — px2 -2qxy+pq=0. (@1

.-.a—f=2z—2px—2qy, a—f=—2qx, a—f=2x, a—f=—X2+q, a—f=—2XY+P'
ox ay 0z Jp daq

Charpit’s auxiliary equations are
dp _ dq _ dz _dx dy
of of of  of  of of of  of’
~tP- T4 P q ~ 5
OXx dz dy 0z dp Jdq ap aq
dp dq dz dx dy
2z—=2qy 0  px“—2pq+2qxy x-—q 2Xy—Pp

From second member, we get q = a.
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2 —
Putting q =ain (i), we getpzM.
X“—a

. 0z 0z

Since we know that dz = —dx + —dy = pdx + qdy .
ox ady
2x(z - - 2
.'.dz=pdx+qdy:de+ady:>dZ ady: 2X dx.
X" —a zZ—ay X" —a

Integrating on both sides, we get
log(z—ay) = log(x2 - a)+ logb = z—ay = b(x2 - a).
=z= ay+b(x2 —a),

which is the required complete solution involving two arbitrary constants a and b.

Q.No.2.: Solve the following non-linear partial differential equation by Charpit’s

method: (p2+q2)y=qz or qz—p°y—q°y=0.

Sol.: Given non-linear partial differential equation is f = (p2 + q2 )y -qz=0. (1)
of of > o Of of of

=0, S =pteq? =g, To=2py, o =2qy-z.
Ix dy p tq 3z q ap Py 3q qy

Charpit’s auxiliary equations are
dp _dqg dz dx dy
of of of of  of of of  of
TP o t4d4 p q
Ox 0z dy 0z dp dq op aq
dp dq dz  dx _ dy
-pq p? -9z -—2py -—2qy+z

From the first two members, we get pdp+qdq =0.

Integrating, we get p2 + q2 =a’= p= \/az - q2 . (ii)

azy
Putting p2 +q2 =a’in (1), we get q = —.

z
{ 4.2
.. From (ii), we get p:\/az—q2 = [a2 -2 Z =E\/22—a2y2.
V4 Z

Since we know that dz = %dx + %dy = pdx +qdy .

ox ady
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2
~.dz = pdx +qdy :E\/de+ﬂdy,
Z z

1 .(2 2 2)
—d(z —a’y
= zdz— azydy = a4z’ —a2y2dx =2 - adx.
/zz—azyz

Integrating on both sides, we get

\/zz—azy2 =ax+b = 7? =(ax+b)2+a2y2,

which is the required complete solution involving two arbitrary constants a and b.

Q.No.3.: Solve the following non-linear partial differential equation by Charpit’s
method: 2z + p2 +qy + 2y2 =0.

Sol.: Given non-linear partial differential equation is f =2z + p2 +qy + 2y2 =0. (1)
Charpit’s auxiliary equations are

dp dq dz _dx _ dy

of of of of  of of  of  of

0x P dz dy a oz P ap . aq ap aq
dp _ dq dz dx dy

Top 4y+3q “bp2ray) —20 -y

From first and fourth ratios, we get dp=—-dx => p=—-x+a.

Substituting p=a—x in (i), we get
1

q=— —22—2y2 —(a—x)z].
y

Since we know that dz = édx + %dy = pdx +qdy .

ox ady

- dz = pdx + qdy = (a —x)dx —1[22+ 2y2 +(a- x)zhy.
y

Multiplying both sides by 2y2, we get

2y2dz +4yzdy = 2y2(a —x)dx — 4y3dy —2y(a— X)Zdy

Integrating on both sides, we get
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2zy2 = —lyz(a - x)2 + y4J+b = yzl(x —a)2 +2z+ yZJ: b,

which is the required complete solution involving two arbitrary constants a and b.

Q.No.4.: Solve the following non-linear partial differential equation by Charpit’s
method: z = pzx + q2y .
Sol.: Given non-linear partial differential equation is f = p2x + q2y -z=0. (1)

Charpit’s auxiliary equations are
dp _ dq _ dz _dx dy
of of of of  of of of o
~tP- T4 p q 3
oOx dz dy 0z dp Jdq ap aq
dp dq dz _dx dy

- = = = = .
—p+p2 —q+q2 —2(p2x+q2y) —2px  —2pq

pzdx +2pxdp qzdy +2qydq

p2x q’y

From which, we have
Integrating on both sides, we get log(pzx): log(qzy)+ loga = p2x = aqzy. (i1)

1/2
From (i) and (ii), we have aq2y+q2y=z :q:{ﬁ} .
+a)y

az 1/2
From (ii), we have p = {—)} .
X

(1+a
. 0z 0z
Since we know that dz = —dx + —dy = pdx + qdy .
ox ady

o | az 1z z 1z dz dx dy
..dz-pdx+qdy—{ﬁ} dx+{m} dy:>w/(1+a)ﬁ—\/gﬁ+ﬁ.

1+a

Integrating on both sides, we get

\/{(1+a)z} = \/(ax) +,y+b

3 [\/§+ y+b]2
T (1+a)

, Ans.

which is the required complete solution involving two arbitrary constants a and b.
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Q.No.5.: Solve the following non-linear partial differential equations by Charpit’s
method: pxy+pq+qy=yz.
Sol. Given non-linear partial differential equation is f = pxy+pq+qy—-yz=0. (1)
Charpit’s auxiliary equations are
dp _ dq _ dz _dx dy
of of of of  of of of  of
~tP- T4 P q — 3
Ox 0z dy 0z dp 9Jq ap aq

- dp _ dq dz _ dx _ dy

py+p-y) (px+q)+ap —pxy+q)—qp+y) —(xy+q) —(p+y)

- dp _ dq dz _ dx _ dy

0 (px+aq)+ap —plxy+q)—qp+y) —(xy+q) —(p+y)

From first member, we get dp=0=p=a.

Putting p =a in (i), we get

axy 20+ ay = y2 = gla+ y)= ylz-ax) = q = L=
aty
' 0z 0z
Since we know that dz = —dx + —dy = pdx +qdy.
ox ay

.'.dz:pdx+qdy:adx+mdy:>dz_adx: ydy :dz—adx:(l_ a de.
aty z—ax a+ty zZ—ax aty

Integrating on both sides, we get
log(z—ax)=y—alog(a+y)+b, Ans.
which is the required complete solution involving two arbitrary constants a and b.

Q.No.6.: Solve the following non-linear partial differential equations by Charpit’s
method: z° = Pgxy .

Sol.: Given non-linear partial differential equation is f = 2% — paxy =0. )
Charpit’s auxiliary equations are

dp dqg dz _dx  dy
of of of of  of of of  of

ox paz dy qaz pap qaq op aq
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dp  _ dg _ dz _dx _dy
_(fX +pr) —(fy +qu) pfp +qfq dfp dfq
dp _ dgq _dz_ dx _ dy

= = = = =
—(-pay+2pz) —(-pgx+2qz) -2pgxy —qxy —pxy

Using the multipliers p, g, 0, X, y, we have
pdx + xdp _ qdy + ydq
—pgxy + xXpqy —2pxz  —qpxy + ypgx —2yqz

_, Pdx+xdp _qdy+ydq , dxp) _ d(yq)
—2xpz —2yqz xp)  (y9)

Integrating on both sides, we get xp=ayq=>q= P
a

Substituting q = 2P in () i.e. 2’ = pgxy , we get
ay

2.2
X X V4
2 :p(—pJXy:—p a = p=~va.—.
X

ay

X z
Then q=—= \/;
d ay ay X \/_ ay

Since we know that dz = %dx + %dy = pdx +qdy .
ox dy

~.dz =pdx +qdy = \/_ dx +—=

x/_y
\/—dX 1 dy

Jay

Integrating on both sides, we get

zZ= axby”b, Ans.
which is the required complete solution involving two arbitrary constants a and b.

Q.No.7.: Solve the following non-linear partial differential equations by Charpit’s
method: 2(z+px +qy)= yp2 .

Ans.: Given non-linear partial differential equation is f =2(z + px +qy)— yp2 =0. ()

Charpit’s auxiliary equations are
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dp dq dz dx dy

of of of of  of of of  of "

x Yor oy Yoz Pop Yoq Top g
dp _ dq dz dx _dy

—(2p+2p) —[q-p2+2q) 2xp-2yp2+2qy 2x-2yp 2y

dp dq dz dx dy

—ZP_[zq_szxp—yp2+qu—YP y

=

2

Using first and fifth members, we have

Substituting the value of p (i) i.e. 2(z+px +qy)= yp2 , We obtain

2
2
a a a Z ax
2yq=y(—2j —22—2X[—2]3q=—4————3.
y y 2yt Yy

gz dy = pdx + qdy .

Since we know that dz = Edx +—
ox y

2
~.dz = pdx +qdy =%dx+[a—4—£—a—Xde.
y 2y

Regrouping the terms, we get

(ydz + Zdy] _ [aydx - axdy} N a’ dy

y y3 2y4

Multiplying throughout by 'y, we obtain

2
x| a~d
d(YZ) = ad(—J + 7—3 .

Y y
. . x a’ 1
Integrating on both sides, we get yz=a—+—| 5 +b.
y 2 (-2y
2
:z—a—z—a—3+ , Ans
y© 4y Y

which is the required complete solution involving two arbitrary constants a and b.
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Q.No.8.: Solve the following non-linear partial differential equations by Charpit’s

method: px+qy=pq .
Ans.: Given non-linear partial differential equation is f = px+qy —pq=0. (1)

Charpit’s auxiliary equations are
dp dq dz _dx  dy
of of of of  of of of  of
~tP- T4 P q 30
Ox dz dy 0z dp dq ap aq
dp _dq _ dz dx dy

p q -px-q)-qly-p) -(x-q) —(y-p)’

Taking first two members, we have

dp _dq
P q
Integrating on both sides, logp =logq+loga = p=aq. (i1)

Putting p = aq in (i), we have

aqx+qy:aq2:>q= yax .
a

From (ii), we obtain p=aq=y+ax

Since we know that dz = %dx + %dy = pdx +qdy .
ox ady
-.dz = (y +ax)dx +Mdy = adz = (y + ax )(dy + adx)
a

Integrating on both sides, we get
az =%(y+ax)2 +b,

which is the required complete solution involving two arbitrary constants a and b.

General Integral: Writing b = ¢(a), we have

az = %(y +ax)? +¢(a) (iii)

Differentiating (ii1) partially w.r.t. a, we have
z=x(y+ax)+¢'(a). (iv)
General integral is obtained by eliminating a from (iii) and (iv).

Singular Integral: Differentiating the complete integral partially w.r.t. a and b, we have
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z=x(y+ax) and 0= 1. Hence there is no singular integral.

Q.No.9.: Solve the following non-linear partial differential equations by Charpit’s
method: 2(xy — px —qy)+ p2 + q2 =0.
Sol.: Given non-linear partial differential equation is 2(xy — px —qy)+ p2 + q2 =0.

Here f5p2+q2—2px—2qy+2xy=0 (1)
Charpit’s auxiliary equations are

dp dq dz dx dy

of of of of  _of of  of  of

4P o +q, —po —q. —_

Ox dz dy 0z dp dq ap aq

N dp _ dq _dx dy
-2p+2y -—-2q+2x 2x-2p 2y—-2q

dp  dg  dx _ dy
—p+y -q+x Xx-p y-q
dp+dq dx+dy
X+y-p—q X+y-p—gq
= dp+dq=dx +dy

=

~(p-x)+(g-y)=a (i)
dp+dg=dx+dy, (p—x)+(q-y)=0

Equation (i) can be written as

(p—x)*+(@-y) =(x-y) (iii)

Putting the values of (q - y) from (ii) in (iii), we have
(p-x +la—(p—x)F = (x—y)* = 2(p—x)* ~2a(p—x)+ > ~(x—y)*}=0

Jaa® —sh> —(c=yP]

4

:>p:x+%[a+\/{2(x—y)2 —azﬂ

~. From (ii), Q—Y=a—%[a+\/{2(x—y)2 _azﬂ

p—x=2a+ , (Taking only +ve sign)
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q:y+l[a—\/{2(x—}’)2 _azﬂ'

2

Since we know that dz = %dx + %dy = pdx +qdy .

ox dy

~.dz = xdx + ydy +%(dx + dy)+%\/{2(x - y)2 —az}(dx —dy)

a 1 2 a?
:de+ydy+5(dx+dy)+— (x—y) - (dx —dy)

NG

Integrating on both sides, we have

x2 y2 a 1 | x—-y 2 a’ a’ 2 a’
Z:7+7+5(x+y)+ﬁ T\/{(X—y) —7}—Tlog (x—y)+\/((x—y) —7J +b

which is the required complete solution involving two arbitrary constants a and b.

Q.No.10.: Solve the following non-linear partial differential equations by Charpit’s
method: z=px+qy+ p2 +q2

Sol.: Given non-linear partial differential equation isf =z —px —qy — p2 - q2 =0. (1)
Charpit’s auxiliary equations are

dp dq dz dx dy

of of of of  of of  of  of

87X+p£ 87y+q£ pap qaq ap aq

dp dq dz dx dy
f— = — = = =
-p+p -q+q -pl-x-2p)-ql-y-2q9) -(-x-2p) (-y-2q)
dp dq dz dx dy

0 0 p(x+2p)+qly+2q) (x+2p) —(y+2q)
From first two members, we get dp =0 and dq = 0.
Integrating, we obtain p=aand q=b.
Putting in (1), we get
z =ax+by+a2 +b2,
which is the required complete solution involving two arbitrary constants a and b.

Q.No.11.: Solve the following non-linear partial differential equations by Charpit’s

method: zz(pzz2 + qz): 1
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Sol.: Given non-linear partial differential equation is z 2 (pzz2 + q2 ): 1.

Here f Epzz4 +q2z2 -1=0.
Charpit’s auxiliary equations are

dp dq dz dx dy

of of of of  of of of  of

x Yor oy Yoz Poap 9 Top oq

N dp _ dq dz o dx _ dy

O+p.(4p2z3 +2q22) q(4p2z3 +2q2z): —p(2pz4)—q(2qz2) - —2pz4 -2qz
dp _dq
P q

5
Taking first two members, we have

Integrating on both sides, we obtain logp =logq+loga = p=aq.

Putting p=aq in zz(pzz2 +q2)= 1, we get

1 1
=>q=——
2% +1 z\/iazzz +1i
a

LPpEADpE———-
z\l(a2z2+1)

Since we know that dz = g—zdx +
X

0z

—dy = pdx +qdy.
y

\/iazzz +1de =adx +dy

a 1
sdz= dx + dy =>z
z\/ia222+1i z\/ia222+1i

: : 1 (24 P2
Integrating on both sides, we get — (a 77+ 1) =ax+y+b
3a

3
= (a222 + 1) =0a* (ax +y+ b)2 , Ans.
which is the required complete solution involving two arbitrary constants a and b.

Q.No.12.: Solve the following non-linear partial differential equations by Charpit’s
method: p2 + q2 —-2px—2qy+1=0.
Sol.: Given non-linear partial differential equation is f = p2 + q2 -2px—2qy+1=0. (1)

Charpit’s auxiliary equations are
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dp dq dz _dx _ dy
of of of of  of of  of  of

ox P dz dy a 0z P ap . aq ap aq
dp dq dz dx dy

T Z2p —2q -plp-2x)-q2q-2y) -(p-2x) -(2q-2y)

Taking the first two members, we have

d_p:ﬂjlogpzlogq+loga:>p=aq.
p q

Putting in (i), we get
a2q2 +q2 _Zaqx—zqy-l-l:() = (212 +1}12 _2(3X+y)q+1:0

2ax -+ y)+ Plax+ y)? —4la? +1)f

2la2 +1)

B (ax + y)+\/{(ax + y)2 - (a2 +1)}

4= (a2+1)

a[(ax + y)+ \/{(ax + y)2 — (a2 + l)ﬂ

a’+1

=q=

. (Taking the positive sign only)

and p=aq=

gz dy = pdx + qdy .

dy
(ax + y)+\/{(ax + y)2 - (a2 +1)}(

(az +1)

Putting ax +y =t, so that adx +dy = dt, we have, (a2 +1)dz = [t +\/{t2 - ‘az +1Hdt .

Integrating on both sides, we get

2 2
(a2 +1)z=%+%\/{ 2—‘a2 +1”—a 2+110g[t+\/{t2 —ia2+1iﬂ+b,where t=ax+y,

which is the required complete solution involving two arbitrary constants a and b.

Since we know that dz = %dx +
X

sdz= adx + dy)

Q.No.13.: Solve the following non-linear partial differential equations by Charpit’s
method: p = (qy + z)2 .

Sol.: Given non-linear partial differential equation is f = —p + (qy + 2)2 =0. @)
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Charpit’s auxiliary equations are
dp dq dz _dx _ dy
of of of of  of of of  of
~tpP5 T4 p q N
OXx dz dy 0z dp Jdq ap aq
dp dq dz dx dy
- = = = .
2plqy+2) 4qlay+z) (p)-1)-q2(y+z)y -(-1) -2ylay+2)
Taking first and fifth members, we have

d_p+d_y:0 = logp+logy =loga=p=

a
Py y

. From (i), we obtain A (qy + z)2 = (EJ =qy+z=q=
y y

y3/2 y
. 0z 0z
Since we know that dz = —dx + —dy = pdx + qdy .
ox ay
. dz:idx+ ;//gz _z dy = ydz+zdy=adx+£dy.
y y y Jy

Integrating on both sides, we get
yz = ax +2,/(ay) + b,

which is the required complete solution involving two arbitrary constants a and b.

Q.No.14.: Solve the following non-linear partial differential equations by Charpit’s

method: px +qy =z(1+ pq)”2 .

Sol.: Given non-linear partial differential equation is f = px +qy —z(1 + pq)” 220, 1)
Charpit’s auxiliary equations are

dp _dqg dz _dx  dy
of of of of  of of of  of
~tP -td5- P393 ~—C
OXx 0z dy 0z dp dq op aq
dp dq

p-pl+pg)’? q-qlt+pq

=

)2 -
Taking the first two members, we have

@:Ejlogpzlogq-i-loga:p:aq-
p q
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Putting in (i), we have

)1/2

aqx+qy:z(1+aq2 = q*(ax+y)’ =Z2(1+aq2)

2

2 z zZ az
q = =q= =p= .
(ax+y)2_azz \/(ax+y)2—a22} \/(ax+y)2—a22}
. 0z 0z
Since we know that dz = —dx + —dy = pdx + qdy .
ox ady
(azdx + zdy) dz adx +dy

sodz = = —=

\/‘_(ax + y)2 —azz} z \/{(ax +y)? —azz}

Putting ax +y = Jau , we get

dz Jadu du 1[5 3
—_—— = —=—4/lu” -2z
au’ —az’ dz  z
Again put, u =vz,
dv dv
sothat v+z— = —+/|v2z2 - 2% | = v+z— =4/lv? =1
dz z dz

:z%zﬂ‘vz—l)—v :EZZL
z z \/iv —lj—v

:%z—{\/ivz—lhv}iv.
z

Integrating on both sides, we get

2
logz =— X\/‘Vz—li—llog{v+ V2—1} —V—+b
2 2 2
2
:>10gl+v7+§\/(V2 —1)—%10g{\'+\livz—li}zb,where v="= ax\;—_y.
z Z~Na

which is the required complete solution involving two arbitrary constants a and b.

Q.No.15.: Solve the following non-linear partial differential equations by Charpit’s
method: (x2 - y2 )pq - xy(p2 - q2 )—1 =0.

Sol.: Here f = (x2 —yz)pq—xy(p2 —qz)—l =0. @)

Charpit’s auxiliary equations are
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dp dq dz _dx  dy

of of of of  of of  of  of

87X+p$ 87y+q£ pap qaq ap aq

- dp _ dq _ dx
2pqx—y(p2 —qz) —2ypq—X(p2 —qz) —(xz —yz)q+2pxy
dy _
S = e

Using X, y, p, q as multipliers, we have

xdp + ydq + pdx + qdy
0

Each fraction =

- (xdp + pdx)+ (qdy + ydq)=0.

Integrati = _ay
grating, we get px+qy=a=>p= .
X

.. From (i), we have

(x2 —yz{ﬂjq—x}{w—qz}—lzo

X X

= %{(Xz —y?h—(a—aqy)y}+ xya> ~1=0

a—qy

= (xzq—ay)+ xyq2 -1=0

= (a—qy)(xzq—ay)+ xzyq2 -x=0
= axzq—azy—xzyq2 +ay2q+x2yq2 -x=0

= qa(x2 +y2):a2y+x

2

a"y+x
—4q= 2y 2

alx“ +y
'p—l a_(a2y+x)y _ azx—y
- X a(x2+y2) a(x2+y2)'
: 0z 0z
Since we know that dz = —dx + —dy = pdx + qdy.

ox dy

dy = (azx - y)dx + (azy + X)dy —dz—a (xdx + ydy) N xdy — ydx
2

a(x2+y2) x> +y a(xz+y2)
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Integrating on both sides, we have

z =Elog(x2 +y2)+ltan_1z+b,
2 a X

which is the required complete solution involving two arbitrary constants a and b.

Q.No.16.: Solve the following non-linear partial differential equation by Charpit’s

method: yz—p(xy+q)-qy=0 or pxy+pq+qy=yz.
Sol.: Here yz—p(xy+q)—qy =0.
Charpit’s auxiliary equations are

dp dq dz _dx _ dy

of of of of  of of of  of

87X+p$ 87y+q£ pap qaq ap aq

@

Herea—f— a—f—x+ a_f— X+q—z2 a_f_ + a_f__
e R e LA I v &

__d _ dg _ dz _dx dy
py+p(-y) px+q-z+q(-y) -[pxy+q)+qlp+y)] -(xy+q) -(p+q)

From 1% and 2™ member, we obtain

dp _ dq
0 px+q-z—-qy

=>dp=0=p=a.

Now from (i), pxy+pq+qy—yz=0

yZ—axy _ y(z—ax) = y(z —ax)

aty aty aty

=axy+(a+y)g-yz=0=q=

y(z—ax)dy
aty

Now consider dz = pdx +qdy = adx +

y(z—ax)a dy
aty

= dz—adx =

Put z—ax=t, dz—adx =dtd

- (i) reduces to_dt = ¢ dy:a+y_ady:(1— a jdy
aty aty

Integrating both sides, we get

j 1dt:'f dy—aJ. ! dy + constant (= log c)
t aty

(ii)
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= logt =y —alog(a + y) + logc [t:z—ax]

= log(z —ax) =y —alog(a +y) +logc, is the required solution.

This solution can also be written as (z — ax)(y +a’ ): be?.

Q.No.17.: Solve the following non-linear partial differential equation by Charpit’s
method: q+xp = p2 .

Sol.: Here q+xp = p°. (1)

Charpit’s auxiliary equations are

Let f(x,y,z,p,q)=q+X1o—p2

Here a_f:p’ a_f:X—zpa—f:O’ i:l, a—f:()
ox op dy aq

Charpit’s auxiliary equations are
dp dq dz dx dy

of of of of  of of of  of
~+tp - +t4. P —95 —. ~o
oOx dz dy 0z dp dq ap aq
dp dq dz dx dy
f— = = = =
p+0 0+qx0 —[p(x-2p)+q] -x+2p -1

From 1* and 5™ members

@:—dy :10gp=—y+10ga:10g£=—y :Bze_y:p:ae_y
p a a

. _ 2 -y _.2,."2y o 2.2y -y
Also from (1), q+xp=p~ =>q+axe ’ =a“xe ~’ =>q=a"e 7 —axe .

Now consider dz = pdx +qdy = ae Ydx + (aze_2y —axe Y )dy
dz = a(e_ydx - xdy)+ a’e dy

Integrating on both sides, we obtain z = aJ.d(e_yX)+ azj. e_zydy +c

_y a° _ . . )
—z=axe 7 —7e 2Y yc.is the required solution.

Q.No.18.: Solve the following non-linear partial differential equation by Charpit’s
method: p(p2 + 1)+ (b-z)g=0.

Sol.: Let f(x,y,z,p.q) =p3 +p+bg—-29=0
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of of of of of
Here — =0, = =3p? +1,—=0, —=b-z, —=—q.
ax ap P ay aq 0z a
Consider Charpit’s Auxiliary equations
dp = dqg dz _dx  dy
of of of of - of  of
Ox 0z dy 0z dp oq ap aq
= d_p = d—qz =..... etc
—Pq -—q
From 1°*' and 2™ members, dp _dq )
P q

Integrating on both sides, we get

logp=1logq+logc = p=cq.
Now from (i) p3+p+(b—z)q=0 :>c3q3+cq+(b—z)q:O

2, Z—C—Db Jz—c—b

=g +c+b-z=0 =¢° = =q=

c? cale

Now consider dz=pdx+qdy =+z—-c— [ —dx + W ANz—c—

= (z—c—b)” l/de—L+Ldy.

\/E 3/2

Integrating on both sides, we get

[ @—c—b)""%dz _\/_j dX+WJ dy +a

= 24z - = ——+a, is the required solution.

\/E 3/2

Q.No.19.: Solve the following non-linear partial differential equation by Charpit’s
method: 1+ p2 =qz.
Sol.: Let f(x,y,z,p,q) :1+p2 -qz=0

Here a—f—O a—f—2p a—f—O a—f:—z a—fz—q.
ox op dy aq 0z

Consider Charpit’s Auxiliary equations
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dp dq _ dz dx  dy

of of of af_(af afJ of  of

—+p— —+ B
ox paz ady qaz pap+qaq ap aq
L
—Pd —q
From 1% and 2™ members, @:d_q
p q

Integrating on both sides, we get

logp=logq+logc = p=cq.

w2 a2
Now from (i) p2 +1-qz =0 :>Czq2_qZ:O:>q:#'
2c

Now consider
dz = pdx +qdy :zi(zi\/z2 —4¢? jdx+%(zi\/z2 —4c? jdy
¢ 2c
dz 1 1

24422 —4c?  2¢ 2c*dy
1 z7z?% —4c? 1

1
. dz = —dx +——=dy.
zi\/22—4c2 21\/z2—402 2c 2¢?

Integrating on both sides, we get

(Z$\/22—402)d

1
J 402 =] _d“I PR (A +B)A-B)=A%-B?
%i[ Vz? —4c? —2¢ log(z+\/z —4c ﬂ 4c (2_X+2LY+bj 2ex+2y+d,
c C

where d = 402b,

2
H:J. xz—azdng x2 —a? —%log\/xz—az}
%i[ Vz? —4c? —2c log(z+\/22 —4c ﬂ 2cx + 2y +d, is the required solution.
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Home Assignments

Q.No.1.: Solve the following non-linear partial differential equation by Charpit’s
method: 16p222 +9q222 +4z° —4=0.
Hint:
dp dq —-dx  —dy —dz

32p°z+18pq’z+8pz  32pqz+18q°z+8qz  32pz”  +18qz%  32p2z? +18q°z°

4zdp+0.dq+1.dx +0.dy +4pdz=0, x +4pz =a, p:_’:a,
Z

Q.No.2.: Solve the following non-linear partial differential equation by Charpit’s
method: p(l + q2 )+ (b—z)q=0.

Hint:d—pzd—gz 5 dz = SX = dy ’
Pd q 3pq +p+(b—z)q q- +1 —z+b+2pq

(1) (i1)g=pc,Sub q=+/cz—b —1.
Ans.: 24/[c(z—b)-1|=x+cy+a; a, care arbitrary constants.

Q.No.3.: Solve the following non-linear partial differential equation by Charpit’s

method: q—px—q2 =0.

Hint: q=a, pzé[ixi\/x2+4a}.
2
Ans.: z:—%i%[gvxz+4a +2a10g{x+\/xz+4aH+ay+b.
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Q.No.4.: Solve the following non-linear partial differential equation by Charpit’s
method: yzp2 -q=0.

Ans.: z2 =2ax + azy2 +b.

Q.No.5.: Solve the following non-linear partial differential equation by Charpit’s
method: 2(pq + py +qx)+ x2 + y2 =0.

Ans.: 22=ax—x2+ay—y2+%(x—y (x—y)2+a2 .

+

;31?2 log[m A Rx—y) +a2f+ b}

Q.No.6.: Solve the following non-linear partial differential equation by Charpit’s
method: q = 3>p2 .

Ans.:z = ax+3x2y+b.

Q.No.7.: Solve the following non-linear partial differential equation by Charpit’s

method: z =pq.

Ans.: 24z = ax+iy+b.
a

2

Q.No.8.: Solve the following non-linear partial differential equation by Charpit’s
method: zpq=p+q.

Ans.: 7% = 2(a+1)£x+1j+b.
a

i s s sl sl e sfe sfe sfe sfe sfe sfe sfe sl sl sfe sfe sfe sfe sfe sfe sfe sfe sl e sfe sfe sfe sfe sfe sfe sfe sl sle sfe sfesfe sfe sfe sfe s s shestesfesfesfe sfe s s o
s sfe sfe sfe sfe sl st sfe sfe sfe sfe sfe sfe sfe sl st sfesfe sfe sfe sfe sfe sl s shesfesfe sfe sfe sfe sl sl e sheste e sfe sl e s

sfesfe e ke e sfe sfe sfe sfe sfe sfe e e e sfe sfe sfe sfe sfe sfe sfesie e shesfe sl sfe s sfe sfe e
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\ 1/
Homogeneous linear equations with constant co-efficients:
Consider a partial differential equation of the form
a anZ+a 07z +a 0"z + +a 0"z +
0 1 2 ..........
ox" 8Xn_1ay E)xn_zay2 " oy"
n—1 n—1 n—1 n—1
boa T+b1 J 2Z +b2%+ .......... +bn_1a T +
ox"~ ox" "9y ox" 7y oy"”
( oz zj
.............. +| my—+m, +npz=0
ox y
ie.¢o(D,D)=0
Here ag,aj,ag,.ccceene ,an, bg,by,bo ,by_1, mg,my,ng are all constants. In

this equation the dependent variable z and its derivatives are linear, since each term in the
LHS contains z or its derivatives.
This equation is called a linear partial differential equation of the nth order with

constant co-efficients.
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Linear Homogeneous Partial Differential Equation
A linear homogeneous partial differential equation is of the form where all the

derivatives are of the same order. Thus, an equation of the form

a arlZ+a 0"z +a 0"z + +a 0"z F(x,y) (1
0 1 — 2 S n = s s

ox" ox "1y Ix"29y? oy"

where ag,a1,a9,.cccenee ,a, are constants, is called a homogeneous linear partial

differential equation of the nth order with constant co-efficients.

Here, all the partial derivatives are of the nth order.

Writing D for i and D’ for i , (1) can be written as
ox ady

(Dn +a;D" 7 'D"+a,D"?D? +......... +a,D" )z =F(x,y) = ¢(D,D' )z =F(x,y). (i)
As in the case of ordinary linear differential equations with constant co-efficients the
complete solution of (ii) contains of two parts:

(i) The complimentary function (C.F.), which is the complete solution of the equation
®(D,D’)z=0. It must contain n arbitrary functions where n is the order of the
differential equation.

(ii) The particular integral (P.I.), which is a particular solution (free from arbitrary
constants) of ¢(D,D’)z = F(x,y).

The complete solution of (ii) is z=C.F. + P.L

Rules for finding Complementary function (C.F.):

We explain the procedure for finding the complimentary function of a differential

equation of the second order. It can be easily extended to differential equation of the

higher order.
2 2 2
Consider the equation J i +a; 9z +a, J ; =0
ox oxdy ady
which in symbolic form is (D2 +a;DD"+ a2D'2)z =0. (i)
Its auxiliary equation (A.E.) is m?2 + aim+a, =0. (i1)

Here we put m =

;.

Let its roots be m;,m,.
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Case L.: When the A.E. has distinct roots 1. €. m; # m, then (i1) can be written as
(D-mD’)(D-m,D")z=0. (iii)
Now the solution of (D—m,D')z =0 will be the solution of (iii)

But (D-m,D’)z=0=p-m,q=0,

S e . d d d
which is of Langrange’s form and the auxiliary equations are X9 - HZ .

The first two members give dy +m,dx =0= y+m,x =a

Also dz=0=12z=b

nz=1, (y+ mzx) is the solution of (D — sz')z =0

Similarly, (iii) will also satisfied by the solution of

(D-mD’)z=0i.e.by z=f(y+mx)

Hence the complete solution of (ii) is f;(y +m;x)+f,(y + m,x).

Case IL.: When the A. E. has equal roots, each = m, then (ii) can be written as
(D-mD’)(D-mD’)z=0. (iv)
Let (D—mD’)z = u, then (iv) becomes (D —mD’)u =0

Its solution is u = f(y + mx), as proved in case L.

~.(D—mD")z = u takes the form (D —mD’)z = f(y + mx)

= p—mq = f(y+mx) [Langrange’ form]

dy dz
-m f(y+mx)

- . dx
The auxiliary equations are — =

Now de:d_y gives dy+mdx=0=>y+mx =a.
—-m
dx dz . .
Also T:T) gives dz=f(a)dx > z=f(a)x+b 1.e. z—xf(y+mx)=b.
a

.. The complete solution of (ii) is

z—x0(y + mx) = oy + mx) = z = f(y + mx) + xf(y + mx).
Notel. We know that for the differential equation (D2 +a;DD"+ azD'zk =0,

the AE.is m? +aym+a, =0. (i)
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Now the roots of (i), considered as a quadratic in D/D’, are the same as those of
m? + am+a,. (i1)
.. This quadratic in m can also be called the A.E.

Hence, we shall write the A.E. in terms of m.

Thus, the A.E. is obtained by putting D =m and D" =1 in ¢(D,D’)=0.

Hence, the A.E. of differential equation ¢(D,D’)z = F(x,y) is ¢(m,1)=0.
Note 2. Generalizing the results of case I and case II, we have

1) if the roots of A.E. are m;,m,,m;,.............. (all are distinct roots), then
CF. = fl(y + mlx)+ f2(y + mzx)+ f3(y + m3x)+ .................

(i1) if the roots of A.E. are m;,m,,mj,.............. (two equal roots), then
CFE. =1 (y+ mlx)+ sz(y + mlx)+ f3(y + mzx)+ .................

(iii) if the roots of A.E. are m;,m,,m;,.............. (three equal roots), then
CFEF.= fl(y + mlx)+ xfz(y + mlx)+ X2f3 (y+ 1’1’11X)+ .................

. o , 0%z 9%z 3%z
Q.No.1.: Solve the following partial differential equation: 2 5+35 +2—=0.
ax axay ay

Sol.: The given equation in symbolic form is (2D2 +5DD’ + 2D'2)z =0.

Its auxiliary equation is 2m’ +5m+2=0=m=-2, —%.

Here, the complete solution is f (y-2x)+f z(y — % xj .

This complete solution can also be written as 0 (y—2x)+ 0y 2y —x).

0%z 9%z 0%z

- —~ =0.
axz axay ay2

Q.No.2.: Solve the following partial differential equation:

Sol.: The given equation in symbolic form is (D2 -DD’ - 6D’2)z =0
Its auxiliary equation is m’-m-6=0= (m-3)m+2)=0 =>m=3, -2.
Hence, its complete solution is z = f; (y+3x)+ f, (y-2x).

Q.No.3.: Solve the following partial differential equation: (D +2D’)D-3D’)?z =0.
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Sol.: The given equation is (D +2D')(D — 3D')22 =0.
Its auxiliary equation is (m+2)(m — 3)2 =0=>m=-2,3,3.
Hence, the complete solution is z = f; (y—2x)+ fz(y +3x)+ xf; (y +3x).

Q.No.4.: Solve the following partial differential equation: 4r—12s+9t =0.

Sol.: The given equation is 4r—12s+9t =0.

Its symbolic form is (4D2 ~12DD’ +9D"2 ) = 0.

2 2 2
Since rzﬂzDzz, S = 0z =DD'z, tzﬂzD'Zz.
ox> Ixdy dy”
.. .. 2 o) 33
Its auxiliary equation is 4m” —12m+9=0= 2m—-3)" =0 :>m=5,§.

Hence, the complete solution is z = ¢1(y + %xj + x¢2[y + %xj ,

This complete solution can also be written as z = f;(2y + 3x )+ xf, (2y + 3x).
Q.No.5.: Solve the following partial differential equation: r+6s+9t =0.

Sol.: The given equationis r+6s+9t =0.

Its symbolic form is (D2 +6DD’ + 9D'2)z =0.

2 2 2
Sincerza—zz 2z,s:azzDD'z,tzﬂzD'zz.
0x 0xdy 8y2

Its auxiliary equation is m’+6m+9=0=m=-3, —3.
Hence, the complete solution is z = f;(y —3x)+ xf, (y — 3x).

Rules for finding the P.1.:
I. Short methods to find P.I.:

(i). When F(x,y)=e™"®

1 1
Pl = _eMtbY —__ _o84DY (§ ¢ putD=aand D’ =b) provided ¢(a,b)# 0
¢(D.D") 9(a,b)

If ¢(a,b) =0, then it is called a case of failure.

(ii). When F(x,y) = sin(ax + by).
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P.I = ! )sin(ax+by)=

~ ¢|p2, DD, D2

¢(_ az,—ab,—bz )sin(ax +by),

@i. e. put D?=—-a%, DD’ =-ab, D'? = —b2) provided ¢(— az,—ab,—bz);t 0.
If ¢(— a2,—ab,—b2)= 0, then it is a case of failure.
Note: A similar rule holds when F(x,y)= cos(ax + by).

(iii). When F(x,y) = xPy9, where p, q are positive integers.

1
o(D,D’)

P.I = xPyd =[o(D, D) xPyY.

If p <q, expand [0(D,D’)]"! in powers of D

’

’

If q < p, expand [0(D,D’)]"! in powers of %

1 1
Also, we have BF(X, y)= .[ F(x,y)dx and Y F(x,y) = J. F(x,y)dy.

y constant X constant
I1. General method to find the P.1L.:
F(x, y) 1s not always of the forms given above. Moreover, there are cases of
failure in the short methods. The general method is applicable to all cases where F(x, y) is
not of the forms given above or the short methods fail.

Now, ¢(D,D’) can be factorized, in general, into n linear factors.

1
~PL= ~F(x,y) = - - ~F(X,y)
o(D,D’) (D-m;D’)(D-m,D)...... (D-m,D’)
1 1
= -, RS —FXx,y)
D-mD D-m,D D-m,D

1
Let us evaluate ——F(x,y).
D—mD’ (x,y)

Consider the equation, (D —mD’)z = F(x,y) = p—mq = F(x,y).

a4y __d
-m F(x,y) '

- . d
The auxiliary equations are TX =

From the first two members dy + mdx =0 = y+mx =c.

From the first and last members, we have
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dz = F(x, y)dx = F(x,c — mx)dx
SZ= I F(x,c—mx)dx = ;F(X,y) = I F(x,c —mx)dx,
D -mD’

where c is replaced by y+ mx after integration.

By repeated application of above rules, the P. I. can be evaluated.
Working procedure to solve the equation:

0"z 0"z 0"z

+k
ox" ox" 1oy oy"

=F(x,y)

Its symbolic form is (Dn +kD" D 4., +k, D™k =F(x,y)
or briefly f(D,D")z = F(x,y).
Stepl. To find the C.F.:
(i) Write the auxiliary equation (A.E.)
1

ie.m"+km" 4+ +k, =0 and solve it for m.

(i1) Write the C.F. as follows

Roots of A. E. CF

I. my,m,,ms.......... (distinct roots) f,(y + mx)+ £, (y + myx )+ f5(y + myx) +...

2. my,m,,ms.......... (two equal roots) | f; (y+ mlx) + xfz(y + mlx)+ f3 (y+ m3x) +...
3. my,m,,Mms.......... (three equal roots) fl(y+mIX)+sz(y+m1X)+X2f3(y+m1X)+ .....

Step2. To find the P.1.:

From the symbolic form, P. I. = ;F(x, y).

f(D,D’)
1

™ FBY putD=aand D' =b

(i) When F(x,y)=e™"™ P.I =

(ii) When F(x,y) = sin(mx +ny) or cos(mx +ny)

P.I = ! )sin or cos(mx +ny). [put D> =-m?, DD’=-mn, D?=-n

2
= |
£{D2,pD’, D2
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1

m n=fD,D’ —1_m n
fo.0)" Y [t(D.D)] " x™y

(iii) When F(x,y) =x"y", P.I =

Expand [f(D,D’)]™" in ascending powers of D or D’ and operate on x™y" term by term.

(iv)When F(x, y) is any functionof x and y, P.I. = F(x,y).

f(D,D")

Resolve into partial fractions considering f(D,D’) as a function of D alone and

7’
2

operate each partial fraction on F(X, y) remembering that
;F(x )= .[ F(x,c —mx)dx
D-mD Y ’ ’

where c is replaced by y+ mx after integration.

Now let us solve some homogeneous linear partial differential equation with

constant co-efficients.
2, 9%z

Q.No.1.: Solve the following partial differential equation: — —
x> Oxdy

= COSXCO0S2y.

Sol.: The given equation in symbolic form is (D2 - DD')Z =COSXCos2y.
Step 1. To find the complementary function

Its auxiliary equation (A.E.) is m’ -m=0= mm-1)=0=m=0, I.
Thus, C.F. = f,(y)+f,(y +x).

Step 2. To find the particular integral

Now P.I. = ;cosxcos 2y = l.z—[cos(x +2y)+cos(x —2y)]
D2 - DD’ 2 p?-pD’
1 1
= —{f.cos(x + 2y)+fcos(x - 2y)}
2| p*-DD D“-DD

= %COS(X + 2y)— écos(x - 2y) .

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.1L.
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sz=1 (y)+f2 (y + x)+%cos(x + 2y)—écos(x —2y). Ans.

2 2
Q.No.2.: Solve the following partial differential equation: 9z_ oz =sinxcos2y.
x> Oxdy
Sol.: The given equation in symbolic form is (D2 - DD’)Z =sinxcos2y.
Step 1. To find the complementary function
Its auxiliary equation (A.E.) is m’-m=0= mm-1)=0=m=0, I.
Thus, C.F. = f,(y)+f,(y +x).
Step 2. To find the particular integral
1 . 1 L, .
Now P.I. = —5——__sinxcos 2y = I E— —(2 sin X cos 2y)
D” -DD' D“-DD'| 2
1 1 . .
= —.2—[51n(x + 2y)+ sin(x — 2y)]
2 D°-DD'
1 1 1
=—| ———sin(x +2y)+ ————sin(x — 2y)}
2 {DZ - DD D* - DD'
= lsin(x +2y)- lsin(x -2y).
2 6
Step 3. To find the complete solution
Now, since the complete solution is z = C.F. + P.I.
z=1; (y)+ fr (y+x)+ %sin(x + 2y)—ésin(x —2y). Ans.
. . . . . aSZ a3Z 2x 2
Q.No.3.: Solve the following partial differential equation: 8_3 -2 529 =2e"" +3x7y.
X X “dy

Sol.: The given equation in symbolic form is (D3 - 2D2D')z =2¢% + 3X2y .
Step 1. To find the complementary function
Its auxiliary equation (A.E.) is m> —2m? = 0=>m=0,0,2.

Thus, C.F. = fl(y)+ xfz(y)+ f3 (y+2x).
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Step 2. To find the particular integral
1

Now P.I = ﬁ(ze“ +3x%y) = 2%&‘ 2y
D’ -2D°D' D’ -2D°D' D3(1_2Dj

-1 )

1 2D’ ' '
:2—e2X+i(1——j ><2y:le2"+i T A x%y

4 D D?

= le2X +i(xzy +£X2.1j = le2X +i(x2y+zx3j if(x) = I f(x)dx
D’ D 4 D’ 3 D

5

Ly X 4y x° {-.-éf@;): | [j (j f(x)dx)dx]dx}

+ 2.
4 3.4.5 4.5.6
2x 5 6
= © +H+X_ .
4 20 60

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.
- £y (y)+ xfy (y) + £5(y +2x) + 6—10(1562X +3x7y + X6). Ans.

Q.No.4.: Solve the following partial differential equation:
(D® —7DD2-6D" ) = sin(x + 2y)+ e2** .
Sol.: The given equation is (D3 - 7DD'2—6D'3)= sin(x +2y)+e>* Y,
Step 1. To find the complementary function
The auxiliary equation (A.E.) is m®-7m-6=0= (m + 1)(m - 3)(m + 2) =0
=>m=-1,3,—-2.
Thus, C.F. = f;(y — x)+f,(y +3x)+ f3(y - 2x).

Step 2. To find the particular integral

1 : 2x+
Now P.I. = sin(x +2y)+e***Y
D? -7DD?-6D" [ ]
1 . 1 2X+
= sin(x +2y) + e XY
D? -7DD?-6D" D? - 7DD"?-6D"

I .
" p[p?)-7D[D?)- 6D'(D'2)Sm(X 2

1 e2x+y
23 -702)0)* -6.1°
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= ! sin(x+2y)—ie2X+y

pl-12)-7D[-22)- 6D 22) 12

=—sin(x+2y)—ie2X+y = D sin(x+2y)—ie2"+y
27D + 24D 12 27D? +24DD! 12

b sin(x+2y)—ie

— ie2x+y
271-12)+ 24(~1.2) 12

1
2x+y - +2v)—
75CO“X Y) D

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.1L.

fl(y —x)+ fz(y +3x)+ f3(y - 2x)—7—15c0s(x + 2y)—éezx+y

. o , 9%z 9%z 9%z
Q.No.5.: Solve the following partial differential equation: +3 +2 =X+y.
axz axay ayz

Sol.: The given equation in symbolic form is (D2 + 3DD'+2D'2)Z =X+y.
Step 1. To find the complementary function

Its auxiliary equation (A.E.) is m’+3m+2=0=>m=-1, 2.

Thus, C.F. =f;(y — x)+f,(y - 2x).

Step 2. To find the particular integral

1

Now P.I. = 5 5 X+y)=
D2 +3DD42D' Dz( D' D2

-1
= ! !1+(3D'+2D'2]] (X+y)=i(1—£+ ......... j(x+y)

D2 D p?

1 3 1 1
:E[?H‘y—ﬁ(l)} ZE[X+)/—3X] =§(Y—2X)

3

S

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

2 .3
fl(y—X)+f2(Y—2X)+%—%-
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Q.No.6.: Solve the following partial differential equation: r —4s + 4t =e>**Y .

: . o’z 9’z 97
Sol.: The equation can be written as z 422 44 ; =Xy,
ax axay ay

The given equation in symbolic form is (D2 - 4DD'+4D'2)Z =Xy,

Step 1. To find the complementary function

Its auxiliary equation (A.E.) is m> —4m+4=0= (m-2)’=0=>m=2, 2.
Thus, C.F. = f;(y +2x)+ xf,(y + 2x).

Step 2. To find the particular integral

1
Now P.I. = ﬁez”y , putting D =2 and D'=1, the denominator vanishes.
D-2D'

.. It is a case of failure.

1
Since HF(x,y) :I F(x,c — mx)dx, where c is to be replaced by (y+mx) after

integration.
APL=— b 1 ey ;I X290 -1 I edx
D-2D' D-2D' D-2D' D-2D'
_ ;Xey+2x _ J' Xe(c—Zx)+2de _ ecJ' xdx = lXZ.CC _ lXZey+2x )
D-2D' 2 2

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

f,(y +2x)+ xf, (y + 2X)+%X26y+zx :

Q.No.7.: Solve the following partial differential equation:

(2D - 5DD42D2); = Ssin(2x + y).
Sol.: The given equation is (2D2 - 5DD'+2D'2)Z = Ssin(2x +y).
Step 1. To find the complementary function

Its auxiliary equation (A.E.) is 2m* -5m+2=0= 2m-1)m-2)=0 => m=—, 2.

1
2
Thus, C.F. = f;(2y + x)+f, (y +2x).
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Step 2. To find the particular integral
1

Now P.I =5. sin(2x + y).
2D? —5DD'+2D"?

Putting D? =22, DD'=-2.1, D?=-12.
Denominator = 2(—4)-5(-2)+2(-1)=0.

.. It is case of failure.

1
Now P.I =5. in(2x +y) =5.
o (2D—D')(D—2D')Sm( x+y) 2D-D

'.[ sin[2x +(c— 2x)]dx

5 1 . 5 1 .
=_,—1J' sinedx = Z.———xsinc
2 D—*D' D_*D'
2 2

51
2p-lp
2

xsin(y +2x) = %J- X sian —%xj + ZX}dx

X

5 3 5 —cos(c+;xj —cos(c+;xj
=—I xsin(c+—xjdx=— X.——I l—————~2d
2 2 2

3 3

2
o3 J 3]
=——XCOS c+—X +—SlIl C+2X
10 ( 1) 3
:—Xcos y+ X +—X|+—sin|| y+—x |+=X
(g 3nfen (y+35)3

= —gxcos(y + 2x)+gosm(y +2x).

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

z= f1(2y+ x)+f2(y+ 2X)—§Xcos(y+2x)+%sin(y +2x)
Let fz(y + 2X)+%sin(y +2x) = fz(y +2x)+0(y +2x) = Fz(y +2x).

SZ= f1(2y+x)+ F, (y+ 2x)—§x cos(y +2x).
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9%z 9%z 0%z

+ -6 = yCOSX.
aX2 axay ay2

Q.No.8.: Solve the following partial differential equation:

Sol.: The given equation in symbolic form is (D2 + DD'—6D'2)Z =YyCOSX.
Step 1. To find the complementary function

Its auxiliary equation (A.E.) is m’+m-6=0=>m=-3, 2.

Thus, C.F. = f;(y —3x)+f,(y +2x).

Step 2. To find the particular integral
1

Now P.I. = yCOSX = ' Sy CosX
D2 +DD'-6D' (D+3D)D -2D)
1 1
= . yCOSX = j (c —2x)cosxdx ,
D+3D' D-2D' D +3D'

where c is to replaced by y+ mx = y+ 2x after integration

= D+13D’ [(C—2x)sinx —J- —2sin XdX]= D+13D’ [(y +2x —2x)sin x —2cos x|
=5 (ysinx —2cosx) :j [(c +3x)sinx — 2cos xix

where c is to replaced by y + mx = y —3x after integration
= (c+3x)(- cosx)—j 3(—cosx)dx —2sinx = (y —3x +3x)(— cos x )+ 3sin x — 2sin x
=-—yCcosX +sinx.

Step 3. To find the complete solution
Now, since the complete solution is z = C.F. + P.L.
SZ= fl(y—3x)+ f2(y +2X)—ycosx +sinx . Ans.

Q.No.9.: Solve the following partial differential equation:

3 3 3
82—3 ?Z +4a§:ex+2y.
ox 0°xdy 9y

Sol.: The given equation in symbolic form is (D3 - 3D2D'+4D'3)z =Xty
Step 1. To find the complementary function
Its auxiliary equation (A.E.) is m®> =3m?* +4 =0 = (m+ 1)(m2 —4m+ 4) =0

= (m+1)m-2=0=>m=-1,2,2.
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Thus, C.F. = fl(y - x)+f2(y +2x)+ xf3(y +2x).

Step 2. To find the particular integral
Now P.I = ! e 2y = ! e 2 = Le”zy.
D’ -3D’D'+4D" 1*-3.122+42° 27

(puttingD =1, D'=2)

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.
o £y = x)+ £, (y +2x) + xf5(y +2x) + %e”zy . Ans.
Q.No.10.: Solve the following partial differential equation:

3 3 3
82_4 0’z w4 0’z _0
x>  9x%y  oxdy?

Sol.: The given equation in symbolic form is (D3 —4D?D’ + 4DD'2)Z =0.

Step 1. To find the complementary function

Here auxiliary equation (A.E.) is m> —4m? +4m = 0, where m =

;.

S mm-2)>=0 -~m=0,2, 2.

Step 2. To find the particular integral
NowP.I.=0

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.
soz=1(y)+1(y +2x)+ xf3(y +2x) . Ans.

Q.No.11.: Solve the following partial differential equation: 4r+12s+9t = e,

2 2 2
Sol.: The given equation can be written as 4 oz +12 07z +9 07z _ eIy,
x> oxdy 8y2

The given equation in symbolic form is (4D2 +12DD’ + 9D'2)z =e3X72y

Step 1. To find the complementary function

Here auxiliary equation (A.E.) is 4m? +12m+9=0 , where m =

;.
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— (em+3)? =0 m=—> 3
27 2

Thus, C.F. = fl(y —ixj + xfz(y —éxj .
2 2
Step 2. To find the particular integral

Now P = — ! . e3X 72y
4D +12DD’ + 9D’

Here the usual rule fails

+4D% +12DD’+9D’2 =0 for D=3, D' =2

= ;e3x_2y — 1 1 e3X—2y
(2D +3D’)2 (2D +3D) (2D +3D’)
3
1 3X—2(C+2Xj 3 3
= d ~2x=0, y=c+>
(2D+3D’)je * [y 2" y=e 24

1 -
:__X2e3x 2y'
2

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.I.
3 3 1 2 3x-2
soz=f y—=—x |+xf —=X |+—x“e y
(=2t y-2x] 3
= z =1 (2y - 3x)+xf, (2y—3x)+%xze3x_2y. Ans.

. o . . 0%z 0%z 9%z
Q.No.12.: Solve the following partial differential equation: 5 —2 +——
ox oxdy dy

=sinXx.

Sol.: The given equation in symbolic form is (D2 —2DD’+ D'ZL =sinx.

Step 1. To find the complementary function
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Here auxiliary equation (A.E.) is m?-2m+1=0=m= I, 1, where m=

;.

Thus, C.F. =1; (y+x)+ xfy (y+x).

Step 2. To find the particular integral

Now P.I = ! sinx:;sinx:—sinx.

D2 _2DD’+ D2 “12-0+0

Step 3. To find the complete solution
Now, since the complete solution is z = C.F. + P.L.
s z=f(y+x)+xfy(y+x)-sinx . Ans.

0’ 0’
Q.No.13.: Solve the following partial differential equation: 9 2% _Egin pt.

o> ox?
Sol.: The given equation in symbolic form is (D2 - azD’z)y = Esinpt.

Here Dzi, D'=i, m= D,.
ot ox D

Step 1. To find the complementary function

2—a2:0:>m=+a,—a.

Here auxiliary equation (A.E.) is m
Thus, C.F. =f; (x —at)+f, (x +at).

Step 2. To find the particular integral
1 . . E .
Now P.L =ﬁEsmpt == Es1npt:——251npt.
D-—a“D’ -p“—a“.0 p
Step 3. To find the complete solution

Now, since the complete solution is y = C.F. + P.L.

Y :fl(x—at)+f2(x+at)—£2sinpt. Ans.
p

2, 9%z

Q.No.14.: Solve the following partial differential equation: 8_2 - 8_2 = cos2xcos3y.
X y

Sol.: The given equation in symbolic form is lDz - D'Z}z =cos2xcos3y.

Step 1. To find the complementary function

Here auxiliary equation (A.E.) is m?-1=0=>m-= -1, 1.
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Thus, C.F.=1; (y+ X)+f2 (y—x)

Step 2. To find the particular integral

Now P.I. = ﬁcos 2xcos3y = lﬁ [cos(2x +3y)+cos(2x — 3y)]
D -D’ 2p”-D’

= %{_ 41+ 5 cos(2x + 3y)+ ! 5 cos(2x — 3y)}

= %cos 2x cos3y.

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

1!
SzZ= fl(y+X)+f2(y—x)+§c052xcos3y. Ans.

Q.No.15.: Solve the following partial differential equation: (D2 + 3DD'+2D'2)Z = 24xy.
Sol.: The given equation is (D2 + 3DD'+2D'2)Z = 24xy.

Step 1. To find the complementary function

Here auxiliary equation (A.E.) is (m2 +3m+ 2)= 0

= (m+1)m+2)=0=>m=-1, —2.

Thus, C. F.=1; (y—x)+ fy(y— 2x)

Step 2. To find the particular integral

’ 2 -
Now P.I. = 5 ! 5 24xy = 24. 12 1+ 3D + 2D2 Xy
D~ +3DD’+2D’ D D D
_24|, 3D 27 .
D2 D D2
2 3 4
=2—i[xy—ix 1} :2_‘; Xy_3L :24yX__24§.X_
D D 2 2.3 2 3.
:4x3y—3x4.

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.
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nz=f(y—x)+f,(y—2x)+ 4X3y—3x4 . Ans.
Q.No.16.: Solve the following partial differential equation:
0%z 0%z 0%z

+2 + =x?+ Xy + y2 .
ox> oxdy ay2

Sol.: The given equation in symbolic form is (D2 +2DD’ + D'ZL =x +xy+y>.
Step 1. To find the complementary function

Here auxiliary equation (A.E.) is (m2 +2m+ l)z 0= (m+ 1)2 =0=>m=-1, -1.
Thus, C.F. =f;(y —x)+xf,(y —x).

Step 2. To find the particular integral

i , -1
Now P.I = ! (X2+Xy+y2):DL{l+2%+—2} (X2+Xy+y2)

D2 +2DD’+ D2

2

’ /2 ’ /2

:% 1- 22+D—2 + 22+D—2 — (X2+xy+y2)
D D p D »p

2 2
:L 2+Xy+y2—2 X—+2yx ——2X +4x2
D2 2 2

4 3 2.2
1 o) ) X X y X

=—[Bx“-3xy+ =3——-3y—+

D2[ Y ] 43 V23 2

=i[x4 + 2)(2y2 - 2X3y].

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.I.
1, x* 2.2 3
.'.z=f1(y—x)+xf2(y—x) +Z 3?+2X yo=2x"y|.
Q.No.17.: Solve the following partial differential equation:
(D® + D>D-DD2-D?); = * cos2y .

Sol.: The given equation is (D3 + D2D'—DD'2—D'3)Z =e* cos2y.

Step 1. To find the complementary function
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3+m2—m—1)=0

Here auxiliary equation (A.E.) is (m
= (m+)m+H(m-1)=0=>m=-1, -1, 1.
Thus, C.F. = fl(y —x)+ sz(y - x)+f3(y +x).
Step 2. To find the particular integral

1
Now P.I = e” cos2y.

D3 +D?D’'-DD’? -D7

Take as particular integral
z = Ae”™ cos2y + Be” sin2y.
Then D’z = Ae* cos2y + Be* sin2y
DD’?7z = —4Ae* cos2y — 4Be* sin 2y
D?D’z = —2Ae* sin 2y + 2Be* cos 2y
D3z =8Ae* sin2y —8Be* cos2y.
Substituting in the given equation, we get
(SA+10B)e* cos2y +(SB—10A)e* sin2y =e* cos2y .

So that 5A+10B=1 and 5B-10A=0

.'.A=L and le.
25 25

~PLis z= ieX cos 2y+iex sin2y .
25 25

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.I.
eX
nz=1 (y—x)+ xfz(y— x)+f3 (y+ x)+g[cos 2y +2sin 2y]. Ans.
Q.No.18.: Solve the following partial differential equation:
3%z 9%z 3%z

+ -6 = 2X+v).
8x2 oxdy 8y2 cos(x y)

Sol.: The given equation in symbolic form is (D2 +DD’— 6D'2k =cos(2x +y).

Step 1. To find the complementary function
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Here auxiliary equation (A.E.) is m?

+m-6=0=>m=-3, 2.
Thus, C.F. = f;(y —3x)+f,(y +2x).

Step 2. To find the particular integral
Since D2 +DD’—6D"% =22 - (2)(1)-6(-1)> =0.
- Itis a case of failure and we have to apply the general method.

1 1

PI = : :
D2 + DD’ -6D"? (D+3D")D-2D")

cos(2x + y) =

cos(2x +y)

J. cos(2x +c— 2x)dx = J. coscdx

" D+3D D+3D’

1
~XCOSC = ,xcos(y+2x)
D+3D D+3D

=I xcos(c+3x+2x)dx=j xcos(5X+c)dx

X sin(5x +¢) N cos(5x +c¢)
5 25

[Integrating by parts]

= %sin(Sx +y —3x)+ ZLSCOS(SX +y —3x)

= %sin(ZX + y)+2i5cos(2x +y).

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.I.
sz =1)(y—3x)+f,(y+2x)+ %sin(Zx + y)+%cos(2x +y). Ans.
Q.No.19.: Solve the following partial differential equation:

3%z 33z 3%z X

-5 +6 =e".
ax2ay 8X8y2 8y3

Sol.: The given equation in symbolic form is (DZD' —5DD"? + 6D')3 z=¢e”~.
Step 1. To find the complementary function

Here auxiliary equation (A.E.) is 6m> —5m% +m=0= m(3m - 1)(2m -D=0

= m=0, l l
3 2
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Thus, C.F. = fl(x +m1y)+f2 (x +m2y)+ f3(x +m3y)

=f1(x+O)+f2[x+%yj+f3(x+%yj

=fl(x)+f2(y+2x)+f3(y+3x).

Step 2. To find the particular integral
1 X 1 X

e = V4 ’ 7 e
D2D’—5DD’? + 6D D’(3D"-D)(2D’-D)
1 1 o1

v oo x_ 1o x_ Xdy = veX
D'(0-N0-1)° D° Jerdy=ye

Now P.I =

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

sz =1 (x)+f, (y+2x)+f3(y +3x)+ ye* . Ans.
Q.No.20.: Solve the following partial differential equation:

9%z 3%z 9%z 2
+2 =x"y
ox>  oxdy 8y2

Sol.: The given equation in symbolic form is (D2 +2DD’ + D'z)z =x’y.
Step 1. To find the complementary function

Here auxiliary equation (A.E.) is m? +2m+1=0.

= m+1)2=0=>m=-1, —1.

Thus, C.F. =1; (y—x)+ xfy (y—x).

Step 2. To find the particular integral

-1
’ /2
Now P =————x?y=—L |1 22 Do 2y
D* +2DD’+D’ D D »
’ /2 ’ /2 2
1 2D D 2D D ’
=— 1- t— |+ LIl I X7y
D D bp D bp
4 5
:%[xzy——b(z}:%[xzy—zxﬂ=ﬂ—gx—
D D 3 34 345
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4 4
X'y 2 5 X
XY _ 25X (5y-2x).
5 60 T

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

4
R/ =f1(y—x)+ xfz(y—x)+2—0(5y—2x). Ans.
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Home Assignments

Q.No.1.: Solve the following partial differential equation:
3 3 3 3
8§_4 82z 5 azz_zaizezﬁy‘
ox 0x“dy  Oxdy dy

Ans.: z="1(y+x)+xf, (y+x)+F5(y +2x)—e XY,

Q.No.2.: Solve the following partial differential equation:

3 3 3
J -4 822 440 * = 2sin(3x +2y).
ox 0x“dy  Jxdy

Ans.:
Q.No.3.: Solve the following partial differential equation:

2 2 2
RIS U ey

ox? oxdy 9y

Ans.: z=fl(y+x)+f2(y+3x)+é(3c—2x)3/2 _%(30_&)3/2
Q.No.4.: Solve the following partial differential equation:
([0~ DD-2D2 ) = (y - 1)e*.

Ans.: z=f;(y—x)+f,(y+2x)+ye*

Q.No.5.: Solve the following partial differential equation:



Partial Differential Equations: Homogeneous linear equations with constant co-efficients 24
For Video Lecture, Visit: https://youtu.be/UAFjux7oMFU

(D% + 2DD+D? )z = 2cosy — xsiny .
Ans.: z =1 (y—x)+ xfH (y—x)+xsiny
Q.No.6.: Solve the following partial differential equation:

3 3 3
8Z_7822+68z:0.
x> oxdy 8y3

Ans.: z=1; (y+ x)+f2 (y+ 2x)+f3(y—3x).

Q.No.7.: Solve the following partial differential equation:
25r—40s+16t=0.

Ans.: z =1 (5x +4y)+ xfH (5y +4x).

Q.No.8.: Solve the following partial differential equation:
9%z B 9%z N 3%z _ XY
ox2  oxdy 8y2

Ans.: z =f;(y+3x)+ fz(y+4x)+%ex_y .

Q.No.9.: Solve the following partial differential equation:
(D2 +2DD + D2 = e25+3Y,

Ans.: z =1 (y—x)+ xfH (y- X)+2i562X+3y )

Q.No.10.: Solve the following partial differential equation:

2 2 2
J Zy 0"z —6a Z=cos(3x+y).
Ix2>  Oxdy 8y2

Ans.: z=1; (y-3x)+ fr (y+ 2x)—%cos(3x +y).

Q.No.11.: Solve the following partial differential equation:
(D3 —4D?D’ + 4DD’2)Z = 6sin(3x +2y).
Ans.: z =1 (y)+ fy (y+2x)+ xf3 (y +2x)+2cos(3x +2y).
Q.No.12.: Solve the following partial differential equation:
9%z 9%z 9%z

2x+3 :
-3 +2 =e“**Y ysin(x —2y).
ox>  Oxdy 8y2
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1
_62x+3y _

Ans.: z=f1(y+x)+f2(y+2x)+4 %sin(x—Zy).

Q.No.13.: Solve the following partial differential equation:

2 2 2
072 3972 5972 _1oyy.
ox>  Oxdy 8y2

Ans.: z =f1(y—x)+f2(y—2x)+ 2X3y—%x4.

Q.No.14.: Solve the following partial differential equation:
(D2 - 6DD’ + 9D’2)z =6x +2y.

Ans.: z = f(y+3x)+xf,(y+3x)+ X2(3X +y).

Q.No.15.: Solve the following partial differential equation:
(D2 - 6DD’ + 9D’2)z =12x? +36xy.

Ans.: z=f(y+ 3x)+ xf, (y + 3x)+ 10x* + 6X3y .

Q.No.16.: Solve the following partial differential equation:
(D2 —2DD + D2 = X+

Ans.: z=f(y+x)+ xfz(y+x)+%x2ex+y.

Q.No.17.: Solve the following partial differential equation:
r+2s+t=2(y—x)+sin(x —y).

3

Ans.: z =f1(y—x)+ xf2(y—x)+ X2y—x +%x2 sin(x — y)

Q.No.18.: Solve the following partial differential equation:
r+s—6t=cos(2x +y).

Ans.: z=f(y— 3x)+ fr (y+ 2x)+%x sin(2x +y).

Q.No.19.: Solve the following partial differential equation:
9%z 33z 9%z

T4+ 2=4sin(2x+y).
ox 0x“dy  0Oxdy

Ans.: z =1 (y)+f2 (y+2x)+ xf3 (y+2x)- x? cos(2x +y).
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Q.No.20.: Solve the following partial differential equation:
4r—4s+t=16log(x +2y).

Ans.: z =1 2y +x)+ xfy 2y +x)+ 2x2 log(x +2y).
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Non-homogeneous linear partial differential equations:

Definition: Consider a partial differential equation of the form

a anz +a anZ +a anZ + +a anZ +
O 1 2 ..........
ox" ax" 19y Ix" 29y " oy"
n—1 n—1 n—1 n—1

bg 2 b an N i e b, 2 — |+

ox ox' “dy ox" “dy ay
.............. +| my oz +m, o +nOZ—F(x,y)

0 0

ie.f(D,D)z =F(x,y)
Here ag,aj,ag,.ccccenen. ,an, bg,by,bo, ,by_1, mg,my,ng are all constants. In

this equation the dependent variable z and its derivatives are linear, since each term in the
LHS contains z or its derivatives. Since RHS is not zero, so this equation is called a non-
homogeneous linear partial differential equation of the nth order with constant co-
efficients.

Some authors call an equation non-homogeneous if LHS of the equation is not of the
same order. Then definition is like this:

In the equation f(D,D’)z = F(x,y), (1)
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if the polynomial f(D,D’) in D,D’ is not homogeneous, then (i) is called a non-
homogeneous linear partial differential equation.

Complete solution:

As in the case of homogeneous linear partial differential equations,

its complete solution is = C.F. + P.I.

To find the particular integral (P.L.):

The method to find P.I. is exactly the same as those for homogeneous linear partial
differential equations.

To find complementary function (C.F.):

We resolve (D, D’) into linear factors of the form D—mD’—a .
To find the solution of (D—mD’—a)z=0. (ii)

This can also be written as p—mq =az.

, . ) dx. dy dz
Lagrange’s auxiliary equations are — = —— =—.
1 -m az
From the first two members dy + mdx =0. L y+mx=b.
. dz ax
From the first and last members — = adx . s logz=ax+logc =z =ce™.

z
. The complete solution of (ii) is z = e**f(y + mx).

Hence, the C.F. of (i), i. e. the complete solution of

z =" f|(y + myx)+e*2 5 (y + myX )+ oveee +e**f (y+m,x).
Also, in the case of repeated factor, for example (D —mD’ — a)3 z=0

We have z = ¥ f; (y + mx)+ xe®*f (y + mx )+ x 2™ f3 (y + mx).

Now let us solve some non-homogeneous linear partial differential equation:

Q.No.1.: Solve the following non-homogeneous linear partial differential equation:
(D2 +2DD’+D"? —2D - 2D’)z =sin(x +2y).

Sol.: The given equation is (D2 +2DD’'+D"? —2D - 2D’)z =sin(x +2y).
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This is a non-homogeneous linear partial differential equation with constant co-efficients.
Step 1. To find the complementary function

Here f(D,D)z=(D+D"-0)(D+D"-2)z.

Note: Since the solution of (D—m;D’—a;)(D-m,D" ~a,)............ (D-m,D"~a,)z=0

is z = e, (y + myx)+e*2*f, (y + myX ) +..oocoe. +e™*f, (y +m,x).

Thus, C.F. = f;(y —x)+e>*f5(y —x).
Step 2. To find the particular integral

1 1

PIL= sin(x +2y) = ~ sin(x +2y)
D? +2DD’+D'?-2D - 2D’ —1+2(-2)+(-4)-2D-2D
1 . 2(D+D’)-9 .

=————sin(x +2y) =- sin(x +2y)

2(D+D)+9 4{p? +2DD"+ D2 )-81

2(D+D’)-9 .

=- +2

A1+2(-2)-4]-81 sinx +2y)
= %[Z{Cos(x +2y)+ 2cos(x + 2y)}—9sin(x + 2y))|

= %[2COS(X +2y)—3sin(x +2y)].

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.1L.
z="f(y—x)+ ezxfz (y - X)+3—19[2c:os(x +2y)—3sin(x + 2y)].Ans.

Q.No.2.: Solve the following non-homogeneous linear partial differential equation:
(D2 -D?+ 3D’—3D)z =e* % 1 xy.
Sol.: The given equation is (D2 -D?2 43D’ - 3D)z =eX 2 4 xy.

This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function
Here £(D,D")z = (D2 ~D?+3D'- 3D)z =(D-D)D+D'-3)z
=(D-D'-0)D+D"-3]z.

Note: Since the solution of (D—m;D’—a;)(D-m,D" ~a,)............ (D-m,D’~a,)z=0
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is z = " f,(y + myx) +e*2*f, (y + myxX) +............ +e**f (y+m,x).
Thus, C.F. = f,(y + x)+e>f,(y — x).

Step 2. To find the particular integral

(i) P.L corresponding to eXt2y
- 1 oXT2Y 1 2y b xaay
(D-D’)D+D’"-3) (D+D —3)1-2) D+D—3)
:_eX;ezy =—e" ! ezy:—ex.eZY;.l

= X2y %.1 = —ex+2yj Ady = —ye**Y .

(ii) P.L corresponding to xy

= ! X ——L(l—zj 1(1—2—2,)_1)(
D-D)D+D'-3)" 3D D 3 3) W

1 D’ D D° 2DD’
=——|I4+—+........ I+—=+—+—- ... Xy
3D D 9
1 D D D' D 2DD’
=—— —t—t—+—+—...... Xy
SD( 3 3 D 3 9 j

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

X+2y_l[xzy+xy x> 2x X3J

3 e T

sz =t (y+x)+e¥ ¥ (y—x)—ye Sttt T

Q.No.3.: Solve the following non-homogeneous linear partial differential equation:
(D-3D"-2)*z =6e?* sin(3x +y).

Sol.: The given equation is (D —3D’ — 2)3 7 =66 sin(3x +y).

This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function

Here f(D,D’)z=(D-3D"-2)z.
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Note: Since the solution of (D —mD’— a)3 z=0
is z = ™ £ (y + mx)+ xe™f, (y + mx )+ x 2™ 5 (y + mx).
Thus, C. F. = e?*f,(y +3x)+ xe*f, (y + 3x ) + x2e*f;(y + 3x).

Step 2. To find the particular integral

1 1

PIL = —3662X sin(3x + y) = 6e* 3 sin(3x +y)
(D-3D"-2) (D+2-3D"-2)
3
= 62 ﬁsin@x +y)= 6e2x.%.sin(3x +y)=x%sin(Bx +y).
D -3D’

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

- 2= e (y +3x)+ xe?*f, (y + 3x) + x2e X f5 (y + 3x )+ x’e** sin(3x + y).

Q.No.4.: Solve the following non-homogeneous linear partial differential equation:
(D3 —3DD’ + D’ + 4l = o2X+

Sol.: The given equation is (D3 -3DD’+D’+ 4)1 =e2XHY,

This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function

Here (D3 -3DD’+D’+ 4) cannot be resolved into linear factors in D and D”.
Let z = Ae™H

D3 30D + D"+ 4} = Aln3 —3hk + k + 4 xRy

Here (D? ~3DD’+ D' +4): =0, iff h® —3hk+k+4=0.

Thus, CF.=Y Ae"™™  where h®-3hk +k+4=0.

Step 2. To find the particular integral

e2x+y

PI = ! e2XHY = _ 1wy

D3 -3DD’+D’+4 2 -302)1)+1+4 7

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.1L.
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coz=) ATV +%e2"+y , where h® —=3hk +k+4=0.

Equation reducible to Partial Differential Equations with constant co-efficients:
An equation in which the co-efficient of derivative of any order say k is a
multiple of the variable of the degree k, then it can be reduced to linear partial

differential equation with constant co-efficients in the following way.

Let x =eX, y:eY sothat X =logx, Y =logy.

dz 0z dX 1 oz dz dz ) 0
Then —=—.—=—— > X—=—0 S X—=D|=—|.
ox 0X dx x dX dx dX ox oX
k-1 k k-1
Now xi x k1 a_z =xK E+ (k —l)xk_1 u
ox ox X1 ox X ax k-1
k k-1
= xkﬂ = (xi—k+1jxk_lu
an ox Xk—l
Puttingk=2,3, ........... , we get
2
297 _(p-1x % = (D-1)Dz
ox> ox
3 2
x3 a_; =(D-2)x2 a_; = (D-2)(D-1)Dzetc.
ox ox
2 3
Similarly, yE =Dz, y> a—; =(D'-1)Dz, y° 8_; =(D’'-2)D’-1)Dzetc.
dy dy ady
2
and xy =DDz........
Xdy

Substituting in the given equation it reduces to Wy(D —D’)z =V, which is a linear partial

differential equation with constant co-efficients.

Q.No.5.: Solve the following partial differential equations:

2 2 2
xza—z— Xy oz +4y28 §+6yﬁzx3y4.
ox oxdy dy dy

2 2 2
2972 —4xy 0z +4yza—§+6y%=x3y4.
x> oxdy dy dy

Sol.: The given equation is x
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This equation is not a linear partial differential equation with constant co-efficients, but it
can be reduced to linear partial differential equation with constant co-efficients in the

following way.

Substituting x =X, y = e and denoting D = i, D' = i
oX oY

Given equation reduces to [D(D—1)—4DD’+4(D’—1)D’ + 6D ']z = X +4Y

— (D-2D)D-2D"—1)z = 3X+4Y
Now this is a non-homogeneous linear partial differential equation with constant co-
efficients.

Step 1. To find the complementary function

Here f(D,D")z=(D-2D")D-2D"-1)z.

is z = e f,(y + myx) +e*2*f, (y + myxX) +............ +e**f (y+m,x).
Thus, C.F.= f; (Y +2X)+e*f, (Y + 2X)
=f,(logy +2log x)+e'°*f, (log y + 21og x)
=1 llog(yxz)l+ xf, llog(yxz)l

= g1y )+ xea [yx?).
Step 2. To find the particular integral

3X+4Y
PL = 1 3X+4Y _ e 1

(D—QD/)(D—2D'—1)e B [3_2(4)][3_2(4)_1] Z%X y .

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.I.
1
VA gl(yx2)+ xgz(yx2)+—x3y4.
30
Q.No.6.: Solve the following partial differential equations:
(D2 -DD’+D’ - 1% = cos(x +2y).

Sol.: The given equation is (D2 -DD’+D’" - 1% = cos(x +2y).

This is a non-homogeneous linear partial differential equation with constant co-efficients.
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Step 1. To find the complementary function
Here f(D,D’)z = (D2 -DD’+D’— 1)z =(D+1)(D-1)z-D(D-1)z
=(D-1)(D-D"+1)z=(D-0D"-1)[ D-D"—(~1) |z.
Note: Since the solution of (D—m;D’—a;)D—m,D" ~aj)........... (D-m D’ ~a,)z=0
is z = e, (y + myx )+ e*2*f, (y + myX ) + ..o +e™*f (y +m,x).
Thus, C.F. = e*f;(y + 0x)+ e *f,(y + x) = e*f;(y) + e *f, (y +x).
Step 2. To find the particular integral
1
T D2_DD4D-1

= ! cos(x+2y)  [putting D> =—1? and DD’=-1.2]

1> -(-12)+D’'-1

P.L

cos(x + 2y)

= %COS(X +2y)= I cos(x + 2ydy) = %sin(x +2y).

X constant
Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

nz=eM(y)+e  fH(y+x)+ %sin(x +2y). Ans.

: D . . 0’z 9%z oz x
Q.No.7.: Solve the following partial differential equations: — + ——z=e
ox2 Oxdy oy
2 2
Sol.: The given equation is oz + 9z + 9 _ z=¢ "
ox2 Oxdy oy

This equation in symbolic form can be written as (D2 +DD’+D’ - l)z =e *.

This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function

Here f(D,D’)z = (D2 +DD’ + D’—1)z =(D+1)(D+D -1)z.

Note: Since the solution of (D—m;D’—a;)D—m,D" —a,)........... (D-m D’ ~a,)z=0
is z = " f,(y + myx) +e*2*f, (y + myX) +............ +e**f (y+m,x).

Thus, C.F. =e *f(y)+e*f,(y —x).



Partial Differential Equations: Non-homogeneous linear partial differential equations 9
For Video Lecture, Visit: https://youtu.be/IHQpoLPIxXQ

Step 2. To find the particular integral

=— ! e X = ! ——e ¥
D?+DD’+D'-1 (D+1)D+D’"~1)

- ! e * L1 :—lxle_X :—lxe_x.
D+1(-1+0-1)

P.L

=————¢
2D+1 2 1 2

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

~z=e *f(y)+e*fy(y—x) —%xe_X . Ans.

Q.No.8.: Solve the following partial differential equations:
(D-D'-1)(D-D"-2)z=e>*7Y.

Sol.: The given equation is(D—D’—1)D-D"-2)z =e>* 7Y,

This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function

Here f(D,D’)z=(D-D’-1)(D-D"-2)z.

Note: Since the solution of (D—m;D’—a;)D—m,D" —aj)........... (D-m D’ ~a,)z=0
is z = e, (y + myx )+ e*2*f, (y + myX ) +..oocoe. +e™*f, (y+m

Thus, C.F. = e*f;(y +x)+e>*f, (y +x).

Step 2. To find the particular integral

PI = ! 2x-y = ! ezx_y :lezx_y .

(D—D’—l)(D—D’—z)e 2+1-1)2+1-2) 2
Step 3. To find the complete solution
Now, since the complete solution is z = C.F. + P.IL.
sz=e M (y+x)+eX*f, (y+ X)_i_%er—y . Ans.
Q.No.9.: Solve the following partial differential equations:
(D+D'—1)D+2D"-3)z=4+3x +6y.
Sol.: The given equation is (D +D’—1)(D + 2D’ - 3)z = 4+ 3x + 6y .
This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function
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Here f(D,D")z=(D+D’—1)D+2D"-3)z.
Note: Since the solution of (D—m;D’—a;)(D-m,D" ~a,)............ (D-m,D’~a,)z=0

is z = " f,(y + myx)+e*2*f, (y + myX) +............ +e**f (y+m,x).

Thus, C.F. = e*f;(y — x)+e>*f, (y — 2x).
Step 2. To find the particular integral

Pl = ! (4+3x+6y)

(D+D’-1)D+2D"-3)

-1
1 Nn—1 D 2,
=~ (1-D-D) Y 1-=-2D'| (4+3x+6
3( ) ( 173 j ( y)

=%[1+D+D’+ ..... ][1+%+§D’+ ....... }(4+3X+6y)

:%[1+%+§D’+D+D’+ ..... }[4+3x+6y]

=%[4+3x+6y+§.3+%6+3+6} =%[3X+6y+18]: X+2y+6.
Step 3. To find the complete solution
Now, since the complete solution is z = C.F. + P.L.
sz=ef(y—x)+eXfp(y —2x)+x +2y+6. Ans.
Q.No.10.: Solve the following partial differential equations:

a_ZZ a2Z oz 2 2

- +——=x"+
ox2 oJxdy ox Y
2 2
Sol.: The given equation isﬂ— 0z +% =x2 + y2.
ox2 Oxdy ox

This equation in symbolic form can be written as (D2 -DD’ + D)z =x2+ y2.

This is a non-homogeneous linear partial differential equation with constant co-efficients.

Step 1. To find the complementary function
Here f(D,D")z = (D2 -DD’ + D)z =D(D-D’'+1)z=(D-0D"-0)(D-D’"+1)z.

Note: Since the solution of (D—m;D’—a;)D-m,D ~aj)........... (D-m,D"~a,)z=0



Partial Differential Equations: Non-homogeneous linear partial differential equations 11
For Video Lecture, Visit: https://youtu.be/IHQpoLPIxXQ

is z = e f,(y + myx)+e*2*f, (y + myX) + ... +e**f (y+m,x).
Thus, C.F. =f;(y)+e *f,(y +x).

Step 2. To find the particular integral

PI =D(D+D,+1)(x2 +y2)=%(l+D—D’)"1(x2 +y?)
:%L—(D—D'H(D—D')z— ........ [x2+y2)
:%[1—D+D’+D2+D’2—2DD'— .......... [x2+y2)

| ) o) x> 2 x2
:B( +y —2X+2y+2+2)=?+xy —27+2xy+2x+2x

=lx3—x2+xy2+2xy+4x.

3
Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.I.

oz =f1(y)+e_xf2(y+x)+%x3 —x? +Xy2 +2xy +4x . Ans.

Q.No.11.: Solve the following partial differential equations:
DD’ + D2 3D’} = 3cos(3x - 2y).
Sol.: The given equation is (2DD' +D? - 3D')z =3cos(3x —2y).
This is a non-homogeneous linear partial differential equation with constant co-efficients.
Step 1. To find the complementary function
Here f(D,D’)z=D[2D+D’-3]z=(D"-0)2D + D’ -3]z.
Note: Since the solution of (D—m;D’—a;)D-m,D" ~a,)............ (D-m,D’~a,)z=0
is z = " f,(y + myx)+e*2*f, (y + myxX) +............ +e**f (y+m,x).
Thus, C.F. =f;(x)+e>*f, 2y —x).

Step 2. To find the particular integral

PI = ! 5
2DD’+D’“ -3D’

3cos(3x —2y) = y cos(3x —2y)

2(6)-4-3D
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3(8+—3D2)cos(3x ~2y)

_cos(3x —2y)=
8§-3D 64 —9D’

- %(8 + 3D')Cos(3x - 2y) = % [4 cos(3x - 2y)+ 3sin(3x - zy)]

Step 3. To find the complete solution

Now, since the complete solution is z = C.F. + P.L.

sz=1 (x)+ e3xf2 2y - x)+%[4cos(3x —2y)+3sin(3x — 2y)]. Ans.
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sfe sfe sfe sfe sfe sl st sfe e sfe sfe sfe sfe sl sl sl e sfe sfe sfe sfe sfe sl s shesesfesfesfe sl s s

Home Assignments

Q.No.1.: Solve the following partial differential equation:
DD'(D+2D"+1)z=0.

Ans.:z = f|(y)+fy (= x)+e *f3(y — 2x).

Q.No.2.: Solve the following partial differential equation:
r+2s+t+2p+2q=0

Ans.: z=e *f(y —x)+xe *f, (y —x).

Q.No.3.: Solve the following partial differential equation:
D(D-2D"-3)z=e**?Y.

Ans.: z=f(y)+ef,(y + 2x)—%ex+2y.

Q.No.4.: Solve the following partial differential equation:

(D-D'-1)(D-D"-2)z=e*"?Y +x.

Ans.: z=e*f;(y+x)+e> fH(y + X)+%ezx_y +i(2x +3).
Q.No.5.: Solve the following partial differential equation:

(D+D'—1)D+2D"-3)z=4+3x +6y.
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Ans.: z=e | (y—x)+e> 5 (y—2x)+ x + 2y +6.
Q.No.6.: Solve the following partial differential equation:

(D2 +DD’ + D'—l)z =cos(x +2y)+e”.
Ans.: z=e*f|(y)+e *f,(y + x)+%sin(x +2y)-xeY.

Q.No.7.: Solve the following partial differential equation:

(D2 D=2y —x2.

4
2
Ans.: z=) AelXHh7y _y2 —)1(—2.

Q.No.8.: Solve the following partial differential equation:

x2r+2xys+y2t =0.

Ans.: z =1 (lj +xfp (lj .
X X

Q.No.9.: Solve the following partial differential equation:
xzr—3xys+2y2t+px +2qy =x+2y.

Ans.: z=1; (xy)+ fr (xzy)+ X+y.

s sfe sfe ste e e sfe sfe sfe sfe sfe sfe sfe she e oo sfe sfe sfe sfe sfe sfe sfe e she sfe sfe sfe sfe sfe sfe sfe e she e sfe sfe sfe sfe sfesfesfesesheshe e sfe sfe sfesfe ke
sfe e e s sfe sfe sfe sfe sfe sfe sfe e e sfe sfe sfe sfe sfe sfe sfe e e e sfe sfe sfe sfe sfe sfesfesie she e sl sfe sfe sfesfe ek

sfe sfe sfe sfe sl sl st sfe e sfe sfe sfe sfe sfe sl sl sesfesfe sfe sfe sfe sl s sheshesfesfesfe sl s s
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PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER:

A differential equation involving first order partial derivatives p and q only is
called a partial differential equation of the first order.
NON-LINEAR PARTIAL DIFFERENTIAL EQUATION:

A partial differential equation, which is not linear, is known as non-linear P.D.E.

3%u 2( ou . . .
e.g. | — | +u”| — |=f(x,y) is non-linear in u and of second order.
ox 2 dy

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE FIRST
ORDER:

A partial differential equation, which involves first order partial derivatives p
and q of degree (power) higher than one and/or product of terms p and q, is called a
non-linear partial differential equation.
NON-LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE SECOND
ORDER:

Equation, which at least included one of the partial derivatives r, s, t but none of
higher order is called a non-linear partial differential equation of second order.
The most general second order non-linear partial differential equation in two independent

variables, and z as the dependent variable has the form
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F(x,y,2,p,q,1,5,t) =0,

whose solution can be obtained by Monge’s method in special cases.

Here we study a method due to Monge’s to solve a non-linear partial differential equation
of the form

Rr+Ss+Tt=V,

where R, S, T and V are functions of p and q as well as x, y, z.

This equation is non-linear (also referred to as “quasilinear” or “uniform non-linear”.

Monge’s Method of integrating Rr+Ss+Tt =V :
The given equation is Rr+Ss+Tt =V . (1)

Since, we know that

dz =%dx+a—dy pdx + qdy
ox ay

dp = apdx+a—pdy—rdx+sdy:>r—dp_de.
ox ady dx

dg = 2y + 9 dy = sdx + tdy = ¢ = 94759
ox ady dy

Substituting the values of r and t in (i) and rearranging the terms, we get

R(dp dej+Ss +T(—dq_5dxj =V

dx dy
(Rdpdy + Tdqdx — Vdxdy)— [R (dy)? —Sdydx + T(dx )? ] 0. (ii)
Thus, we obtain
R(dy)? —Sdydx + T(dx)> =0. (iii)
Rdpdy + Tdqdx — Vdxdy =0, (iv)

These two simultaneous equations (iii) and (iv) are known as Monge’s (subsidiary)
equations. Subsidiary equations mean auxiliary/additional/contributory/secondary
equations. By solving the Monge’s auxiliary equations (iii) and (iv), one or two
intermediate integrals u; = f(v;) and/or u, =f(v,) of (i) are obtained.

Solving these integrals, we will get the values of p and q.

Substituting p and q in dz = pdx + qdy,
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which on integration yields the required general solution of (i) involving two arbitrary
functions.

In general, the quadratic (iii) can be resolved into two (or one repeated) equations.
Case I: Suppose (iii) can be resolved as
R(dy)2 —Sdydx + T(dx)2 = (Aldy + Bldx)(Azdy + Bzdx) =0
where A|B, # A;B;.
Then we have two systems
Ady +Bjdx =0 and Rdpdy + Tdqdx — Vdxdy = 0 (v)
A,dy+B,dx =0 and Rdpdy + Tdqdx — Vdxdy =0. (vi)
Integrating (v), we get two integrals uy =a and v; =b.
Thus, we get an intermediate integral of (i) asu; =1 (Vl ). (vil)
Similarly, from (vi), we get another intermediate integral of (i) asu, =1f, (V2 ) (viil)
Solving (vii) and (viii), determine p and q as functions of x and y and z.
Substituting p and q in dz = pdx +qdy,
which on integration yields the required general solution of (i) involving two arbitrary
functions.
Note:
1. Some cases, the second intermediate integral can be obtained from the first one by

inspection.
2. When inspection fails, rearrange the first intermediate integral in the form
Pp+Qq= R” and solve by Lagrange’s method.

Case II: Suppose (iii) is a perfect square, i.e.
R(dy)? —Sdydx + T(dx)? = (Ady +Bdx)?> =0,
then we have only one system
Ady + Bdx =0 and Rdpdy + Tdqdx — Vdxdy =0 (ix)
Solving (ix), we get only one intermediate integralu = f(v) of the form Pp+Qq = R*,

which is integrated using Lagrange’s method (or Charpit’s method).
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Now let us solve some non-linear partial differential equation of second order by

Monge’s method:

Q.No.1.: Solve the following non-linear partial differential equation of second order by
Monge’s method: (x —y)(xr—xs—ys+yt)=(x +y)(p—q).

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)2 —Sdydx + T(dx)2 =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Thus (x—y)(xr—xs—ys+yt): (X+y)(p—q):> Xr—(x+y)s+yt = Eiti;(p—q)
HereR =x, S=—(x+y), T=y and V :M(p—q).

X-y
Thus, Monge’s auxiliary equations become
xdy2 +(x + y)dydx + ydx2 =0, )
xdpdy + ydqdx — ¥ (p - q)dydx = 0. (ii)

Here equation (i) can be factorized as

xdy2 +(x + y)dydx + ydx2 =0 = (xdy + ydx )(dx +dy) =0

= (xdy + ydx) =0 and/or (dx +dy)=0.

Integrating, we get xy =c and/or x+y =c.

Taking xy = ¢ and dividing each term of (ii) by xdy or its equivalent — ydx , we get

dx—dy(p_q):o:> d(p—q) d(X_Y)zo.

dp—dq-— —
X= p—q X—y

Integrating, we obtain

log(p—q)-log(x —y)=logc = M =c.

(x-y)
Hence, a first integral of the given equation is p—q = (x — y)o(xy),

which is a Langrange’s linear equation.
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dy dz

1 (x—yhlxy)

From the first two equations, we have x+y =a.

- . dx
Its auxiliary equations are T =

Using this, we have dz = —q)(ax —x? )(a —2x)dx .

Integrating, we get z = ¢, (ax - x2)+ b.

Writing b = (I)z(a) and a=x+y.

Thus, the general solution involving two arbitrary functions is

z=0y(xy)+ 0, (x +y),

where ¢, 0, are two arbitrary functions.

Remarks: We can also started with the integral x +y = ¢ and divided each term of (ii)

by dx or —dy, we would have arrived at the same solution.

Q.No.2.: Solve the following non-linear partial differential equation of second order by
Monge’s method: y2r —2ys+t=p+0y.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)2 —Sdydx + T(dx)2 =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR = y2, S=-2y, T=1andV =p+6y.

Thus, Monge’s auxiliary equations become

ydy2 +2ydydx + dx* =0, 1)

y2dpdy + dqdx — (p+6y)dydx = 0. (ii)

Here equation (i) is a perfect square and can be written as

(ydy+dx)> =0= y? +2x =c. (iii)

Putting ydy = —dx in (i1), we get

ydp —dq +(p+6y)dy =0 = (ydp + pdy)—dq +6ydy =0.

Integrating, we get py —q+ 3y2 =a.
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Combining this with (iii), we get the intermediate integral py —q + 3y2 = ¢(y2 + ZX),
which is a Langrange’s linear equation.

dy dz

d
The subsidiary equations are &Y 5 5 -
y -1 q)(y +2x)—3y

From the first two equations, we get y2 +2x =c|.

Using this, we have dz + lq)(c)— 3y2de =0.
Integrating, we get z + yo(c)— y3 =b.

Writing b=y(c) and c= y2 +2x.

Thus, the general solution involving two arbitrary functions is

2= y° —y(o)ly? +2x )+ wly? +2x),

where ¢, y are two arbitrary functions.

Q.No.3.: Solve the following non-linear partial differential equation of second order by
Monge’s method: y2r + 2sxy + x2t+ px+qy=0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)2 —Sdydx + T(dx)2 =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Here R = y2, S=2xy, T= X2,V =—(px +qy).

Thus, Monge’s auxiliary equations become

yzdy2 —2xydxdy + x2dx? =0. (1)
yzdpdy +x2+ dqdx + (px +qy)dxdy =0, (i1)
Here equation (i) is a perfect square and can be written as

(ydy — xdx)2 =0= ydy —xdx =0. (iii)
Integrating, we get x2 - y2 =cj. (iv)
From (ii) and (iii), we get (ydp +pdy)+(xdq+qdx)=0= yp+xq= C; (v)

One intermediate integral is
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yp+xq=fx*~y2)= yp+xa=f(cp.
which is a Langrange’s linear equation.

The subsidiary equations are 3 = dy __dz

y X _f(cl)‘

From the first two members, we get xdx —ydy =0 = x? - y2 =

f
From the last two members, we get ﬂ = dz =dz = Ll)dz .

x  f(c) /Cl+y2

Integrating, we get

zZ= f(cl)sinh_l{%} +c¢y, = z—f(c,)sinh™ {%} =c,

Thus, the general solution involving two arbitrary functions is ¢, = g(c, )

=z =f(x’—y”)sinh™ {%}h‘g(xz -y’),
VX -y
where f, g are two arbitrary functions.
Q.No.4.: Solve the following non-linear partial differential equation of second order by
Monge’s method: r = a’t.
Sol.: Rewriting the given non-linear partial differential equation of second order in the
standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute
these values in Monge’s auxiliary equations
R(dy)? —Sdydx + T(dx)?> =0,
Rdpdy + Tdqdx — Vdxdy = 0.

The given equation is r — a’t=0.

Here R=1, T=—a2,S:O,V:0.

Thus, Monge’s auxiliary equations become

dy2 —a’dx? =0, (1)
dpdy — aqudx =0. (i1)
Here equation (i) can be factorized as

(dy —adx )(dy + adx) =0
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dy—adx =0 (ii1)
dy+adx =0 (iv)
From (ii) and (iii), we have dp(adx) - aqudx =0=dp—adq=0 (v)
From (iii) and (v), we get y—ax =¢; and p—aq=c, .

~.p—aq=f(y—ax). (vi)
Similarly from (iv) and (ii), we get p—aq = g(y +ax). (vii)

Solving (vi) and (vii) for p and q, we get

p= %{f(y —ax)+g(y +ax)},

and q= 2La{g(y +ax)—f(y—ax)}.

Substituting the values of p and q in dz = pdx + qdy, we get

dz=g{f(y—ax)+g(y+ax)}dx+i{g(y+ax)—f(y—ax)}dy
= %{g(y +ax)(dy + adx) - f (y —ax)(dy — adx )}

Integrating, we get z = %{G(y+ ax)—F(y—ax)}:> z= Gl(y+ax)+ Fl(y—ax).
a

Thus, the general solution involving two arbitrary functions is

2=G(y+ax)+F(y-ax),

where G; and F; are two arbitrary functions.

Q.No.5.: Solve the following non-linear partial differential equation of second order by
Monge’s method: q(q2 + s)= pt or gs—pt = q3 .

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx +T(dx)? =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Here R=0,S=-q, T=p,V=¢".

Thus, Monge’s auxiliary equations become
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pdqdx —q’dxdy =0,

qdxdy + pdx2 =0.

= pdq — q3dy =0, (i)
and qdy +pdx =0. (i1)
But dz=pdx+qdy=0=z=c;.

Combining (i) and (ii), we get

dq 1
_2+dX:0:>__+X:C2

q q

pdq—qz(—pdx): 0= dq+q2dx =0=

:j—y—x =—f(z), where ¢, =f(2).
z

Integrating, we get y = xz —.[ f(z)dz +c3=>y=xz+g(z)+h(z).

Thus, the general solution involving two arbitrary functions is

y=xz+g(z)+h(z),

where g, h are two arbitrary functions.

Q.No.6.: Solve the following non-linear partial differential equation of second order by
Monge’s method: r— tcos? x + ptanx =0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR=1,S=0, t =—coszx, V =—ptanx

Thus, Monge’s auxiliary equations become

dy2 —cos’xdx> =0. 1)

dpdy — cos? xdqdx + ptan xdxdy =0, (i1)

Here equation (i) can be factorized as

(dy — cos xdx )(dy + cos xdx) =0

which yields dy —cosxdx =0 (i11)
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or dy +cosxdx =0. @iv)
From (iii), we have y-—sinx =c¢;.
Again from (iii) and (ii), we have
dp(cos xdx ) — cos? xdqdx + ptan xdxcosxdx =0 = dp—cosxdq+ptanxdx =0
= secxdp —dq + ptanxsecxdx = 0 = d(psecx)—dq =0 = psecx —q = Cy
~.psecx —q = f(y—sinx). (v)
Similarly from (iv) and (ii), we have
psecx +q =g(y =sinx). (vi)

Solving (v) and (vi), we get

p= %cos x[f(y— sinx )+ g(y +sin x)],

q= %[g(y+ sin X)—f(y— sin X)]
Substituting the values of p and q in dz = pdx +qdy, we get

dz = %cos x[f(y —sin X)+ g(y+ sin X)]dx +%[g(y + sin x)—f(y —sin x)]dy
= %[g(y +sinx )(dy + cos xdx ) — f (y — sin x )(dy — cos xdx)].

Integrating, we get z = %[G(y +sinx)+ F(y —sin x)] .
Thus, the general solution involving two arbitrary functions is
z= %[G(y +sinx)+ F(y —sin x)] ,

where G, F are two arbitrary functions.

Q.No.8.: Solve the following non-linear partial differential equation of second order by
Monge’s method: 1+ (a +b)s +abt = xy.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)? =0,
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Rdpdy + Tdqdx — Vdxdy = 0.

HereR=1,S=a+b, T=ab, V=xy.

Thus, Monge’s auxiliary equations become

(dy)? - (a + b)dxdy +ab(dx)? =0, @)
dpdy + abdqdx — xydxdy =0. (i1)
Here equation (i) can be factorized as

(dy —adx)(dy —bdx)=0

which yields dy—adx =0, (ii1)
and dy —bdx =0. @iv)

Integrating (ii1) and (iv), we get

y—ax =cy, (V)

y—bx=cj. (vi)

Substitute dy = adx from (iii) in (ii), then
dp(adx)+ abdqdx — xydx(adx) = 0
= dp +bdq —xydx =0.

Integrating, we get
X 2
p+bq— yT = constant = (y —ax). (vii)
Similarly using dy = bdx from (iv) in (ii), we get
dp(bdx )+ abdqdx — xydx(bdx) =0 = dp = adq — xydx =0
Integrating, we get
X 2
p+aq-— yT = constant = (y —bx) (viii)
Now solve (vii) and (viii) for p and q.
Multiply (vii) by ‘a’ and (viii) by ‘b’ and subtract them

2
X
(b—a)p- (b—a)Ty = by, —ay

_ 2
— bWZ ay, + Xy ) (IX)
b—a 2

=P
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Similarly, subtracting (viii) from (vii), we get

_VYa2-¥1

- (x)

q

Since we know that dz = pdx +qdy .

Substituting p and q from (ix) and (x), we have

— 2 —
dz = oY) a\|l1+x Y ldx + Yo~ Wi dy
b—a 2 b

2
= (a—b)dz = -y (dy —adx)+ (2 (dy —bdx)+(a— b)X—zydx

3
Integrating, we get z = 0 (y—ax)+ 0o (y—bx)+ % )

Thus, the general solution involving two arbitrary functions is

3
2= 0y =)+ 0y —bx)+ Y,

where ¢, 0, are two arbitrary functions.

Q.No.9.: Solve the following non-linear partial differential equation of second order by
Monge’s method: q2r —2pgs + p2t =pt—gs.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations
R(dy)? —Sdydx + T(dx)? =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Rewriting the equation in the standard form
q’r=q(2p—1s+p(p-Dt=0

Here R:qz, S=q-2pq, T=p2—p,V=O.
Thus, Monge’s auxiliary equations become
a2(dy)’® +(2pqa—qMixdy +[p> —p)ax)? = 0

qzdpdy + p(p — 1)dqu =0
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Here equation (i) can be factorized as
a2(dy)® +(2pq—q)dxdy + [p> —p)ax)? = 0
= q*(dy)* +q(p —1)dxdy + pgdxdy + p(p — D(dx)* = 0
= [pdx +qdy]lqdy + (p-1)dx]=0
which yields pdx+qdy=dz=0=z=c;
and qdy + (p—1)dx = qdy +pdx —dx =dz—dx =0 =>z—x = Cy.
The second Monge’s equation is
qzdpdy +p(p-1)dgdx =0.
Since pdx +qdy =0, substitute qdy = —pdx .
Then, qdp(-pdx)+ p(p—1)dgdx =0 = —qdp + pdq—dq =0

Rewriting , M + d_q =0 d(Bj + d(— lj =0

q2 q2 q q

Integrating, we get p_1 = constant = (z)=p- L8] (z)q=1,
q

L . . e . d d d
which is a Langrange’s equation, with auxiliary equations TX == 2z

-y 1
From first and third, x =z = constant = ¢,
From second and third, (z)dz+dy=0.
Integrating, we get
W, (z)+y = constant =y (x — z).
Thus, the general solution involving two arbitrary functions is
y =y(z)+o(x-2),
where Y, ¢ are two arbitrary functions.

Q.No.10.: Solve the following non-linear partial differential equation of second order by

Monge’s method: x2r—2xs+t+ q=0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the
standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations
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R(dy)2 —Sdydx + T(dx)2 =0,
Rdpdy + Tdqdx — Vdxdy = 0.

Here R=x2, S=-2x,T=1, V=—q.

Thus, Monge’s auxiliary equations become

x2 (dy)2 + 2xdxdy + (dx)2 =0

x 2dpdy + dqdx + qdxdy = 0

Here equation (i) is a perfect square and can be written as
xz(dy)2 + 2xdxdy + (dx)2 =0 = (xdy+ dx)2 =0.

Then Xdy+dx:0:dy+d—x=0
X

Integrating, we get y +logx =c;y.

Now the second Monge’s equation is xzdpdy +dqdx + qdxdy =0

Substituting xdy = —dx

xdp(—dq)+dqdx + qu(d_xj =0= —xdp+dq- qd—X =0
- X X

e, —ap+ Mg -0 5 —dp+d(gJ =0
X X2 X
I : _q _9_
ntegrating, we get p =—+ Cl(y +In X) =p——=C1,
X X

which is Lagrange’s equation with auxiliary equations de = d—}i _dz

- ¢
X

From one and two, ldx+dy:0:y+logx=c.
X

From one and three, dz=cjdx =z =cjx+cj.

Thus, the general solution involving two arbitrary functions is
zZ= xl|11(y+10g X)+\|12y+10g X,

where Y, Y, are two arbitrary functions.

Q.No.11.: Solve the following non-linear partial differential equation of second order by
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Monge’s method: (eX - 1er —ps)=pge* .
Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Rewriting in the standard form

(eX - 1)q.r + p(l —e¥ )s =pge”*

Here R :q(eX —1), S :p(l—ex), T=0, V=pge*.

Thus, Monge’s auxiliary equations become

ale* ~1)dy)? —plt—c* hixdy =0, (i)
q(eX — l)dydp —pge*dxdy =0. (ii)
Here equation (i) can be factorized as

q(eX - 1Xdy)2 - p(l —e* )dxdy =0

(eX - l)dy[qdy +pdx]=0

SO (eX —1)dy:O, pdx +qdy =dz =0

Integrating, we get y=c;, z=cjp.

Now the Monge’s second equation is

q(eX — l)dydp —pge*dxdy =0

Substituting qdy = —pdx , we get

(eX - IX— pdx)dp — pge*dxdy =0 = (eX - 1)dp +qe*dy =0

ie. (eX - 1)dp —pe*dx =0

d_p:exdxzd(ex—l)
p e*-1 (ex—l)

Integrating p = ¢; (eX — 1) = g—i =p=Vv; (z)(eX — 1)
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dz
Integrating —— = le* —1dx
i (2) ( )d

v (z)=e* —x+y3(y)

~x=y3(y)—w,(z)+e*. Ans.
Thus, the general solution involving two arbitrary functions is

X

x=y3(y)-ws(z)+e”,

where Y3, Y, are two arbitrary functions.

Q.No.12.: Solve the following non-linear partial differential equation of second order by
Monge’s method: (1— q)2r —2(2-p-2q+pq)s+(2- p)zt =0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Here R =(1—-q)>. S=—-2(2—p-2q+pq), T=(2-p)*, V=0.

Thus, Monge’s auxiliary equations become

(1-q)*(dy)? +2(2—p—2q +pa)dxdy +(2—p)*(dx)* = 0, (i)

(1-q)*dydp+ (2—p)?dxdq =0. (ii)

Here equation (i) is a perfect square and can be written as

(1-q)*(dy)? +2(2—p—2q +pq)dxdy +(2—p)*(dx)* =0

[(1-g)dy +(2-p)dx] =0= (1-gldy + (2 ~p)dx =0

dy —qdy + 2dx — pdx = dy + 2dx — (pdx + qdy)=0

ie. dy+2dx—-dz=0

Sincedz = pdx +qdy .

Integrating, we get y +2x -z =c;.

Substituting (1—q)dy = —(2 —p)dx in the Monge’s second equation.
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(1-q)*dydp+(2—p)*dxdg =0
reduces to (1— q)dp[— (2- p)dx] +(2- p)2 dxdq=0

= (1-q)dp+(2-p)dg=0

1.e. dp_ = dq
p-2 q-lI
Integrating, we get (p - 2) =Cy (q- 1)
q-1=c3(p-2)=wly+2x-z)p-2)
Then c3p—q=2c3 -1
Which is Lagrange’s equation with subsidiary equations

& _dy_ d
C3 -1 2C3—1

From first and second

dx+c3dy=0

which on integration gives

x+yyly+2x—z)=d(y+x+2).

Thus, the general solution involving two arbitrary functions is

X+yy(y+2x—z)=0(y+x+2),

where y, ¢ are two arbitrary functions.

Q.No.13.: Solve the following non-linear partial differential equation of second order by
Monge’s method: r—3s—-10t =-3.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR=1,S=-3, T=-10, V=-3.

Thus, Monge’s auxiliary equations become

(dy)2 +3dxdy - 10(dx )2 =0, 1)
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dydp —10dxdq +dxdy =0. (i1)
Equation (i) can be factorized as

(dy +5dx )(dy —2dx)=0.

Thus dy +dx =0 (ii1)
and dy—2dx =0 @iv)
which on integration gives

y+5x=c¢; (v)
y—2X=c¢Cy (vi)

Substituting dy = —5dx from (iii) in (ii), we get

(- 5dx )dp —10dxdq + 3dx(—5dx)=0

=dp+2dq+3dx =0

Integrating, we get

p+2q+3x=cj3 (vii)
Substituting dy = 2dx from (iv) in (ii), we get

(2dx )dp —10dxdq + 3dx(2dx) = 0

= dp—-5dq+3dx =0

Integrating, we get

p—5q+3x=cy (viii)
Thus p+2q +3x =f(y —5x) (ix)
and p—5q+3x = g(y —2x) (x)

Solving (ix) and (x), we get

Tp=5f+2g-21x

71q=f-¢g

Substituting p and q in

dz = pdx +qdy

7dz = (5f + 2g — 21x)dx + (f — g)dy

7dz = (5dx + dy )f (5x + y)—dy — 2dxg(y — 2x) - 21xdx
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2
Integrating, we get z = ¢, (5X + y)+ 0y (y — 2x)— 3XT .

Thus, the general solution involving two arbitrary functions is

2
2= 1(5x+y)+ oy -20)-

where ¢, 0, are two arbitrary functions.

Q.No.14.: Solve the following non-linear partial differential equation of second order by
Monge’s method: 2x%r — 5xys + 2y2t +2(px +qy)=0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR =2x2, S=-5xy, T=2y? and V = —(px +qy).
Thus, Monge’s auxiliary equations become
2x2dy? +5xy dx dy +2y2dx? =0. (i)

2x2dp dy + 2y2dq dx +2(px +qy)dx dy =0, (i1)
Here equation (i) can be factorized as

(2x dy + ydx )(xdy + 2y dx) =0

s 2xdy+ydx =0 (ii1)
and xdy+2ydx =0 @iv)
from (iv), we have

d—y+2d—xzo:>1ogy+2logx=1ogA, yx2 =A.
y X
Also from (iv) and (ii), we have
2xdp — ydq + 2pdx —qdy =0 = (2xdp + 2pdx) - (ydq + qdy) =0

= 2px—qy=B.

S 2px—qy =1 (yxz) (v)
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is one intermediate integral.

Similarly from (iii) and (ii) another intermediate integral is
px —2qy = 1, (xy?) (vi)

Solving (v) and (vi), we get

p= 3%[2161 (XZY)—fz (Xyz)]

and q= %[fl (xzy)— 2f, (xyz)].

Substituting these values in dz = pdx + qdy, we have

o= by o Ll

3 y 3 X

X y

= %fl (Xzy}i[log(XZY)]—éfz (xy? hhogtey? ).

A %I f (Xzy)d(logxzy)—%.[ f, (xyz)d(log xyz).

= 7= ¢1(X2}’)+ ¢2(XY2)‘

Thus, the general solution involving two arbitrary functions is

z=¢; (XZY)JF 02 (XY2 )

where ¢, 0, are two arbitrary functions.

Q.No.15.: Solve the following non-linear partial differential equation of second order by
Monge’s method: xy(t—r)+ (X2 - yZXs —2)=py—qx.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)? =0,

Rdpdy + Tdqdx — Vdxdy = 0.

The given equation can be written as xyr — (X2 - y2 )s — Xyt = 2(x2 - y2 )— py +gx
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HereR = xy, Sz—(xz—yz), T = —xy andV:2(x2 —yz)—py+qx.

Thus, Monge’s auxiliary equations become

Xydy2 +(X2 —yz)dxdy—xydx2 =0, (1)
xydpdy — xydqdx — {Z(X 2_ y2 )+ py — qx}dxdy =0. (i1)
Here equation (i) is a perfect square and can be written as

xdx + ydy =0 (iii)
and xdy —ydx =0 @iv)

From (i), we have x>+ y2 =A.

From (ii) and (iii), we have

xdp + ydq —2xdy — 2ydx + pdx +qdy =0

= (xdp + pdx) +(ydq + qdy) - 2(Xdy + ydx) =0
S px+qy—2xy=B.

.. One intermediate integral is

px+qy—2xy:f1(xz+y2). V)
Similarly from (ii) and (iv) the second intermediate integral is
) 2 y .
-py+gx=x"-y +f2(—J (vi)
X

Solving (v) and (vi), we have

1
P=Y+15 2{Xf1(xz+yz)—}’fz(%)}

X"ty

1
and q=x+ > {yfl(x2+y2)+xf2(%j}.

X" +y

Substituting these values in dz = pdx + qdy, we have

dz = |Zy+ = Jlr . {xfl (x2+y2)- yfz(%jﬂdx
+ [x +m{y’fl (x2 + y2 )+ xt, Gjﬂdy
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T e A H e
X"+ y X X< + y

X

.-.z=xy+%j fl(X2+y2)dﬁog(x2+y2)}+j fz[gj.d{tan'lg}

e W S M

=>z= xy+¢1(x2 + y2)+¢2(%j .

Thus, the general solution involving two arbitrary functions is

=>z= Xy+¢1(X2 + y2)+¢2(§j ,

where ¢, ¢, are two arbitrary functions.

Q.No.16.: Solve the following non-linear partial differential equation of second order by
Monge’s method: t— rsec’ y—2qtany =0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations
R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR = —sec* y, S=0, T=1and V =2qtany.

Thus, Monge’s auxiliary equations become

dx? —sec* ydy? =0. (1)
dqdx — sec? ydpdy — 2q tan ydxdy =0, (i1)
Here equation (i) can be factorized as

dx —dysec?y=0, (iii)
dx +dysec’ y=0. (iv)

From (ii) and (iii), we have

dq—dpsec2 y—2qtanydy =0
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=dp- (cos2 y.dq —2qsin ycos ydy)z 0

Integrating p — qcos2 y=A.

Also integrating (iii), we have x —tany =B.

.'.p—qcoszy:fl(x—tany) (v)

is an intermediate integral.

Similarly from (ii) and (iv) another intermediate integral is
p+qcos2y=f2(x+tany) (vi)

Solving (v) and (vi), we have

p :%[fl(x—tany)+f1(x+tany)]

and q = %sec2 y[f2 (x +tany)— f; (x —tan y)]
Substituting these values indz = pdx + qdy , we have

dz = %[fl (x —tany)+f,(x + tan y)]dx +%sec2 y[f2 (x + tany)—f;(x — tan y)]dy

= %fl (x —tan y)(dx — sec? ydy) + %fz (x + tan y )(dx + sec? ydy)

WA q)l(x —tan y)+¢2(x +tany).

Thus, the general solution involving two arbitrary functions is

zZ= ¢1(X—tany)+¢2(x+tan y),

where ¢, 0, are two arbitrary functions.

Q.No.17.: Solve the following non-linear partial differential equation of second order by
Monge’s method: (1 + q)zr - 2(1 +p+q+ pq)s + (1 + p)zt =0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx + T(dx)? =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR:(1+q)2, S=-2(1+p+q+pq) T=(1+p)2 and V=0.
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Thus, Monge’s auxiliary equations become

(1+q)*dy? +2(1+p)(1+q)dxdy + (1+ p)*dx* =0. (i)
(1+q)*dpdy + (1 +p)*dqdx =0, (i)
Here equation (i) is a perfect square and can be written as

[+ q)dy +(1+pldx]* =0

= (I+q)dy +(1+p)dx =0 (iii)
= dx+dy+pdx+qdy=0=dx+dy+dz=0 [ dz =pdx+qdy]

Integrating, we get x+y+z=A @iv)
Again from (ii) and (iii), we have

(1+qhdp—(1+p)g=0=-L2 99 _¢.
I+p 1+q

Integrating, we get

log(1+p)-log(l+q)=1logB = (1+p)=B(1+q) (v)
From (iv) and (v) the intermediate integral is
(1+p)=(1+qf(x+y+z)=>p—qf(x+y+z)=f(x +y+2z)-1.

.. The Langrange’s subsidiary equations are

dx dy dz _dx+dy+dz

T:—f(x+y+z) flx+y+z)-1 0

sdx+dy+dz=0=x+y+z=A.

Taking the first two members, we have

dy = —f(A)dx ~y=—xf(A)+B.

Sy+xf(x+y+z)=Fx+y+2z).

Thus, the general solution involving two arbitrary functions is

y+xf(x+y+2z)=F(x+y+2),

where f, F are two arbitrary functions.

Q.No.18.: Solve the following non-linear partial differential equation of second order by
Monge’s method: q2r —2pgs + p2t =0.

or
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Obtain the integral of q2r —2pgs + pzt =0 in the form y + xf(z) = F(z) and
show that this represents a surface generated by straight lines that are parallel
to fixed plane.
Sol.: Rewriting the given non-linear partial differential equation of second order in the
standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute
these values in Monge’s auxiliary equations
R(dy)2 —Sdydx + T(dx)2 =0,
Rdpdy + Tdqdx — Vdxdy = 0.
HereR = q2, S=-2pq, T= p2 andV=0.
Thus, Monge’s auxiliary equations become
q’dy? +2pqdx dy + p2dx? =0, @)
q*dpdy +p’dqdx =0. (i)
Here equation (i) is a perfect square and can be written as
(qdy + pdx)2 =0 = pdx+qdy =0 (111)
sdz=pdx+qdy=0
=z=A. (iv)
From (ii) and (iii), we have

qdp—pdq=0:@:d—qzﬂogpzlogq+logB
P q

~p=9qB v)
Hence the intermediate integral is
p—qf(z)=0.
.. Langrange’s subsidiary equations are
d_ dy _dz
1 —f(z) o

The last member gives, dz=0 ..z=c.
Again from first two members, we have

dy+f(z)dx =0 = dy+f(c)dx =0

~y+xflc)=¢ = y+xf(z)=F(@), (vi)
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which is the required integral.

The integrals of the given differential equation is the surface (vi) which is the locus of

straight lines given by the intersection of planes

y+xf(c)=F(c) and z=c.

These lines are all parallel to the planes z = 0 as they lie on the plane z = ¢ for verifying

values of c.

Q.No.19.: Solve the following non-linear partial differential equation of second order by
Monge’s method: (b + cq)zr —2(b+cq)a+cpls+(a+ cp)zt =0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)2 —Sdydx + T(dx)2 =0,

Rdpdy + Tdqdx — Vdxdy = 0.

HereR = (b + cq)z, S=-2(b+cq)a+cp), T=(a+ cp)2 andV=0.
Thus, Monge’s auxiliary equations become
(b+ cq)2 dpdy + (a + cp)2 dqdx =0, @)

(b+ cq)2 dy2 +2(b+cq)(a +cp)dxdy + (a + cp)2 dx? =0. (i1)
Here equation (i) is a perfect square and can be written as

[(b+cq)dy + (a+ cp)dx]2 =0 (111)
= bdy + adx + c(pdx + qdy)=0

= adx +bdy+cdz=0

sax+by+cz=A.

From (i) and (iii), we have

(b+cq)dp—(a+cp)dq =0

dp da__.

= — =
a+cp b+cq

Integrating, we get atep _ B=(a+cp)=(b+cq)B.

b+cq

.. The intermediate integral is
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a+cp = (b+cq)f(ax + by +cz)
= cp—cf(ax + by +cz)q = —a + bf (ax + by +cz).
Lagrange’s subsidiary equations are

dx _ dy dz

c —cf(ax +dy+cz) —a+Dbf(ax+by+cz)

Using a, b, ¢ as multipliers,

adx + bdy +cdz
0

Again taking the first two members, we have

Each fraction =

= ax+by+cz=A.

dy
dx = =dy+flA)dx =0

Integrating, we get y+f(A)x =A’.

= y + xf(ax + by + cz) = F(ax + by + cz), which is the required solution.

Q.No.20.: Solve the following non-linear partial differential equation of second order by
Monge’s method: q(1+q)r—(p+q+2pq)s+p(l+p)t=0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)? —Sdydx +T(dx)? =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Here R =q(1+q), S=—(p+q+2pq), T=p(l+p)t, V=0.

Thus, Monge’s auxiliary equations become

q(1+q)dy? + (p+q+2qp)dxdy + p(1+p)dx* =0. (i)

q(l+q)dpdy +p(1 + p)dgdx =0, (ii)

Here equation (i) can be factorized as

(pdx +qdy {(1—p)dx + (1+q)dy}=0

which yields

pdx +qdy =0 (iii)

(I-p)dx +(1+q)dy =0 (iv)
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From (iii), we have dz=pdx+qdy=0 = z=A.
Also from (i1) and (iii), we have

p(1+q)dp—p(i+p)g=0=- 99 _.
I+p 1+q

Integrating, we get log(l+p)—1log(l+q)=logB
= (1+p)=(1+9)f, (), v)
which is one intermediate integral.

Now from (iv), we have

qdp—pdq =0 =& _4
P dq

Integrating, we get logp =logq+logB’
.'.p:qu(x+y+z). (vi)
Solving (v) and (vi), we have

f;—1 f; -1
T

f) —1 fy —1

Substituting these values in dz = pdx +qdy, we have

f; -1 f; -1
dz:(l L) dx +—! dy
fo -1, fo =1,

= (£, —f,)dz = (f, —1)fydx + (£, —1)dy
= (f, —f; )dz = (f; — 1)f,dx + (f; —1)(dx + dy + dz)— (f; —1)(dx +dz)

= (f; —1)dz = (f; —1)(f, —1)dx + (f; —1)(dx + dy + dz)

dz :dz+dx+dy+dz
f, -1 f, -1
dz dx+dy+dz

———=dx+
f(z)-1 . fy(x+y+z)-1

Integrating, we get 0 (z)=x+ 0, (x+y+2z).

Thus, the general solution involving two arbitrary functions is
01(z)=x+¢,(x+y+2),

where ¢, ¢, are two arbitrary functions.

Q.No.21.: Solve the following non-linear partial differential equation of second order by
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Monge’s method: r =t (wave equation).

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations
R(dy)? —Sdydx + T(dx)* =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Here R=1, S=-1, T=0, V=0.

_ dp—sdy t_dq—sdx
dx dy ’

Put r

dp—sdy dq-—sdx
dx dy

Thus r =t reduces to

= dpdy —dqdx — s(dy2 —dx? ): 0.

Thus, Monge’s auxiliary equations become

dpdy — dqdx =0,

dy2 —dx%+0.

Here equation (iii) can be factorized as

dy+dx =0 and dy—-dx =0

= y+x=a;and y—x=b,

Using (i) and (iii), we can find one intermediate integral.
Diving (i1) by dy = —dx , we have
dp+dq:0:>p+q:f(al).

Again, using (ii) and (iv), we can find another intermediate integral.
Dividing (i) by dy = dx, we have
dp—dq=0=p-q=£(b)

From (v) and (vi), p= %[f(al )+£(b))]

a = [fla)~ (o))

Now dz = pdx +qdy = %[f(a1)+ f(by)Jdx +%[f(a1)—f(b1)]dy

= dpdy —sdy? = dqdx — sdx >

(ii)
(iii)

(iv)
(A)

v)

(vi)
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_ %f(al)(dx +dy)+%f(a1)(dx _dy).
Integrating, we have
1 1 1 1 .
z=tla)x+y)+ofa)x-y) = SfGcr ylx+y)-Sf(x=y)lx—y) [using (A)]

z=F(x+y)+G(x—y), is the required complete solution.

or z=0; (y—x)+ 0y (y +x), is the required complete solution.

Q.No.22.: Solve the following non-linear partial differential equation of second order by
Monge’s method: x2r+ 2xys + y2t =0.

Sol.: Rewriting the given non-linear partial differential equation of second order in the

standard form Rr+Ss+ Tt =V and find the values of R, S, T and V, then substitute

these values in Monge’s auxiliary equations

R(dy)2 —Sdydx + T(dx)2 =0,

Rdpdy + Tdqdx — Vdxdy = 0.

Given equation is X1+ 2xys + y2t =0. (1)

Here R =x2, S=2xy, T=y2, V=0.

dp —sdy (= dq —sdx

Putting r =
dx dy
In the given equation (i) , we get Xz[mj + 2yxs + y2 dg=sdx =0
dx dy
= xzdpdy - y2dqu + s(—xzdy2 + 2xydydx — yzdxz) =0
Thus, Monge’s auxiliary equations become
x2dpdy + y>dqdx =0 (i1)
And x%dy? - 2xydydx + y2dx? =0 (i)
Now (iii) can be written as (xdy — ydx)2 =0= xdy—-ydx=0 @1v)
:w=0:d(zj:0:>lzcl:>y=clx.
X X X

Using (ii) and (iv), [On dividing(ii) by xdy = ydx], we get
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xdp + ydq =0 = d(xp + yq)—(pdx + qdy) =0 = d(xp + yq)—dz = 0.
Integrating, we get
Xpt+yq—z=c, = q>(c1 ), say, which is Lagrange’s equation.

HereP=x, Q=y, R=z+¢(cl).

Consider Lagrange’s auxiliary equation dx = dy = L
x y  z+o(e)
From 2™ and 3" member, dy = i
y z+0(c)

Integrating, we get
logy = log(z + ¢(c1 ))— loga = logya = log(z + q>(c1 )) =z+ q>(c1 ) =ya
=7z +(1)(cl ( ) say, y =1f(cy)

=>z+ (1)[ j [ j is the required complete solution. [y =cix].

coeaf2fonll)
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Home Assignments

Q.No.1.: Solve the following non-linear partial differential equation of second order by
Monge’s method: (q+1)s = (p+1)t.
ns.: z=0;(x)+ ¢, (x +y+z).
Q.No.2.: Solve the following non-linear partial differential equation of second order by
Monge’s method: q2r —2pgs + p2t = pqz.
Ans.: y=0;(z)+e*0,(z).

Q.No.3.: Solve the following non-linear partial differential equation of second order by
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Monge’s method: X2 —2xs+t+ q=0.

Ans.: z = ¢, (y +logx)+ X0y (y +logx).

Q.No.4.: Solve the following non-linear partial differential equation of second order by
Monge’s method: x(r +2xs+ th): p+ 2x°.

2 4

Ans.: z= ¢, (x2 - 2y)+%¢2 (x2 - 2y)+XT .

Q.No.5.: Solve the following non-linear partial differential equation of second order by
Monge’s method: q(1+q)r—(1+2q)(1+p)s+(1+ p)2 t=0

Ans.: X =0;(x +y+2z)+ 0, (x +2)

Q.No.6.: Solve the following non-linear partial differential equation of second order by

Monge’s method: qr —ps = p3.

Ans.: x = yz—0;(z)+,(y).
Q.No.7.: Solve the following non-linear partial differential equation of second order by
Monge’s method: rx? - 3sxy + 2ty2 +px+2qy =x+2y.
Ans.: z=x+y+0; (xy)+ 0y (xzy).
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