
 

 

 

 

 

 

 

 

 

 

PARTIAL DIFFERENTIAL EQUATIONS 

INTRODUCTION:  

 Real world problems in general, involve functions of several (independent) 

variables giving rise to partial differential equations more frequently than ordinary 

differential equations. Thus, most problems in engineering and science reproduce with 

first and second order linear non-homogeneous partial differential equations. Thus, 

before discussing the methods of obtaining solutions, we will discuss some definitions, 

how we can formulate partial differential equations and other related concepts. 

PARTIAL DIFFERENTIAL EQUATION  

 A differential equation, which involves partial derivatives, is called a partial 

differential equation.  
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are the partial differential equations. 

Order of the differential equation:  

The order of the partial differential equation is the order of the highest ordered 

derivative appearing in the partial differential equation.  

Degree of a partial differential equation:  

The degree of a partial differential equation is the degree of the highest order 

partial derivative occurring in the equation. 
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 Thus, equation (i) is of first order, equations (ii) and (iii) are of second order. The 

degree of all above equations is one. 

STANDARD NOTATION 

 If z is function of two independent variables x and y, then we shall use the 

following standard notation for the partial derivatives of z: 

p
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∂
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∂
. 

FORMATION OF PARTIAL DIFFERENTIAL EQUATION: 

 Unlike the case of ordinary differential equations which arise from the elimination 

of arbitrary constants; the partial differential equation can be formed either by the 

elimination of arbitrary constants or by the elimination of arbitrary functions from a 

relation involving three or more variables.  

By elimination of arbitrary constants: 

 Let ( ) 0b,a,z,y,xf = ,                     (i) 

be an equation involving two arbitrary constants a and b. 

Differentiating this equation partially w.r.t. x and y, we get 

0
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∂
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∂
,                (ii) 

0
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z

z
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f
=

∂

∂

∂

∂
+

∂

∂
.               (iii) 

By eliminating a, b from (i), (ii) and (iii), we get an equation of the form 

( ) 0q,p,z,y,xf = ,               (iv) 

which is a partial differential equation of the first order. 

By elimination of arbitrary functions: 

(a) One arbitrary function: 

Consider )u(fz = ,                 (i) 

where f(u) is an arbitrary function of u and u is a given (known) function of x, y, z.  

i.e. ( )z,y,xuu = . 

Differentiating (i) partially w.r.t. x and y by chain rule, we get 
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∂
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∂
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By eliminating the arbitrary function f from (i), (ii) and (iii), we get an equation a partial 

differential equation of the first order. 

(b) Two arbitrary functions: 

Differentiating twice or more, the elimination process results in a partial 

differential equation of second or higher order. 

Always remember: 

• If the number of arbitrary constants to be eliminated is equal to the number of 

independent variables, then the partial differential equations that arise are of the 

first order.  

• If the number of arbitrary constants to be eliminated is more than the number of 

independent variables, then the partial differential equations obtained are of second 

or higher order. 

• If the partial differential equation is obtained by elimination of arbitrary functions, 

then the order of the partial differential equation is, in general, equal to the number of 

arbitrary functions eliminated.  

• When n is number of arbitrary functions, one may get several partial differential 

equations. But generally the one with the least order is chosen. 

 

The method is best illustrated by the following problems: 

 

Q.No.1.: Form partial differential equations from the following equations by eliminating  

               the arbitrary constants: 

               (i) abbyaxz ++= ,              (ii) byaaxz 22 ++= , 

               (iii) ( )( )byaxz 22 ++= ,       (iv) 
2

2

2

2

b

y

a

x
z2 += ,  (v) 1

c

z

b

y

a

x
2

2

2

2

2

2

=++ .  

Sol.: (i). Given abbyaxz ++= . 

Here the number of arbitrary constants is equal to the number of independent variables. 
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Differentiating z partially w. r. t. x  and y, we get 

a
x

z
p =

∂

∂
= , b

y

z
q =

∂

∂
= . 

Substituting for a and b in the given equation, we get 

pqqypxz ++= ,  

which is the partial differential equation of the first order. 

(ii). Given byaaxz 22 ++= . 

Here the number of arbitrary constants is equal to the number of independent variables. 

Differentiating z partially w. r. t. x  and y, we get 

a
x

z
p =

∂

∂
= , ya2

y

z
q 2=

∂

∂
= . 

Eliminating a between these result, we get  

yp2q 2= ,  

which is the partial differential equation of the first order. 

(iii). Given ( )( )byaxz 22 ++= . 

Here the number of arbitrary constants is equal to the number of independent variables. 

Differentiating z partially w. r. t. x  and y, we get 

( )byx2
x

z
p 2 +=

∂

∂
= ,                              (i)              ( )axy2

y

z
q 2 +=

∂

∂
= .                       (ii) 

Multiplying (i) and (ii), we get 

( )( ) xyz4pqbyaxxy4pq 22 =⇒++= ,  

which is the partial differential equation of the first order. 

(iv). Given 
2

2

2

2

b

y

a

x
z2 += .                                                                                                 (i) 

Here the number of arbitrary constants is equal to the number of independent variables. 

Differentiating partially w. r. t. x and y, we get 

x

p

x

z

x

1

a

1

a

x2

x

z
2

22
=

∂

∂
=⇒=

∂

∂
, 

and    
y

q

y

z

y

1

b

1

b

y2

y

z
2

22
=

∂

∂
=⇒=

∂

∂
. 
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Substituting these values in (i), we get yqxpz2 += , 

which is the desired partial differential equation of the first order. 

(v). Given 1
c

z

b

y

a

x
2

2

2

2

2

2

=++ . 

Here the number of arbitrary constants (a, b, c) is greater than the number of independent 

variables (x, y). 

Differentiating partially w. r. t. x and y, we get 

0
x

z
.

c

z2

a

x2
22

=
∂

∂
+ 0

x

z
zaxc 22 =

∂

∂
+⇒ ,                                                                               (i) 

0
y

z
.

c
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=
∂

∂
+ 0

y

z
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∂

∂
+⇒ .                                                                              (ii) 

Again differentiating (i) partially w. r. t. x, we get 
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Substituting 
x

z

x

z

a

c
2

2

∂

∂
−=   (from (i)), we have 

0
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∂
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which is the partial differential equation of the second order. 

Always remember: 

If the partial differential equation is obtained by elimination of arbitrary functions, then 

the order of the partial differential equation is, in general, equal to the number of 

arbitrary functions eliminated. 

Q.No.2.: Form the partial differential equations (by eliminating the arbitrary functions) 

                (i) ( )22 yxfz −= ,      (ii) ( ) 0xyz,yxf 22 =−+ , (iii) )atx(g)atx(fz −++= ,  

                (iv) )itx(g)itx(fz −++= ,  (v)  ( ) ( )txftxxfz 21 +++= . 

Sol.: (i). Given ( )22 yxfz −= . 

Here we have one arbitrary function. 

Differentiating z partially w. r. t. x and y, we get 
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( ) x2.yx' f
x

z
p 22 −=

∂

∂
= ,  ( )( )y2.yx' f

y

z
q 22 −−=

∂

∂
= . 

Division gives 0xqyp
y

x

q

p
=+⇒−= ,  

which is the required partial differential equations of first order. 

(ii). Given ( ) 0xyz  ,yxf 22 =−+ . 

Here we have one arbitrary function. 

Let uyx 22 =+   and vxyz =− , so that f(u, v) = 0. 

Differentiating  partially w. r. t. x and y, we get 
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⇒                                  (i) 
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v

f
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u

f
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⇒ .                       (ii) 

Eliminating 
u

f

∂

∂
  and   

v

f

∂

∂
 from (i) and (ii), we get 

22 yxypxq0
qxy2

pyx2
−=−⇒=

+−

+−
. 

which is the desired partial differential equation of the first order. 

(iii). Given )atx(g)atx(fz −++= .                                                                                 (i) 

Here we have two arbitrary functions. 

Differentiating z partially w. r. t. x and t, we get 

( ) ( )atx'gatx ' f
x

z
−++=

∂

∂
,  ( ) ( )atx''gatx '' f

x

z
2

2

−++=
∂

∂
                                            (ii) 

( ) ( )atx'agatx ' af
t

z
−−+=

∂

∂
,  ( ) ( )

2

2
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x
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∂
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∂

∂
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From (ii) and (iii), we get 
2

2

t

z

∂

∂
=

2

2
2

x

z
a

∂

∂
, 

which is the required partial differential equation of the second order. 

(iv). Given )itx(g)itx(fz −++= . 

Here we have two arbitrary functions. 
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Differentiating z twice partially w. r. t. x and t, we get 

( ) ( )itxgitxf
x

z
−′++′=

∂

∂ ( ) ( )itxgitxf
x

z

2

2

−′′++′′=
∂

∂
⇒                                                 (i) 

( ) ( )itxgiitxfi
t

z
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∂

∂ ( ) ( )itxgiitxfi
t
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2

2

−′′++′′=
∂

∂
⇒  

( ) ( )itxgitxf
t

z

2

2

−′′−+′′−=
∂

∂
⇒ .                                                                                     (ii) 

Adding (i) and (ii), we get 

0
t

z

x

z
2

2

2

2
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∂

∂
+

∂

∂
,  

which is the desired partial differential equation of the second order. 

(v). Given ( ) ( )txftxxfz 21 +++= . 

Here we have two arbitrary functions. 

Differentiating z twice partially w. r. t. x and t, we get 

( ) ( ) ( )txftxfxtxf
x

z
211 +′++′++=

∂

∂
 

( ) ( ) ( ) ( )tx''ftx''xftx'ftx'f
x

z
21112

2

+++++++=
∂

∂
 

( ) ( ) ( )tx''ftx''xftx'f2
x

z
2112

2
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∂

∂
                                                                        (i) 

( ) ( )tx'ftx'xf
t

z
21 +++=

∂
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( ) ( )tx''ftx''xf
t

z
212

2

+++=
∂

∂
.                                                                                          (ii) 

Subtracting (ii) from (i), we get 

( )tx'f2
t

z

x

z
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2

2
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∂

∂
−
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∂
 .                                                                                                  (iii) 

Also ( ) ( ) ( )tx''ftx''xftx'f
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∂∂
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∂

∂
⇒ ,  

which is the desired partial differential equation of the second order. 

 

Solve some more problems 

Q.No.3.: Form the partial differential equations (by eliminating the arbitrary functions)  

               







++= ylog

x

1
f2yz 2 . 

Sol.: Given 







++= ylog

x

1
f2yz 2 . 

Here we have one arbitrary function. 

Differentiating z partially w. r. t. x and y, we get 









−








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=
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1
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1
' f2
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
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+=−⇒ ylog
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1
' f2px2                                             (i) 


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

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




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∂
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1
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1
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z
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



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
+=−⇒ ylog

x

1
' f2y2qy 2 .                                  (ii) 

From (i) and (ii), we get 

2222 y2yqpxy2qypx =+⇒−=− ,  

which is the required partial differential equation of the first order. 

Q.No.4.: Form the partial differential equations (by eliminating the arbitrary functions)  

               ( ) 0zyx ,zyxf 222 =++++ . 

Sol.: Given ( ) 0zyx ,zyxf 222 =++++ . 

Here we have one arbitrary function. 

Let uzyx =++   and  vzyx 222 =++ ,  then 0)v,u(f =  

Differentiating partially w. r. t. x and y, we get 

0p
z

v

x

v

v

f
p

z

u

x

u

u

f
=









∂

∂
+

∂

∂

∂

∂
+








∂

∂
+

∂

∂

∂

∂ ( ) ( ) 0zp2x2
v

f
p1

u

f
=+

∂

∂
++

∂

∂
⇒                            (i) 

and 0q
z

v

y

v

v

f
q

z

u

y

u

u

f
=









∂

∂
+

∂

∂

∂

∂
+








∂

∂
+

∂

∂

∂

∂
( ) ( ) 0zq2y2

v

f
q1

u

f
=+

∂

∂
++

∂

∂
⇒ .                  (ii) 
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Eliminating 
u

f

∂

∂
and 

v

f

∂

∂
 from (i) and (ii), we get 

( )( ) ( )( )zp2x2q1zq2y2p1 ++=++ ( ) ( ) yxqxzpzy −=−+−⇒ ,  

which is the required partial differential equation of the first order.  

Q.No.5.: Find the differential equation of all planes which are at a constant distance ‘a’  

                from the origin. 

Sol.: Equation of the plane in normal form is anzmyx =++ℓ .                                      (i) 

where ℓ , m, n are the d. c.’s of the normal from the origin to the plane. 

Then, ( )22222 m1n1nm +−=⇒=++ ℓℓ . 

∴ (i) becomes ( ) azm1myx 22 =−−++ ℓℓ .                                                                 (ii) 

Differentiating partially w. r. t. x , we get 

( ) 0p.m1 22 =−−+ ℓℓ .                                                                                                  (iii) 

 Differentiating partially w. r. t.  y, we get 

( ) 0q.m1m 22 =−−+ ℓ .                                                                                                 (iv) 

Now we have to eliminate ℓ , m from (ii), (iii) and (iv), we get 

From (iii), ( )p.m1 22 −−−= ℓℓ  and  ( )q.m1m 22 −−−= ℓ . 

Squaring and adding, we get ( )( )222222 qpm1m +−−=+ ℓℓ . 

( )( ) 222222 qpqp1m +=+++⇒ ℓ
2222

22
22

qp1

1

qp1

qp
1m1

++
=

++

+
−=−−⇒ ℓ . 

Also 

( )22 qp1

p

++
−=ℓ   and  

( )22 qp1

q
m

++
−= . 

Substitute the value of ℓ , m  and  22 m1 −− ℓ  in (ii), we obtain 

( ) ( ) ( )
az

qp1

1

qp1

qy

qp1

px

222222
=

++
+

++
−

++

−
 

( )22 qp1aqypxz ++++=⇒ ,  

which is the required partial differential equation. 
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***   ***   ***   ***   *** 

***   ***   *** 

*** 

Home Assignments 

Form the partial differential equations (by eliminating the arbitrary constants) 

 

Q.No.1.: Form the partial differential equation (by eliminating the arbitrary constants)  

               from: 22 babyaxz +++= . 

Ans.: 22 qpqypxz +++= . 

Q.No.2.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from: ( ) ( ) 2222 czbyax =+−+− . 

Ans.: ( ) 2222 c1qpz =++ . 

Q.No.3.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from: baxyxyz 22 +−+= . 

Ans.: pqqypx =+ . 

Q.No.4.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from: 22 cybxyaxz ++= . 

Ans.: z2tyxys2rx 22 =++ . 

Q.No.5.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from: bea
2

1
axez y22y ++= . 

Ans.: 2ppxq += . 

Q.No.6.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from: ( ) ( ) cabtyxbyxaz ++−++= . 

Ans.: 

Q.No.7.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from: ( ) ( )22 byaxz −+−= . 
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Ans.: z4qp 22 =+ . 

Q.No.8.: Form the partial differential equation (by eliminating the arbitrary constants)  

                from:.
( )









+

−
=

x1

1yb
logaz . 

Ans.: qypxqp +=+ . 

 

Form the partial differential equations (by eliminating the arbitrary functions) 

 

Q.No.9.: Form the partial differential equation (by eliminating the arbitrary functions)  

               from: ( )zyxxyz ++φ= . 

Ans.: ( ) ( ) ( )yxzqxzypzyx −=−+− . 

Q.No.10.: Form the partial differential equation (by eliminating the arbitrary functions)  

                 from: ( ) ( )t4xgt4xfz −++= . 

Ans.: 0
t

z

x

z
16

2

2

2

2

=
∂

∂
−

∂

∂
 

Q.No.11.: Form the partial differential equation (by eliminating the arbitrary functions)  

                 from: 







=

z

xy
fz . 

Ans.: qypx =  

Q.No.12.: Form the partial differential equation (by eliminating the arbitrary functions)  

                 from: )y(xg)x(yfz += . 

Ans.: zqypxxys −+=  

Q.No.13.: Form the partial differential equation (by eliminating the arbitrary functions)  

                from: )x(ge)x(fz y+= . 

Ans.: 
y

z

y

z

2

2

∂

∂
=

∂

∂
 

Q.No.14.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: ( )zyxxyz ++φ= . 

Ans.: ( ) ( ) ( )yxzqxzypzyx −=−+−  
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Q.No.15.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: )y(f)x(fz 21= . 

Ans.: 
y

z
.

x

z

yx

z
z

2

∂

∂

∂

∂
=

∂∂

∂
. 

Q.No.16.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: ( ) ( )x3yfx2yfz 21 −++= . 

Ans.: 0
y

z
6

yx

z

x

z

2

22

2

2

=
∂

∂
−

∂∂

∂
+

∂

∂
 

Q.No.17.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: ( ) ( )[ ]atrFatrf
r

1
v ++−= . 

Ans.: 








∂

∂

∂

∂
=

∂

∂

r

v
r

rr

a

t

v 2

2

2

2

2

. 

Q.No.18.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: ( ) 0zyx,zxyF 2 =+++ . 

Ans.: ( ) ( ) xyyz2qz2xp −=−+− . 

Q.No.19.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: ( ) ( )xgyyfxz 22 += . 

Ans.: ( )z2qypx2xyr −+=  

Q.No.20.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: ( )yxez my −φ= . 

Ans.: mzqp =+ . 

Q.No.21.: Form the partial differential equation (by eliminating the arbitrary functions)  

                  from: 







=

x

y
fz . 

Ans.: 0qypx =+ . 

Some miscellaneous problems 

Q.No.22.: Find the differential equation of all spheres of  radius 3-units having their  

                 centers in the xy-plane. 
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Ans.: ( ) 91qbz 222 =++ . 

Q.No.23.: Find the differential equation of all spheres whose centers lies on z-axes. 

Ans.: 0qxpy =− . 

Q.No.24.: If ( )zx2y ,yz2xfu 22 ++= ,  

                  prove that ( ) ( ) ( ) 0
z

u
xyz

y

u
yzx

x

u
zxy 222 =

∂

∂
−+

∂

∂
−+

∂

∂
−  

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

2nd Topic 

Partial Differential Equations  

Solution of partial differential equation 

***************************************** 

***************************************** 

***************************************** 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

SOLUTIONS OF A PARTIAL-DIFFERENTIAL EQUATION: 

 It is clear that a partial differential equation can be obtained by elimination of 

arbitrary constants or by the elimination of arbitrary functions. 

Partial differential equation of first order 

The general form of a first order partial differential equation is  

( ) 0q,p,z,y,xf = ,                 (i) 

where x, y are the two independent variables, z is the dependent variable and p
x

z
=

∂

∂
,  

q
y

z
=

∂

∂
. 

Complete solution:  

Any function f(x, y, z, a, b) = 0,                                                                                        (ii) 

involving two arbitrary constants a, b and satisfying the partial differential equation (i) is 

known as complete solution or complete integral or primitive.  

General solution or general integral:  

Any arbitrary function F of specific (given) functions u, v  

( ) 0v,uF = ,                (iii) 

satisfying partial differential equation (i) is known as general solution or general 

integral. 

2nd Topic 

Partial Differential Equations  

Solution of partial differential equation 
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Particular solution or particular integral:  

A solution obtained from the complete integral by assigning particular values to 

the arbitrary constants is called a particular solution or particular integral. 

Singular solution or singular integral:  

The envelope of the family of surfaces (ii), with parameters a and b, if it exist, is 

called a singular solution or singular integral.  

Remarks: The singular integral differs from the particular integral in that it is not 

obtained from the complete integral by giving particular values to the constants. 

A solution of a partial differential equation in a region R is a function of the 

independent variables, whose partial derivatives satisfy the partial differential equation at 

every point in R. As such, a partial differential equation may have a large number of 

entirely different solutions.  

For example, 22 yxu −= , ( )22 yxlogu −= , kycoskxsinu =  are solutions of the 

Laplace equation 0
y

u

x

u
2

2

2

2

=
∂

∂
+

∂

∂
. The unique solution of a partial differential equation 

corresponding to a physical problem must satisfy certain other conditions at the boundary 

of the region R. These are known as the boundary conditions. 

If these conditions are given for the time t = 0, they are known as the initial 

conditions. 

Theorem:  Show that if 1u  and 2u  are two solutions of the equation  

                  
t

u
B

t

u
A

z

u

y

u

x

u
2

2

2

2

2

2

2

2

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂
, then 2211 ucuc +  is also a solution. 

Proof: Since 1u  and 2u  are two solutions of the given equation, we have 

t

u
B

t

u
A

z

u

y

u

x

u 1
2
1

2

2
1

2

2
1

2

2
1

2

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂
,                                                                             (i) 

and 
t

u
B

t

u
A

z

u

y

u

x

u 2
2
2

2

2
2

2

2
2

2

2
2

2

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂
.                                                                  (ii) 

Now ( ) ( ) ( )22112

2

22112

2

22112

2

ucuc
z

ucuc
y

ucuc
x

+
∂

∂
++

∂

∂
++

∂

∂
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













∂

∂
+

∂

∂
+

∂

∂
+














∂

∂
+

∂

∂
+

∂

∂
=

2
2

2

2
2

2

2
2

2

22
1

2

2
1

2

2
1

2

1
z

u

y

u

x

u
c

z

u

y

u

x

u
c  

         














∂

∂
+

∂

∂
+














∂

∂
+

∂

∂
=

t

u
B

t

u
Ac

t

u
B

t

u
Ac 2

2
2

2

2
1

2
1

2

1          [using (i) and (ii)] 

         ( ) ( )221122112

2

ucuc
t

Bucuc
t

A +
∂

∂
++

∂

∂
= . 

2211 ucuc +⇒  is also a solution of the given equation. 

 

Generalization: If n321 u..........u,u,u  are n independent solutions,  

                           then nn332211 uc............ucucuc ++++  is also a solution. 

Problem on verifications of a solution 

Q.No.1.: Verify that nxsine tn2−  is a solution of the heat equation 
2

2

x

u

t

u

∂

∂
=

∂

∂
.  

    Hence, show that nxsinec tn
n

N

1n

2−

=
∑ , where N21 c.......,,.........c,c  are arbitrary  

                constants, is a solution of this equation satisfying the boundary conditions  

               ( ) 0t,0u =  and  ( ) 0t,u =π . 

Sol.: 1
st
 Part: Show that nxsine tn2−  is a solution of the heat equation 

2

2

x

u

t

u

∂

∂
=

∂

∂
. 

Here nxsineu tn2−= . 

Then nxsinen
t

u tn2 2−−=
∂

∂
, nxcosne

x

u tn2−=
∂

∂
, nxsinen

x

u tn2

2

2
2−−=

∂

∂
. 

So that 
2

2

x

u

t

u

∂

∂
=

∂

∂
. 

nxsineu tn2−=∴   is a solution of the given equation. 

2
nd

 Part: Show that nxsinec tn
n

N

1n

2−

=
∑  is also a solution. 

For n = 1, 2, …………, N, we get N different solutions.  

Their linear combination   
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Nxsinec...........x2sinecx1sinecu tN
N

t2
2

t1
1

222 −−− +++=  is also a solution. 

( ) nxsinect,xu tn
n

N

1n

2−

=
∑=⇒ is also a solution. 

Clearly, ( ) 0t,0u =  and  ( ) 0t,u =π , since 0nsin =π , where n is an integer. 

***   ***   ***   ***   ***   *** 

Home Assignments 

Q.No.1.: Verify that ( )22 yxfz +=  is a solution of 0
y

z
x

x

z
y =

∂

∂
−

∂

∂
. 

Sol.:  

Q.No.2.: Verify that kysinhkxcosu = is a solution of the Laplace equation  

               0
y

u

x

u

2

2

2

2

=
∂

∂
+

∂

∂
. 

Sol.:  

Q.No.3.: Verify that 






−

c

kx
sine tk 2

is a solution of the heat equation 
2

2
2

x

u
c

t

u

∂

∂
=

∂

∂
.  

                Hence, show that 






−

=
∑

c

kx
sineA tk

k

n

1k

2

, where A1, A2, ………. are arbitrary  

                constants, is a solution satisfying the boundary conditions ( ) ( ) 0t,cut,0u =π= . 

Sol.:  

 

************************************** 

 

EQUATIONS SOLVABLE BY DIRECT INTEGRATION: 

 Those equations, which contain only one partial derivative, can be solved by 

direct integration. In place of usual constants of integration, we must, use arbitrary 

functions of the variable kept constant. 
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Now let us solve some partial differential equations, which can be solved by direct 

integration: 

 

Q.No.1.: Solve the following partial differential equation:  

               ( ) 0yx2sinxy18
yx

z 2

2

3

=−++
∂∂

∂
. 

Sol.: Given partial differential equation is ( ) 0yx2sinxy18
yx

z 2

2

3

=−++
∂∂

∂
. 

Integrate twice w.r.t. x (keeping y fixed), we get 

( ) )y(fyx2cos
2

1
yx9

yx

z 22
2

=−−+
∂∂

∂
, 

( ) )y(g)y(xfyx2sin
4

1
yx3

y

z 23 +=−−+
∂

∂
. 

Now integrate w.r.t. y (keeping x fixed), we get 

( ) )x(wdy)y(gdy)y(fxyx2cos
4

1
yxz 33 ++=−−+ ∫∫ . 

The result may simplified by writing )y(udy)y(f =∫    and   )y(vdy)y(g =∫ . 

Thus, ( ) )x(w)y(v)y(xuyxyx2cos
4

1
z 33 +++−−= ,  

where u, v, w are arbitrary functions. 

This is the required solution. 

Q.No.2.: Solve the following partial differential equation: 0z
x

z
2

2

=+
∂

∂
,  

               given that when x = 0,  yez =   and  1
x

z
=

∂

∂
. 

Sol.: If z were a function of x alone, the solution would have been xcosBxsinAz += , 

where A and B are arbitrary constants.  

But here z is a function of x and y, therefore, A and B can be arbitrary functions of y, the 

independent variable kept constant.  

Hence, the solution of the given equation is xcos)y(xsin)y(fz φ+= . 



Partial Differential Equations: Solution of PDE 

 For Video Lecture, Visit: https://youtu.be/PWobEwMvXZc 

6

( ) xsinyxcos)y(f
x

z
φ−=

∂

∂
. 

When x = 0, yez = .     ( )yey φ=∴ .      

When x = 0, 1
x

z
=

∂

∂
.     )y(f1 =∴ . 

Hence, the desired solution is xcosexsinz y+= .  

Q.No.3.: Solve the following partial differential equation: ysinxsin
yx

z2

=
∂∂

∂
,  

               given that ysin2
y

z
−=

∂

∂
,  when x = 0;  

              and z = 0, when y is an odd multiple of 
2

π
. 

Sol.: Given partial differential equation is ysinxsin
yx

z2

=
∂∂

∂
. 

Integrating w.r.t. x, keeping y as constant, we get 

)y(fysinxcos
y

z
+−=

∂

∂
.                                                                                                   (i) 

When x = 0, ysin2
y

z
−=

∂

∂
. 

ysin)y(f)y(fysinysin2 −=⇒+−=−∴ . 

From (i), we get ysinysinxcos
y

z
−−=

∂

∂
. 

Integrating w.r.t. y, keeping x as constant, we get 

( )xycosycosxcosz φ++= .                                                                                            (ii) 

When y is an odd multiple of 
2

π
,  z = 0. 

( )x000 φ++=∴ ,  since ( ) 0)x(0
2

1n2cos =φ⇒=
π

+ . 

∴From (ii), we get ( ) ycosxcos1z += ,  

which is the required particular solution. 

***   ***   ***   ***   *** 
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***   ***   *** 

*** 

Home Assignments 

Q.No.1.: Solve the following partial differential equation: a
y

x

yx

z2

+=
∂∂

∂
. 

Ans.: ( ) ( )yxaxyylog
2

x
z

2

ψ+φ++= . 

Q.No.2.: Solve the following partial differential equation: xy
x

z
2

2

=
∂

∂
. 

Ans.: ( ) ( )yyxfyx
6

1
z 3 φ++= . 

Q.No.3.: Solve the following partial differential equation: xcose
tx

u t
2

−=
∂∂

∂
. 

Ans.: ( ) ( )txxsineu t ψ+φ+−= − . 

Q.No.4.: Solve the following partial differential equation: ( )y3x2cos
yx

z
2

3

+=
∂∂

∂
. 

Ans.: ( ) ( ) ( ) ( )y3x2sin
12

1
yyxyfz +−ψ+φ+= . 

Q.No.5.: Solve the following partial differential equation: 

   z
y

z
2

2

=
∂

∂
, gives that when y = 0, xez =   and  xe

y

z −=
∂

∂
. 

Ans.: ysinheycoshez xx −+=  

Q.No.6.: Solve the following partial differential equation: 

   za
x

z 2

2

2

=
∂

∂
, gives that when x = 0, ysina

x

z
=

∂

∂
  and  0

y

z
=

∂

∂
. 

Ans.: axsinhysinxcoshAz += . 

Q.No.7.: Solve the following partial differential equation: 
xy

1

yx

z2

=
∂∂

∂
. 
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Sol.: ( ) ( )xygylogxlogz φ++= . 

Q.No.8.: Solve the following partial differential equation: y2x2
yx

z2

+=
∂∂

∂
. 

Ans.: ( ) ( )x)y(gyxxyz φ+++= . 

Q.No.9.: Solve the following partial differential equation: ( )xysin
y

z

2

2

=
∂

∂
. 

Ans.: ( ) ( )xxyfxysin
x

1
z

2
φ++−= . 

Q.No.10.: Solve the following partial differential equation: ( )xy3sinx4
xy

u2

=
∂∂

∂
. 

Ans.: ( ) ( ) ( )yxfxy3sin
y9

4
u φ++−= . 

Q.No.11.: Solve the following partial differential equation: yx
yx

z
log

2

+=












∂∂

∂
. 

Ans.: ( ) ( )xygez yx φ++= + . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

3rd Topic 

Partial Differential Equations  

Linear partial differential equation of first order 

(Lagrange’s linear equation) 

 

***************************************** 

***************************************** 

***************************************** 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

DEFINITIONS: 

PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER: 

 A differential equation involving first order partial derivatives p and q only is 

called a partial differential equation of the first order.  

LINEAR PARTIAL DIFFERENTIAL EQUATION: 

  A partial differential equation is said to be linear if the dependent variable z and 

its derivatives are of degree one and products of z and its derivatives do not appear in the 

equation. 

e.g. zqypx 22 =+  is linear partial differential equation in z and of first order. 

QUASI-LINEAR PARTIAL DIFFERENTIAL EQUATION:  

Partial differential equation is said to be quasi-linear if degree of highest ordered 

derivative is one and no products of partial derivatives of the highest order are present. 

e.g. ( ) 0zzz 2
yxx =+  is quasi-linear partial differential equation in z and of second order. 

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION: 

 A P.D.E., which is not linear, is known as non-linear P.D.E. 

e.g. ( )y,xf
y

u
u

x

u 2

2

2

2

=








∂

∂
+















∂

∂
 is non-linear in u and of second order. 

3rd Topic 

Partial Differential Equations  

Linear partial differential equation of first order 

(Lagrange’s linear equation) 
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HOMOGENEOUS PARTIAL DIFFERENTIAL EQUATION: 

 If in a P.D.E., each term contains the dependent variable or its derivatives, THE 

p.d.e. is known as homogeneous p.d.e. Otherwise p.d.e. is non-homogeneous. 

LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER: 

If p and q both occur in the first degree only and are not multiplied together, then 

it is called a linear partial differential equation of the first order. 

 

LAGRANGE’S LINEAR EQUATION: 

 The general form of a quasi-linear partial differential equation of the first order is 

( ) ( ) ( )z,y,xRqz,y,xQpz,y,xP =+ .                                                                                  (i) 

This equation (i) is known as Lagrange’s linear equation. 

If P and Q are independent of z and R is linear in z, then (i) is a linear equation. 

Such an equation is obtained by eliminating an arbitrary function φ  from ( ) 0v,u =φ ,  (ii) 

where u, v are specific (known) functions of x, y, z. 

Lagrange’s auxiliary equations:  

Differentiating (ii) partially w. r. t. x and y. 

0p
z

v

x

v

v
p

z

u

x

u

u
=









∂

∂
+

∂

∂

∂

φ∂
+








∂

∂
+

∂

∂

∂

φ∂
  and   0q

z

v

y

v

v
q

z

u

y

u

u
=









∂

∂
+

∂

∂

∂

φ∂
+








∂

∂
+

∂

∂

∂

φ∂
. 

Eliminating 
u∂

φ∂
 and  

v∂

φ∂
, we get 

0
q

z

v

y

v
q

z

u

y

u

p
z

v

x

v
p

z

u

x

u

=

∂

∂
+

∂

∂

∂

∂
+

∂

∂
∂

∂
+

∂

∂

∂

∂
+

∂

∂

 

x

v
.

y

u

y

v
.

x

u
q

z

v
.

x

u

x

v
.

z

u
p

y

v
.

z

u

z

v
.

y

u

∂

∂

∂

∂
−

∂

∂

∂

∂
=









∂

∂

∂

∂
−

∂

∂

∂

∂
+









∂

∂

∂

∂
−

∂

∂

∂

∂
⇒ .                                  (iii) 

This is of the same form as (i) with 










∂

∂

∂

∂
−

∂

∂

∂

∂
=

y

v
.

z

u

z

v
.

y

u
P , 









∂

∂

∂

∂
−

∂

∂

∂

∂
=

z

v
.

x

u

x

v
.

z

u
Q  and 









∂

∂

∂

∂
−

∂

∂

∂

∂
=

x

v
.

y

u

y

v
.

x

u
R . 
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To determine u, v, from P, Q, R:  

Suppose u = a and v = b, where a, b are constants, so that 

0dudz
z

u
dy

y

u
dx

x

u
==

∂

∂
+

∂

∂
+

∂

∂
, 

0dvdz
z

v
dy

y

v
dx

x

v
==

∂

∂
+

∂

∂
+

∂

∂
. 

By cross-multiplication, we get 

x

v
.

y

u

y

v
.

x

u

dz

z

v
.

x

u

x

v
.

z

u

dy

y

v
.

z

u

z

v
.

y

u

dx

∂

∂

∂

∂
−

∂

∂

∂

∂
=

∂

∂

∂

∂
−

∂

∂

∂

∂
=

∂

∂

∂

∂
−

∂

∂

∂

∂
. 

R

dz

Q

dy

P

dx
==⇒ .                                [by virtue of (i) and (iii)]                                    (iv)                          

The solution of these equations are u = a and v = b. 

Thus, determining u, v from the simultaneous equations 
R

dz

Q

dy

P

dx
== ,  

we have the solution of the partial differential equation. 

Thus, ( ) 0v,u =φ  or )v(fu = is the required solution of  RQqPp =+ . 

Note: Equations 
R

dz

Q

dy

P

dx
==  are called Lagrange’s auxiliary equations or 

subsidiary equations 

 

Method of obtaining General Solution: 

(i) Rewrite the equation in the standard form RQqPp =+ . 

(ii) Form the Lagrange’s auxiliary equations (A.E.) 
R

dz

Q

dy

P

dx
== . 

(iii) Solve the auxiliary equations by the method of grouping or the method of 

multiplier or both to get two independent solutions u = a and v = b, where a, 

b are arbitrary constants. 

(iv) Then ( ) 0v,u =φ  or )v(fu =  is the general solution of the equation 

RQqPp =+ . 
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Extended form for more than two independent variables:  

In the differential equation RQqPp =+ , there are two independent variables x and y. To 

solve it, we have to find two independent solutions satisfying the equation 

R

dz

Q

dy

P

dx
== . This procedure can be extended to linear partial equations of the last 

order involving more than two independent variables. 

If nn2211 cu,........cu,cu ===  are n independent solutions of the equations 

R

dz

P

dx
.......

P

dx

P

dx

n

n

2

2

1

1 ==== . 

Then, the general solution of the differential equation 

R
x

z
P.........

x

z
P

x

z
P

n
n

2
2

1
1 =

∂

∂
+

∂

∂
+

∂

∂
. 

is  ( ) 0u,.........u,u n21 =φ , where φ is an arbitrary function. 

 

Now let us solve some linear partial differential equation of the first order: 

Q.No.1.: Solve the following differential equation: ( )22 yxzqzpz ++=− . 

Sol.: Given differential equation is ( )22 yxzqzpz ++=− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
( )22 yxz

dz

z

dy

z

dx

++
=

−
= . 

Taking the first two members, we get 0dydx =+ . 

Integrating, we get   ayx =+ .                                                                                          (i) 

This is first independent solution. 

Again taking first and third members, we get 

( )22 yxz

dz

z

dx

++
=

22 az

zdz
dx

+
=⇒ , since x + y = a. 

dx2
az

zdz2
22

=
+

⇒ . 

Integrating both sides, we get    

( ) ( )[ ] bx2yxzlogbx2azlog
2222 =−++⇒+=+ .                (ii) 
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This is second independent solution. 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Thus, from (i) and (ii), the required general solution is  

( )[ ] 0x2xy2zyxlog ,yx 222 =−++++φ . Ans. 

Q.No.2.: Solve the following differential equation:    

                ( ) ( ) mxy
y

z
znx

x

z
nymz −=

∂

∂
−+

∂

∂
− ℓℓ .                       

Sol.: Given differential equation is ( ) ( ) mxy
y

z
znx

x

z
nymz −=

∂

∂
−+

∂

∂
− ℓℓ . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
mxy

dz

znx

dy

nymz

dx

−
=

−
=

− ℓℓ
. 

Using multipliers x, y, z, we get  

each fraction 
0

zdzydyxdx ++
= 0zdzydyxdx =++⇒ . 

Integrating, we get   

azyx 222 =++ .                                                                                                               (i) 

Again using multipliers ℓ , m and n, we get  

each fraction 
0

ndzmdydx ++
=
ℓ

  0ndzmdydx =++⇒ ℓ . 

Integrating, we get   

bnzmyx =++ℓ .                                                                                       (ii) 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Hence, from (i) and (ii), the required general solution is  

( )nzmyxfzyx 222 ++=++ ℓ . 

Q.No.3.: Solve the following differential equation:  ( ) xz2xyq2pzyx 222 =+−− . 

Sol.: Given differential equation is ( ) xz2xyq2pzyx 222 =+−− . 
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This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
xz2

dz

xy2

dy

zyx

dx
222

==
−−

. 

From the last two fractions, we have 
z

dz

y

dy
= . 

Integrating both sides, we get   

a
z

y
alogzlogylog =⇒+= .                                                                      (i) 

Using multipliers x, y and z, we have 

each fraction ( )222 zyxx

zdzydyxdx

++

++
=  

( ) xz2

dz

zyxx

zdzydyxdx

222
=

++

++
⇒  

( ) z

dz

zyx

zdz2ydy2xdx2

222
=

++

++
⇒ . 

Integrating both sides, we get   

 ( ) blogzlogzyxlog 222 +=++ b
z

zyx 222

=
++

⇒ .                                                    (ii) 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Hence, from (i) and (ii), required general solution is 







=++

z

y
zfzyx 222 . 

Q.No.4.: Solve the following differential equation:  ( ) ( ) xyzqzxypyzx 222 −=−+− . 

Sol.: Given differential equation is ( ) ( ) xyzqzxypyzx 222 −=−+− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
xyz

dz

zxy

dy

yzx

dx

222 −
=

−
=

−
.           (i) 

Each of these equations 
( ) ( )yzxzy

dzdy

zxyyx

dydx
2222 −−−

−
=

−−−

−
= . 

( )
( )( )

( )
( )( )zyxzy

zyd

zyxyx

yxd

++−

−
=

++−

−
⇒

( ) ( )
zy

zyd

yx

yxd

−

−
=

−

−
⇒ . 

Integrating both sides, we get  
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( ) ( ) c
zy

yx
clogzylogyxlog =

−

−
⇒+−=− .                                               (ii) 

Using multipliers x, y and z, each fraction of (i) 

xyz3zyx

zdzydyxdx
333 −++

++
=

( )( )xyzxyzzyxzyx

zdzydyxdx
222 −−−++++

++
= .                                  (iii) 

Also, each of the Lagrange’s auxiliary equations 
xyzxyzzyx

dzdydx
222 −−−++

++
= .        (iv) 

Equating (iii) and (iv) and canceling the common factor, we get 

dzdydx
zyx

zdzydyxdx
++=

++

++ ( ) ( ) ( )zyxdzyxzdzydyxdx ++++=++⇒  

Integrating both sides, we get     

( ) ( ) ( ) czyxdzyxzdzydyxdx +++++=++ ∫∫  

( ) c2zyxzyx 2222 +++=++⇒  

0'czxyzxy =+++⇒ .                                                                                                    (v) 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Hence, from (i) and (ii), required general solution is 0zxyzxy  ,
zy

yx
=








++

−

−
φ . 

Q.No.5.: Solve the following differential equation:  xyzqxzpy 222 =+ . 

Sol.: Given differential equation is xyzqxzpy 222 =+ . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
222 xy

dz

zx

dy

zy

dx
== . 

Taking first two members, we get dyydxx 22 = . 

Integrating, we get      

ayx 33 =− .                                                                                               (i) 

Again taking first and third members, we get zdzxdx =  

Integrating, we get     

bzx 22 =− .                                                                                                                      (ii) 
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Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Hence, from (i) and (ii), required general solution is ( ) 0zx  ,yx 2233 =−−φ . 

Q.No.6.: Solve the following differential equation:  ( ) ( ) ( )yxzqxzypzyx 222 −=−+− . 

Sol.: Given differential equation is ( ) ( ) ( )yxzqxzypzyx 222 −=−+− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
( ) ( ) ( )yxz

dz

xzy

dy

zyx

dx

222 −
=

−
=

−
. 

Using 
222 z

1
,

y

1
,

x

1
as multipliers, we get 

Each fraction 
0

dz
z

1
dy

y

1
dx

x

1
222

++

= . 

0
z

dz

y

dy

x

dx
222

=++∴ .  

Integrating, we get     

a
z

1

y

1

x

1
=++ .                                                                                          (i) 

Again using 
z

1
,

y

1
,

x

1
as multipliers, we get 

Each fraction 
0

dz
z

1
dy

y

1
dx

x

1
++

= 0
z

dz

y

dy

x

dx
=++⇒ .  

Integrating, we get   

( ) bxyzblogxyzlogblogzlogylogxlog =⇒=⇒=++ .                                            (ii) 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Hence, from (i) and (ii), required general solution is 0xyz ,
z

1

y

1

x

1
=








++φ . 

Q.No.7.: Solve the following differential equation:   
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               ( ) ( ) zxxyqzxxypyyz2z 22 −=++−− . 

Sol.: Given differential equation is ( ) ( ) zxxyqzxxypyyz2z 22 −=++−− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the auxiliary equations are 
zxxy

dz

zxxy

dy

yyz2z

dx
22 −

=
+

=
−−

. 

Taking x, y, z as multipliers, we get 

Each fraction 
0

zdzydyxdx ++
=  

0zdzydyxdx =++∴ . 

Integrating, we get     

azyx 222 =++ .                                                                                      (i) 

Again taking the last two numbers, we get 

( ) ( )dzzydyzy
zxxy

dz

zxxy

dy
+=−⇒

−
=

+
( ) 0zdzydzzdyydy =−+−⇒  

( ) 0zdzyzdydy =−−⇒ . 

Integrating, we get     

bzyz2y 22 =−− .                                                                                    (ii) 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Hence, from (i) and (ii), required general solution is ( ) 0zyz2y,zyx 22222 =−−++φ . 

Q.No.8.: Solve the following differential equation:  xyz
z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

Sol.: Given differential equation is xyz
z

u
z

y

u
y

x

u
x =

∂

∂
+

∂

∂
+

∂

∂
. 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 
xyz

du

z

dz

y

dy

x

dx
=== . 

Taking first and second members, we get 
y

dy

x

dx
= .  
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Integrating both sides, we get   

1clogylogxlog += 11 c
y

x
clog

y

x
log =⇒=⇒ .                                                             (i) 

Similarly, taking second and third members, we get 2c
z

y
= .                                          (ii) 

Also, we have 
xyz

du

xyz3

xydzzxdyyzdx
=

++ ( ) du3xyzd =⇒ . 

Integrating both sides, we get    

3cu3xyz =− .                                                                                          (iii) 

Since we know that if u = a and v = b are two independent solutions, then ( ) 0v,u =φ  or 

)v(fu =  is the general solution of the equation RQqPp =+ . 

Thus, from (i), (ii) and (iii), the required general solution is  

0u3xyz ,
z

y
 ,

y

x
=








−φ . Ans. 

Q.No.9.: Solve the following differential equation:  z3yqxp =+ . 

Sol.: This is a PDE of first order RQqPq =+  with P = x, Q = y and R = 3z.  

The Lagrange’s auxiliary equations are 
z3

dz

y

dy

x

dx
== . 

Integrating the first two equations 
y

dy

x

dx
= , we get 

c
y

x
cy Inx In 1 =⇒+= . 

Integrating first and last equations 
z3

dz

x

dx
= , we get 

2c zIn In x 3 +=          zcx 1
3 =∴ . 

Thus the required solution is 







=

y

x
f zx3 . 

The general solution can also be written as 0
y

x
,

z

x
F

3

=













, 
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Note: By integrating 2
nd

 and 3
rd

 equations 
z3

dz

y

dy
= , we also get zcy 2

3 =  so the general 

solution is also given by 







=

y

x
zfy3 . 

Q.No.10.: Solve the following differential equation:  ( )yxlogqp +=− . 

Sol.: Given differential equation is ( )yxlogqp +=− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 

)yx(In

dz

1

dy

1

dx

+
=

−
=  

Integrating the first two fractions 0dydx =+  yields 

1cyx =+  

From first and last fractions ( ) dzdxyx In =+  

Put 1cyx =+ , then dzdxc In 1 =  

Integrating 21 czcIn  x +=  ( ) 2czyxIn .x +=+⇒ . 

The general solution is 

( ) 0z)yx(In,yxF =−++ . 

Q.No.11.: Solve xyxzqyzp =− . 

Sol.: Given differential equation is xyxzqyzp =− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 

xy

dz

xz

dy

yz

dx
=

−
=  

from first and second fractions, we get 

0ydyxdx
z

dy

y

dx

xz

dy

yz

dx
=+⇒

−
=⇒

−
=  

Integrating 1
22 cyx =+  

From first and third fraction 

x

dz

z

dx

xy

dz

yz

dx
=⇒=  



Partial Differential Equations: Linear partial differential equation of first order 

(Lagrange’s linear equation)        For Video Lecture, Visit: https://youtu.be/PWobEwMvXZc 

12 

Integrating, 2
22 czx =−  

Thus the general solution is  

( ) 0z  x,yxF 2222 =−+ . 

Q.No.12.: Solve ( )( ) 42 xqypxxyzz =−+  

Sol.: Given differential equation is ( )( ) 42 xqypxxyzz =−+ . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 

( ) ( ) 422 x

dz

xyzyz

dy

xyzxz

dx
=

+−
=

+
 

From first and second fractions, we get 

y

dy

x

dx

−
=  

on integration 1cxy =  

From first and third fraction 

( )dzxyzzdxx 33 +=  

using 1cxy = ,  ( )dzzczdxx 1
33 +=  

Integrating 2

2

1

44

c
2

z
c

4

z

4

x
++=  2

2
1

44 czc2zx =−−⇒  

Substituting for ( ) 2
244

1 czxy2zx.c =−−  

The general solution is  

( ) 0xyz2zx,xyF 244 =−− . 

Q.No.13.: Solve ( ) ( ) xyqzxpyz −=−+− . 

Sol.: Given differential equation is ( ) ( ) xyqzxpyz −=−+− . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 

xy

dz

zx

dy

yz

dx

−
=

−
=

−
 

Choosing multipliers as 1, 1, 1 
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( ) ( ) ( ) 0zyzxyzdzdydx =−+−+−=++  

Integrating  1czyx =++  

Choosing multipliers as x, y, z 

( ) ( ) ( ) 0xyzzxyyzxzdzydyxdx =−+−+−=++  

Integrating 2
222 czyx =++  

The general solution is  

( ) 0zyx,zyxF 222 =++++ . 

Q.No.14.: Solve ( ) ( ) 22 yxqyzxpzxy −=+−+ . 

Sol.: Given differential equation is ( ) ( ) 22 yxqyzxpzxy −=+−+ . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are 

( ) 22 yx

dz

yzx

dy

zxy

dx

−
=

+−
=

+
. 

Choosing multipliers as z,y,x −  

( ) ( )( ) ( ) 0yxzyzx1yzxyxzdzydyxdx 22 =−−+−++=−+  

Integrating 1
222 czyx =−+  

Choosing multipliers as  y, x, 1, we get 

( ) ( )( ) ( ) 0yxyzx1xzxyydzxdyydx 22 =−++−++=++  

Integrating 2czxy =+ . 

The general solution is  

( ) 0zxy,zyxF 222 =+−+ . 

Q.No.15.: Solve ( ) 0zxxyqpzy 22 =+−+ . 

Sol.: Given differential equation is ( ) 0zxxyqpzy 22 =+−+ . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are  

zx

dz

xy

dy

zy

dx

22 −
=

−
=

+
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From the second and third fractions 

1c
z

y

z

dz

y

dy
=⇒=  

Choosing multipliers as x, y, z 

( ) ( ) ( ) 0zxzxyyzyxzdzydyxdx 22 =−+−++=++  

Integrating 2
222 czyx =++  

The general solution is  

0zyx,
z

y
F 222 =








++ . 

Q.No.16.: Solve ( ) ( ) ( )( )yxzy2x2yxqyyxpx −++−+=+ . 

Sol.: Given differential equation is ( ) ( ) ( )( )yxzy2x2yxqyyxpx −++−+=+ . 

This is a Lagrange’s linear partial differential equation of first order. 

Now here the Lagrange’s auxiliary equations are  

( ) ( ) ( )( )zy2x2yxx

dz

yxy

dy

yxx

dx

++−−
=

+−
=

+
 

From first two fractions, canceling ( )yx + ,  

We get 

( ) ( ) cy Ind xInd
y

dy

x

dx
=+⇒−=  

which on integration gives 1cxy =  

( ) ( ) ( )( ) ( )( )zy2x2yxx

dz

yxyx

dydx

yxyyxx

dydx

++−−
=

−+

+
=

+−+

+
 

Canceling the yx −   terms, we get 

( )( ) ( ) 0dzyxdydxzy2x2 =+++++  

 

or ( )( ) ( )( ) ( ) 0dzyxdydxyxdydxzyx =++++++++  

( ) ( ) ( ) ( ) 0zyxdyxyxdzyx =+++++++  

i.e. ( )( )[ ] 0zyxyxd =+++  

Integrating ( )( ) 2czyxyx =+++ . 
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Thus the general solution is 

( )( )[ ] 0zyxyx,xyF =+++ . 

Q.No.17.: Solve ( ) ( ) ( )yxzqzxyxpyzyx 2222 −=−−+−− . 

Sol.: Auxiliary equations are 

( )yxz

dz

zxyx

dy

yzyx

dx

2222 −
=

−−
=

−−
 

( ) ( ) 0yxzzxyxyzyxdzdydx 2222 =−−−−−−−=−−  

Integrating 1czyx =−−  

From first and second fraction 

( )yxz

dz

yyxxyx

ydyxdx

3223 −
=

−−−

−
   

( )( ) ( )yxz

dz

yxyx

ydyxdx

22 −
=

−−

−
⇒  

i.e.,      ( )[ ] ( )z IndyxInd
2

1 22 =−  

             
( )

22

22

c
z

yx
=

−
∴  

∴ The general solution is 

( )
0

z

yx
,zyxf

2

22

=












 −
−− . 

 

************************************ 

Home Assignments 

 

Q.No.1.: Solve the following differential equation:  xyqxp =+ . 

Ans.: ( )zxfyx −=− . 

Q.No.2.: Solve the following differential equation:  ( ) ( ) zyxsinqyxcosp =+++ . 

Ans.: ( ) ( )[ ] 














 π
+

+
φ=+++ −

82

yx
tanzcyxsinyxcos 2zy

. 
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Q.No.3.: Solve the following differential equation:  xyqzxpyz =+ . 

Ans.: ( )2222 zyfyx −=− . 

Q.No.4.: Solve the following differential equation:  ztanytanqxtanp =+ . 

Ans.: 0
zsin

ysin
,

ysin

xsin
=








φ  

 

Q.No.5.: Solve the following differential equation:  22 xyyqxp −=− . 

Ans.: ( )[ ]xylogz2yx 22 =++ . 

Q.No.6.: Solve the following differential equation:  ( ) ( ) yxqxzpzy −=+−+ . 

Ans.: ( )zyxfzyx 222 ++=−+ . 

Q.No.7.: Solve the following differential equation:  ( ) ( ) ( )yxzqxzypzyx −=−+− . 

Ans.: )xyz(fzyx =++ . 

Q.No.8.: Solve the following differential equation:   

                 ( ) ( ) ( ) 0yxzqxzypzyx 222222 =−−−+− . 

Ans.: ( ) 0xyz,zyx 222 =++φ . 

Q.No.9.: Solve the following differential equation:  ( )y2zxxyqpy2 −=− . 

Ans.: ( )yzyfyx 222 −=+ . 

Q.No.10.: Solve the following differential equation:  ( ) ( )( )322 x2yzqyzy2zpx −−−=− . 

Ans.: 0x
x

y

x

z
,

z

y 2
2

=













+−φ . 

Q.No.11.: Solve the following differential equation:  1q3p2 =+ . 

Ans.: ( ) 0z3y,y2x3 =−−φ . 

Q.No.12.: Solve the following differential equation:  ( ) ( ) xzqyxpzy −=−+− . 

Ans.: 













+++φ yz

2

x
,zyx

2

. 

Q.No.13.: Solve the following differential equation: ( ) ( ) yxqxzypzy +=+++  . 
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Ans.: ( ) ( ) 0zyxyx,
zy

yx 2 =







++−

−

−
φ . 

Q.No.14.: Solve the following differential equation:  
xy

yx
q

zx

xz
p

yz

zy −
=







 −
+







 −
. 

Ans.: ( ) 0xyz,zyx =++φ . 

Q.No.15.: Solve the following differential equation:  ( )zyxqypx 22 +=+ . 

Ans.: 0
x

1

y

1
,

z

yx
=








−

−
φ . 

Q.No.16.: Solve the following differential equation: ( ) 22 xyyqxpz −=− . 

Ans.: ( ) 0zyx,xy 222 =++φ . 

Q.No.17.: Solve the following differential equation:   

                 ( ) ( ) ( )333443 yxz9qyxy2px2xy −=−+−  . 

Ans.: 0xyz,
y

x

x

y 3/1

22
=














+φ . 

Q.No.18.: Solve the following differential equation:   

                 0px4px3px2px 44332211 =+++ . 

Ans.: 













φ=

4

4
1

3

3
1

2

2
1

x

x
,

x

x
,

x

x
z . 

Q.No.19.:  Solve zyqxp =+ . 

Ans.: 0
z

y
,

z

x
F =








. 

Q.No.20.: Solve 222 zqypx =+ . 

Ans.: 0
z

1

y

1
,

y

1

x

1
F =








−− . 

Q.No.21.: Solve ( )x3ytanz5q3p −+=+ . 

Ans.: ( ){ }( ) 0x3ytanz5e,x3yF x5 =−+− − . 

Q.No.22.: Solve ( ) ( ) ( )zyx2qyx3ypxy3x 222323 +=+++ . 
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Ans.: ( ) ( ) 0
z

xy
,yxyxF

2

22 =







+−− −−

. 

Q.No.23.: Solve ( ) ( ) ( )332332332 yxzqxzypzyx −=−+− . 

Ans.: 0
z

1

y

1

x

1
,zyxF 222 =








++++ . 

Q.No.24.: Solve ( ) ( )qxyzx2yzzy2xpxyzxyz2zyx2 22222 −−−+++−−−++  

                                                         ( )xy2yzz2yx 222 −−++= . 

Ans.:  0
xz

zy
,

zy

yx
F =









−

−

−

−
. 

Q.No.25.: Solve ( ) ( ) yx2qyzx4pz2x 2 +=−++ . 

Ans.: ( ) 0zyx,zxyF 22 =−−− . 

Q.No.26.: Solve ( ) ( ) ( )yxzqxzypzyx −=−+− . 

Ans.: ( ) 0xyz,zyxF =++ . 

Q.No.27.: Solve ( ) ( ) yxqxzpzy +=+++ . 

Ans.: 0
zyx

xy
,

zy

yx
F =















++

−

−

−
. 

Q.No.28.: Solve ( ) ( )( )322 x2yzqyzy2zpx −−−=− . 

Ans.: 0x
x

z

x

y
,

z

y
F 2

2

=













−− . 

 Q.No.29.: Solve ( ) ( ) ( )222222 yxzqxzypzyx −=−+− . 

Ans.: ( ) 0xyz,zyxF 222 =++ . 

 

***************************************** 
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Partial Differential Equations  

Non-linear partial differential equation of first order  
Standard forms:  

(i) ( ) 0q,pf = ,  

(ii) ( ) 0q,p,zf = ,  

(iii) ( ) ( )q,yFp,xf = ,  

(iv) ( )q,pfqypxz ++= . 

 

***************************************** 

***************************************** 

***************************************** 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER: 

 A differential equation involving first order partial derivatives p and q only is 

called a partial differential equation of the first order.  

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION: 

 A partial differential equation, which is not linear, is known as non-linear P.D.E. 

e.g. ( )y,xf
y

u
u

x

u 2

2

2

2

=








∂

∂
+















∂

∂
 is non-linear in u and of second order. 

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE FIRST 

ORDER: 

A partial differential equation, which involves first order partial derivatives p 

and q of degree (power) higher than one and/or product of terms p and q, is called a 

non-linear partial differential equation.  Some special types of non-linear first order 

partial differential equations are presented. 

Form 1. Equation of the form f(p, q) = 0: 

   i.e. Equation involving only p and q and no x, y, z. 
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Complete solution:  

In this case, the complete solution is cbyaxz ++= ,                                                     (i) 

where a and b are connected by the relation     0)b,a(f = .                                             (ii)   

                                                                                  [since a
x

z
p =

∂

∂
=  and  b

y

z
q =

∂

∂
= ] 

From (ii), we can find b in terms of a and let us suppose )a(b φ= . 

Putting this value in (i), the complete solution is ( ) cyaaxz +φ+= ,  

where a and c are arbitrary constants. 

 

Now let us solve some partial differential equations for the present case  

i.e. when equation of the form f(p, q) = 0:       

Q.No.1.: Solve the following partial differential equations:  

                (i) 1qp =+ ,  (ii) qppq += . 

Sol.: (i). Given partial differential equation is 1qp =+ . 

This non-linear partial differential equation is of the form f(p, q) = 0. 

∴The complete solution is cbyaxz ++= ,                                                                      (i) 

where 1ba =+ ( )2a1b −=⇒ . 

Thus, from (i), the complete solution is ( ) cya1axz
2

+−+= . Ans. 

(ii). Given partial differential equation is qppq += . 

This non-linear partial differential equation is of the form f(p, q) = 0. 

∴The complete solution is cbyaxz ++= ,                                                                      (i) 

where 
1a

a
bbaab

−
=⇒+= . 

Thus, from (i), the complete solution is cy
1a

a
axz +

−
+= . Ans. 

Equations reducible to the form f(p, q) = 0: 

Q.No.2.: Solve the following partial differential equation: ( )( ) ( )2qppxqyxy −=−− . 

Sol.: Given partial differential equation is ( )( ) ( )2qppxqyxy −=−− . 

This equation is not of the form f(p, q) = 0, but this can be reduced this form. 
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Let Xyx =+   and  Yxy = , 

so that 
Y

z
y

X

z

x

Y
.

Y

z

x

X
.

X

z

x

z
p

∂

∂
+

∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
=  

and     
Y

z
x

X

z

y

Y
.

Y

z

y

X
.

X

z

y

z
q

∂

∂
+

∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
= . 

( )
X

z
xypxqy

∂

∂
−=−∴     and   ( )

Y

z
xyqp

∂

∂
−=− . 

∴The given equation can be written as 

2

Y

z

X

z









∂

∂
=

∂

∂
. 

2QP =⇒ ,  where 
X

z
P

∂

∂
=    and   

Y

z
Q

∂

∂
= . 

Now this equation is of the form f(P, Q) = 0. 

∴The complete solution is cbYaXz ++= ,                                                                    (i) 

where 2ba =  ab =⇒ . 

Thus, from (i), the complete solution is cY.aaXz ++=  

                                                           ( ) cxy.ayxaz +++=⇒ . Ans. 

Form 2. Equation of the form )q,p(fqypxz ++= : 

Complete solution:  

In this case, the complete solution is  

)b,a(fbyaxz ++=  

obtained by writing a for p and b for q. 

 

Now let us solve some partial differential equations for the present case  

i.e. when equation of the form )q,p(fqypxz ++= : 

 

Q.No.3.: Solve the following partial differential equation: 22 qp1qypxz ++++= . 

Sol.: Given partial differential equation is 22 qp1qypxz ++++= . 

This non-linear partial differential equation is of the form )q,p(fqypxz ++= . 

Thus, its complete solution is 22 ba1byaxz ++++= . 
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Equations reducible to the form )q,p(fqypxz ++= . 

Q.No.4.: Solve the following partial differential equation: 22 qxy2ypx2pqxyz4 ++= . 

Sol.: Given partial differential equation is 22 qxy2ypx2pqxyz4 ++= . 

This equation is not of the form )q,p(fqypxz ++= , but this can be reduced this form. 

Let Xx2 =   and  Yy2 =  

so that 
X

z
x2

x

X
.

X

z

x

z
p

∂

∂
=

∂

∂

∂

∂
=

∂

∂
=   and  

Y

z
y2

y

Y
.

Y

z

y

z
q

∂

∂
=

∂

∂

∂

∂
=

∂

∂
= . 

∴The given equation becomes  

Y

z
xy4

X

z
yx4

Y

z
.

X

z
xy4xyz4 33

∂

∂
+

∂

∂
+

∂

∂

∂

∂
=

Y

z
.

X

z

Y

z
Y

X

z
X

Y

z
.

X

z

Y

z
y

X

z
xz 22

∂

∂

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂

∂

∂
+

∂

∂
+

∂

∂
=⇒  

PQQYPXz ++=⇒ ,  where 
X

z
P

∂

∂
=    and  

Y

z
Q

∂

∂
= . 

Now this equation is of the form )Q,P(fQYPXz ++= . 

Thus, the complete solution is abbyaxzabbYaXz 22 ++=⇒++= . Ans. 

 

Form 3. Equation of the form 0)q,p,z(f = : 

   i.e. Equation not containing x and  y. 

Let us assume ( ) ( )uayxz φ=+φ= ,  

where ayxu +=  as a trial solution of the given equation. 

( ) ( )
u

z
u' ayx' 

x

z
p

∂

∂
=φ=+φ=

∂

∂
=∴  and  ( ) ( )

u

z
au' aaayx' 

y

z
q

∂

∂
=φ=+φ=

∂

∂
= . 

Substituting these values of p and q, we get 0
du

dz
a ,

du

dz
 ,zf =








, 

which is the ordinary differential equation of the first order.  

Integrated it, we get the complete solution. 

Method:  

(i) Assume ayxu += , so that 
u

z
p

∂

∂
=   and  

u

z
aq

∂

∂
= . 
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(ii) Substitute these values of p and q in the given equation. 

(iii) Solve these resulting ordinary differential equations in z and u. 

(iv) Replace u by ayx + . 

 

Now let us solve some partial differential equations for the present case  

i.e. when equation of the form 0)q,p,z(f = : 

 

Q.No.5.: Solve the following partial differential equation: ( ) 2222 a1qpz =++ . 

Sol.: Given partial differential equation is ( ) 2222 a1qpz =++  

This non-linear partial differential equation is of the form 0)q,p,z(f = . 

Let byxu += ,   [Note the use of b instead of a, since a is given in the constant] 

so that 
u

z
p

∂

∂
=   and  

u

z
bq

∂

∂
= . 

Substituting these values of p and q in the given equation, we get 

2
2

2
2

2 a1
du

dz
b

du

dz
z =












+








+







 ( ) 22
2

22 za
du

dz
b1z −=








+⇒  

222 za
du

dz
b1z −=+⇒ dudz

za

z
.b1

22

2 =
−

+±⇒  

Integrating on both sides, we get 

cuzab1 222 +=−+± ( )( ) ( )2222 cbyxzab1 ++=−+⇒ ,  

which is the required complete solution. 

Q.No.6.: Solve the following partial differential equation: ( ) 1qxpz 2222 =+ . 

Sol.: Given partial differential equation is ( ) 1qxpz 2222 =+ . 

This equation can be written as 1
y

z

x

z
xz

22
2 =
























∂

∂
+









∂

∂
.                             (i) 

Let xlogX = , 

so that 
x

1
.

X

z

x

X
.

X

z

x

z

∂

∂
=

∂

∂

∂

∂
=

∂

∂
  

X

z

x

z
x

∂

∂
=

∂

∂
⇒ . 
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∴ The equation (i) reduces to  

1
y

z

X

z
z

22
2 =
























∂

∂
+









∂

∂ ( ) 1qPz 222 =+⇒ ,  where 
X

z
P

∂

∂
= .                             (ii) 

Let ayXu += , so that 
u

z
p

∂

∂
=   and  

u

z
aq

∂

∂
= . 

∴From (ii), we get  1
u

z
a

u

z
z

2
2

2
2 =























∂

∂
+









∂

∂ ( ) 1
du

dz
za1

2
22 =








+⇒  

duzdz.a1 2 ±=+⇒ . 

Integrating on both sides, we get   

bu
2

z
.a1

2
2 +±=+ ( ) b2ayX2z.a1 22 ++±=+⇒ . 

( ) cayxlog2z.a1 22 ++±=+⇒ ,  

which is the required complete solution. 

 

Form 4. Equation of the form ( ) ( )q,yfp,xf 21 = : 

              i. e. Equations in which z is absent and the terms involving x and p can be  

              separated from those involving y and q. 

As a trial solution, let us put each side equal to an arbitrary constant a, then 

( ) ( ) aq,yfp,xf 21 == .  

Solving the equations for p and q, let )x(Fp 1=   and   )y(Fq 2= . 

Since qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
=  

( )dyyFdx)x(Fdz 21 +=∴  

Integrating on both sides, we get 

bdy)y(Fdx)x(Fz 21 ++= ∫∫ , 

which is the required complete solution. 
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Now let us solve some partial differential equations for the present case  

i.e. when of the form ( ) ( )q,yfp,xf 21 = : 

 

Q.No.7.: Solve the following partial differential equation: qlogyx2yp += . 

Sol.: Given partial differential equation is qlogyx2yp += . 

This equation can be written as  qlog
y

1
x2p += qlog

y

1
x2p =−⇒ .  

This non-linear partial differential equation is of the form ( ) ( )q,yfp,xf 21 = . 

Let aqlog
y

1
x2p ==− , then ax2p +=   and ayeqayqlog =⇒= . 

Substituting these values of p and q in  qdypdxdz += , we get 

( ) dyedxax2dz ay++= . 

Integrating on both sides, we get  be
a

1
axxz ay2 +++= ,  

which is the required complete solution. 

Q.No.8.: Solve the following partial differential equation: ( ) 22222 yxqpz +=+ . 

Sol.: Given partial differential equation is ( ) 22222 yxqpz +=+ . 

This equation can be written as 22

22

yx
y

z
z

x

z
z +=









∂

∂
+









∂

∂
.                                         (i) 

Let dZzdz = , so that  2z
2

1
Z = . 

Now 
x

z
z

x

z
.

z

Z

x

Z

∂

∂
=

∂

∂

∂

∂
=

∂

∂
 and 

y

z
z

y

z
.

z

Z

y

Z

∂

∂
=

∂

∂

∂

∂
=

∂

∂
. 

∴The equation (i) becomes 22

22

yx
y

Z

x

Z
+=









∂

∂
+









∂

∂
. 

2222 yxQP +=+⇒ ,  where  
x

Z
P

∂

∂
=    and   

y

Z
Q

∂

∂
= . 

2222 QyxP −=−⇒ ,  

This partial differential equation is the form of ( ) ( )Q,yfP,xf 21 = . 
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Let aQyxP 2222 =−=− , then axP 2 +=   and   ayQ 2 −= . 

Substituting these values of P and Q in QdyPdxdZ += , we get 

dyaydxaxdZ 22 −++= . 

Integrated on both sides, we get 

baxylog
2

a
ayy

2

1
axxlog

2

a
axx

2

1
Z 2222 +





 −+−−+





 ++++=  

c
ayy

axx
logaayyaxxz

2

2
222 +

−+

++
+−++=⇒ , (where c = 2b),  

which is the required complete solution. 

Q.No.9.: Solve the following partial differential equation: yxqp 22 −=− . 

Sol.: Given partial differential equation is yqxp 22 −=− .  

This non-linear partial differential equation is of the form ( ) ( )q,yfp,xf 21 = . 

Let ayqxp 22 =−=− . 

Then axp2 +=   and  ayq2 +=   

i.e. axp +=    and   ayq += . 

Substituting these values of p and q in qdypdxdz += , we get 

dyaydxaxdz +++= . 

Integrating on both sides, we get ( ) ( ) bay
3

2
ax

3

2
z

2/32/3 ++++= ,  

which is the required complete solution. 

 

Now let us solve some more partial differential equations: 

 

Q.No.10.: Solve the following partial differential equation:  22222 zqypx =+  

Sol.: Given partial differential equation is 22222 zqypx =+ . 

This equation is not of the form f(p, q) = 0, but this can be reduced this form. 
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Given equation can be reduced to the above form by writing it as 

1
y

z
.

z

y

x

z
.

z

x
22

=








∂

∂
+









∂

∂
.                           (i) 

and setting dw
z

dz
,dv

y

dy
,du

x

dx
===  so that zlogw,ylogv,xlogu === . 

Then (i) becomes 1
v

w

u

w
22

=








∂

∂
+









∂

∂
. 

i.e. 1QP 22 =+      where 
u

w
P

∂

∂
=  and 

v

w
P

∂

∂
= . 

This equation is of the form f(p, q) = 0. 

∴The complete solution is cbvauw ++= .                        (ii) 

where   ( )222 a1b1ba −=⇒=+ . 

( )ii∴  becomes ( ) cva1auw 2 +−+= . 

( ) cyloga1xlogazlog 2 +−+=⇒ ,  

which is the required solution. 

Q.No.11.: Solve the following partial differential equation:  ( ) qzq1p =+ . 

Sol.: Given partial differential equation is ( ) qzq1p =+ . 

This non-linear partial differential equation is of the form 0)q,p,z(f = . 

Let ayxu += , so that 
du

dz
p =  and

du

dz
aq = . 

Substituting values of p and q in the given equation, we have  

du

dz
az

du

dz
a1

du

dz
=








+ 1az

du

dz
a −=⇒ bdu

1az

adz
+=

−
⇒ ∫∫  

( ) bu1azlog +=−⇒ ( ) bayx1azlog ++=−⇒ ,  

which is the required complete solution. 

Q.No.12.: Solve the following partial differential equation:  ( )2222 p1pzq −= . 

Sol.: Given partial differential equation is ( )2222 p1pzq −= . 

This non-linear partial differential equation is of the form 0)q,p,z(f = . 
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Setting axyu += and )u(fz = , we get 

du

dz
a

x

u
.

du

dz

x

z
p =

∂

∂
=

∂

∂
=    and  

du

dz

y

u
.

du

dz
q =

∂

∂
= . 

∴The given equation becomes 




















−








=








2

2
2

22
2

du

dz
a1

du

dz
za

du

dz
.          (i) 

1za
du

dz
za 22

2
24 −=








⇒

( )
za

1za

du

dz

2

22 −
=⇒ . 

Integrating on both sides, we get 

( )
cdudz

1za

za

22

2

+=
−

∫∫ ( ) cu1za
2/122 +=−⇒  

cbYaXZ ++=⇒     [ ]axyu +=∵ . 

The second function in (i) is 0
du

dz
= cz ′=⇒ , 

which is the required complete solution. 

Q.No.13.: Solve the following partial differential equation: yxqp 22 +=+ . 

Sol.: Given partial differential equation is yxqp 22 +=+ . 

This partial differential equation can be written as 22 qyxp −=−  

This non-linear partial differential equation is of the form ( ) ( )q,yfp,xf 21 = . 

Let aqyxp 22 =−=− , say 

axp2 =−∴  gives ( )xap +=  

and aqy 2 =−  gives ( )ayq −= . 

Substituting these values of p and q in qdypdxdz += , we get 

( ) ( )dyaydxxadz −++= . 

Integrating on both sides, we get ( ) ( ) bay
3

2
xa

3

2
z

2/32/3 +−++= ,  

which is the required complete solution. 

Q.No.14.: Solve the following partial differential equation: 
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                ( )( ) ( )( ) 1qpyxqpyx 22 =−−+++ . 

Sol.: Given partial differential equation is ( )( ) ( )( ) 1qpyxqpyx 22 =−−+++ . 

This equation can be reduced to the form ( ) ( )q,yfp,xf 21 = . 

By putting yxu += , yxv −=  and taking z = z (u, v). 

Then QP
x

v
.

v

z

x

u
.

u

z

x

z
p +=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
= , 

and QP
y

v
.

v

z

y

u
.

u

z

y

z
q −=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
= , where 

u

z
P

∂

∂
= , 

v

z
Q

∂

∂
= . 

Substituting these, the given equation reduces to 

( ) ( ) 1Q2vP2u 22 =+ vQ41uP4 22 −=⇒ . 

This equation is of the form ( ) ( )Q,vfP,uf 21 = . 

Let avQ41uP4 22 =−=   (say). 

u

a

2

1
P ±=∴ , 

v

a1

2

1
Q

−
±= . 

QdvPdudv
v

z
du

u

z
dz +=

∂

∂
+

∂

∂
=∴

v

dv

2

a1

u

du

2

a −
±±= . 

Integrating on both sides, we get 

bva1uaz +−±±= ( ) ( )( ) byxa1yxaz +−−±+±=⇒ ,  

which is the required complete solution. 

*************************************************** 

**************************************** 

******************************** 

 

Home Assignments 

Q.No.1.: Solve the following partial differential equation: 0qppq =++ . 

Ans.: 
( )

b
a1

ay
axz +

+
−= . 



Partial Differential Equations: Non-linear partial differential equation of first order 

For Video Lecture, Visit: https://youtu.be/893vsf4a2yg 

12 

Q.No.2.: Solve the following partial differential equation: 0qp 33 =− . 

Ans.:  

Q.No.3.: Solve the following partial differential equation: 22 qpz += . 

Ans.: ( ) ( )22 bayxa1z4 ++=+ . 

Q.No.4.: Solve the following partial differential equation: 222 qp1z ++= . 

Ans.:

( ) 












+

++
=

2a1

bayx
coshz . 

Q.No.5.: Solve the following partial differential equation: 0pqxqyp =++ . 

Ans.:
( )

bx
1a

a
ayz2 22 +









+
−= . 

Q.No.6.: Solve the following partial differential equation: ysinxsinqp +=+ . 

Ans.: ( ) ( ) bycosxcosyxaz ++−−= . 

Q.No.7.: Solve the following partial differential equation: yxqp +=+ . 

Ans.: ( ) ( ) bayaxz3 33 +−++= . 

Q.No.8.: Solve the following partial differential equation: ( ) yxzqp 22 −=− . 

Ans.: 

Q.No.9.: Solve the following partial differential equation: ( )pq2qypxz −+=  

Ans.: ( )ab2byaxz −+= . 

Q.No.10.: Solve the following partial differential equation: 1qp 22 =+ . 

Ans.: ( ) cya1axz 2 +−+= . 

Q.No.11.: Solve the following partial differential equation: 2222 yxqp +=+ . 

Ans.: 
( ) ( )

b
a

y
cosh

2

a

2

ayy

2

axx

a

x
sinh

2

a
z 1

22222
11

2

+−
−

+
+

+= −− . 

Q.No.12.: Solve the following partial differential equation: x

3

3

e53y
dx

yd
+=+ . 
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Ans.: x
32

x
2

1

x
1 e

2

5
3x

2

3
sincx

2

3
cosceecy ++










++= − . 

Q.No.13.: Solve the following partial differential equation: xcosh2y5
dx

dy
4

dx

yd

2

2

−=++ . 

Ans.: ( ) xx
21

x2 e
2

1
e

10

1
xsincxcoscey −− −−+= . 

Q.No.14.: Solve the following partial differential equation: x3siny5
dx

dy
2

dx

yd

2

2

=+− . 

Ans.: ( ) ( )x3sin2x3cos3
26

1
x2sincx2coscey 21

x −++= . 

Q.No.15.: Solve the following partial differential equation:  

                x2siny
dx

dy

dx

yd

dx

yd

2

2

3

3

=+−+ . 

Ans.: ( )x2sinx2cos2
15

1
xsincxcoscecy 32

x
1 −+++= − . 

Q.No.16.: Solve the following partial differential equation: 
2

x
cosx3siny

dx

yd 2

3

3

−=+ . 

Ans.: 

( ) ( )xsinxcos
4

1

2

1
x3cos27x3sin

730

1
x

2

3
sincx

2

3
cosceecy 32

x
2

1

x
1 −−−++










++= −

Q.No.17.: Solve the following partial differential equation:  

                 ( ) x2cosx3siny3D4D2 =+− . 

Ans.: ( ) ( )xcos2xsin
20

1
xsin11x5cos10

884

1
ececy x3

2
x

1 +++++= − . 

Q.No.18.: Solve the following partial differential equation:  

                 ( ) x2sine6y2D3D x32 +=+− − . 

Ans.: ( )x2sinx2cos3
20

1
e

10

3
ececy x3x2

2
x

1 −+++= − . 

Q.No.19.: Solve the following partial differential equation: x2siney4
dx

yd x

2

2

+=+ . 
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Ans.: x2cos
4

x
e

5

1
x2sincx2coscy x

21 −++= . 

Q.No.20.: Solve the following partial differential equation:  

                x2sine
dx

dy
4

dx

yd
2

dx

yd x2

2

2

3

3

+=+− . 

Ans.: ( ) ( )x2sine
8

1
x3sincx3coscecy x2

32
x

1 ++++= . 

Q.No.21`.: Solve the following partial differential equation: 2

2

2

3

3

x1
dx

dy
6

dx

yd

dx

yd
+=−− . 

Ans.: 













+−−++= − x

6

25

2

x
x

18

1
ececcy

2
3x2

3
x3

21 . 

Q.No.22.: Solve the following partial differential equation:  

                3x2

2

2

xx2coshey
dx

yd
++=+ . 

Ans.: x6xx2cosh
5

1
e

5

1
xsincxcoscy 3x2

21 −++++= . 

Q.No.23.: Solve the following partial differential equation:  

               x2sinxey2
dx

dy
3

dx

yd x3

2

2

+=+− . 

Ans.: ( ) ( )x2sinx2cos3
20

1
3x2e

4

1
ececy x3x2

2
x

1 −+−++= . 

Q.No.24.: Solve the following partial differential equation: ( ) xsineyD2D x2 =− . 

Ans.: xsine
2

1
eccy xx2

21 −+= . 

QNo.25.: Solve the following partial differential equation:  

              x2coseexy2
dx

yd xx32

2

2

+=+ . 

Ans.: ( )x2cosx2sin4
17

e

121

50
x

11

12
x

11

e
x2sincx2coscy

x
2

x3

21 −+







+−++= . 

QNo.26.: Solve the following partial differential equation:  
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                ( ) xsinexyDD2D 2x2223 +=++ . 

Ans.: ( ) ( )x2cos4x2sin3
100

1

6

11
x

3

7
x

18

e

2

x
excccy 2

x2
x

321 ++







+−++++= . 

QNo.27.: Solve the following partial differential equation:  

               ( ) x2sinex8y4D4D x222 =+− . 

Ans.: ( ) ( )[ ]x2sin3x2x2cos4eexccy 2x2x2
21 −+−+= . 

QNo.28.: Solve the following partial differential equation:  

                ( ) ( ) xe
2

x
siny1D1D x222 ++=+− . 

Ans.: ( ) ( ) xe
8

x
xcos

8

1

2

1
exccexccy x

2
x

43
x

21 ++−++++= − . 

QNo.29.: Solve the following partial differential equation: axsecya
dx

yd 2

2

2

=+ . 

Ans.: 







+++=

a

axcoslog
axcosaxsinx

a

1
axsincaxcoscy 21 . 
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of a non-linear partial differential equation  

(Charpit’s Method) 

 

***************************************** 

***************************************** 

***************************************** 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHARPIT’S METHOD: 

 Charpit’s method is a general method for finding the complete solution of non-

linear partial differential equation of the first order of the form 

( ) 0q,p,z,y,xf = .                                                                                                               (i) 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                      (ii) 

Integrating (ii), we get the complete solution of (i). 

Note: In order to integrate (ii), we must know p and q in terms of x, y, z.  

For this purpose, introduce another non-linear partial differential equation of the first 

order of the form 

( )F x, y, z,p,q 0= ,                                                                                                           (iii) 

Solving (i) and (iii), we get 

( )a,z,y,xpp = , ( )b,z,y,xqq = .                                                                                     (iv) 

Let (iii) be the relation such that when the values of p  and q derived from it and the given 

equation (i) are substituted in (ii), it becomes integrable. 
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On substitution of (iv) in (ii), equation (ii) becomes integrable, resulting in the complete 

solution of (i) in the form 

( ) 0b,a,z,y,x =φ ,                                                                                                              (v)              

containing two arbitrary constants a and b. 

To determine F: We differentiate (i) and (iii) partially w. r. t. x and y. Thus 

0
x

q
.

q

f

x

p
.

p

f
p.

z

f

x

f
=

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂
+

∂

∂
,                                                                                    (vi) 

0
x

q
.

q

F

x

p
.

p

F
p.

z

F

x

F
=

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂
+

∂

∂
,                                                                                  (vii) 

0
y

q
.

q

f

y

p
.

p

f
q.

z

f

y

f
=

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂
+

∂

∂
,                                                                                  (viii) 

0
y

q
.

q

F

y

p
.

p

F
q.

z

F

y

F
=

∂

∂

∂

∂
+

∂

∂

∂

∂
+

∂

∂
+

∂

∂
.                                                                                   (ix) 

Eliminating 
x

p

∂

∂
 between (vi) and (vii), we get 

0
x

q

p

f
.

q

F

p

F
.

q

f
p.

p

f
.

z

F

p

F
.

z

f

p

f
.

x

F

p

F
.

x

f
=

∂

∂









∂

∂

∂

∂
−

∂

∂

∂

∂
+









∂

∂

∂

∂
−

∂

∂

∂

∂
+








∂

∂

∂

∂
−

∂

∂

∂

∂
.                           (x) 

Eliminating 
y

q

∂

∂
 between (viii) and (ix), we get 

0
y

p

q

f
.

p

F

q

F
.

p

f
q.

q

f
.

z

F

q

F
.

z

f

q

f
.

y

F

q

F
.

y

f
=

∂

∂









∂

∂

∂

∂
−

∂

∂

∂

∂
+









∂

∂

∂

∂
−

∂

∂

∂

∂
+








∂

∂

∂

∂
−

∂

∂

∂

∂
.                          (xi) 

Since 
y

p

xy

z

yx

z

x

q 22

∂

∂
=

∂∂

∂
=

∂∂

∂
=

∂

∂
 and the last term in (x) and (xi) differ in sign only, then 

adding (x) and (xi), we get 

0
y

F

q

f

x

F

p

f

z

F

q

f
q

p

f
p

q

F

z

f
q

y

f

p

F

z

f
p

x

f
=

∂

∂









∂

∂
−+

∂

∂









∂

∂
−+

∂

∂









∂

∂
−

∂

∂
−+

∂

∂









∂

∂
+

∂

∂
+

∂

∂









∂

∂
+

∂

∂
, (xii) 

which is the linear partial differential equation (Lagrange’s linear equation) of the first 

order with x, y, z, p, q as independent variables and F as the dependent variable. 
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∴ The auxiliary equations of (xii) are  

dp dq dz dx dy dF

f f f f f f f f 0
p q p q

x z y z p q p q

= = = = =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ + − − − −
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

.                                      (xiii) 

These equations (xiii) are known as Charpit’s auxiliary equations.  

Any integral of (xiii) will satisfy (xii). Take the simplest relation involving at least one of 

p and q for F = 0. From f = 0 and F = 0, find the values of p and q and substitute in  

dz pdx qdy= +  

which on integration gives the solution. 

Solving (xiii), we get relations (iv) of p and q, using which, the equation (ii) is integrated 

resulting in the complete solution (v). 

 

Note: All the equations of Charpit’s equations (xiii) need NOT be used. Choose the 

simplest of (xiii), so that p and q are easily obtained. 

 

Now let us solve complete solution of non-linear partial differential equation of the 

first order by Charpit’s method: 

 

Q.No.1.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  0pqqxy2pxzx2 2 =+−− . 

Sol.: Given non-linear partial differential equation is 0pqqxy2pxzx2f 2 =+−−= .    (i) 

qy2px2z2
x

f
−−=

∂

∂
∴ , qx2

y

f
−=

∂

∂
, x2

z

f
=

∂

∂
, qx

p

f 2 +−=
∂

∂
, pxy2

q

f
+−=

∂

∂
. 

Charpit’s auxiliary equations are  

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

pxy2

dy

qx

dx

qxy2pq2px

dz

0

dq

qy2z2

dp

22 −
=

−
=

+−
==

−
⇒ . 

From second member, we get q = a. 
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Putting q = a in (i), we get 
( )

ax

ayzx2
p

2 −

−
= . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( )
adydx

ax

ayzx2
qdypdxdz

2
+

−

−
=+=∴ dx

ax

x2

ayz

adydz
2 −

=
−

−
⇒ . 

Integrating on both sides, we get  

( ) ( ) ( )axbayzblogaxlogayzlog 22 −=−⇒+−=− . 

( )axbayz 2 −+=⇒ ,  

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.2.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  ( ) qzyqp 22 =+  or 0yqypqz 22 =−− . 

Sol.: Given non-linear partial differential equation is ( ) 0qzyqpf 22 =−+= .               (i) 

0
x

f
=

∂

∂
∴ , 22 qp

y

f
+=

∂

∂
,  q

z

f
−=

∂

∂
,  py2

p

f
=

∂

∂
, zqy2

q

f
−=

∂

∂
. 

Charpit’s auxiliary equations are  

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

zqy2

dy

py2

dx

qz

dz

p

dq

pq

dp

2 +−
=

−
=

−
==

−
⇒ . 

From the first two members, we get pdp qdq 0+ = . 

Integrating, we get 222 aqp =+ 22 qap −=⇒ .                                                          (ii) 

Putting 222 aqp =+  in (i), we get 
z

ya
q

2

= . 

∴From (ii), we get  222

2

24
222 yaz

z

a

z

ya
aqap −=−=−= . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       
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dy
z

ya
dxyaz

z

a
qdypdxdz

2
222 +−=+=∴ . 

dxyazaydyazdz 2222 −=−⇒
( )

adx
yaz

yazd
2

1

222

222

=
−

−
⇒ . 

Integrating on both sides, we get  

baxyaz 222 +=− ( ) 2222 yabaxz ++=⇒ ,  

which is the required complete solution involving two arbitrary constants a and b. 

 

Q.No.3.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  0y2qypz2 22 =+++ . 

Sol.: Given non-linear partial differential equation is 0y2qypz2f 22 =+++= .         (i) 

Charpit’s auxiliary equations are  

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

( ) y

dy

p2

dx

qyp2

dz

q3y4

dq

p2

dp

2 −
=

−
=

+−
=

+
=⇒ . 

From first and fourth ratios, we get  axpdxdp +−=⇒−= . 

Substituting xap −=  in (i), we get 

( )[ ]22 xay2z2
y

1
q −−−−= . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( )[ ]dyxay2z2
y

1
dxxaqdypdxdz

22 −++−−=+=∴ . 

Multiplying both sides by 2y2 , we get 

( ) ( ) dyxay2dyy4dxxay2yzdy4dzy2
2322 −−−−=+  

Integrating on both sides, we get  
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( )[ ] ( )[ ] byz2axybyxayzy2 2224222 =++−⇒++−−= ,  

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.4.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  yqxpz 22 += . 

Sol.: Given non-linear partial differential equation is 0zyqxpf 22 =−+= .         (i) 

Charpit’s auxiliary equations are  

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

( ) pq2

dy

px2

dx

yqxp2

dz

qq

dq

pp

dp

2222 −
=

−
=

+−
=

+−
=

+−
⇒ . 

From which, we have 
yq

qydq2dyq

xp

pxdp2dxp

2

2

2

2 +
=

+
. 

Integrating on both sides, we get  ( ) ( ) alogyqlogxplog 22 += yaqxp 22 =⇒ .        (ii) 

From (i) and (ii), we have  zyqyaq 22 =+
( )

2/1

ya1

z
q 









+
=⇒ . 

From (ii), we have  
( )

2/1

xa1

az
p 









+
= . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( )
dy

ya1

z
dx

xa1

az
qdypdxdz

2/12/1










+
+









+
=+=∴ ( )

y

dy

x

dx
a

z

dz
a1 +=+⇒ . 

Integrating on both sides, we get  

( ){ } ( ) byaxza1 ++=+  

[ ]
( )a1

byax
z

2

+

++
=⇒ , Ans. 

which is the required complete solution involving two arbitrary constants a and b. 
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Q.No.5.: Solve the following non-linear partial differential equations by Charpit’s  

               method:  yzqypqpxy =++ . 

Sol. Given non-linear partial differential equation is 0yzqypqpxyf =−++= .            (i) 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

( ) ( ) ( ) ( ) ( ) ( )yp

dy

qxy

dx

ypqqxyp

dz

qpqpx

dq

yppy

dp

+−
=

+−
=

+−+−
=

++
=

−+
⇒ . 

( ) ( ) ( ) ( ) ( )yp

dy

qxy

dx

ypqqxyp

dz

qpqpx

dq

0

dp

+−
=

+−
=

+−+−
=

++
=⇒ . 

 

From first member, we get 0dp = ap =⇒ . 

Putting ap =  in (i), we get   

yzqyaqaxy =++ ( ) ( )axzyyaq −=+⇒
( )

ya

axzy
q

+

−
=⇒ . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( )
dy

ya

axzy
adxqdypdxdz

+

−
+=+=∴

ya

ydy

axz

adxdz

+
=

−

−
⇒ dy

ya

a
1

axz

adxdz









+
−=

−

−
⇒ . 

Integrating on both sides, we get  

( ) ( ) byalogayaxzlog ++−=− , Ans. 

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.6.: Solve the following non-linear partial differential equations by Charpit’s  

               method:  pqxyz2 = . 

Sol.: Given non-linear partial differential equation is 0pqxyzf 2 =−= .                        (i) 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
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( ) ( ) qpqpzyzx df

dy

df

dx

qfpf

dz

qff

dq

pff

dp
==

+
=

+−
=

+−
⇒  

( ) ( ) pxy

dy

qxy

dx

pqxy2

dz

qz2pqx

dq

pz2pqy

dp

−
=

−
=

−
=

+−−
=

+−−
⇒  

Using the multipliers p, q, o, x, y, we have 

yqz2ypqxqpxy

ydqqdy

pxz2xpqypqxy

xdppdx

−+−

+
=

−+−

+
 

yqz2

ydqqdy

xpz2

xdppdx

−

+
=

−

+
⇒

)yq(

)yq(d

)xp(

)xp(d
=⇒ . 

Integrating on both sides, we get  yq axp =
ay

xp
q =⇒ . 

Substituting 
ay

xp
q =  in (i) i.e. pqxyz2 = , we get 

a

xp
xy

ay

xp
.pz

22
2 =








=

x

z
.ap =⇒ . 

Then 
ya

z

x

z
.a.

ay

x

ay

xp
q === . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

dy
y

z

a

1
dx

x

z
aqdypdxdz +=+=∴  

y

dy

a

1

x

dx
a

z

dz
+=⇒ . 

Integrating on both sides, we get  

b/1byaxz = , Ans. 

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.7.: Solve the following non-linear partial differential equations by Charpit’s  

               method:  ( ) 2ypqypxz2 =++ . 

Ans.: Given non-linear partial differential equation is ( ) 0ypqypxz2f 2 =−++= .      (i) 

Charpit’s auxiliary equations are 
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q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

( ) ( ) y2

dy

yp2x2

dx

qy2yp2xp2

dz

q2pq2

dq

p2p2

dp

22
=

−
=

+−
=

+−−
=

+−
⇒  

y

dy

ypx

dx

yqypxp

dz

2

p
q2

dq

p2

dp

22
=

−
=

+−
=














−−

=
−

⇒  

Using first and fifth members, we have 

p2

dp

y

dy

−
=

2

2

y

a
ayp ==⇒ − . 

Substituting the value of p (i) i.e. ( ) 2ypqypxz2 =++ , we obtain 














−−














=

2

2

2 y

a
x2z2

y

a
yyq2

34

2

y

ax

y

z

y2

a
q −−=⇒ . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

dy
y

ax

y

z

y2

a
dx

y

a
qdypdxdz

34

2

2 












−−+=+=∴ . 

Regrouping the terms, we get 

dy
y2

a

y

axdyaydx

y

zdyydz

4

2

3
+












 −
=







 +
. 

Multiplying throughout by   y, we obtain 

( )
3

2

y

dy

2

a

y

x
adyzd +








= . 

Integrating on both sides, we get b
y2

1
.

2

a

y

x
ayz

2

2

+














−
+= . 

y

b

y4

a

y

ax
z

3

2

2
+−=⇒ , Ans. 

which is the required complete solution involving two arbitrary constants a and b. 
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Q.No.8.: Solve the following non-linear partial differential equations by Charpit’s  

               method:  pqqypx =+  . 

Ans.: Given non-linear partial differential equation is 0pqqypxf =−+≡ .                   (i) 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( ) ( ) ( )py

dy

qx

dx

pyqqxp

dz

q

dq

p

dp

−−
=

−−
=

−−−−
==⇒ . 

Taking first two members, we have 

dp dq
.

p q
=  

Integrating on both sides, aqpalogqlogplog =⇒+= .                                               (ii) 

Putting p = aq in (i), we have 

2aqqyaqx =+
a

axy
q

+
=⇒ . 

From (ii), we obtain    axyaqp +==  

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( )
dy

a

axy
dxaxydz

+
++=∴ ( )( )adxdyaxyadz ++=⇒  

Integrating on both sides, we get 

( ) baxy
2

1
az

2 ++= ,  

which is the required complete solution involving two arbitrary constants a and b. 

General Integral: Writing ( )ab φ= , we have 

( ) ( )aaxy
2

1
az

2 φ++=                          (iii) 

Differentiating (iii) partially w.r.t. a, we have 

( ) ( )aaxyxz φ′++= .                          (iv) 

General integral is obtained by eliminating a from (iii) and (iv). 

Singular Integral: Differentiating the complete integral partially w.r.t. a and b, we have 
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( )axyxz +=   and  0 = 1. Hence there is no singular integral. 

Q.No.9.: Solve the following non-linear partial differential equations by Charpit’s  

                method: ( ) 0qpqypxxy2 22 =++−− . 

Sol.: Given non-linear partial differential equation is ( ) 0qpqypxxy2 22 =++−− . 

Here 0xy2qy2px2qpf 22 =+−−+≡                                     (i) 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

q2y2

dy

p2x2

dx

x2q2

dq

y2p2

dp

−
=

−
=

+−
=

+−
⇒  

qy

dy

px

dx

xq

dq

yp

dp

−
=

−
=

+−
=

+−
⇒  

qpyx

dydx

qpyx

dqdp

−−+

+
=

−−+

+
⇒  

dydxdqdp +=+⇒  

( ) ( ) ayqxp =−+−∴                            (ii)  

dydxdqdp +=+ , ( ) ( ) 0yqxp =−+−  

Equation (i) can be written as  

( ) ( ) ( )222 yxyqxp −=−+−                          (iii) 

Putting the values of ( )yq −  from (ii) in (iii), we have 

( ) ( )[ ] ( )222 yxxpaxp −=−−+− ( ) ( ) ( ){ } 0yxaxpa2xp2 222 =−−+−−−⇒  

( ){ }[ ]
4

yxa8a4
a2xp

222 −−−
+=− ,  (Taking only +ve sign) 

( ){ }



 −−++=⇒ 22

ayx2a
2

1
xp  

∴ From (ii), ( ){ }



 −−+−=− 22

ayx2a
2

1
ayq  
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 ( ){ }



 −−−+= 22

ayx2a
2

1
yq . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( ){ }( )dydxayx2
2

1
dydx

2

a
ydyxdxdz 22 −−−++++=∴  

       ( ) ( ) ( )dydx
2

a
yx

2

1
dydx

2

a
ydyxdx

2
2 −













−−++++=  

Integrating on both sides, we have 

( ) ( ) ( ) ( ) b
2

a
yxyxlog

4

a

2

a
yx

2

yx

2

1
yx

2

a

2

y

2

x
z

2
2

22
2

22

+









































−−+−−













−−
−

++++=

 which is the required complete solution involving two arbitrary constants a and b. 

Q.No.10.: Solve the following non-linear partial differential equations by Charpit’s  

                  method: 22 qpqypxz +++=  

Sol.: Given non-linear partial differential equation is 0qpqypxzf 22 =−−−−≡ .       (i) 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( ) ( ) ( )q2y

dy

p2x

dx

q2yqp2xp

dz

qq

dq

pp

dp

−−
=

−−−
=

−−−−−−
=

+−
−=

+−
⇒  

( ) ( ) ( ) ( )q2y

dy

p2x

dx

q2yqp2xp

dz

0

dq

0

dp

+−
=

+
=

+++
=−=⇒  

From first two members, we get 0dp =  and dq = 0. 

Integrating, we obtain p = a and q = b. 

Putting in (i), we get 

22 babyaxz +++= , 

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.11.: Solve the following non-linear partial differential equations by Charpit’s  

                  method: ( ) 1qzpz 2222 =+  
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Sol.: Given non-linear partial differential equation is ( ) 1qzpz 2222 =+ . 

Here 01zqzpf 2242 =−+≡ . 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( ) ( ) ( )24232232 qz2qpz2p

dz

zq2zp4q

dq

zq2zp4.p0

dp

−−
=

+
=

++
⇒

24 qz2

dy

pz2

dx

−
=

−
= . 

Taking first two members, we have 
q

dq

p

dp
= . 

Integrating on both sides, we obtain alogqlogplog +=  aqp =⇒ . 

Putting aqp =  in ( ) 1qzpz 2222 =+ , we get 

( )1zaz

1
q

222

2

+
=

( )1zaz

1
q

22 +
=⇒  

( )1zaz

a
paqp

22 +
=⇒=∴ . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( )
dy

1zaz

1
dx

1zaz

a
dz

2222 +
+

+
=∴ ( ) dyadxdz1zaz 22 +=+⇒  

Integrating on both sides, we get ( ) byax1za
a3

1 2/322

2
++=+  

( ) ( )24322 byaxa91za ++=+⇒ , Ans. 

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.12.: Solve the following non-linear partial differential equations by Charpit’s  

                  method: 01qy2px2qp 22 =+−−+ . 

Sol.: Given non-linear partial differential equation is 01qy2px2qpf 22 =+−−+≡ .  (i) 

Charpit’s auxiliary equations are 
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q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( ) ( ) ( )y2q2

dy

x2p2

dx

y2q2qx2p2p

dz

q2

dq

p2

dp

−−
=

−−
=

−−−−
=

−
=

−
⇒  

Taking the first two members, we have 

q

dq

p

dp
= aqpalogqlogplog =⇒+=⇒ . 

Putting in (i), we get   

01qy2aqx2qqa 222 =+−−+ ( ) ( ) 01qyax2q1a 22 =++−+⇒  

( ) ( ) ( ){ }
( )1a2

1a4yax4yax2
q

2

22

+

+−+++
=⇒  

( ) ( ) ( ){ }
( )1a

1ayaxyax
q

2

22

+

+−+++
=⇒ . (Taking the positive sign only) 

and 

( ) ( ) ( ){ }
1a

1ayaxyaxa

aqp
2

22

+





 +−+++

==  

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( ) ( ){ }
( )

( )dyadx
1a

1ayaxyax
dz

2

22

+
+

+−+++
=∴  

Putting tyax =+ , so that dtdyadx =+ , we have, ( ) ( ){ } dt1attdz1a 222





 +−+=+ . 

Integrating on both sides, we get 

( ) ( ){ } ( ){ } b1attlog
2

1a
1at

2

t

2

t
z1a 22

2
22

2
2 +





 +−+

+
−+−+=+ , where yaxt += ,  

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.13.: Solve the following non-linear partial differential equations by Charpit’s  

                  method: ( )2
zqyp += .   

Sol.: Given non-linear partial differential equation is ( ) 0zqypf
2 =++−≡ .         (i) 
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Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( ) ( )( ) ( ) ( ) ( )zqyy2

dy

1

dx

y.zqy2.q1p

dz

zqyq4

dq

zqyp2

dp

+−
=

−−
=

+−−−
=

+
=

+
⇒ . 

Taking first and fifth members, we have 

0
y

dy

p

dp
=+

y

a
palogylogplog =⇒=+⇒ . 

∴From (i), we obtain ( )2
zqy

y

a
+= zqy

y

a
+=








⇒

y

z

y

a
q

2/3
−=⇒ . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

dy
y

z

y

a
dx

y

a
dz

2/3 












−+=∴ dy

y

a
adxzdyydz +=+⇒ . 

Integrating on both sides, we get  

( ) bay2axyz ++= ,  

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.14.: Solve the following non-linear partial differential equations by Charpit’s  

                  method: ( ) 2/1
pq1zqypx +=+ .  

Sol.: Given non-linear partial differential equation is ( ) 0pq1zqypxf
2/1 =+−+≡ .      (i) 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( )
........

pq1qq

dq

pq1pp

dp

2/12/1
=

+−
=

+−
⇒  

Taking the first two members, we have 

q

dq

p

dp
= aqp alogqlogplog =⇒+=⇒ . 
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Putting in (i), we have 

( ) 2/12aq1zqyaqx +=+ ( ) ( )2222 aq1zyaxq +=+⇒  

( ) 22

2
2

azyax

z
q

−+
=

( ){ }22
azyax

z
q

−+
=⇒

( ){ }22
azyax

az
p

−+
=⇒ . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( )

( ){ }22
azyax

zdyazdx
dz

−+

+
=∴

( ){ }22
azyax

dyadx

z

dz

−+

+
=⇒  

Putting uayax =+ , we get 

( ){ }22 azau

dua

z

dz

−
= ( )22 zu

z

1

dz

du
−=⇒ . 

Again put, vzu = , 

so that ( )222 zzv
z

1

dz

dv
zv −=+ ( )1v

dz

dv
zv 2 −=+⇒  

( ) v1v
dz

dv
z 2 −−=⇒

( ) v1v

dv

z

dz

2 −−
=⇒  

( ){ }dvv1v
z

dz 2 +−−=⇒ . 

Integrating on both sides, we get  

( ) ( ) b
2

v
1vvlog

2

1
1v

2

v
zlog

2
22 +−












 −+−−−=  

( ) ( ){ } b1vvlog
2

1
1v

2

v

2

v
zlog 22

2

=−+−−++⇒ , where 
az

yax

z

u
v

+
== . 

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.15.: Solve the following non-linear partial differential equations by Charpit’s  

                  method: ( ) ( ) 01qpxypqyx 2222 =−−−− .   

Sol.: Here ( ) ( ) 01qpxypqyxf 2222 =−−−−≡ .                                              (i)  

Charpit’s auxiliary equations are 
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q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( ) ( ) ( ) pxy2qyx

dx

qpxypq2

dq

qpypqx2

dp

222222 +−−
=

−−−
=

−−
⇒      

                                                                      
( )

..........
qxy2pyx

dy

22
=

−−−
=  

Using x, y, p, q as multipliers, we have 

Each fraction 
0

qdypdxydqxdp +++
=               ( ) ( ) 0ydqqdypdxxdp =+++∴ . 

Integrating, we get aqypx =+
x

qya
p

−
=⇒ . 

∴ From (i), we have 

( ) ( )
01q

x

qya
xyq

x

qya
yx 2

2

2
22 =−












−

−
−







 −
−  

( ) ( ){ } 01xyqyqyaqyx
x

qya 222 =−+−−−
−

⇒  

( ) 01xyqayqx
x

qya 22 =−+−
−

⇒  

( )( ) 0xyqxayqxqya 222 =−+−−⇒  

0xyqxqayyqxyaqax 2222222 =−++−−⇒  

( ) xyayxqa 222 +=+⇒  

( )22

2

yxa

xya
q

+

+
=⇒  

( )
( ) ( )22

2

22

2

yxa

yxa

yxa

yxya
a

x

1
p

+

−
=













+

+
−=∴ . 

Since we know that qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
= .                                                       

( ) ( )
( )22

22

yxa

dyxyadxyxa
dz

+

++−
=

( )
( )2222 yxa

ydxxdy

yx

ydyxdx
adz

+

−
+

+

+
=⇒  
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Integrating on both sides, we have 

( ) b
x

y
tan

a

1
yxlog

2

a
z 122 +++= − ,  

which is the required complete solution involving two arbitrary constants a and b. 

Q.No.16.: Solve the following non-linear partial differential equation by Charpit’s  

                  method:  ( ) 0qyqxypyz =−+−   or  yzqypqpxy =++ . 

Sol.: Here ( ) 0qyqxypyz =−+− .                                                                      (i)  

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
. 

Here py
x

f
=

∂

∂
, qxy

p

f
+=

∂

∂
, zqpx

y

f
−+=

∂

∂
, qp

q

f
+=

∂

∂
, y

z

f
−=

∂

∂
. 

( ) ( ) ( )[ ] ( ) ( )qp

dy

qxy

dx

ypqqxyp

dz

yqzqpx

dq

)y(ppy

dp

+−
=

+−
=

+++−
=

−+−+
=

−+
⇒ . 

From 1
st
 and 2

nd
 member, we obtain 

qyzqpx

dq

0

dp

−−+
= 0dp =⇒ ap =⇒ . 

Now from (i),  0yzqypqpxy =−++  

( ) 0yzqyaaxy =−++⇒
( )

ya

axzy

ya

axyyz
q

+

−
=

+

−
=⇒

( )
ya

axzy
q

+

−
=⇒ . 

Now consider  
( )

dy
ya

axzy
adxqdypdxdz

+

−
+=+=  

( )
dy

ya

aaxzy
adxdz

+

−
=−⇒              (ii) 

Put taxz =− ,  dtdadxdz =−  

∴(ii) reduces to  dy
ya

a
1dy

ya

aya
dy

ya

yt
dt 









+
−=

+

−+
=

+
=  

Integrating both sides, we get 

dy
ya

1
adydt

t

1

+
−= ∫∫∫ + constant (= log c) 
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clog)yalog(aytlog ++−=⇒              [ ]axzt −=  

( ) clog)yalog(ayaxzlog ++−=−⇒ , is the required solution. 

This solution can also be written as ( )( ) y2 beayaxz =+− . 

Q.No.17.: Solve the following non-linear partial differential equation by Charpit’s  

                  method:  2pxpq =+ . 

Sol.: Here 2pxpq =+ .                                                                                  (i)  

Charpit’s auxiliary equations are 

Let 2pxpq)q,p,z,y,x(f −+=  

Here p
x

f
=

∂

∂
, p2x

p

f
−=

∂

∂
0

y

f
=

∂

∂
, 1

q

f
=

∂

∂
, 0

z

f
=

∂

∂
. 

Charpit’s auxiliary equations are 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=

∂

∂
−

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

( )[ ] 1

dy

p2x

dx

qp2xp

dz

0q0

dq

0p

dp

−
=

+−
=

+−−
=

×+
=

+
⇒  

From 1
st
 and 5

th
 members 

dy
p

dp
−=  alogyplog +−=⇒ y

a

p
log −=⇒  ye

a

p −=⇒ yaep −=⇒  

Also from (i), 2pxpq =+  y22y xeaaxeq −− =+⇒ yy22 axeeaq −− −=⇒ . 

Now consider ( )dyaxeeadxaeqdypdxdz yy22y −−− −+=+=  

( ) dyeaxdydxeadz y22y −− +−=  

Integrating on both sides, we obtain   ( ) cdyeaxedaz y22y ++= −−
∫∫  

ce
2

a
axez y2

2
y +−=⇒ −− , is the required solution. 

Q.No.18.: Solve the following non-linear partial differential equation by Charpit’s  

                  method:  ( ) ( ) 0qzb1pp 2 =−++ . 

Sol.: Let 0zqbqpp)q,p,z,y,x(f 3 =−++=  
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Here 0
x

f
=

∂

∂
, 1p3

p

f 2 +=
∂

∂
, 0

y

f
=

∂

∂
, zb

q

f
−=

∂

∂
, q

z

f
−=

∂

∂
. 

Consider Charpit’s Auxiliary equations 

q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=










∂

∂
+

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

etc.....
q

dq

pq

dp
2

=
−

=
−

⇒  

From 1
st
 and 2

nd
 members,   

q

dq

p

dp
= .   

Integrating on both sides, we get 

clogqlogplog +=  cqp =⇒ . 

Now from (i) 0q)zb(pp3 =−++  ( ) 0qzbcqqc 33 =−++⇒  

0zbcqc 23 =−++⇒  
3

2

c

bcz
q

−−
=⇒  

c.c

bcz
q

−−
=⇒ . 

Now consider   dybcz.
c

1
dx

c

1
.bczqdypdxdz

2/3
−−+−−=+=  

( ) dy
c

y

c

1
dzbcz

2/3

2/1 +=−−⇒ −
.     

Integrating on both sides, we get 

( ) ady
c

1
dx

c

1
dzbca

2/3

2/1 ++=−− ∫∫∫
−

 

a
c

y

c

x
bcz2

2/3
++=−−⇒ ,  is the required solution. 

Q.No.19.: Solve the following non-linear partial differential equation by Charpit’s  

                 method:  qzp1 2 =+ . 

Sol.: Let 0qzp1)q,p,z,y,x(f 2 =−+=  

Here 0
x

f
=

∂

∂
, p2

p

f
=

∂

∂
, 0

y

f
=

∂

∂
, z

q

f
−=

∂

∂
, q

z

f
−=

∂

∂
. 

Consider Charpit’s Auxiliary equations 
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q

f

dy

p

f

dx

q

f
q

p

f
p

dz

z

f
q

y

f

dq

z

f
p

x

f

dp

∂

∂
−

=

∂

∂
−

=










∂

∂
+

∂

∂
−

=

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
 

etc.....
q

dq

pq

dp
2

=
−

=
−

⇒  

From 1
st
 and 2

nd
 members,   

q

dq

p

dp
= .   

Integrating on both sides, we get 

clogqlogplog +=  cqp =⇒ . 

Now from (i) 0qz1p2 =−+  0qzqc 22 =−⇒
2

22

c2

c4zz
q

−±
=⇒ . 

Now consider    

dyc4zz
c2

1
dxc4zz

c2

1
qdypdxdz 22

2

22





 −±+





 −±=+=  

dyc2

1
dx

c2

1

c4zz

dz
222

+=
−±

⇒  

dy
c2

1
dx

c2

1
dz

c4zz

c4zz
.

c4zz

1
222

22

22
+=

−

−

−±
⇒

∓

∓
.         

Integrating on both sides, we get 

bdy
c2

1
dx

c2

1

c4

dzc4zz

22

22

++=






 −

∫∫∫
∓

          ( )[ ]22 BA)BA(BA −=−+  













 −+−−±⇒ 22222

2

c4zzlogc2c4z
2

z

2

z
dy2cx2by

c2

1
x

c2

1
c4

2

2 ++=







++= , 

      where bc4d 2= ,  

                     











−−−=−∫

22
2

2222 axlog
2

a
ax

2

x
dxax∵  













 −+−−±⇒ 22222

2

c4zzlogc2c4z
2

z

2

z
dy2cx2 ++= , is the required solution. 
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*************************************************** 

**************************************** 

******************************** 

Home Assignments 

Q.No.1.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  04z4zq9zp16 22222 =−++ . 

Hint:  

qz8zq18qzp32

dq

pz8zpq18zp32

dp

3223 ++
=

++ 222222 zq18zp32

dz

qz18

dy

pz32

dx

+

−
=

+

−
=

−
=  

0pdz4dy.0dx.1dq.0zdp4 =++++ , apz4x =+ ,   
z4

ax
p

−
−= ,    

( )22 ax
4

1
z1

z3

2
q −−−= . 

Ans.: 
( ) ( )

1z

4

9

by

4

ax 2
22

=+
−

+
−

. 

Q.No.2.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  ( ) ( ) 0qzbq1p 2 =−++ . 

Hint: 
( )

=
+

=
−++

==
1q

dx

qzbppq3

dz

q

dq

pq

dp

222 pq2bz

dy

++−
,    

)i(  pcq)ii( = , Sub 1bczq −−= . 

Ans.: ( )[ ] acyx1bzc2 ++=−− ;  a, c are arbitrary constants. 

Q.No.3.: Solve the following non-linear partial differential equation by Charpit’s  

               method: 0qpxq 2 =−− . 

Hint: aq = ,  



 +±= a4xx

2

1
p 2

∓ . 

Ans.: baya4xxlog a2a4x
2

x

2

1

4

x
z 22

2

++












 ++++±−= . 
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Q.No.4.: Solve the following non-linear partial differential equation by Charpit’s  

               method: 0qyzp2 =− . 

Ans.:  byaax2z 222 ++= . 

Q.No.5.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  ( ) 0yxqxpypq2 22 =++++ . 

Ans.:  ( ) ( ){ }2222 ayxyx
2

1
yayxaxz2 +−−+−+−= . 

     ( ){ } ( ){ } 



 ++−+−+ bayx2yx2log

2

a 22

2/3

2

 

Q.No.6.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  2p3q = . 

Ans.: byx3axz 2 ++= . 

Q.No.7.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  pqz = . 

Ans.:  by
a

1
axz2 ++= . 

Q.No.8.: Solve the following non-linear partial differential equation by Charpit’s  

               method:  qpzpq += . 

Ans.:  ( ) b
a

y
x1a2z2 +








++= . 

*************************************************** 

**************************************** 

******************************** 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

Homogeneous linear equations with constant co-efficients:  

Consider a partial differential equation of the form  

.0zn
y

z
m

x

z
m..............

y

z
b..........

yx

z
b

yx

z
b

x

z
b

y

z
a..........

yx

z
a

yx

z
a

x

z
a

0n0

1n

1n

1n23n

1n

22n

1n

11n

1n

0

n

n

n22n

n

21n

n

1n

n

0

=+








∂

∂
+

∂

∂
+

+














∂

∂
++

∂∂

∂
+

∂∂

∂
+

∂

∂

+














∂

∂
++

∂∂

∂
+

∂∂

∂
+

∂

∂

−

−

−−

−

−

−

−

−

−−

 

i.e. ( ) 0D,D =′φ  

Here n210 a....,,.........a,a,a , 1n210 b....,,.........b,b,b − , 010 n,m,m  are all constants. In 

this equation the dependent variable z and its derivatives are linear, since each term in the 

LHS contains z or its derivatives.  

This equation is called a linear partial differential equation of the nth order with 

constant co-efficients. 
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Linear Homogeneous Partial Differential Equation 

A linear homogeneous partial differential equation is of the form where all the 

derivatives are of the same order. Thus, an equation of the form 

)y,x(F
y

z
a..........

yx

z
a

yx

z
a

x

z
a

n

n

n22n

n

21n

n

1n

n

0 =
∂

∂
++

∂∂

∂
+

∂∂

∂
+

∂

∂
−−

,                                (i) 

where n210 a....,,.........a,a,a  are constants, is called a homogeneous linear partial 

differential equation of the nth order with constant co-efficients. 

 Here, all the partial derivatives are of the nth order. 

Writing D for 
x∂

∂
  and D′  for 

y∂

∂
, (i) can be written as  

( ) )y,x(FzDa..........DDaDDaD n
n

22n
2

1n
1

n =′++′+′+ −− ( ) )y,x(FzD,D =′φ⇒ .    (ii) 

As in the case of ordinary linear differential equations with constant co-efficients the 

complete solution of (ii) contains of two parts: 

(i) The complimentary function (C.F.), which is the complete solution of the equation 

( ) 0zD,D =′φ . It must contain n arbitrary functions where n is the order of the 

differential equation. 

(ii) The particular integral (P.I.), which is a particular solution (free from arbitrary 

constants) of ( ) )y,x(FzD,D =′φ . 

           The complete solution of (ii) is  z = C.F. + P.I. 

Rules for finding Complementary function (C.F.): 

 We explain the procedure for finding the complimentary function of a differential  

equation of the second order. It can be easily extended to differential equation of the 

higher order. 

Consider the equation 0
y

z
a

yx

z
a

x

z
2

2

2

2

12

2

=
∂

∂
+

∂∂

∂
+

∂

∂
 

which in symbolic form is ( ) 0zDaDDaD 2
21

2 =′+′+ .                                                   (i) 

Its auxiliary equation (A.E.) is 0amam 21
2 =++ .                                                        (ii) 

Here we put 
D

D
m

′
= . Let its roots be 21 m,m . 
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Case I.: When the A.E. has distinct roots i. e. 21 mm ≠  then (ii) can be written as  

( )( ) 0zDmDDmD 21 =′−′− .                                                                                           (iii) 

Now the solution of ( ) 0z'DmD 2 =−  will be the solution of (iii) 

But ( ) 0zDmD 2 =′− 0qmp 2 =−⇒ , 

which is of Langrange’s form and the auxiliary equations are 
0

dz

m

dy

1

dx

2

=
−

= . 

The first two members give axmy0dxmdy 22 =+⇒=+  

Also bz0dz =⇒=  

( )xmyfz 22 +=∴  is the solution of ( ) 0zDmD 2 =′−  

Similarly, (iii) will also satisfied by the solution of  

( ) 0zDmD 1 =′−  i. e. by  ( )xmyfz 11 +=  

Hence the complete solution of (ii) is ( ) ( )xmyfxmyf 2211 +++ . 

Case II.: When the A. E. has equal roots, each = m, then (ii) can be written as  

( )( ) 0zDmDDmD =′−′− .                                                                                               (iv) 

Let ( ) uzDmD =′− , then (iv) becomes ( ) 0uDmD =′−  

Its solution is )mxy(fu += , as proved in case I. 

( ) uzDmD =′−∴  takes the form ( ) )mxy(fzDmD +=′−  

)mxy(fmqp +=−⇒                     [Langrange’ form] 

The auxiliary equations are 
)mxy(f

dz

m

dy

1

dx

+
=

−
= . 

Now 
m

dy

1

dx

−
=  gives amxy0mdxdy =+⇒=+ . 

Also 
)a(f

dz

1

dx
=  gives bx)a(fzdx)a(fdz +=⇒=   i. e. b)mxy(xfz =+− . 

∴The complete solution of (ii) is  

( ) ( ) )mxy(xf)mxy(fzmxymxyxz +++=⇒+φ=+φ− . 

Note1. We know that for the differential equation ( ) 0zDaDDaD 2
21

2 =′+′+ ,  

the A.E. is 0amam 21
2 =++ .                                                                                         (i) 
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Now the roots of (i), considered as a quadratic in D/D ′ , are the same as those of           

21
2 amam ++ .                                                                                                                  (ii) 

∴This quadratic in m can also be called the A.E.  

Hence, we shall write the A.E. in terms of m. 

Thus, the A.E. is obtained by putting D = m and 1D =′  in ( ) 0D,D =′φ . 

Hence, the A.E. of differential equation ( ) )y,x(FzD,D =′φ  is ( ) 0 1 ,m =φ . 

Note 2. Generalizing the results of case I and case II, we have 

(i) if the roots of A.E. are .....,.........m,m,m 321  (all are distinct roots), then 

            ( ) ( ) ( ) .................xmyfxmyfxmyf.F.C 332211 ++++++=  

(ii) if the roots of A.E. are .....,.........m,m,m 321  (two equal roots), then 

            ( ) ( ) ( ) .................xmyfxmyxfxmyf.F.C 231211 ++++++=  

(iii) if the roots of A.E. are .....,.........m,m,m 321  (three equal roots), then 

             ( ) ( ) ( ) .................xmyfxxmyxfxmyf.F.C 13
2

1211 ++++++=  

Q.No.1.: Solve the following partial differential equation: 0
y

z
2

yx

z
5

x

z
2

2

22

2

2

=
∂

∂
+

∂∂

∂
+

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) 0zD2DD5D2 22 =′+′+ . 

Its auxiliary equation is 02m5m2 2 =++
2

1
  ,2m −−=⇒ . 

Here, the complete solution is ( ) 







−+− x

2

1
yfx2yf 21 . 

This complete solution can also be written as ( ) ( )xy2x2y 21 −φ+−φ . 

Q.No.2.: Solve the following partial differential equation:  0
y

z
6

yx

z

x

z
2

22

2

2

=
∂

∂
−

∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) 0zD6DDD 22 =′−′−  

Its auxiliary equation is ( )( ) 02m3m06mm2 =+−⇒=−−  2  ,3m −=⇒ . 

Hence, its complete solution is ( ) ( )x2yfx3yfz 21 −++= . 

Q.No.3.: Solve the following partial differential equation: ( )( ) 0zD3DD2D 2 =′−′+ . 
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Sol.: The given equation is ( )( ) 0z'D3D'D2D
2 =−+ . 

Its auxiliary equation is ( )( ) 03m2m
2 =−+ 3 3, ,2m −=⇒ . 

Hence, the complete solution is ( ) ( ) ( )x3yxfx3yfx2yfz 321 ++++−= . 

Q.No.4.: Solve the following partial differential equation: 0t9s12r4 =+− . 

Sol.: The given equation is 0t9s12r4 =+− . 

Its symbolic form is ( ) 0zD9DD12D4 22 =′+′− . 

Since zD
x

z
r 2

2

2

=
∂

∂
= , z'DD

yx

z
s

2

=
∂∂

∂
= , z'D

y

z
t 2

2

2

=
∂

∂
= . 

Its auxiliary equation is ( ) 03m209m12m4
22 =−⇒=+−  

2

3
 ,

2

3
m =⇒ . 

Hence, the complete solution is 







+φ+








+φ= x

2

3
yxx

2

3
yz 21 , 

This complete solution can also be written as ( ) ( )x3y2xfx3y2fz 21 +++= . 

Q.No.5.: Solve the following partial differential equation: 0t9s6r =++ . 

Sol.: The given equation is 0t9s6r =++ . 

Its symbolic form is ( ) 0zD9DD6D 22 =′+′+ . 

Since zD
x

z
r 2

2

2

=
∂

∂
= , zDD

yx

z
s

2

′=
∂∂

∂
= , zD

y

z
t 2

2

2

′=
∂

∂
= . 

Its auxiliary equation is 09m6m2 =++ 3  ,3m −−=⇒ . 

Hence, the complete solution is ( ) ( )x3yxfx3yfz 21 −+−= . 

Rules for finding the P.I.: 

I. Short methods to find P.I.: 

(i). When ( ) byaxey,xF += . 

( ) ( )
byaxbyax e

b,a

1
e

D,D

1
.I.P ++

φ
=

′φ
=  (i. e. put D = a and bD =′ ) provided ( ) 0b,a ≠φ  

If ( ) 0b,a =φ , then it is called a case of failure. 

(ii). When ( ) ( )byaxsiny,xF += . 
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P. I.  
( )

( )
( )

( )byaxsin
b,ab,a

1
byaxsin

D,DD,D

1

2222
+

−−−φ
=+

′′φ
= , 

(i. e. put 22 aD −= ,  abDD −=′ , 22 bD −=′ ) provided ( ) 0b,ab,a 22 ≠−−−φ . 

If ( ) 0b,ab,a 22 =−−−φ , then it is a case of failure. 

Note: A similar rule holds when  ( ) ( )byaxcosy,xF += . 

(iii). When ( ) qpyxy,xF = , where p, q are positive integers. 

P. I. 
( )

( )[ ] qp1qp yxD,Dyx
D,D

1 −′φ=
′φ

= . 

If qp < , expand ( )[ ] 1D,D −′φ  in powers of 
D

D

′
 

If pq < , expand ( )[ ] 1D,D −′φ  in powers of 
D

D′
 

Also, we have dx)y,x(F)y,x(F
D

1

constant  y

∫=   and  dy)y,x(F)y,x(F
D

1

constant  x

∫=
′

. 

II. General method to find the P.I.: 

 F(x, y) is not always of the forms given above. Moreover, there are cases of 

failure in the short methods. The general method is applicable to all cases where F(x, y) is 

not of the forms given above or the short methods fail. 

 Now, ( )D,D ′φ  can be factorized, in general, into n linear factors. 

( )
)y,x(F

D,D

1
.I.P

′φ
=∴

( )( ) ( )
)y,x(F

DmD.........DmDDmD

1

n21 ′−′−′−
=  

           )y,x(F
DmD

1
...........

DmD

1
.

DmD

1

n21 ′−′−′−
=  

Let us evaluate )y,x(F
DmD

1

′−
. 

Consider the equation, ( ) )y,x(Fmqp)y,x(FzDmD =−⇒=′− . 

The auxiliary equations are 
)y,x(F

dz

m

dy

1

dx
=

−
= . 

From the first two members cmxy0mdxdy =+⇒=+ . 

From the first and last members, we have  
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( ) ( )dxmxc,xFdxy,xFdz −==  

dx)mxc,x(Fz −=∴ ∫ dx)mxc,x(F)y,x(F
DmD

1
−=

′−
⇒ ∫ , 

where c is replaced by mxy +  after integration. 

By repeated application of above rules, the P. I. can be evaluated. 

Working procedure to solve the equation: 

)y,x(F
y

z
k..........

yx

z
k

x

z
n

n
n

1n

n

1n

n

=
∂

∂
++

∂∂

∂
+

∂

∂
−

 

Its symbolic form is ( ) )y,x(FzDk.........DDkD n
n

1n
1

n =′++′+ −  

or briefly  )y,x(Fz)D,D(f =′ . 

Step1. To find the C.F.: 

(i) Write the auxiliary equation (A.E.) 

i. e. 0k..............mkm n
1n

1
n =+++ −   and solve it for m. 

(ii) Write the C.F. as follows 

  

Roots of A. E. C.F 

1.  ..........m,m,m 321   (distinct roots) 

2.  ..........m,m,m 321  (two equal roots) 

3.  ..........m,m,m 321 (three equal roots) 

( ) ( ) ( ) ...xmyfxmyfxmyf 332211 ++++++  

( ) ( ) ( ) .....xmyfxmyxfxmyf 331211 ++++++  

( ) ( ) ( ) .....xmyfxxmyxfxmyf 13
2

1211 ++++++  

 

Step2. To find the P.I.: 

From the symbolic form, P. I. 
( )

)y,x(F
D,Df

1

′
= . 

(i) When ( ) byaxey,xF += ,  P. I. 
( )

byaxe
D,Df

1 +

′
=   [put D = a and  bD =′ ] 

(ii) When ( ) ( )nymxsiny,xF +=  or  ( )nymxcos +  

P. I. 
( )

( )nymxcosor    sin
D,DD,Df

1

22
+

′′
= .   [put 22 mD −= ,  mnDD −=′ ,  22 n'D −= ] 
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(iii) When nmyx)y,x(F = ,  P.I. 
( )

( )[ ] nm1nm yxD,Dfyx
D,Df

1 −′=
′

= . 

Expand ( )[ ] 1D,Df −′  in ascending powers of D or D′  and operate on nmyx  term by term. 

(iv) When F(x, y) is any function of x and y,  P. I. )y,x(F
)D,D(f

1

′
= . 

Resolve 
)D,D(f

1

′
 into partial fractions considering ( )D,Df ′  as a function of D alone and 

operate each partial fraction on F(x, y) remembering that 

dx)mxc,x(F)y,x(F
DmD

1
−=

′− ∫ ,  

where c is replaced by mxy +  after integration. 

 

Now let us solve some homogeneous linear partial differential equation with 

constant co-efficients. 

Q.No.1.: Solve the following partial differential equation: y2cosxcos
yx

z

x

z 2

2

2

=
∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) y2cosxcoszDDD2 =′− .   

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is ( ) 01mm0mm2 =−⇒=− 1  ,0m =⇒ . 

Thus, C.F. ( ) ( )xyfyf 21 ++= . 

Step 2. To find the particular integral 

Now P.I. y2cosxcos
DDD

1

2 ′−
= ( ) ( )[ ]y2xcosy2xcos

DDD

1
.

2

1

2
−++

′−
=  

              ( ) ( )







−

′−
++

′−
= y2xcos

DDD

1
y2xcos.

DDD

1
.

2

1

22
   

             ( ) ( )y2xcos
6

1
y2xcos

2

1
−−+= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 
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∴ ( ) ( ) ( ) ( )y2xcos
6

1
y2xcos

2

1
xyfyfz 21 −−++++= . Ans. 

Q.No.2.: Solve the following partial differential equation: y2cosxsin
yx

z

x

z 2

2

2

=
∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) y2cosxsinzDDD2 =′− .   

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is ( ) 01mm0mm2 =−⇒=− 1  ,0m =⇒ . 

Thus, C.F. ( ) ( )xyfyf 21 ++= . 

Step 2. To find the particular integral 

Now P.I. y2cosxsin
'DDD

1
2 −

= ( )








−
= y2cosxsin2

2

1

'DDD

1
2

 

               ( ) ( )[ ]y2xsiny2xsin
'DDD

1
.

2

1
2

−++
−

=  

              ( ) ( )







−

−
++

−
= y2xsin

'DDD

1
y2xsin.

'DDD

1
.

2

1
22

 

              ( ) ( )y2xsin
6

1
y2xsin

2

1
−−+= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )y2xsin
6

1
y2xsin

2

1
xyfyfz 21 −−++++= . Ans. 

Q.No.3.: Solve the following partial differential equation: yx3e2
yx

z
2

x

z 2x2

2

3

3

3

+=
∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) yx3e2z'DD2D 2x223 +=− . 

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is 0m2m 23 =− 2 ,0 ,0m =⇒ . 

Thus, C.F. ( ) ( ) ( )x2yfyxfyf 321 +++= . 
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Step 2. To find the particular integral 

Now P.I. ( )yx3e2
'DD2D

1 2x2

23
+

−
= yx

D

'D2
1D

1
3e

'DD2D

1
2 2

3

x2

23









−

+
−

=  

yx
D

'D2
1

D

3
e

)0(2.22

1
2 2

1

3

x2

23

−









−+

−
= yx.....

D

'D4

D

'D2
1

D

3
e

4

1 2

2

2

3

x2














++++=  









++=








++= 32

3

x222

3

x2 x
3

2
yx

D

3
e

4

1
1.x

D

2
yx

D

3
e

4

1
  








= ∫ dx)x(f)x(f

D

1
∵  

6.5.4

x
.2

5.4.3

x
y3e

4

1 65
x2 ++=           ( )[ ] 








= ∫∫∫ dxdxdx)x(f)x(f

D

1
3

∵  

60

x

20

yx

4

e 65x2

++= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )65x2
321 xyx3e15

60

1
x2yfyxfyf ++++++ . Ans. 

Q.No.4.: Solve the following partial differential equation:  

               ( ) ( ) yx2323 ey2xsin'D6'DD7D +++=−− . 

Sol.: The given equation is ( ) ( ) yx2323 ey2xsin'D6'DD7D +++=−− . 

Step 1. To find the complementary function  

The auxiliary equation (A.E.) is 06m7m3 =−− ( )( )( ) 02m3m1m =+−+⇒      

2 ,3 ,1m −−=⇒ . 

Thus, C.F. ( ) ( ) ( )x2yfx3yfxyf 321 −+++−= . 

Step 2. To find the particular integral 

Now P.I. ( )[ ]yx2

323
ey2xsin

'D6'DD7D

1 +++
−−

=  

              ( ) yx2

323323
e

'D6'DD7D

1
y2xsin

'D6'DD7D

1 +

−−
++

−−
=  

         ( ) ( ) ( ) ( )
( )( )

yx2

323222
e

1.61272

1
y2xsin

'D'D6'DD7DD

1 +

−−
++

−−
=  
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( ) ( ) ( )

( ) yx2

222
e

12

1
y2xsin

2'D62D71D

1 +−+
−−−−−

=  

             ( ) yx2e
12

1
y2xsin

'D24D27

1 +−+
+

= ( ) yx2

2
e

12

1
y2xsin

'DD24D27

D +−+
+

=  

            ( ) ( )
( ) yx2

2
e

12

1
y2xsin

2.124127

D +−+
−+−

= ( ) yx2e
12

1
y2xcos

75

1 +−+−=  

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( ) yx2
321 e

12

1
y2xcos

75

1
x2yfx3yfxyf +−+−−+++− . 

Q.No.5.: Solve the following partial differential equation: yx
y

z
2

yx

z
3

x

z
2

22

2

2

+=
∂

∂
+

∂∂

∂
+

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) yxz'D2'DD3D 22 +=++ .   

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is 02m3m2 =++ 2  ,1m −−=⇒ . 

Thus, C.F. ( ) ( )x2yfxyf 21 −+−= . 

Step 2. To find the particular integral 

Now P.I. ( )yx
'D2'DD3D

1

22
+

++
= ( )yx

D

'D
2

D

'D
31D

1

2

2
2

+














++

=  

             ( )yx
D

'D2

D

'D3
1

D

1
1

2

2

2
+




























++=

−

( )yx.........
D

'D3
1

D

1

2
+








+−=  

              







−+= )1(

D

3
yx

D

1
2

[ ]x3yx
D

1
2

−+= ( )x2y
D

1
2

−=  

              ( )
3

x

2

yx
xyx

D

1 32
2 −=−= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( )
3

x

2

yx
x2yfxyf

32

21 −+−+− . 
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Q.No.6.: Solve the following partial differential equation: yx2et4s4r +=+− . 

Sol.: The equation can be written as yx2

2

22

2

2

e
y

z
4

yx

z
4

x

z +=
∂

∂
+

∂∂

∂
−

∂

∂
. 

The given equation in symbolic form is ( ) yx222 ez'D4'DD4D +=+− .  

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is ( ) 02m04m4m
22 =−⇒=+− 2  ,2m =⇒ . 

Thus, C.F. ( ) ( )x2yxfx2yf 21 +++= . 

Step 2. To find the particular integral 

Now P.I. 
( )

yx2

2
e

'D2D

1 +

−
= , putting D = 2 and 1'D = , the denominator vanishes. 

∴It is a case of failure. 

Since ( )dxmxc,xF)y,x(F
'mDD

1
−=

− ∫ , where c is to be replaced by ( )mxy +   after 

integration. 

∴P.I. yx2e
'D2D

1
.

'D2D

1 +

−−
=  dxe

'D2D

1 )x2c(x2 −+
∫−

=  dxe
'D2D

1 c
∫−

=   

          x2yxe
'D2D

1 +

−
=  ( ) dxxe x2x2c +−

∫= xdxec
∫= c2 e.x

2

1
= x2y2ex

2

1 += . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) x2y2
21 ex

2

1
x2yxfx2yf +++++ . 

Q.No.7.: Solve the following partial differential equation:  

               ( ) ( )yx2sin5z'D2'DD5D2 22 +=+− . 

Sol.: The given equation is ( ) ( )yx2sin5z'D2'DD5D2 22 +=+− . 

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is ( )( ) 02m1m202m5m2 2 =−−⇒=+−  2  ,
2

1
m =⇒ . 

Thus, C.F. ( ) ( )x2yfxy2f 21 +++= . 
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Step 2. To find the particular integral 

Now  P.I. ( )yx2sin
'D2'DD5D2

1
.5

22
+

+−
= . 

Putting 22 2D −= , 1.2'DD −= ,  22 1'D −= . 

Denominator ( ) ( ) ( ) 0122542 =−+−−−= . 

∴It is case of failure. 

Now  P.I. 
( )( )

( )yx2sin
'D2D'DD2

1
.5 +

−−
= ( )[ ]dxx2cx2sin

'DD2

1
.5 −+

−
= ∫  

               cdxsin

'D
2

1
D

1
.

2

5
∫

−

= csinx

'D
2

1
D

1
.

2

5

−

=  

                ( )x2ysinx

'D
2

1
D

1
.

2

5
+

−

= dxx2x
2

1
csinx

2

5








+







−= ∫  

                dxx
2

3
csinx

2

5








+= ∫


























+−

−









+−

= ∫ dx

2

3

x
2

3
ccos

.1

2

3

x
2

3
ccos

.x
2

5
 

                 







++








+−= x

2

3
csin

9

10
x

2

3
ccosx

3

5
 

                 







+







++








+







+

−
= x

2

3
x

2

1
ysin

9

10
x

2

3
x

2

1
ycosx

3

5
 

                 ( ) ( )x2ysin
9

10
x2ycosx

3

5
+++−= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )x2ysin
9

10
x2ycosx

3

5
x2yfxy2fz 21 +++−+++=  

Let ( ) ( ) ( ) ( ) ( )x2yFx2yx2yfx2ysin
9

10
x2yf 222 +=+φ++=+++ . 

( ) ( ) ( )x2ycosx
3

5
x2yFxy2fz 21 +−+++=∴ . 
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Q.No.8.: Solve the following partial differential equation: xcosy
y

z
6

yx

z

x

z
2

22

2

2

=
∂

∂
−

∂∂

∂
+

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) xcosyz'D6'DDD 22 =−+ .   

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is 06mm2 =−+ 2  ,3m −=⇒ . 

Thus, C.F. ( ) ( )x2yfx3yf 21 ++−= . 

Step 2. To find the particular integral 

Now  P.I. xcosy
'D6'DDD

1

22 −+
=

( )( )
xcosy

'D2D'D3D

1

−+
=  

               xcosy
'D2D

1
.

'D3D

1

−+
= ( ) xdxcosx2c

'D3D

1
−

+
= ∫ , 

where c is to replaced by x2ymxy +=+  after integration 

         ( )[ ]xdxsin2xsinx2c
D3D

1
−−−

′+
= ∫ ( )[ ]xcos2xsinx2x2y

D3D

1
−−+

′+
=  

         ( )xcos2xsiny
'D3D

1
−

+
= ( )[ ]dxxcos2xsinx3c −+= ∫  

where c is to replaced by x3ymxy −=+  after integration 

        ( )( ) ( ) xsin2dxxcos3xcosx3c −−−−+= ∫ ( )( ) xsin2xsin3xcosx3x3y −+−+−=  

         xsinxcosy +−= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) xsinxcosyx2yfx3yfz 21 +−++−= . Ans. 

Q.No.9.: Solve the following partial differential equation:  

              y2x

3

3

2

3

3

3

e
y

z
4

yx

z
3

x

z +=
∂

∂
+

∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) y2x323 ez'D4'DD3D +=+−    

Step 1. To find the complementary function  

Its auxiliary equation (A.E.) is ( )( ) 04m4m1m04m3m 223 =+−+⇒=+−  

                                                                               ( )( ) 02m1m
2 =−+⇒ 2 ,2 ,1m −=⇒ . 
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Thus, C.F. ( ) ( ) ( )x2yxfx2yfxyf 321 ++++−= . 

Step 2. To find the particular integral 

Now  P.I. y2xy2x

323

y2x

323
e

27

1
e

2.42.1.31

1
e

'D4'DD3D

1 +++ =
+−

=
+−

= . 

                                                                                          (putting D = 1, 2'D = ) 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) y2x
321 e

27

1
x2yxfx2yfxyf ++++++− . Ans. 

Q.No.10.: Solve the following partial differential equation:  

                0
yx

z
4

yx

z
4

x

z
2

3

2

3

3

3

=
∂∂

∂
+

∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) 0zDD4DD4D 223 =′+′− . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is 0m4m4m 23 =+− , where  
D

D
m

′
= . 

( ) 02mm 2 =−⇒    2  2,  ,0m =∴ . 

Step 2. To find the particular integral 

Now P.I. = 0 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ )x2y(xf)x2y(f)y(fz 321 ++++= . Ans. 

Q.No.11.: Solve the following partial differential equation: y2x3et9s12r4 −=++ . 

Sol.: The given equation can be written as y2x3

2

22

2

2

e
y

z
9

yx

z
12

x

z
4 −=

∂

∂
+

∂∂

∂
+

∂

∂
. 

The given equation in symbolic form is ( ) y2x322 ezD9DD12D4 −=′+′+ . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is 09m12m4 2 =++ , where 
D

D
m

′
= .  
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( ) 03m2 2 =+⇒
2

3
,

2

3
m −−=⇒ . 

Thus, C.F. 







−+








−= x

2

3
yxfx

2

3
yf 21 . 

Step 2. To find the particular integral 

Now P.I. y2x3

22
e

D9DD12D4

1 −

′+′+
= . 

Here the usual rule fails 

0D9DD12D4 22 =′+′+∵  for  D = 3, 2D −=′  

                      
( )

y2x3

2
e

D3D2

1 −

′+
=

( ) ( )
y2x3e

D3D2

1
.

D3D2

1 −

′++
=  

                      
( )

dxe
D3D2

1 x
2

3
c2x3 








+−

∫′+
=                          





+==− x

2

3
cy    ,0x

2

3
y  

                      
( )

dxe
D3D2

1 c2−
∫′+

=
( )

c2xe
D3D2

1 −

′+
=

( )






−−

′+
=

x
2

3
y2

xe
D3D2

1
 

                     dxxe
x

2

3
c2x3 





+−

∫= dxxe c2−
∫= c22ex

2

1 −= ( )x3y22ex
2

1 −−=  

                      y2x32ex
2

1 −= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ y2x32
21 ex

2

1
x

2

3
yxfx

2

3
yfz −+








−+








−=  

( ) ( ) y2x32
21 ex

2

1
x3y2xfx3y2fz −+−+−=⇒ . Ans. 

Q.No.12.: Solve the following partial differential equation: xsin
y

z

yx

z
2

x

z
2

22

2

2

=
∂

∂
+

∂∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) xsinzDDD2D 22 =′+′− . 

Step 1. To find the complementary function  
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Here auxiliary equation (A.E.) is 01m2m2 =+− 1  ,1m =⇒ , where  
D

D
m

′
= . 

Thus, C.F. ( ) ( )xyxfxyf 21 +++= . 

Step 2. To find the particular integral 

Now  P.I. xsinxsin
001

1
xsin

DDD2D

1

222
−=

+−−
=

′+′−
= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) xsinxyxfxyfz 21 −+++= . Ans.  

Q.No.13.: Solve the following partial differential equation: ptsinE
x

y
a

t

y
2

2
2

2

2

=
∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) ptsinEyDaD 222 =′− . 

Here 
t

D
∂

∂
= , 

x
D

∂

∂
=′ ,  

D

D
m

′
= . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is 0am 22 =− a ,am −+=⇒ . 

Thus, C.F. = ( ) ( )atxfatxf 21 ++− . 

Step 2. To find the particular integral 

Now  P.I. ptsinE
DaD

1

222 ′−
= ptsin

p

E
ptsinE

0.ap

1

222
−=

−−
= . 

Step 3. To find the complete solution 

Now, since the complete solution is y = C.F. + P.I. 

∴ ( ) ( ) ptsin
p

E
atxfatxfy

221 −++−= . Ans. 

Q.No.14.: Solve the following partial differential equation: y3cosx2cos
y

z

x

z
2

2

2

2

=
∂

∂
−

∂

∂
. 

Sol.: The given equation in symbolic form is [ ] y3cosx2coszDD 22 =′− . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is 01m2 =− 1  ,1m −=⇒ . 
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Thus, C.F. ( ) ( )xyfxyf 21 −++=  

Step 2. To find the particular integral 

Now  P.I. y3cosx2cos
DD

1

22 ′−
= ( ) ( )[ ]y3x2cosy3x2cos

DD

1

2

1

22
−++

′−
=  

                ( ) ( )





−

+−
++

+−
= y3x2cos

94

1
y3x2cos

94

1

2

1
 

               y3cosx2cos
5

1
= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) y3cosx2cos
5

!1
xyfxyfz 21 +−++= . Ans. 

Q.No.15.: Solve the following partial differential equation: ( ) xy24z'D2'DD3D 22 =++ . 

Sol.: The given equation is ( ) xy24z'D2'DD3D 22 =++ . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is ( ) 02m3m2 =++   

( )( ) 02m1m =++⇒ 2   ,1m −−=⇒ . 

Thus, C. F. ( ) ( )x2yfxyf 21 −+−=  

Step 2. To find the particular integral 

Now  P.I. xy24
D2DD3D

1

22 ′+′+
= xy

D

D2

D

D3
1

D

1
.24

1

2

2

2

−











 ′
+

′
+=  

               xy.........
D

D2

D

D3
1

D

24

2

2

2 










−

′
−

′
−=  

              





−= 1.x.

D

3
xy

D

24

2 










−=

2

x3
xy

D

24 2

2 4.3

x
.

2

3
.24

3.2

x
y.24

43

−=  

             43 x3yx4 −= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 
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( ) ( ) 43
21 x3yx4x2yfxyfz −+−+−=∴ . Ans. 

Q.No.16.: Solve the following partial differential equation:  

                22

2

22

2

2

yxyx
y

z

yx

z
2

x

z
++=

∂

∂
+

∂∂

∂
+

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) 2222 yxyxzDDD2D ++=′+′+ . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is ( ) 01m2m2 =++ ( ) 01m 2 =+⇒ 1   ,1m −−=⇒ . 

Thus, C.F. ( ) ( )xyxfxyf 21 −+−= . 

Step 2. To find the particular integral 

Now  P.I. ( )22

22
yxyx

DDD2D

1
++

′+′+
= ( )22

1

2

2

2
yxyx

D

D

D

D
21

D

1
++











 ′
+

′
+=

−

 

               ( )22

1
2

2

2

2

2

2
yxyx.....

D

D

D

D
2

D

D

D

D
21

D

1
++
















−













 ′
+

′
+












 ′
+

′
−=

−

 

              













+−














+−++= 2

22
22

2
x4

2

x2
yx2

2

x
2yxyx

D

1
 

             [ ]
2

xy

3.2

x
y3

3.4

x
3yxy3x3

D

1 2234
22

2
+−=+−=  

            [ ]yx2yx2x
4

1 3224 −+= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴z ( ) ( )xyxfxyf 21 −+−=











−++ yx2yx2

3

x
3

4

1 322
4

. 

Q.No.17.: Solve the following partial differential equation:  

                 ( ) y2cosez'D'DD'DDD x3223 =−−+ . 

Sol.: The given equation is ( ) y2cosez'D'DD'DDD x3223 =−−+ . 

Step 1. To find the complementary function  
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Here auxiliary equation (A.E.) is ( ) 01mmm 23 =−−+  

( ) ( ) 01m)1m(1m =−++⇒ 1  1,  ,1m −−=⇒ . 

Thus, C.F. ( ) ( ) ( )xyfxyxfxyf 321 ++−+−= . 

Step 2. To find the particular integral 

Now  P.I. y2cose
DDDDDD

1 x

3223 ′−′−′+
= . 

Take as particular integral 

y2sinBey2cosAez xx += . 

Then  y2sinBey2cosAezD xx3 +=  

           y2sinBe4y2cosAe4zDD xx2 −−=′  

           y2cosBe2y2sinAe2zDD xx2 +−=′  

          y2cosBe8y2sinAe8zD xx3 −=′ . 

Substituting in the given equation, we get 

( ) ( ) y2cosey2sineA10B5y2coseB10A5 xxx =−++ . 

So that 1B10A5 =+   and   0A10B5 =−  

25

1
A =∴    and   

25

2
B = . 

∴P.I. is y2sine
25

2
y2cose

25

1
z xx += . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) [ ]y2sin2y2cos
25

e
xyfxyxfxyfz

x

321 ++++−+−= . Ans. 

Q.No.18.: Solve the following partial differential equation:  

                ( )yx2cos
y

z
6

yx

z

x

z

2

22

2

2

+=
∂

∂
−

∂∂

∂
+

∂

∂
. 

Sol.: The given equation in symbolic form is ( ) ( )yx2coszD6DDD 22 +=′−′+ . 

Step 1. To find the complementary function  
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Here auxiliary equation (A.E.) is  06mm2 =−+ 2  ,3m −=⇒ . 

Thus, C.F. ( ) ( )x2yfx3yf 21 ++−= . 

Step 2. To find the particular integral 

Since ( )( ) ( ) 016122D6DDD 2222 =−−−−=′−′+ . 

∴It is a case of failure and we have to apply the general method. 

P.I. ( )
( )( )

( )yx2cos
D2DD3D

1
yx2cos

D6DDD

1

22
+

′−′+
=+

′−′+
=  

       ( )dxx2cx2cos
D3D

1
−+

′+
= ∫ cdxcos

D3D

1
∫′+

=  

       ( )x2ycosx
D3D

1
ccosx

D3D

1
+

′+
=

′+
=  

       ( ) ( )dxcx5cosxdxx2x3ccosx +=++= ∫∫  

        
( ) ( )

25

cx5cos

5

cx5sinx +
+

+
=                 [Integrating by parts] 

        ( ) ( )x3yx5cos
25

1
x3yx5sin

5

x
−++−+=  

         ( ) ( )yx2cos
25

1
yx2sin

5

x
+++= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )yx2cos
25

1
yx2sin

5

x
x2yfx3yfz 21 ++++++−= . Ans. 

Q.No.19.: Solve the following partial differential equation:  

                 x

3

3

2

3

2

3

e
y

z
6

yx

z
5

yx

z
=

∂

∂
+

∂∂

∂
−

∂∂

∂
. 

Sol.: The given equation in symbolic form is ( ) x322 ezD6DD5DD =′+′−′ . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is 0mm5m6 23 =+− ( ) 0)1m2(1m3m =−−⇒        

                                                                                      
2

1
  ,

3

1
  ,0m =⇒ . 
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Thus, C.F. ( ) ( ) ( )ymxfymxfymxf 332211 +++++=  

            ( ) 







++








+++= y

3

1
xfy

2

1
xf0xf 321  

            ( ) ( ) ( )x3yfx2yfxf 321 ++++= . 

Step 2. To find the particular integral 

Now  P.I. 
( )( )

xx

322
e

DD2DD3D

1
e

D6DD5DD

1

−′−′′
=

′+′−′
=  

                
( )( )

xxxx yedyee
D

1
e

1010

1

D

1
==

′
=

−−′
= ∫ . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) x
321 yex3yfx2yfxfz +++++= . Ans. 

Q.No.20.: Solve the following partial differential equation:  

                 yx
y

z

yx

z
2

x

z 2

2

22

2

2

=
∂

∂
+

∂∂

∂
+

∂

∂
 

Sol.: The given equation in symbolic form is ( ) yxzDDD2D 222 =′+′+ . 

Step 1. To find the complementary function  

Here auxiliary equation (A.E.) is 01m2m2 =++ . 

0)1m( 2 =+⇒ 1  ,1m −−=⇒ . 

Thus, C.F. ( ) ( )xyxfxyf 21 −+−= . 

Step 2. To find the particular integral 

Now  P.I. yx
D

D

D

D2
1

D

1
yx

DDD2D

1 2

1

2

2

2

2

22

−











 ′
+

′
+=

′+′+
=  

               yx..........
D

D

D

D2

D

D

D

D2
1

D

1 2

2

2

2

2

2

2
















−












 ′
+

′
+












 ′
+

′
−=  

              





−=





−= 32

2

22

2
x

3

2
yx

D

1
x2

D

1
yx

D

1

5.4

x

3

2

4.3

yx 54

−=  
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                 ( )x2y5
60

x
x

60

2

12

yx 4
5

4

−=−= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( )x2y5
60

x
xyxfxyfz

4

21 −+−+−= . Ans. 

*************************************************** 

**************************************** 

******************************** 

 

Home Assignments 

Q.No.1.: Solve the following partial differential equation:  

               yx2

3

3

2

3

2

3

3

3

e
y

z
2

yx

z
5

yx

z
4

x

z +=
∂

∂
−

∂∂

∂
+

∂∂

∂
−

∂

∂
. 

Ans.: ( ) ( ) ( ) yx2
321 ex2yfxyxfxyfz +−+++++= . 

Q.No.2.: Solve the following partial differential equation:  

              ( )y2x3sin2
yx

z
4

yx

z
4

x

z
2

3

2

3

3

3

+=
∂∂

∂
+

∂∂

∂
−

∂

∂
. 

Ans.:  

Q.No.3.: Solve the following partial differential equation:  

                y3x
y

z
3

yx

z
4

x

z
2

22

2

2

+=
∂

∂
+

∂∂

∂
−

∂

∂
. 

Ans.: ( ) ( ) ( ) ( ) 2/32/3
21 x8c3

24

1
x2c3

6

1
x3yfxyfz −−−++++=  

Q.No.4.: Solve the following partial differential equation:  

               ( ) ( ) x22 e1yz'D2'DDD −=−− . 

Ans.: ( ) ( ) x
21 yex2yfxyfz +++−=  

Q.No.5.: Solve the following partial differential equation:  
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                ( ) ysinxycos2z'D'DD2D 22 −=++ . 

Ans.: ( ) ( ) ysinxxyxfxyfz 21 +−+−=  

Q.No.6.: Solve the following partial differential equation:  

              0
y

z
6

yx

z
7

x

z

3

3

2

3

3

3

=
∂

∂
+

∂∂

∂
−

∂

∂
. 

Ans.: ( ) ( ) ( )x3yfx2yfxyfz 321 −++++= . 

Q.No.7.: Solve the following partial differential equation:  

               0t16s40r25 =+− . 

Ans.: ( ) ( )x4y5xfy4x5fz 21 +++= . 

Q.No.8.: Solve the following partial differential equation:  

              yx

2

22

2

2

e
y

z
12

yx

z
7

x

z −=
∂

∂
+

∂∂

∂
−

∂

∂
. 

Ans.: ( ) ( ) yx
21 e

20

1
x4yfx3yfz −++++= . 

Q.No.9.: Solve the following partial differential equation:  

              ( ) y3x222 ezDDD2D +=′+′+ . 

Ans.: ( ) ( ) y3x2
21 e

25

1
xyxfxyfz ++−+−= . 

Q.No.10.: Solve the following partial differential equation:  

                 ( )yx3cos
y

z
6

yx

z

x

z

2

22

2

2

+=
∂

∂
−

∂∂

∂
+

∂

∂
. 

Ans.: ( ) ( ) ( )yx3cos
6

1
x2yfx3yfz 21 +−++−= . 

Q.No.11.: Solve the following partial differential equation:  

                ( ) ( )y2x3sin6zDD4DD4D 223 +=′+′− . 

Ans.: ( ) ( ) ( ) ( )y2x3cos2x2yxfx2yfyfz 321 ++++++= . 

Q.No.12.: Solve the following partial differential equation:  

                 ( )y2xsine
y

z
2

yx

z
3

x

z y3x2

2

22

2

2

−+=
∂

∂
+

∂∂

∂
−

∂

∂ + . 
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Ans.: ( ) ( ) ( )y2xsin
15

1
e

4

1
x2yfxyfz y3x2

21 −−++++= +
. 

Q.No.13.: Solve the following partial differential equation:  

                 xy12
y

z
2

yx

z
3

x

z

2

22

2

2

=
∂

∂
+

∂∂

∂
+

∂

∂
. 

Ans.: ( ) ( ) 43
21 x

2

3
yx2x2yfxyfz −+−+−= . 

Q.No.14.: Solve the following partial differential equation:  

                 ( ) y2x6zD9DD6D 22 +=′+′− . 

Ans.: ( ) ( ) ( )yx3xx3yxfx3yfz 2
21 +++++= . 

Q.No.15.: Solve the following partial differential equation:  

                 ( ) xy36x12zD9DD6D 222 +=′+′− . 

Ans.: ( ) ( ) yx6x10x3yxfx3yfz 34
21 +++++= . 

Q.No.16.: Solve the following partial differential equation:  

                 ( ) yx22 ezDDD2D +=′+′− . 

Ans.: ( ) ( ) yx2
21 ex

2

1
xyxfxyfz +++++= . 

Q.No.17.: Solve the following partial differential equation:  

                  ( ) ( )yxsinxy2ts2r −+−=++ . 

Ans.: ( ) ( ) ( )yxsinx
2

1
xyxxyxfxyfz 232

21 −+−+−+−=  

Q.No.18.: Solve the following partial differential equation:  

                 ( )yx2cost6sr +=−+ . 

Ans.: ( ) ( ) ( )yx2sinx
5

1
x2yfx3yfz 21 ++++−= . 

Q.No.19.: Solve the following partial differential equation:  

                 ( )yx2sin4
yx

z
4

yx

z
4

x

z

2

3

2

3

3

3

+=
∂∂

∂
+

∂∂

∂
−

∂

∂
. 

Ans.: ( ) ( ) ( ) ( )yx2cosxx2yxfx2yfyfz 2
321 +−++++= . 
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Q.No.20.: Solve the following partial differential equation:  

                 )y2xlog(16ts4r4 +=+− . 

Ans.: ( ) ( ) ( )y2xlogx2xy2xfxy2fz 2
21 +++++= . 

 

*************************************************** 

**************************************** 

******************************** 

 



 

 

 

 

 

 

 

 

 

 

 

 

Non-homogeneous linear partial differential equations:  

Definition: Consider a partial differential equation of the form  

( ).y,xFzn
y

z
m

x

z
m..............

y

z
b..........

yx

z
b

yx

z
b

x

z
b

y

z
a..........

yx

z
a

yx

z
a

x

z
a

0n0

1n

1n

1n23n

1n

22n

1n

11n

1n

0

n

n

n22n

n

21n

n

1n

n

0

=+








∂

∂
+

∂

∂
+

+














∂

∂
++

∂∂

∂
+

∂∂

∂
+

∂

∂

+














∂

∂
++

∂∂

∂
+

∂∂

∂
+

∂

∂

−

−

−−

−

−

−

−

−

−−

 

i.e. ( ) ( )y,xFzD,Df =′  

Here n210 a....,,.........a,a,a , 1n210 b....,,.........b,b,b − , 010 n,m,m  are all constants. In 

this equation the dependent variable z and its derivatives are linear, since each term in the 

LHS contains z or its derivatives. Since RHS is not zero, so this equation is called a non-

homogeneous linear partial differential equation of the nth order with constant co-

efficients. 

Some authors call an equation non-homogeneous if LHS of the equation is not of the 

same order. Then definition is like this: 

In the equation ( ) )y,x(FzD,Df =′ ,                                                                                   (i) 
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linear partial differential equations  
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if the polynomial ( )D,Df ′  in D,D ′  is not homogeneous, then (i) is called a non-

homogeneous linear partial differential equation. 

Complete solution:  

As in the case of homogeneous linear partial differential equations,  

its complete solution is = C.F. + P.I. 

To find the particular integral (P.I.): 

The method to find P.I. is exactly the same as those for homogeneous linear partial 

differential equations. 

To find complementary function (C.F.):  

We resolve  ( )D,D ′φ  into linear factors of the form aDmD −′− . 

To find the solution of ( ) 0zaDmD =−′− .                                                                     (ii) 

This can also be written as azmqp =− . 

Lagrange’s auxiliary equations are 
az

dz

m

dy

1

dx
=

−
= . 

From the first two members 0mdxdy =+ .        bmxy =+∴ . 

From the first and last members adx
z

dz
= .        axcezclogaxzlog =⇒+=∴ . 

∴The complete solution of (ii) is ( )mxyfez ax += . 

Hence, the C.F. of (i), i. e. the complete solution of  

( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−   is  

( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Also, in the case of repeated factor, for example ( ) 0zaDmD 3 =−′−  

We have ( ) ( ) ( )mxyfexmxyfxemxyfez 3
ax2

2
ax

1
ax +++++= . 

 

Now let us solve some non-homogeneous linear partial differential equation: 

 

Q.No.1.: Solve the following non-homogeneous linear partial differential equation: 

               ( ) ( )y2xsinzD2D2DDD2D 22 +=′−−′+′+ . 

Sol.: The given equation is ( ) ( )y2xsinzD2D2DDD2D 22 +=′−−′+′+ . 
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This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here z)2DD)(0DD(z)D,D(f −′+−′+=′ . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xyfexyf 2
x2

1 −+−= . 

Step 2. To find the particular integral 

P.I. ( )y2xsin
D2D2'DDD2D

1

22
+

′−−+′+
=

( ) ( )
( )y2xsin

D2D24221

1
+

′−−−+−+−
=  

      
( )

( )y2xsin
9DD2

1
+

+′+
−=

( )

( )
( )y2xsin

81DDD2D4

9DD2

22
+

−′+′+

−′+
−=  

      
( )

( )[ ]
( )y2xsin

8142214

9DD2
+

−−−+−

−′+
−=  

      ( ) ( ){ } ( )[ ]y2xsin9y2xcos2y2xcos2
117

1
+−+++=  

      ( ) ( )[ ]y2xsin3y2xcos2
39

1
+−+= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )[ ]y2xsin3y2xcos2
39

1
xyfexyfz 2

x2
1 +−++−+−= .Ans. 

Q.No.2.: Solve the following non-homogeneous linear partial differential equation:   

               ( ) xyezD3D3DD y2x22 +=−′+′− + . 

Sol.: The given equation is ( ) xyezD3D3DD y2x22 +=−′+′− + . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( ) ( )zD3D3DDzD,Df 22 −′+′−=′ z)3DD)(DD( −′+′−=  

                        ( )[ ]z3DD0DD −′+−′−= . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  
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           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xyfexyf 2
x3

1 −++= . 

Step 2. To find the particular integral 

(i)  P.I. corresponding to y2xe +  

        
( )( )

y2xe
3DDDD

1 +

−′+′−
=

( )( )
y2xe

213DD

1 +

−−′+
=

( )
y2xe

3DD

1 +

−′+
−=  

        
( )

y2x e
3D1

1
e

−′+
−= y2x e

2D

1
e

−′
−= 1.

22D

1
e.e y2x

−+′
−=  

        1.
D

1
e y2x

′
−= + dy1.e y2x

∫
+−= yxye +−= . 

(ii) P.I. corresponding to xy 

           
( )( )

xy.
3DDDD

1

−′+′−
= xy

3

D

3

D
1

D

D
1

D3

1
11 −−








 ′
−−







 ′
−−=  

           xy.........
9

DD2

3

D

3

D
1........

D

D
1

D3

1








+

′
+

′
++








+

′
+−=  

           xy.........
9

DD2

3

D

D

D

3

D

3

D
1

D3

1







 ′
+

′
+

′
+

′
++−=  

            







+++++−=

9

2

3

x
x

D

1

3

x

3

y
xy

D3

1














++++−=

6

x

9

x2

3

x

3

xy

2

yx

3

1 322

. 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( )













++++−−−++= +

6

x

9

x2

2

x

3

xy

2

yx

3

1
yexyfexyfz

322
y2x

2
x3

1 . 

Q.No.3.: Solve the following non-homogeneous linear partial differential equation:  

              ( ) ( )yx3sine6z2D3D x23 +=−′− . 

Sol.: The given equation is ( ) ( )yx3sine6z2D3D x23 +=−′− . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( ) ( ) z2D3DzD,Df 3−′−=′ . 
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Note: Since the solution of ( ) 0zaDmD 3 =−′−  

           is ( ) ( ) ( )mxyfexmxyfxemxyfez 3
ax2

2
ax

1
ax +++++= . 

Thus, C. F. ( ) ( ) ( )x3yfexx3yfxex3yfe 3
x22

2
x2

1
x2 +++++= . 

Step 2. To find the particular integral 

P.I. 
( )

( )yx3sine6
2D3D

1 x2

3
+

−′−
=

( )
( )yx3sin

2D32D

1
e6

3

x2 +
−′−+

=  

       
( )

( )yx3sin
D3D

1
e6

3

x2 +
′−

= ( )yx3sin.
6

x
.e6

3
x2 += ( )yx3sinex x23 += . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )yx3sinexx3yfexx3yfxex3yfez x23
3

x22
2

x2
1

x2 +++++++= . 

Q.No.4.: Solve the following non-homogeneous linear partial differential equation:  

               ( ) yx23 ez4DDD3D +=+′+′− . 

Sol.: The given equation is ( ) yx23 ez4DDD3D +=+′+′− . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( )4DDD3D3 +′+′−  cannot be resolved into linear factors in D and D′ . 

Let kyhxAez += . 

( ) ( ) kyhx33 e4khk3hAz4DDD3D +++−=+′+′−∴ . 

Here ( ) 0z4DDD3D3 =+′+′− , iff  04khk3h3 =++− . 

Thus, C.F. kyhxAe +∑= ,   where 04khk3h3 =++− . 

Step 2. To find the particular integral 

P.I. yx2

3
e

4DDD3D

1 +

+′+′−
=

( )( )
yx2

3

yx2

e
7

1

411232

e +
+

=
++−

= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 
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∴ yx2kyhx e
7

1
Aez ++ +=∑ ,  where 04khk3h3 =++− . 

Equation reducible to Partial Differential Equations with constant co-efficients: 

 An equation in which the co-efficient of derivative of any order say k is a 

multiple of the variable of the degree k, then it can be reduced to linear partial 

differential equation with constant co-efficients in the following way. 

Let  Xex = , Yey =   so that xlogX = ,  ylogY = . 

Then 
X

z
.

x

1

x

X
.

X

z

x

z

∂

∂
=

∂

∂

∂

∂
=

∂

∂

dX

dz

dx

dz
x =⇒           









∂

∂
==

∂

∂
∴

X
D

x
x . 

Now  ( )
1k

1k
1k

k

k
k

1k

1k
1k

x

z
x1k

x

z
x

x

z
x

x
x

−

−
−

−

−
−

∂

∂
−+

∂

∂
=















∂

∂

∂

∂
 

1k

1k
1k

k

k
k

x

z
x1k

x
x

x

z
x

−

−
−

∂

∂








+−

∂

∂
=

∂

∂
⇒  

Putting k = 2, 3, ……….., we get 

( ) ( )Dz1D
x

z
x1D

x

z
x

2

2
2 −=

∂

∂
−=

∂

∂
 

( ) ( )( )Dz1D2D
x

z
x2D

x

z
x

2

2
2

3

3
3 −−=

∂

∂
−=

∂

∂
etc. 

Similarly,  zD
dy

dz
y ′= ,   ( ) zD1D

y

z
y

2

2
2 ′−′=

∂

∂
,   ( )( ) zD1D2D

y

z
y

3

3
3 ′−′−′=

∂

∂
etc. 

and  ........zDD
yx

z
xy

2

′=
∂∂

∂
 

Substituting in the given equation it reduces to ( ) VzDD =′−ψ , which is a linear partial 

differential equation with constant co-efficients. 

Q.No.5.: Solve the following partial differential equations:  

              43

2

2
2

2

2

2
2 yx

y

z
y6

y

z
y4

yx

z
xy4

x

z
x =

∂

∂
+

∂

∂
+

∂∂

∂
−

∂

∂
. 

Sol.: The given equation is 43

2

2
2

2

2

2
2 yx

y

z
y6

y

z
y4

yx

z
xy4

x

z
x =

∂

∂
+

∂

∂
+

∂∂

∂
−

∂

∂
. 
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This equation is not a linear partial differential equation with constant co-efficients, but it 

can be reduced to linear partial differential equation with constant co-efficients in the 

following way. 

Substituting Xex = , Yey = and denoting 
X

D
∂

∂
= , 

Y
D

∂

∂
=′ .  

Given equation reduces to ( ) ( )[ ] Y4X3ezD6D1D4DD41DD +=′+′−′+′−−  

                                      ( )( ) Y4X3ez1D2DD2D +=−′−′−⇒ . 

Now this is a non-homogeneous linear partial differential equation with constant co-

efficients. 

Step 1. To find the complementary function  

Here ( ) ( )( )z1D2DD2DzD,Df −′−′−=′ . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )X2YfeX2Yf 2
X

1 +++=  

                 ( ) ( )xlog2ylogfexlog2ylogf 2
xlog

1 +++=  

                 ( )[ ] ( )[ ]2
2

2
1 yxlogxfyxlogf +=  

                 ( ) ( )2
2

2
1 yxxgyxg += . 

Step 2. To find the particular integral 

P.I. 
( )( )

Y4X3e
1D2DD2D

1 +

−′−′−
=

( )[ ] ( )[ ]
43

Y4X3

yx
30

1

1423423

e
=

−−−
=

+

. 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) 432
2

2
1 yx

30

1
yxxgyxgz ++= . 

Q.No.6.: Solve the following partial differential equations:  

               ( ) ( )y2xcosz1DDDD2 +=−′+′− . 

Sol.: The given equation is ( ) ( )y2xcosz1DDDD2 +=−′+′− . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 
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Step 1. To find the complementary function  

Here ( ) ( )z1DDDDzD,Df 2 −′+′−=′ ( )( ) ( )z1DDz1D1D −′−−+=  

                        ( ) ( )D 1 D D 1 z′= − − + ( ) ( )D 0D 1 D D 1 z′ ′= − − − − −   . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xyfex0yfe 2
x

1
x +++= − ( ) ( )xyfeyfe 2

x
1

x ++⇒ − . 

Step 2. To find the particular integral 

P.I. ( )y2xcos
1DDDD

1

2
+

−′+′−
=  

      
( )

( )y2xcos
1D2.11

1

2
+

−′+−−−
=        [putting 22 1D −=   and  2.1DD −=′ ] 

      ( ) ( )ydy2xcosy2xcos
D

1

constant  x

+=+
′

= ∫ ( )y2xsin
2

1
+= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( )y2xsin
2

1
xyfeyfez 2

x
1

x ++++= − . Ans. 

Q.No.7.: Solve the following partial differential equations: x
2

2

2

ez
y

z

yx

z

x

z −=−
∂

∂
+

∂∂

∂
+

∂

∂
. 

Sol.: The given equation is x
2

2

2

ez
y

z

yx

z

x

z −=−
∂

∂
+

∂∂

∂
+

∂

∂
. 

This equation in symbolic form can be written as ( ) x2 ez1DDDD −=−′+′+ . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( ) ( )z1DDDDzD,Df 2 −′+′+=′ ( )( )z1DD1D −′++= .     

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xyfeyfe 2
x

1
x −+= − . 
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Step 2. To find the particular integral 

P.I. x

2
e

1DDDD

1 −

−′+′+
=

( )( )
xe

1DD1D

1 −

−′++
=  

       
( )

xx e
1D

1

2

1
e

101

1

1D

1 −−

+
−=

−+−+
= xx xe

2

1
e

1

1
x

2

1 −− −=−= .  

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( )xyfeyfez 2
x

1
x −+= − xxe

2

1 −− . Ans. 

Q.No.8.: Solve the following partial differential equations:  

               ( )( ) yx2ez2DD1DD −=−′−−′− . 

Sol.: The given equation is ( )( ) yx2ez2DD1DD −=−′−−′− . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( ) ( )( )z2DD1DDzD,Df −′−−′−=′ . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xyfexyfe 2
x2

1
x +++= . 

Step 2. To find the particular integral 

P.I. 
( )( )

yx2e
2DD1DD

1 −

−′−−′−
=

( )
yx2yx2 e

2

1
e

)212(112

1 −− =
−+−+

= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) yx2
2

x2
1

x e
2

1
xyfexyfez −++++= . Ans. 

Q.No.9.: Solve the following partial differential equations:  

              ( )( ) y6x34z3D2D1DD ++=−′+−′+ . 

Sol.: The given equation is ( )( ) y6x34z3D2D1DD ++=−′+−′+ . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  
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Here ( ) ( )( )z3D2D1DDzD,Df −′+−′+=′ . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )x2yfexyfe 2
x3

1
x −+−= . 

Step 2. To find the particular integral 

P.I. 
( )( )

( )y6x34
3D2D1DD

1
++

−′+−′+
=  

        ( ) ( )y6x34D
3

2

3

D
1DD1

3

1
1

1 ++







′−−′−−=

−
−

 

       [ ] ( )y6x34.......D
3

2

3

D
1.....DD1

3

1
++





+′+++′++=  

       [ ]y6x34.....DDD
3

2

3

D
1

3

1
++





+′++′++=  

       





++++++= 636.

3

2
3.

3

1
y6x34

3

1 [ ] 6y2x18y6x3
3

1
++=++= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) 6y2xx2yfexyfez 2
x3

1
x +++−+−= . Ans. 

Q.No.10.: Solve the following partial differential equations:  

                22
2

2

2

yx
x

z

yx

z

x

z
+=

∂

∂
+

∂∂

∂
−

∂

∂
. 

Sol.: The given equation is 22
2

2

2

yx
x

z

yx

z

x

z
+=

∂

∂
+

∂∂

∂
−

∂

∂
. 

This equation in symbolic form can be written as ( ) 222 yxzDDDD +=+′− . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( ) ( ) ( ) ( )( )z1DD0D0Dz1DDDzDDDDzD,Df 2 +′−−′−=+′−=+′−=′ . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  
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           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xyfeyf 2
x

1 ++= − . 

Step 2. To find the particular integral 

P.I. 
( )

( )22 yx
1DDD

1
+

+′−
= ( ) ( )221

yxDD1
D

1
+′−+= −

 

       ( ) ( )[ ]( )222
yx........DDDD1

D

1
+−′−+′−−=  

       [ ]( )2222 yx..........DD2DDDD1
D

1
+−′−′++′+−=  

       ( )22y2x2yx
D

1 22 +++−+= x2x2xy2
2

x
2xy

3

x 2
2

3

+++−+=  

       x4xy2xyxx
3

1 223 +++−= . 

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) x4xy2xyxx
3

1
xyfeyfz 223

2
x

1 +++−+++= − . Ans. 

Q.No.11.: Solve the following partial differential equations:  

                 ( ) ( )y2x3cos3zD3DDD2 2 −=′−′+′ . 

Sol.: The given equation is ( ) ( )y2x3cos3zD3DDD2 2 −=′−′+′ . 

This is a non-homogeneous linear partial differential equation with constant co-efficients. 

Step 1. To find the complementary function  

Here ( ) [ ] ( )[ ]z3DD20Dz3DD2DzD,Df −′+−′=−′+′=′ . 

Note: Since the solution of ( )( ) ( ) 0zaDmD.............aDmDaDmD nn2211 =−′−−′−−′−  

           is ( ) ( ) ( )xmyfe............xmyfexmyfez nn
xa

22
xa

11
xa n21 ++++++= . 

Thus, C.F. ( ) ( )xy2fexf 2
x3

1 −+= . 

Step 2. To find the particular integral 

P.I. ( )y2x3cos3
D3DDD2

1

2
−

′−′+′
=

( )
( )y2x3cos

D3462

3
−

′−−
=  
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      ( )y2x3cos
D38

3
−

′−
=

( ) ( )y2x3cos
D964

D383

2
−

′−

′+
=  

      ( ) ( )y2x3cosD38
100

3
−′+= ( ) ( )[ ]y2x3sin3y2x3cos4

50

3
−+−=  

Step 3. To find the complete solution 

Now, since the complete solution is z = C.F. + P.I. 

∴ ( ) ( ) ( ) ( )[ ]y2x3sin3y2x3cos4
50

3
xy2fexfz 2

x3
1 −+−+−+= . Ans. 

 

*************************************************** 

**************************************** 

******************************** 

Home Assignments 

Q.No.1.: Solve the following partial differential equation: 

               ( ) 0z1D2DDD =+′+′ . 

Ans.: ( ) ( ) ( )x2yfexfyfz 3
x

21 −+−+= − . 

Q.No.2.: Solve the following partial differential equation: 

               0q2p2ts2r =++++  

Ans.: ( ) ( )xyfxexyfez 2
x

1
x −+−= −− . 

Q.No.3.: Solve the following partial differential equation: 

               ( ) y2xez3D2DD +=−′− . 

Ans.: ( ) ( ) y2x
2

x3
1 e

6

1
x2yfeyfz +−++= . 

Q.No.4.: Solve the following partial differential equation: 

               ( )( ) xez2DD1DD y2x +=−′−−′− + . 

Ans.: ( ) ( ) ( )3x2
4

1
e

2

1
xyfexyfez yx2

2
x2

1
x ++++++= − . 

Q.No.5.: Solve the following partial differential equation: 

               ( )( ) y6x34z3D2D1DD ++=−′+−′+ . 
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Ans.: ( ) ( ) 6y2xx2yfexyfez 2
x3

1
x +++−+−= . 

Q.No.6.: Solve the following partial differential equation:  

               ( ) ( ) y2 ey2xcosz1DDDD ++=−′+′+ . 

Ans.: ( ) ( ) ( ) y
2

x
1

x xey2xsin
2

1
xyfeyfez −++++= −

. 

Q.No.7.: Solve the following partial differential equation: 

               ( ) 22 xy2zDD −=′− . 

Ans.: 
12

x
yAez

4
2yhhx 2

−−= +∑ . 

Q.No.8.: Solve the following partial differential equation: 

               0tyxys2rx 22 =++ . 

Ans.: 







+







=

x

y
xf

x

y
fz 21 . 

Q.No.9.: Solve the following partial differential equation: 

               y2xqy2pxty2xys3rx 22 +=+++− . 

Ans.: ( ) ( ) yxyxfxyfz 2
21 +++= . 

 

 

*************************************************** 

**************************************** 

******************************** 



 

 

 

 

 

 

 

 

 

 

 

 

PARTIAL DIFFERENTIAL EQUATION OF THE FIRST ORDER: 

 A differential equation involving first order partial derivatives p and q only is 

called a partial differential equation of the first order.  

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION: 

 A partial differential equation, which is not linear, is known as non-linear P.D.E. 

e.g. ( )y,xf
y

u
u

x

u 2

2

2

2

=








∂

∂
+















∂

∂
 is non-linear in u and of second order. 

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE FIRST 

ORDER: 

A partial differential equation, which involves first order partial derivatives p 

and q of degree (power) higher than one and/or product of terms p and q, is called a 

non-linear partial differential equation.   

NON-LINEAR PARTIAL DIFFERENTIAL EQUATION OF THE SECOND 

ORDER: 

 Equation, which at least included one of the partial derivatives r, s, t but none of 

higher order is called a non-linear partial differential equation of second order.  

The most general second order non-linear partial differential equation in two independent 

variables, and z as the dependent variable has the form  

8th Topic 

Partial Differential Equations  

Non-linear partial differential equation of second order 

(Monge’s Method) 
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Department of Mathematics & Scientific Computing 

NIT Hamirpur (HP) 



Partial Differential Equations: Non-linear partial differential equation of second order 

(Monge’s Method)                            For Video Lecture, Visit: https://youtu.be/O7VcOBiC6T8 

2

( ) 0t,s,r,q,p,z,y,xF = , 

whose solution can be obtained by Monge’s method in special cases. 

Here we study a method due to Monge’s to solve a non-linear partial differential equation 

of the form  

VTtSsRr =++ ,  

where R, S, T and V are functions of p and q as well as x, y, z.  

This equation is non-linear (also referred to as “quasilinear” or “uniform non-linear”. 

 

Monge’s Method of integrating VTtSsRr =++ : 

The given equation is VTtSsRr =++ .                                                                           (i) 

Since, we know that  

qdypdxdy
y

z
dx

x

z
dz +=

∂

∂
+

∂

∂
=  

sdyrdxdy
y

p
dx

x

p
dp +=

∂

∂
+

∂

∂
=

dx

sdydp
r

−
=⇒ . 

tdysdxdy
y

q
dx

x

q
dq +=

∂

∂
+

∂

∂
=

dy

sdxdq
t

−
=⇒ . 

Substituting the values of r and t in (i) and rearranging the terms, we get 

V
dy

sdxdq
TSs

dx

sdydp
R =







 −
++







 −
 

( ) ( ) ( )[ ] 0dxTSdydxdyRsVdxdyTdqdxRdpdy 22 =+−−−+ .                                        (ii) 

Thus, we obtain 

( ) ( ) 0dxTSdydxdyR 22 =+− .                                                                                        (iii) 

0VdxdyTdqdxRdpdy =−+ ,                                                                                         (iv) 

These two simultaneous equations (iii) and (iv) are known as Monge’s (subsidiary) 

equations. Subsidiary equations mean auxiliary/additional/contributory/secondary 

equations. By solving the Monge’s auxiliary equations (iii) and (iv), one or two 

intermediate integrals ( )11 vfu =  and/or ( )22 vfu =  of (i) are obtained.  

Solving these integrals, we will get the values of p and q.  

Substituting p and q in qdypdxdz += ,  
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which on integration yields the required general solution of (i) involving two arbitrary 

functions. 

 In general, the quadratic (iii) can be resolved into two (or one repeated) equations. 

Case I: Suppose (iii) can be resolved as 

( ) ( ) ( )( ) 0dxBdyAdxBdyAdxTSdydxdyR 2211
22 =++=+−  

where 1221 BABA ≠ .  

Then we have two systems 

0dxBdyA 11 =+  and 0VdxdyTdqdxRdpdy =−+                                                         (v) 

0dxBdyA 22 =+  and 0VdxdyTdqdxRdpdy =−+ .                                                    (vi) 

Integrating (v), we get two integrals au1 =   and  bv1 = . 

Thus, we get an intermediate integral of (i) as ( )111 vfu = .                                            (vii) 

Similarly, from (vi), we get another intermediate integral of (i) as ( )222 vfu = .         (viii) 

Solving (vii) and (viii), determine p and q as functions of x and y and z.  

Substituting p and q in qdypdxdz += , 

which on integration yields the required general solution of (i) involving two arbitrary 

functions. 

Note:  

1. Some cases, the second intermediate integral can be obtained from the first one by 

inspection. 

2. When inspection fails, rearrange the first intermediate integral in the form 

*RQqPp =+  and solve by Lagrange’s method. 

Case II: Suppose (iii) is a perfect square, i.e. 

( ) ( ) ( ) 0BdxAdydxTSdydxdyR 222 =+=+− , 

then we have only one system 

0BdxAdy =+  and 0VdxdyTdqdxRdpdy =−+                                                           (ix) 

Solving (ix), we get only one intermediate integral ( )vfu =  of the form *RQqPp =+ , 

which is integrated using Lagrange’s method (or Charpit’s method). 
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Now let us solve some non-linear partial differential equation of second order by 

Monge’s method: 

 

Q.No.1.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: ( )( ) ( )( )qpyxytysxsxryx −+=+−−− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Thus ( )( ) ( )( )qpyxytysxsxryx −+=+−−− ( ) ( )
( )

( )qp
yx

yx
ytsyxxr −

−

+
=++−⇒ . 

Here ( ) ( )qp
yx

yx
V and  yT  ,yxS  ,xR −

−

+
==+−== . 

Thus, Monge’s auxiliary equations become 

( ) 0ydxdydxyxxdy 22 =+++ ,                                                                                         (i) 

( ) 0dydxqp
yx

yx
ydqdxxdpdy =−

−

+
−+ .                                                                           (ii) 

Here equation (i) can be factorized as 

( ) 0ydxdydxyxxdy 22 =+++ ( )( ) 0dydxydxxdy =++⇒     

( ) 0ydxxdy =+⇒  and/or ( ) 0dydx =+ . 

Integrating, we get cxy =  and/or cyx =+ . 

Taking cxy =  and dividing each term of (ii) by xdy or its equivalent ydx− , we get 

( ) 0qp
yx

dydx
dqdp =−

−

−
−−

( ) ( )
0

yx

yxd

qp

qpd
=

−

−
−

−

−
⇒ . 

Integrating, we obtain   

( ) ( ) clogyxlogqplog =−−−
( )
( )

c
yx

qp
=

−

−
⇒ . 

Hence, a first integral of the given equation is ( ) ( )xyyxqp φ−=− , 

which is a Langrange’s linear equation.  
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Its auxiliary equations are 
( ) ( )xyyx

dz

1

dy

1

dx

φ−
=

−
= . 

From the first two equations, we have ayx =+ . 

Using this, we have ( )( )dxx2a.xaxdz 2 −−φ−= . 

Integrating, we get ( ) bxaxz 2
1 +−φ= . 

Writing ( )ab 2φ=   and  yxa += . 

Thus, the general solution involving two arbitrary functions is 

( ) ( )yxxyz 21 +φ+φ= , 

where 1φ , 2φ  are two arbitrary functions. 

Remarks: We can also started with the integral cyx =+  and divided each term of (ii) 

by dx or dy− , we would have arrived at the same solution. 

Q.No.2.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: y6ptys2ry2 +=+− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                         

Here y6pV and  1T  ,y2S  ,yR 2 +==−== .                                                       

Thus, Monge’s auxiliary equations become 

0dxydydx2ydy 22 =++  ,                                                                                                (i) 

( ) 0dydxy6pdqdxdpdyy2 =+−+ .                                                                                  (ii) 

Here equation (i) is a perfect square and can be written as 

( ) cx2y0dxydy 22 =+⇒=+ .                                                                                      (iii) 

Putting dxydy −= in (ii), we get 

( ) 0dyy6pdqydp =++− ( ) 0ydy6dqpdyydp =+−+⇒ .  

Integrating, we get ay3qpy 2 =+− . 



Partial Differential Equations: Non-linear partial differential equation of second order 

(Monge’s Method)                            For Video Lecture, Visit: https://youtu.be/O7VcOBiC6T8 

6

Combining this with (iii), we get the intermediate integral ( )x2yy3qpy 22 +φ=+− , 

which is a Langrange’s linear equation.  

The subsidiary equations are ( ) 22 y3x2y

dz

1

dy

y

dx

−+φ
=

−
= . 

From the first two equations, we get   cx2y2 =+ . 

Using this, we have ( )[ ] 0dyy3cdz 2 =−φ+ . 

Integrating, we get ( ) bycyz 3 =−φ+ . 

Writing ( )cb ψ=   and  x2yc 2 += . 

Thus, the general solution involving two arbitrary functions is 

( )( ) ( )x2yx2yyyz 223 +ψ++φ−= , 

where φ , ψ  are two arbitrary functions. 

Q.No.3.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: 0qypxtxsxy2ry 22 =++++ . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here 2yR = ,  xy2S = , 2xT = , ( )qypxV +−= . 

Thus, Monge’s auxiliary equations become 

0dxxxydxdy2dyy 2222 =+− .                                                                                         (i) 

( ) 0dxdyqypxdqdxxdpdyy 22 =++++ ,                                                                        (ii) 

Here equation (i) is a perfect square and can be written as 

( ) 0xdxydy0xdxydy
2 =−⇒=− .                                                                                (iii) 

Integrating, we get 1
22 cyx =− .                                                                                    (iv) 

From (ii) and (iii), we get  ( ) ( ) 1cxqyp0qdxxdqpdyydp =+⇒=+++                       (v) 

One intermediate integral is  
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( )22 yxfxqyp −=+ )c(fxqyp 1=+⇒ , 

which is a Langrange’s linear equation.  

The subsidiary equations are 
)c(f

dz

x

dy

y

dx

1

== . 

From the first two members, we get 1
22 cyx0ydyxdx =−⇒=−  

From the last two members, we get dz
yc

)c(f
dz

)c(f

dz

x

dy

2
1

1

1 +
=⇒= . 

Integrating, we get  

2
1

1 c
c

y
sinh)c(fz +









= − 1

1 2

y
z f (c )sinh c

c

−  
⇒ − = 

 
 

Thus, the general solution involving two arbitrary functions is ( )2 1c g c=   

( ) ( )2 2 1 2 2

2 2

y
z f x y sinh g x y

x y

−
  

⇒ = − + − 
−  

, 

where f, g are two arbitrary functions. 

Q.No.4.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: tar 2= . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

The given equation is 0tar 2 =− . 

Here   R = 1, 2aT −= , S = 0, V = 0. 

Thus, Monge’s auxiliary equations become 

0dxady 222 =− ,                                                 (i) 

0dqdxadpdy 2 =− .                                           (ii) 

Here equation (i) can be factorized as 

( )( ) 0adxdyadxdy =+−  
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0adxdy =−                                                                                                                     (iii) 

0adxdy =+                                                                                                                     (iv) 

From (ii) and (iii), we have        ( ) 0dqdxaadxdp 2 =− 0adqdp =−⇒                           (v) 

From (iii) and (v), we get          1caxy =−        and  2caqp =−  .            

                                               ( )axyfaqp −=−∴ .                                                         (vi) 

Similarly from (iv) and (ii), we get  ( )axygaqp +=− .                                                (vii) 

Solving (vi) and (vii) for p and q, we get 

           ( ) ( ){ }axygaxyf
2

1
p ++−= , 

and     ( ) ( ){ }axyfaxyg
a2

1
q −−+= . 

Substituting the values of p and q in qdypdxdz += , we get 

( ) ( ){ } ( ) ( ){ }dyaxyfaxyg
a2

1
dxaxygaxyf

2

1
dz −−++++−=  

     ( )( ) ( )( ){ }adxdyaxyfadxdyaxyg
2

1
−−−++= . 

Integrating, we get ( ) ( ){ }axyFaxyG
a2

1
z −−+= ( ) ( )axyFaxyGz 11 −++=⇒ .  

Thus, the general solution involving two arbitrary functions is 

( ) ( )axyFaxyGz 11 −++= , 

where G1 and F1 are two arbitrary functions. 

Q.No.5.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: ( ) ptsqq 2 =+  or 3qptqs =− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here 0R = , qS −= , pT = , 3qV = . 

Thus, Monge’s auxiliary equations become 
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0dxdyqpdqdx 3 =− ,       

0pdxqdxdy 2 =+ . 

0dyqpdq 3 =−⇒ ,                                               (i) 

and 0pdxqdy =+ .                                             (ii) 

But 1cz0qdypdxdz =⇒=+= . 

Combining (i) and (ii), we get 

( ) 0pdxqpdq 2 =−− 0dxqdq 2 =+⇒ 22
cx

q

1
0dx

q

dq
=+−⇒=+⇒  

( )zfx
dz

dy
−=−⇒ ,    where )z(fc2 = . 

Integrating, we get ( ) 3cdzzfxzy +−= ∫ )z(h)z(gxzy ++=⇒ .  

Thus, the general solution involving two arbitrary functions is 

)z(h)z(gxzy ++= , 

where g, h are two arbitrary functions. 

Q.No.6.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: 0xtanpxcostr 2 =+− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here R = 1, S = 0, xcost 2−= ,  xtanpV −=  

Thus, Monge’s auxiliary equations become 

0xdxcosdy 222 =− .                                                              (i) 

0xdxdytanpxdqdxcosdpdy 2 =+− ,                                       (ii) 

Here equation (i) can be factorized as 

( )( ) 0xdxcosdyxdxcosdy =+−  

which yields  0xdxcosdy =−                                                                                         (iii) 
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                 or 0xdxcosdy =+ .                                                                                        (iv) 

From (iii), we have   1cxsiny =− . 

Again from (iii) and (ii), we have 

( ) 0xdxcosxdxtanpxdqdxcosxdxcosdp 2 =+−   0xdxtanpxdqcosdp =+−⇒  

0xdxsecxtanpdqxdpsec =+−⇒ ( ) 0dqxsecpd =−⇒ 2cqxsecp =−⇒                                                                                                 

( )xsinyfqxsecp −=−∴ .                                                                                               (v) 

Similarly from (iv) and (ii), we have  

( )xsinygqxsecp ==+ .                                                                                                (vi) 

Solving (v) and (vi), we get 

( ) ( )[ ]xsinygxsinyfxcos
2

1
p ++−= , 

( ) ( )[ ]xsinyfxsinyg
2

1
q −−+= . 

Substituting the values of p and q in qdypdxdz += , we get 

( ) ( )[ ] ( ) ( )[ ]dyxsinyfxsinyg
2

1
dxxsinygxsinyfxcos

2

1
dz −−++++−=  

       ( )( ) ( )( )[ ]xdxcosdyxsinyfxdxcosdyxsinyg
2

1
−−−++= . 

Integrating, we get  ( ) ( )[ ]xsinyFxsinyG
2

1
z −++= .  

Thus, the general solution involving two arbitrary functions is 

( ) ( )[ ]xsinyFxsinyG
2

1
z −++= , 

where G, F are two arbitrary functions. 

Q.No.8.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: ( ) xyabtsbar =+++ . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 
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0VdxdyTdqdxRdpdy =−+ .                                                                               

Here R = 1, S = a + b, T = ab, V = xy.  

Thus, Monge’s auxiliary equations become 

( ) ( ) ( ) 0dxabdxdybady 22 =++− ,                                                (i) 

0xydxdyabdqdxdpdy =−+ .                                    (ii) 

Here equation (i) can be factorized as 

( )( ) 0bdxdyadxdy =−−  

which yields  0adxdy =− ,                                    (iii) 

               and 0bdxdy =− .                                    (iv) 

Integrating (iii) and (iv), we get 

1caxy =− ,                                       (v) 

2cbxy =− .                                      (vi) 

Substitute  adxdy = from (iii) in (ii), then 

( ) 0)adx(xydxabdqdxadxdp =−+  

0xydxbdqdp =−+⇒ . 

Integrating, we get 

( )axyconstant  
2

x
ybqp 1

2

−ψ==−+ .                                 (vii) 

Similarly using bdxdy =  from (iv) in (ii), we get 

( ) ( ) 0bdxxydxabdqdxbdxdp =−+ 0xydxadqdp =−=⇒  

Integrating, we get 

( )bxyconstant  
2

x
yaqp 2

2

−ψ==−+                                 (viii) 

Now solve (vii) and (viii) for p and q.  

Multiply (vii) by ‘a’ and (viii) by ‘b’ and subtract them 

( ) ( ) 12

2

ab
2

yx
abpab ψ−ψ=−−−  

2

yx

ab

ab
p

2
12 +

−

ψ−ψ
=⇒ .                                    (ix) 
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Similarly, subtracting (viii) from (vii), we get 

ba
q 12

−

ψ−ψ
= .                                       (x) 

Since we know that  qdypdxdz += . 

Substituting p and q from (ix) and (x), we have 

dy
ba

dx
2

yx

ab

ab
dz 12

2
12 









−

ψ−ψ
+














+

−

ψ−ψ
=  

( ) ( ) ( ) ( ) dx
2

yx
babdxdyadxdydzba

2

21 −+−ψ+−ψ−=−⇒  

Integrating, we get  ( ) ( )
6

yx
bxyaxyz

3

21 +−φ+−φ= . 

Thus, the general solution involving two arbitrary functions is 

( ) ( )
6

yx
bxyaxyz

3

21 +−φ+−φ= , 

where 1φ , 2φ  are two arbitrary functions. 

Q.No.9.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: qspttppqs2rq 22 −=+− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Rewriting the equation in the standard form 

( ) 0t)1p(ps1p2qrq2 =−+−−  

Here 2qR = , pq2qS −= , ppT 2 −= , V = 0. 

Thus, Monge’s auxiliary equations become 

( ) ( ) ( )( ) 0dxppdxdyqpq2dyq 2222 =−+−+  

( ) 0dqdx1ppdpdyq2 =−+  
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Here equation (i) can be factorized as 

( ) ( ) ( )( ) 0dxppdxdyqpq2dyq 2222 =−+−+  

( ) ( ) ( ) 0dx)1p(ppqdxdydxdy1pqdyq 222 =−++−+⇒  

[ ] ( )[ ] 0dx1pqdyqdypdx =−++⇒  

which yields  0dzqdypdx ==+ 1cz =⇒  

               and ( ) dxpdxqdydx1pqdy −+=−+ 0dxdz =−= 2cxz =−⇒ . 

The second Monge’s equation is  

( ) 0dqdx1ppdpdyq2 =−+ . 

Since 0qdypdx =+ , substitute pdxqdy −= . 

Then, ( ) ( ) 0dqdx1pppdxqdp =−+− 0dqpdqqdp =−+−⇒  

Rewriting , 0
q

dq

q

pdqqdp

22
=+

−
0

q

1
d

q

p
d =








−+








⇒  

Integrating, we get ( )zconstant 
q

1

q

p
1ψ==− ( ) 1qzp 1 =ψ−⇒ , 

which is a Langrange’s equation, with auxiliary equations 
1

dzdy

1

dx

1

=
ψ−

= . 

From first and third, 2cconstantzx ===  

From second and third, ( ) 0dydzz1 =+ψ . 

Integrating, we get  

( ) ( )zxconstantyz 32 −ψ==+ψ . 

Thus, the general solution involving two arbitrary functions is  

( ) ( )zxzy −φ+ψ= , 

where ψ , φ  are two arbitrary functions. 

Q.No.10.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: 0qtxs2rx2 =++− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 
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( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here 2xR = , x2S −= , 1T = , qV −= . 

Thus, Monge’s auxiliary equations become 

( ) ( ) 0dxxdxdy2dyx 222 =++  

0qdxdydqdxdpdyx2 =++  

Here equation (i) is a perfect square and can be written as 

( ) ( ) 0dxxdxdy2dyx 222 =++ ( ) 0dxxdy 2 =+⇒ . 

Then 0dxxdy =+ 0
x

dx
dy =+⇒  

Integrating, we get 1c xlogy =+ . 

Now the second Monge’s equation is 0qdxdydqdxdpdyx2 =++  

Substituting dxxdy −=  

( ) 0
x

dx
qdxdqdxdqxdp =









−
++− 0

x

dx
qdqxdp =−+−⇒  

i.e., 0
x

dx
q

x

dq
dp

2
=−+−  0

x

q
ddp =








+−⇒  

Integrating, we get ( ) xInyc
x

q
p 1 ++= 1c

x

q
p =−⇒ ,  

which is Lagrange’s equation with auxiliary equations 
1c

dz

x

1

dy

1

dx
=

−

=   

From one and two, c xlogy0dydx
x

1
=+⇒=+ . 

From one and three, 211 cxczdxcdz +=⇒= . 

Thus, the general solution involving two arbitrary functions is  

( )  xlogy xlogyxz 21 +ψ++ψ= , 

where 1ψ , 2ψ  are two arbitrary functions. 

Q.No.11.: Solve the following non-linear partial differential equation of second order by  
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                 Monge’s method: ( )( ) xx pqepsqr1e =−− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Rewriting in the standard form 

( ) ( ) xxx pqese1pr.q1e =−+−  

Here ( )1eqR x −= ,   ( )xe1pS −= ,  T = 0, xpqeV = . 

Thus, Monge’s auxiliary equations become 

( )( ) ( ) 0dxdye1pdy1eq x2x =−−− ,                          (i) 

( ) 0dxdypqedydp1eq xx =−− .                          (ii) 

Here equation (i) can be factorized as 

( )( ) ( ) 0dxdye1pdy1eq x2x =−−−  

( ) [ ] 0pdxqdydy1ex =+−  

so ( ) 0dy1ex =− , 0dzqdypdx ==+  

Integrating, we get 1cy = ,   2cz = . 

Now the Monge’s second equation is  

( ) 0dxdypqedydp1eq xx =−−  

Substituting pdxqdy −= , we get 

( )( ) 0dxdypqedp.pdx1e xx =−−− ( ) 0dyqedp.1e xx =+−⇒  

i.e. ( ) 0dxpedp1e xx =−−  

( )
( )1e

1ed

1e

dxe

p

dp

x

x

x

x

−

−
=

−
=  

Integrating ( )1ecp x
1 −= ( )( )1ezp

x

z x
1 −ψ==

∂

∂
⇒  
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Integrating 
( )

( )dx1e
z

dz x

1

−=
ψ

 

( ) ( )yxez 3
x

2 ψ+−=ψ  

( ) ( ) x
23 ezyx +ψ−ψ=∴ . Ans. 

Thus, the general solution involving two arbitrary functions is 

( ) ( ) x
23 ezyx +ψ−ψ= , 

where 3ψ , 2ψ  are two arbitrary functions. 

Q.No.12.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: ( ) ( ) ( ) 0tp2spqq2p22rq1 22 =−++−−−− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here ( )2q1R −= . ( )pqq2p22S +−−−= ,  ( )2p2T −= , V = 0. 

Thus, Monge’s auxiliary equations become 

( ) ( ) ( ) ( ) ( ) 0dxp2dxdypqq2p22dyq1 2222 =−++−−+− ,                               (i) 

( ) ( ) 0dxdqp2dydpq1 22 =−+− .                         (ii) 

Here equation (i) is a perfect square and can be written as 

( ) ( ) ( ) ( ) ( ) 0dxp2dxdypqq2p22dyq1 2222 =−++−−+−  

( ) ( )[ ] 0dxp2dyq1 2 =−+− ( ) ( ) 0dxp2dyq1 =−+−⇒  

( ) 0qdypdxdx2dypdxdx2qdydy =+−+=−+−  

i.e. 0dzdx2dy =−+  

Since qdypdxdz += . 

Integrating, we get 1czx2y =−+ . 

Substituting ( ) ( )dxp2dyq1 −−=− in the Monge’s second equation. 
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( ) ( ) 0dxdqp2dydpq1 22 =−+−  

reduces to ( ) ( )[ ] ( ) 0dxdqp2dxp2dpq1 2 =−+−−−  

( ) ( ) 0dqp2dpq1 =−+−⇒  

i.e. 
1q

dq

2p

dp

−
=

−
 

Integrating, we get ( ) ( )1qc2p 2 −=−  

( ) ( )( )2pzx2y2pc1q 3 −−+ψ=−=−  

Then 1c2qpc 33 −=−  

Which is Lagrange’s equation with subsidiary equations 

1c2

dz

1

dy

c

dx

33 −
=

−
=  

From first and second 

0dycdx 3 =+  

which on integration gives 

( ) ( )zxyzx2y.yx ++φ=−+ψ+ . 

Thus, the general solution involving two arbitrary functions is 

( ) ( )zxyzx2y.yx ++φ=−+ψ+ , 

where ψ , φ  are two arbitrary functions. 

Q.No.13.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: 3t10s3r −=−− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here R = 1, 3S −= , 10T −= , 3V −= .  

Thus, Monge’s auxiliary equations become 

( ) ( ) 0dx10dxdy3dy 22 =−+ ,                           (i) 
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0dxdydxdq10dydp =+− .                          (ii) 

Equation (i) can be factorized as 

( )( ) 0dx2dydx5dy =−+ . 

Thus 0dxdy =+                           (iii) 

and 0dx2dy =−                           (iv) 

which on integration gives 

1cx5y =+                             (v) 

2cx2y =−                            (vi) 

Substituting dx5dy −= from (iii) in (ii), we get 

( ) ( ) 0dx5dx3dxdq10dpdx5 =−+−−  

0dx3dq2dp =++⇒  

Integrating, we get 

3cx3q2p =++                          (vii) 

Substituting dx2dy = from (iv) in (ii), we get 

( ) ( ) 0dx2dx3dxdq10dpdx2 =+−  

0dx3dq5dp =+−⇒  

Integrating, we get 

4cx3q5p =+−                           (viii) 

Thus ( )x5yfx3q2p −=++                          (ix) 

and ( )x2ygx3q5p −=+−                           (x) 

Solving (ix) and (x), we get 

x21g2f5p7 −+=  

gfq7 −=  

Substituting p and q in 

qdypdxdz +=  

( ) ( )dygfdxx21g2f5dz7 −+−+=  

( ) ( ) ( ) xdx21x2ydxg2dyyx5fdydx5dz7 −−−−++=  
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Integrating, we get  ( ) ( )
2

x3
x2yyx5z

2

21 −−φ++φ= .  

Thus, the general solution involving two arbitrary functions is 

( ) ( )
2

x3
x2yyx5z

2

21 −−φ++φ= , 

where 1φ , 2φ  are two arbitrary functions. 

Q.No.14.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: ( ) 0qypx2ty2xys5rx2 22 =+++− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here ( )qypxV and  y2T  ,xy5S  ,x2R 22 +−==−== .                                                       

Thus, Monge’s auxiliary equations become 

0dxy2dy dx xy5dyx2 2222 =++ .                                     (i) 

( ) 0dy dxqypx2dx dqy2dy dpx2 22 =+++ ,                         (ii) 

Here equation (i) can be factorized as 

( )( ) 0dx y2xdyydxdy x2 =++  

0ydxxdy2 =+∴                           (iii) 

and  0ydx2xdy =+                           (iv) 

from (iv), we have 

0
x

dx
2

y

dy
=+ Alogxlog2ylog =+⇒ ,          Ayx 2 = . 

Also from (iv) and (ii), we have 

0qdypdx2ydqxdp2 =−+− ( ) ( ) 0qdyydqpdx2xdp2 =+−+⇒  

Bqypx2 =−⇒ . 

( )2
1 yxfqypx2 =−∴                            (v) 
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is one intermediate integral.  

Similarly from (iii) and (ii) another intermediate integral is  

( )2
2 xyfqy2px =−                           (vi) 

Solving (v) and (vi), we get 

( ) ( )[ ]2
2

2
1 xyfyxf2

x3

1
p −=  

and  ( ) ( )[ ]2
2

2
1 xyf2yxf

y3

1
q −= . 

Substituting these values in qdypdxdz += , we have 

( ) ( )[ ] ( ) ( )[ ]dyxyf2yxf
y3

1
dxxyfyxf2

x3

1
dz 2

2
2

1
2

2
2

1 −+−=  

     ( ) ( ) 







+−








+=

y

dy2

x

dx
xyf

3

1

y

dy

x

dx2
yxf

3

1 2
2

2
1 . 

( ) ( )[ ] ( ) ( )[ ]22
2

22
1 xylogdxyf

3

1
yxlogdyxf

3

1
−= , 

( ) ( ) ( ) ( )22
2

22
1 xylogdxyf

3

1
yxlogdyxf

3

1
z ∫∫ −=∴ . 

( ) ( )2
2

2
1 xyyxz φ+φ=⇒ .  

Thus, the general solution involving two arbitrary functions is 

( ) ( )2
2

2
1 xyyxz φ+φ= , 

where 1φ , 2φ  are two arbitrary functions. 

Q.No.15.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: ( ) ( )( ) qxpy2syxrtxy 22 −=−−+− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

The given equation can be written as ( ) ( ) qxpyyx2xytsyxxyr 2222 +−−=−−−  



Partial Differential Equations: Non-linear partial differential equation of second order 

(Monge’s Method)                            For Video Lecture, Visit: https://youtu.be/O7VcOBiC6T8 

21 

Here ( ) ( ) qxpyyx2V and  xyT  ,yxS  ,xyR 2222 +−−=−=−−== .                                                       

 Thus, Monge’s auxiliary equations become 

( ) 0xydxdxdyyxxydy 2222 =−−+ ,                                     (i) 

( ){ } 0dxdyqxpyyx2xydqdxxydpdy 22 =−+−−− .                       (ii) 

Here equation (i) is a perfect square and can be written as 

0ydyxdx =+                                                  (iii) 

and 0ydxxdy =−                           (iv) 

From (i), we have Ayx 22 =+ . 

From (ii) and (iii), we have 

0qdypdxydx2xdy2ydqxdp =++−−+  

( ) ( ) ( ) 0ydxxdy2qdyydqpdxxdp =+−+++⇒  

Bxy2qypx =−+∴ . 

∴One intermediate integral is  

( )22
1 yxfxy2qypx +=−+ .                          (v) 

Similarly from (ii) and (iv) the second intermediate integral is  









+−=+−

x

y
fyxqxpy 2

22                          (vi) 

Solving (v) and (vi), we have 

( )
( )

















−+

+
+=

x

y
yfyxxf

yx

1
yp 2

22
122

 

and  
( )

( )
















++

+
+=

x

y
xfyxyf

yx

1
xq 2

22
122

. 

Substituting these values in qdypdxdz += , we have 

( )
( ) dx

x

y
yfyxxf

yx

1
ydz 2

22
122 




























−+

+
+=           

                             
( )

( ) dy
x

y
xfyxyf

yx

1
x 2

22
122 




























++

+
++  
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( ) ( )
22222

22
1

yx

ydxxdy
.

x

y
f

yx

ydyxdx
.yxfxdyydx

+

−








+

+

+
+++=  

( ) ( ) ( ){ }
























+++++= −

x

y
tand

x

y
fyxlogd.yxf

2

1
xdyydx 1

2
2222

1 . 

( ) ( ){ }
















++++=∴ −
∫∫ x

y
tand.

x

y
fyxlogdyxf

2

1
xyz 1

2
2222

1  

( ) 







φ++φ+=⇒

x

y
yxxyz 2

22
1 . 

Thus, the general solution involving two arbitrary functions is 

( ) 







φ++φ+=⇒

x

y
yxxyz 2

22
1 , 

where 1φ , 2φ  are two arbitrary functions. 

Q.No.16.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: 0ytanq2ysecrt 4 =−− . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here ytanq2V and  1T  ,0S  ,ysecR 4 ===−= .                                                       

Thus, Monge’s auxiliary equations become 

0ydysecdx 242 =− .                            (i) 

0ydxdytanq2ydpdysecdqdx 4 =−− ,             (ii) 

Here equation (i) can be factorized as 

0ysecdydx 2 =− ,                                     (iii) 

0ysecdydx 2 =+ .                          (iv) 

From (ii) and (iii), we have 

0ydytanq2ysecdpdq 2 =−−  
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( ) 0ydycosysinq2dq.ycosdp 2 =−−⇒  

Integrating Aycosqp 2 =− . 

Also integrating (iii), we have Bytanx =− . 

( )ytanxfycosqp 1
2 −=−∴                (v) 

is an intermediate integral. 

Similarly from (ii) and (iv) another intermediate integral is  

( )ytanxfycosqp 2
2 +=+               (vi) 

Solving (v) and (vi), we have 

( ) ( )[ ]ytanxfytanxf
2

1
p 11 ++−=  

and ( ) ( )[ ]ytanxfytanxfysec
2

1
q 12

2 −−+= . 

Substituting these values in qdypdxdz += , we have 

( ) ( )[ ] ( ) ( )[ ]dyytanxfytanxfysec
2

1
dxytanxfytanxf

2

1
dz 12

2
21 −−++++−=  

      ( ) ( ) )ydysecdx(ytanxf
2

1
)ydysecdx(ytanxf

2

1 2
2

2
1 +++−−=  

( ) ( )ytanxytanxz 21 +φ+−φ=∴ . 

Thus, the general solution involving two arbitrary functions is 

( ) ( )ytanxytanxz 21 +φ+−φ= , 

where 1φ , 2φ  are two arbitrary functions. 

Q.No.17.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: ( ) ( ) ( ) 0tp1spqqp12rq1
22 =+++++−+ . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here ( ) ( ) ( ) 0V and  p1T  ,pqqp12S  ,q1R 22 =+=+++−=+= .                                                       
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Thus, Monge’s auxiliary equations become 

( ) ( )( ) ( ) 0dxp1dxdyq1p12dyq1 2222 =++++++ .                                   (i) 

( ) ( ) 0dqdxp1dpdyq1
22 =+++ ,                         (ii) 

Here equation (i) is a perfect square and can be written as 

( ) ( )[ ] 0dxp1dyq1
2 =+++  

( ) ( ) 0dxp1dyq1 =+++⇒                          (iii) 

0qdypdxdydx =+++⇒ 0dzdydx =++⇒    [ ]qdypdxdz +=∵  

Integrating, we get  Azyx =++                         (iv) 

Again from (ii) and (iii), we have 

( ) ( ) 0dqp1dpq1 =+−+ 0
q1

dq

p1

dp
=

+
−

+
⇒ . 

Integrating, we get   

( ) ( ) Blogq1logp1log =+−+ ( ) ( )q1Bp1 +=+⇒             (v) 

From (iv) and (v) the intermediate integral is  

( ) ( ) ( )zyxfq1p1 +++=+ ( ) ( ) 1zyxfzyxqfp −++=++−⇒ . 

∴ The Langrange’s subsidiary equations are 

( ) ( ) 0

dzdydx

1zyxf

dz

zyxf

dy

1

dx ++
=

−++
=

++−
=  

Azyx0dzdydx =++⇒=++∴ . 

Taking the first two members, we have 

( )dxAfdy −=              B)A(xfy +−=∴ . 

( ) )zyx(Fzyxxfy ++=+++∴ . 

Thus, the general solution involving two arbitrary functions is 

( ) )zyx(Fzyxxfy ++=+++ , 

where f, F are two arbitrary functions. 

Q.No.18.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: 0tppqs2rq 22 =+− .  

or 
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                Obtain the integral of 0tppqs2rq 22 =+−  in the form )z(F)z(xfy =+   and  

                 show that this represents a surface generated by straight lines that are parallel  

                 to fixed plane.   

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here 0V and  pT  ,pq2S  ,qR 22 ==−== .                                                       

Thus, Monge’s auxiliary equations become 

0dxpdy dx pq2dyq 2222 =++ ,                                     (i) 

0dx dqpdy dpq 22 =+ .                                     (ii) 

Here equation (i) is a perfect square and can be written as 

( ) 0pdxqdy
2 =+  0qdypdx =+⇒                         (iii) 

0qdypdxdz =+=∴  

Az =⇒ .                                      (iv) 

From (ii) and (iii), we have 

0pdqqdp =−
q

dq

p

dp
=⇒ Blogqlogplog +=⇒  

qBp =∴                                        (v) 

Hence the intermediate integral is 

( ) 0zqfp =− . 

∴Langrange’s subsidiary equations are 

( ) 0

dz

zf

dy

1

dx
=

−
= . 

The last member gives, dz = 0  cz =∴ . 

Again from first two members, we have 

0dx)z(fdy =+ 0dx)c(fdy =+⇒  

( ) ccxfy ′=+∴      ( ) )z(Fzxfy =+⇒ ,                                  (vi) 
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which is the required integral. 

The integrals of the given differential equation is the surface (vi) which is the locus of 

straight lines given by the intersection of planes 

)c(F)c(xfy =+    and   z = c. 

These lines are all parallel to the planes z = 0 as they lie on the plane z = c for verifying 

values of c. 

Q.No.19.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: ( ) ( )( ) ( ) 0tcpascpacqb2rcqb
22 =++++−+ . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here ( ) ( )( ) ( ) 0V and cpa T  ,cpacqb2S  ,cqbR 22 =+=++−=+= .                                                       

Thus, Monge’s auxiliary equations become 

( ) ( ) 0dqdxcpadpdycqb
22 =+++ ,                          (i) 

( ) ( )( ) ( ) 0dxcpadxdycpacqb2dycqb 2222 =++++++ .                                 (ii) 

Here equation (i) is a perfect square and can be written as 

( ) ( )[ ] 0dxcpadycqb
2 =+++                                                (iii) 

( ) 0qdypdxcadxbdy =+++⇒  

0cdzbdyadx =++⇒  

Aczbyax =++∴ . 

From (i) and (iii), we have 

( ) ( ) 0dqcpadpcqb =+−+  

0
cqb

dq

cpa

dp
=

+
−

+
⇒ . 

Integrating, we get ( ) ( )BcqbcpaB
cqb

cpa
+=+⇒=

+

+
. 

∴ The intermediate integral is 
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( ) ( )czbyaxfcqbcpa +++=+  

( ) ( )czbyaxbfaqczbyaxcfcp +++−=++−⇒ . 

Lagrange’s subsidiary equations are 

( ) ( )czbyaxbfa

dz

czdyaxcf

dy

c

dx

+++−
=

++−
=  

Using a, b, c as multipliers, 

Each fraction 
0

cdzbdyadx ++
= Aczbyax =++⇒ . 

Again taking the first two members, we have 

( )Af

dy
dx

−
= ( ) 0dxAfdy =+⇒  

Integrating, we get  ( ) AxAfy ′=+ . 

( ) ( )czbyaxFczbyaxxfy ++=+++⇒ , which is the required solution. 

Q.No.20.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method:  ( ) ( ) ( ) 0tp1pspq2qprq1q =++++−+ . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here ( ) ( ) ( ) 0V  ,tp1pT  ,pq2qpS  ,q1qR =+=++−=+= . 

Thus, Monge’s auxiliary equations become 

( ) ( ) ( ) 0dxp1pdxdyqp2qpdyq1q 22 =++++++ .                        (i) 

( ) ( ) 0dqdxp1pdpdyq1q =+++ ,                          (ii) 

Here equation (i) can be factorized as 

( ) ( ) ( ){ } 0dyq1dxp1qdypdx =++−+  

which yields  

0qdypdx =+                                                                        (iii) 

( ) ( ) 0dyq1dxp1 =++−                          (iv) 
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From (iii), we have 0qdypdxdz =+=   Az =⇒ .  

Also from (ii) and (iii), we have 

( ) ( ) 0dqp1pdpq1p =+−+ 0
q1

dq

p1

dp
=

+
−

+
⇒ . 

Integrating, we get  ( ) ( ) Blogq1logp1log =+−+  

( ) ( ) ( )zfq1p1 1+=+⇒ ,               (v) 

which is one intermediate integral. 

Now from (iv), we have 

0pdqqdp =−
q

dq

p

dp
=⇒  

Integrating, we get  Blogqlogplog ′+=  

( )zyxqfp 2 ++=∴ .               (vi) 

Solving (v) and (vi), we have 

( )

12

21

ff

f1f
p

−

−
=   and    

12

1

ff

1f
q

−

−
= . 

Substituting these values in qdypdxdz += , we have 

( )
dy

ff

1f
dx

ff

f1f
dz

12

1

12

21

−

−
+

−

−
=  

( ) ( ) ( )dy1fdxf1fdzff 12112 −+−=−⇒  

( ) ( ) ( )( ) ( )( )dzdx1fdzdydx1fdxf1fdzff 112112 +−−++−+−=−⇒  

( ) ( )( ) ( )( )dzdydx1fdx1f1fdz1f 1211 ++−+−−=−⇒  

1f

dzdydx
dz

1f

dz

21 −

++
+=

−
⇒  

( ) ( ) 1zyxf

dzdydx
dx

1zf

dz

21 −++

++
+=

−
⇒  

Integrating, we get  ( ) ( )zyxxz 21 ++φ+=φ . 

Thus, the general solution involving two arbitrary functions is 

( ) ( )zyxxz 21 ++φ+=φ , 

where 1φ , 2φ  are two arbitrary functions. 

Q.No.21.: Solve the following non-linear partial differential equation of second order by  
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                 Monge’s method: tr =  (wave equation). 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Here 0V  ,0T  ,1S  ,1R ==−== . 

Put  
dx

sdydp
r

−
= , 

dy

sdxdq
t

−
= , 

Thus tr =  reduces to  
dy

sdxdq

dx

sdydp −
=

− 22 sdxdqdxsdydpdy −=−⇒   

( ) 0dxdysdqdxdpdy 22 =−−−⇒ . 

Thus, Monge’s auxiliary equations become 

dpdy – dqdx = 0,                                                              (ii) 

0dxdy 22 +−  .                                                (iii) 

Here equation (iii) can be factorized as 

0dxdy =+  and 0dxdy =−              (iv) 

1axy =+⇒  and 1bxy =−                                 (A) 

Using (ii) and (iii), we can find one intermediate integral.  

Diving (ii) by dxdy −= , we have 

( )1afqp0dqdp =+⇒=+ .               (v) 

Again, using (ii) and (iv), we can find another intermediate integral.  

Dividing (ii) by  dy = dx, we have 

( )1bfqp0dqdp =−⇒=−               (vi) 

From (v) and (vi),     ( )[ ])b(faf
2

1
p 11 +=  

                                  ( )[ ])b(faf
2

1
q 11 −=  

Now   qdypdxdz += ( )[ ] ( )[ ]dy)b(faf
2

1
dx)b(faf

2

1
1111 −++=  
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                ( )( ) ( )( )dydxaf
2

1
dydxaf

2

1
11 −++= . 

Integrating, we have    

( )( ) ( )( )yxaf
2

1
yxaf

2

1
z 11 −++= ( )( ) ( )( )yxyxf

2

1
yxyxf

2

1
−−−++=     [using (A)] 

( ) ( )yxGyxFz −++= , is the required complete solution. 

or ( ) ( )xyxyz 21 +φ+−φ= , is the required complete solution. 

Q.No.22.: Solve the following non-linear partial differential equation of second order by  

                 Monge’s method: 0tyxys2rx 22 =++ . 

Sol.: Rewriting the given non-linear partial differential equation of second order in the 

standard form VTtSsRr =++  and find the values of R, S, T and V, then substitute 

these values in Monge’s auxiliary equations 

( ) ( ) 0dxTSdydxdyR 22 =+− , 

0VdxdyTdqdxRdpdy =−+ .                                                                               

Given equation is 0tyxys2rx 22 =++ .                (i) 

Here 0V  ,yT  ,xy2S  ,xR 22 ==== . 

Putting 
dx

sdydp
r

−
= , 

dy

sdxdq
t

−
= . 

In the given equation (i) , we get 0
dy

sdxdq
yyxs2

dx

sdydp
x 22 =







 −
++







 −
                

0)dxyxydydx2dyx(sdqdxydpdyx 222222 =−+−+−⇒    

Thus, Monge’s auxiliary equations become 

0dqdxydpdyx 22 =+                                                             (ii) 

And 0dxyxydydx2dyx 2222 =+−              (iii) 

Now (iii) can be written as ( ) 0ydxxdy
2 =− 0ydxxdy =−⇒                                       (iv) 

0
x

ydxxdy
2

=
−

⇒ 0
x

y
d =








⇒ 1c

x

y
=⇒ xcy 1=⇒ . 

Using (ii) and (iv), [On dividing(ii) by xdy = ydx], we get 
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( ) ( ) 0qdypdxyqxpd0ydqxdp =+−+⇒=+ ( ) 0dzyqxpd =−+⇒ . 

Integrating, we get 

( )12 cczyqxp φ==−+ , say, which is Lagrange’s equation. 

Here ( )1czR   y,Q    ,xP φ+=== . 

Consider Lagrange’s auxiliary equation 
( )1cz

dz

y

dy

x

dx

φ+
== . 

From 2
nd

 and 3
rd

 member, 
( )1cz

dz

y

dy

φ+
= . 

Integrating, we get 

( )( ) alogczlogylog 1 −φ+= ( )( ) ( ) yaczczlogyalog 11 =φ+⇒φ+=⇒  

( ) ( )11 cyfcz =φ+⇒ ,  say,  y = f(c1) 









=








φ+⇒

x

y
yf

x

y
z , is the required complete solution.                    [y = c1x]. 

or 







φ+








φ=

x

y
y

x

y
z 21 . 

 

*************************************************** 

**************************************** 

******************************** 

 

Home Assignments 

Q.No.1.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: ( ) ( )t1ps1q +=+ . 

Ans.: ( ) ( )zyxxz 21 ++φ+φ= . 

Q.No.2.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: 222 pqtppqs2rq =+− . 

Ans.: ( ) ( )zezy 2
x

1 φ+φ= . 

Q.No.3.: Solve the following non-linear partial differential equation of second order by  
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               Monge’s method: 0qtxs2x2 =++− . 

Ans.: ( ) ( )xlogyxxlogyz 21 +φ++φ= . 

Q.No.4.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: ( ) 32 x2ptxxs2rx +=++ . 

Ans.: ( ) ( )
4

x
y2x

2

x
y2xz

4
2

2

2
2

1 +−φ+−φ= . 

Q.No.5.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: ( ) ( )( ) ( ) 0tp1sp1q21rq1q 2 =++++−+  

Ans.: ( ) ( )zxzyxx 21 +φ+++φ=  

Q.No.6.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: 3ppsqr =− . 

Ans.: ( ) ( )yzyzx 21 φ+φ−= . 

Q.No.7.: Solve the following non-linear partial differential equation of second order by  

               Monge’s method: y2xqy2pxty2sxy3rx 22 +=+++− . 

Ans.: ( ) ( )yxxyyxz 2
21 φ+φ++= . 

*************************************************** 

**************************************** 

******************************** 

 

 

 

 


