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Introduction:

Jean Baptiste Joseph Fourier (21 March 1768 — 16 May
1830) was a French mathematician and physicist, best known
for initiating the investigation of Fourier series and their
application to problems of heat transfer. The Fourier transform
and Fourier's Law are also named in his honour. Fourier is also

generally credited with the discovery of the greenhouse effect.

Fourier series introduced in 1807 by Fourier (after works by Euler and Danial Bernoulli)
was one of the most important developments in applied mathematics. Fourier series is
an infinite series representation of periodic function in terms of the trigonometric sine

and cosine functions.
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In mathematics, a Fourier series decomposes a periodic function or

periodic signal into a sum of simple oscillating functions, namely sines and

cosines (or complex exponentials). The study of Fourier series is a branch of

Fourier analysis. Fourier series were introduced by Joseph Fourier for the
purpose of solving the heat equation in a metal plate.

Heat Equation:

The heat equation is an important partial differential equation which
describes the distribution of heat (or variation in temperature) in a given region
over time. For a function u(x,y,z ) of three spatial variables (x,y,2z) and the time
variable t, the heat equation is

ou O*u  FPu  Pul
E‘Q(axﬁayﬂ +azz) =0

or equivalently

— = aV%u

ot
where a is a constant.

Note: The heat equation predicts that if a hot body is placed in a box of cold water,
the temperature of the body will decrease, and eventually (after infinite
time, and subject to no external heat sources) the temperature in the box

will equalize.
Solution of heat equation prior to Fourier's work:

Prior to Fourier's work, there was no known solution to the heat equation in
a general situation, although particular solutions were known if the heat source
behaved in a simple way, in particular, if the heat source was a sine or cosine
wave. These simple solutions are now sometimes called eigensolutions. Fourier's
idea was to model a complicated heat source as a superposition (or linear
combination) of simple sine and cosine waves, and to write the solution as a
superposition of the corresponding eigensolutions. This superposition or linear
combination is called the Fourier series.
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Fourier series is named in honour of Joseph Fourier (1768-1830), who
made important contributions to the study of trigonometric series, after
preliminary investigations by Leonhard Euler, Jean le Rond d'Alembert, and
Daniel Bernoulli. He applied this technique to find the solution of the heat
equation, publishing his initial results in his 1807 Mémoire sur la propagation de
la chaleur dans les corps solides and 1811, and publishing his Théorie analytique
de la chaleur in 1822.
Original motivation:
Although the original motivation was to solve the heat equation, it later
became obvious that the same techniques could be applied to a wide array of
mathematical and physical problems.

Applications:

The Fourier series has many applications in

e communication engineering,

e electrical engineering,

e vibration analysis,

e acoustics,

e optics,

e signal processing,

e image processing,

e quantum mechanics, and

e econometrics.
Fourier series is also very useful in the study of

¢ heat conduction,

¢ mechanics,

e concentration of chemicals and pollutants (impurities),

e electrostatics, and

¢ in areas unheard of in Fourier’s days such as computing and

e CAT scan (computer assisted tomography-medical technology that uses X-
Rays and computers to produce 3-dimensional images of the human body).

e Fourier series is very powerful method to solve ordinary and partial
differential equations particularly with periodic functions appearing as non-

homogeneous terms.
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Additional validity:

As we know, Taylor’s series expansion is valid only for functions, which
are continuous and differentiable. But Fourier series is possible not only for
continuous functions, but for periodic functions, functions discontinuous in their
values and derivatives.

Further, because of periodic nature, Fourier series constructed for one
period is valid for all values.

Drawbacks in Fourier’s days:

From a modern point of view, Fourier's results are somewhat informal, due
to the lack of a precise notion of function and integral in the early nineteenth
century.

Later, Dirichlet and Riemann expressed Fourier's results with greater
accuracy and formality.

Periodic functions:
A function f(x) which satisfies the relation f (X +T) =f (X) for all x and for some

positive number T, is called a periodic function. The smallest positive number T, for

which this relation holds, is called the period of f(x).

If T is the period, then f(x)=f(x+T)=f(x +2T)=.......... =f(x+nT)=.....
Also f(x)=f(x-T)=f(x -2T)=.......... =f(x —nT)=....
. f(x) = f(x £nT), where n is a positive integer.
Thus, f(x) repeats itself after periods of T.

sty

A graph of the sine function, showing two complete periods.
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Geometrically, a periodic function can be defined as a function whose graph exhibits
translational symmetry. Specifically, a function fis periodic with period P if the graph of
f is invariant under translation in the x-direction by a distance of P. This definition of
periodic can be extended to other geometric shapes and patterns, such as periodic
tessellations of the plane.
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A plot of f(x) = sin(x) and g(x) = cos(x); both functions are periodic with period 21r.

Aperiodic functions:
A function that is not periodic is called aperiodic.
Trigonometric series:

Trigonometric series is a functional series of the form

1 . .
an+alcosx+azcos2x+ .............. +b;sinx +b,sin2x +............

a (=) (=) .
or _0+z a, cosnx+z b, sinnx,

n=1 n=1

where the coefficients aq, a,, b, (n=1,2.3,...... ) are called the coefficients.
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Fourier series:

Most of the single valued functions, which occur in many physical and
engineering problems, can be expressed in the form

1 . .
Ea0+alcosx+a20082x+ .............. +b;sin x + b, sin 2x +

within a desired range of values of the variable.
Then, such a series is known as the Fourier series.

The individual terms in Fourier series are known as harmonics.

Euler’'s Formulae: [Fourier-Euler Formulae]

The Fourier series for the function f (x) in the interval ot < x < o0+ 27 is given by

f(x)=a70+z a, cosnx+z b, sinnx|,
=}

n=l
1 o+27
where ay =— J f(x)dx ,
b1
o
1 o+27
A= I f(x)cosnxdx ,
T
o
1 o+271
b= I f(x)sin nxdx . :
4 o Leonhard Paul Euler

(17-04-1707 to 18-09-1783)
These formulae of a(, a,, b, are known as Euler’s Formulae.

F a :
: Note: For getting more symmetric formulae for the coefficients, we write 20 instead of ag. :
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To establish these formulae, the following definite integrals will be required:

o+27 sin nx o+27
1. j cosnxdx = =0
o g
o+27 COSTIX o+27
2. I sinnxdx = — =0
o o
o+27 o+2
1
3. I cosmxcosnxdx:E I cos(m +n)x + cos(m —n)x ]dx
o o
. a+27
1|sm m+n) +s1n(m—n)x| ~0
2| m+n m-—n |a
o+27 . o+27
2 X sin2nx
4. j cos“nxdx = |—+——— =T
o 4n |,
o+2T
wer 1| cos(m—n)x cos(m+n)x
5. I sin mx cos nxdx = —— + =0
o 2 m-—n m+n
o
o+27 o+27
) COs 2nx
6. I sin nx cos nxdx =|———— =0
o zn o
. o+27
arm ) 1|sin(m-n)x sin(m+n)x
7. I sin mx sin nxdx = — — =0
" 2 m-—n m+n
o
o+27 X sin2nx o+27
8. I sin?nxdx = |- -~ =
4n |,
o

(n;tO)

(n#0)

(m#n)

(n;tO)

(m#n)

(n#0)

(m#n)

(n#0)

Proof: Let f (x)be represented in the interval (Oc, o+ 271:) by Fourier series:

f(x):a70+ z a,cosnx + z b, sinnx .

n=1 n=1

In finding the coefficients a,, a,

@

and b,, we assume that the series on the RHS of (1)

is uniformly convergent for o0 < x <.+ 27 and it can be integrated term by term in the

given interval.
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To determine the coefficient a,:

Integrate both sides of (i) w.r.t. x from x = to x = o+ 271. Then, we get

o+27 1 o+27 o+27

'[ f(x)dsza0 l dx + '0[ (g ancosndex+a:fn (Z bnsinndex

o

= %ao(a +2m— 0c)+ 0+0=agm . [ by integrals (1) and (2) above]

Hence |2, = — I f(x)dx|.

To determine the coefficient a, forn=1,2, 3,.......:

Multiply each side of (i) by cosnx and integrate w.r.t. X from x =0 to x =0 +27.

Then, we get
o+2T o+27 o+27 oo
'[ f (x)cosnxdx = an '[ cosnxdx + '[ (z a, cos nchos nxdx
o o o n=1
o+27 o
+ I (z b, sin nxjcos nxdx
o n=1
=0+ma, +0. [by integrals (1),(3), (4), (5) and (6)]
1 o+27m
Hence|a, = — j f(x)cosnxdx X
T [0

To determine the coefficient b, forn =1, 2, 3,......:

Multiply each side of (i) by sinnx and integrate w.r.t. X from x =0 to x =0 +2%.

Then, we get

o427 o+27 a+27 s
.[ f (x)sin nxdx = S J sin nxdx + j (z a, cos nxjsin nxdx
o o o n=l1

o+27

+ j (i b, sinnxjsinnxdx

n=l

=0+0+mb,,. [by integrals (2),(5), (6), (7) and (8)]

1 o+27
Hence |b, =— J. f(x )sin nxdx |,
T o
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10(
Thus ag = —
T

ajl-

+27 1 o+27m o+27

I f(x)dx , a, = — I f(x)cosnxdx and b, = j f(x)sin nxdx .
T

o o o

These formulae of a,, a,, b, are known as Euler’s (or Fourier-Euler) formulae.
The coefficients a;y, a, and b, are known as Fourier coefficients of f(x).

Remarks:

1.: Putting o = 0, the interval becomes 0 < x < 27, and the formula (1) reduce to
1 21 1 21 1 27
aO:—I f(x)dx, an:—j f(x)cosnx dx, bn:—J. f(x)sinnx dx .
T T T
2.: Putting 00 =—T, the interval becomes —T < X < Tland the formula (1) take the form

17 17 17
a, :_I f(x)dx, a, :_I f(x)cosnxdx, b, :—J. f(x)sinnx dx .
T L [

Q.: What is the significance of the coefficient a ?

Ans.: a, is an additive constant, i.e. changing it results in a shift of the graph in y-
. . a, . . .
direction. Furthermore, ?O is the mean value of the function represented by the series,

taken over the interval [0,27].

Note: Practically all interesting functions with period 2T may be written in this form.

Interpreting x as time, the coefficients a_ , b, may be interpreted as representing the

contributions of frequency n to a given signal.
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Now let us expand the following functions as a Fourier series. In all these

problems, f(x) is assumed to have the period 2.

Q.No.1.: Expand in a Fourier series, the function f(x) = x in the interval 0 < x < 27.

Sol.: Let f(x) = %ao + Z (a, cosnx +b, sinnx) (1)

n=1

be the required Fourier series.

2n 2n 2 |2m 47[2—0
Here aozlj‘ f(x)dlej xdlex— =l( )=2n.
T T T2, ®™ 2
27 1275
a, :—I f(x)cosnxdx:—J- X cos nx dx
Ty Ty Lo
r 27
1 sin nx —COos nx 1 cos2nm 1
=— —(1 =—|| 2n(0)+ -1 0+—
Lo {0 Hoe)
11 1
= — —— =O
n| n’ nz}
1275 1275
b, :—I f(x)sinnxdx:—j X sin nx dx U quX:u.Vl—u'V2+u".V3—u'".v4+....]
T Ty 1o
r 27
1 —Cosnx —sinnx
(=)o)
e n n o
r _(_1)2n _
_1 —2nl+0—(—0+0)}:—2, cos2nm = (~1) 1
T n n sin2nt =0

Hence, from (1), we get

f(x)= %.2n+i (0+(_—2jsin nxj

n=1 n

sin nx

, 1s the required Fourier series.

:f(x):n—Zi

Q.No.2.: Prove that for all values of x between —7 and T,

lx = sinx—lsin 2x+lsin3x—isin4x+ .........

2
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Sol.: Here f(x) :%x , —TM<X<LT.
As f(x) is an odd function.

Hence, the required Fourier series is f(X) = Z b, sinnx. (1)
n=l
15 T
Now b, =— I f(x )sin nxdx = — I —x sin nxdx
T -7 T -7
T T
15 J. xsinnxdx =2 J. x sinnxdx
:—I x sin nx dx r 0

_ ‘ -
1 —cosnx —sinnx
T n n2 0

RGO {0 nez }

cosnm=(-1)", ne Z

(xsinnx is evenfunction)

Hence, from (1), we get

f(x) :g (=) sin nx

n

sin2x  sin3x

= f(x)=sinx— > + 3 , is the required Fourier series.
, - n COSNX
Q.No.3.: Prove that x* = —+4)  (-1)'———, —T<x<T.
3 n=1 n
. 1
Hence, show that (i) Z —=—
n 6
Loy GO
ii =—
(i) Y =y
2

1
(lll) Z m = ? .
or

Develop a Fourier series for the function f(x) =x” in the interval —T< X <T.
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Hence, show that (i) —=—, (ii) =—, (iii) —_ =
2 n? 6 2 n? 12 2 (2n-17 8
Sol.: The Fourier series is given by
f(x)=x2=a—0+z ancosnx+z b, sinnx. @)
n=l n=l

Here lff()d 1]‘ 2 135 120 2m?

ag=— xJdx =— | xdx =—|—| =——-=——

" i m T 3 . T 3 3

17 17 1[ x*sinnx || 2 7
a :—j f(x)cosnxdx:—j x?cosnxdx =—| ———| —-—| xsinnxdx
T m- T n ., nme

M2 o: g T n
1| x“sinnx 2 | ( —x cosnx 1
= —| ——||— +—I cos nxdx
T n TIn n ., N’
_x n

1 x%sinnx  2x 2 . T
= — —+—200snx——381nnx
T n n n .
1720 2= 2 20 21 2 -1 4(-1
Lm0, 20 g 2 0) 0, 2 gy 2| A 4C)
T| n n n n n n n n

T n n
- - -T

1 {—xz cosnx}n 2|:(Xsin nxjn 17 . }}
= —1] 4= - I sin nxdx
T n . N n o D

r T
—x2cosnx 2x . 2
=—| —————+—sinnx +—cosnx
—T7T

15 1% 1 —xcosnxTE 2 T
b, =_J' f(x )sin nxdx =—j x%sinnxdx = — {—} + j X cos nxdx
4
-

1
T n n2 n3

Il
o

1= Cop 20, 2 o (-1 om0 2(—1)“}

T n n2

=b,=0.
Substituting the values of a;’s and b;’s in (i), we get the required Fourier series of

f(x)=x> for —T<X < Tas
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aQy  w - :
x2=04 Z a,cosnx + Z b, sinnx
n=1 n=1

2 [eS] _ n
2_2% +Z 4( 1) cosnx+0

=X =
32 o n2
2 oo _ n
:>X2:7t_+42 ﬂcosnx‘ (ii)
3 t n2
. 1 =
To show (i): Y —=—.
n 6
Putting X =T in equation (i), we obtain
2
=" 4[1 A i, }
3 12 22 3% 42
1 1 1 1 , W 2m?
=4 —2+—2+—2+—2+ .............. = ——=—
1~ 2 3 4 3 3
= ! +i+i+ ! + _n_Z
R p
I .
= Z F = ? ,which is the required result.
(_1)n—1 nz
To show (ii): =—,
(i): Y SR
Putting x = 0 in (i), we get
2 2
0:7t—+4[—i+i—i R } :4[—i+i—i+i— ......... } =

(_l)nfl TCZ
2 5

4
:>Z n 3

(_l)n—l Tc2
5 =~ |, which is the required result.

:z n 12

1 T2

To show (iii): )’ W_ 2
n—

Adding results (i) and (ii), we get



Fourier series: Euler’s formulae 14
Visit: https://www.sites.google.com/site/hub2education/

LI N U BN S .
Tt T e PR 5
11 2 (1 1 n’
=2 —F—F e =— —t—F e, =—
12 32 4 12 32 8
N N % | which is the required resul
- 5 — 5 |, which 1s the required result.
(2n-1? 8

Q.No4.: f(x)=x+x> for —T<X<T and f(x)=n? for x = +x.

Expand f(x) in Fourier series and show that

2 e
X +x2 :n—+z (—l)n{icosnx—gsinnx}.
n=l

3 n2 n
2

Hence, show thatiz—%+ Lz— ...... = n_.
1 2 3 12

Sol.: The Fourier series is given by

f(x):x+x2:a70+z ancosnx+z b, sinnx . (1)
n=1 n=l1

n
1T 1] x2 3 2 .3 .2 .3 2
Here a0=—j (x+x2)dx=— X—+X— :l 7t_+7t__7t_+7t_ zzi.
T n 2 3| =2 3 2 3 3

a

a, = 1 T (x + xz)cosnxdx = l{[(x + Xz)sinnxT - T (1 + 2X)sinnx dx}
.’

T n n
- -

r . T L T
1 (X+X2)s1nnx} _{—(2x+1)cosnx} _J- ZCoinde
T (L n |, n n |, ° n
1 _( 2\sinnx (1+2x)cosnx T 2sinnx |"
= — X + X ) + ) - 3
Tl n n - n -
1 (n+ ? )sin nm N (1+27)cosnm _ 2sinnm
T n n2 03

T

2 3

1 [(—ﬁ"‘ *)sin (—n) . (1-2m)cos(—nm) 2sin (—nn)}
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1
T n2 n2

(1+2m)=1)" (1—275)(—1)“]

_1 (1+2n—21+2n)(_1)n}:l 4_7;(_1)n _iz(_l)n
T n T n n
n L T
b, :lj (x+x2)sinnxdx —l{— (X+X2)cosnx} + j (1+2X)C0Srlx dX}
T * T ndg n
o T
" [(1+2x)sinnx || % 2si
_l{[_(x_i_xz)cosnx} _{( + X)2s1nnx} _I 2smznxdx}
I n - n n X n
1——(x+x2)cosnx (1+2x)sinnx 2cosnx]t
. + a +=
T n n n
1_—(n+n2)cosnﬂt (I+2m)sinnmt 2 }
_ 2 + - +-—cosnn
T n n n
—(-m+7*)cos(-nm) (1—27)sin (-
_l{ ( ) ( )+( n)sin( nn)+%cos(—nn)]
T n n n
[ =) (r+7*) 2, ) [-(-D)'(-=+7’) 2, .,
-1 { s 2y |- +2(-)
T n n n n
=1y (n+7*) 2 o (-m+7) o 2
-1 e 2y T - 2 )
T n n n n
n 1 2m n
=—|(-n—-7m*- 2)(-1)" |==——x==(-1
nn[( m- -~ (1) } T n (=1)
= b, =22
n

Substituting the values of ay, a, and b, in (i), we get the required Fourier series of
f(x): x+x2, in the range —T< X <T, as

1 2n* & 4 > 2
x+x2= 5Xi+ > —(=1)'cosnx + > —=(-1)"sinnx

2
3 n=1 n=1 n
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= X+x° :%+i (-1)" [nizcosnx—gsin nx} .

2 o0 -1)" 2
Ozn_+4z ( 2) :>O:TC—+4 —L+L—L+ ........
3~ 3 12 22 32

1 1 1 1 2
Hence, show that ———+———+....... I .

Sol.: The Fourier series is given by

f(x)=x—x2=a—0+z ancosnx+z b, sinnx. (1)
2 n=l n=I
Here 1 ]E ( 2)d L _x n s
ag=—| x—x“Hdx==———-——"+ =——
Tt m2 3 3

T
-

a, =1T (X—XZ)COSHXdX =l{

. T
( 2)31nnx
X —X

T

1
| n

Finally, b, = % T (x —x? )sin nxdx

—T
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s e RN (e e

_—2(=1)
n
2 -2 2 -2
sbi=—, b, =—, =—, by=—1 ,....... etc
1= 2 > 3 3 4 1

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series of

f(x):x—x2 from Xx =—T to X =T as

c—x? = 7 44 COSX COs2X  cos3x cos4x N
3 2 52 2 PR
+2 six _ sin 2X + i 3x L 4x B R Ans
1 2 3 4
2" Part:

Putting x = 0, in the above relation, we get

2
0=—§—+4GL—J;+J——J—+ ..... j

3 12 22 32 42
1 1 1 1 ol I .
= 1—2 - 2—2 + 3—2 - 4—2 T = E , which is the required result.
Remarks:

In the above example, we have used the result sinnt =0 and cosnm = (—1)".

Also sin(n + %)n =(-1)" and cos(n + %)n =0.

Q.No.6.: Obtain the Fourier series of f(x)= (n ; x) in the interval (0, 2m).

Deduce —:1——+%——+ ........
Sol.: Let f(x) = %ao + Z (a, cosnx +b,, sinnx) (1)
n=l

be the required Fourier series. Then
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2n

ao—lzf f(x)dx:lj l(n—x)dx— ! [(R_X) } :—i(nz—nz)zo.

T

ny 2 “om| 2(-1) o am
12n 27 1
a, =EJ‘ f(x)cosnxdx=EJ‘ E(n;x)coilnxdx
0 0

Integrating by parts, we get

egfemsmmp o= o

127t 127t 1
Also b =—.[ f(x)sinnxdxz—_[ —(m—x)sin nx dx
"n 0 Ty o2 11

Integrating by parts, we get

1 1 COSNX sin nx
. zn(n x ) sin xdx zn{(n x)( j (-1)— }

n

At A

Hence, from (1), we get

1 - (1 . — sinnx ]
f(x)==0+) (— sin nxj => , is the required Fourier series.
2 n=] \1 n=| n

2" Part: Deduce E:1—l+l—l+
4 3 5 7

T . )
Put x = 5, then Fourier series becomes

TC_ oo
27 T
=—= —sinn—
2 4 nzz‘i n
T
=>—=l—-—+———+........
4

2

2 oo
} in the range 0 to 27, then show that f(x) = T + z c0s2nX .
n=l1 n

T—X
2

Q.No.7.: If f(x) = {
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=1
Also, deduce that (). 3 —=—.
n=1 n 6
A L EOUS L SO
Rttt 17’
A S T o
(iii). 1—2+—2+5—2+ ...... ?
Sol.: The Fourier series is given by
n-x|° a — —
f(X):{ } =—0+Z a, cosnx+z b, sinnx. (1)
2 2 n=1 n=1
127£ 127t T—xX 2 1 27 21 21
Here aO:—I f(x)dx:—I J dx =— I 7t2dx—27tj- de+j x2dx
T T 2 4n 0 0 0
i 2n 5|21
1| o i2n X X
=—| x|t -2n—| +| =
4 3
L 0 0
1 8n3] ot
=— 27t3—47t3+i :n——nz o
4m 3 2 3 6
1 27 1 2 T—x 2
a, = —I f(x Jcoxnxdx = — ( J cos nxdx
T T
0 0
1 [ 2n 2n 2n
=— nzj cosnxdx—27tj Xcosnxdx+j x?2 cos nxdx
47‘_ 0 0 0
1 I sinnx|*" T T
=—|n? —27:! xcosnxdx+I x% cosnxdx |.
47 n | 0 0
2T xsinnx 1 xsinnx 1 o
Letl; = I x cos nxdx :———J. sinnxdx =|————+-—cosnx
0 n n e n n 0
2nsinn2T  cosn2m cos(O)n 1 1
- LA 7 | =2 =270
n n n n n
2
2n 2 . 2n 2 . 21
2 2 .
I, = .[ x? cos nxdx =ﬂ——j x sinnxdx = X SR ——I x sinnxdx .
0 n n e no|, 0y
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2n
Let I; = I x sinnxdx
0
T ) — X Ccosnx 127E 1 |—Xcosnx 1sinnx|27t
~ Iy = I xsmnxdx:———j —J. (—cosnx)dx = +—
0 n nyon | n n n |O
5. . 27
. _|x sinnx 2(-—xcosnx 1 sinnx 4z
2 ‘ n n n n n n?2
0
1 41 a1 1
Thus a, = — 0+—2+0 =5 X—=—.
47 n n 4t n
12n T—x 2
It is clear that b, =0:>—J. ( ] sinnxdx =0.
T
0

Substituting the values of ay_ a, and b, in (1), we get the required Fourier series of

2
f(x)= [n%x} in the range 0 to 27, as

2 o
T cosnx
(x) N nzz:l 2| (11)
2" Part:
2 =)
T 1
(i) To show: ?=z — |
n=] I

Putting x = 0 in (i1), we get

= [1 1 1 1
— et | —F—F—F —F .
4 12 |12

S
=>—= Z —, which is the required result.

6 O n’
. ] o111 o
(ii) To show: 1—2—2—2+3—2—4—2+ ...... =17t

Put X =T in (ii), we get
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12 rt n2 12 22 32 42

2

T L i—i+ ...... , which is the required result.
o to show: | L s sl T
(iii) To show: 2Tt 3

32 52
n’ 11
:?:1+—2+—2+ ...... , which is the required result.
35
2 2
T —X" )X g in?2
Q.No.8.: Prove that for —T<X<T, ( ) =SH§X—SIH3X+ ......
12 1 2
2 .2
Sol.: Given f(x):X(nl—ZX), —MT<X<T

(2 -x2) . .
Now f(—x) =—x—=—f(x) = f{(x) is odd function.

12
~ag=0, a, =0.
Thus f(x)=)_ b, sinnx (1)
n=1

be the required Fourier series.

Now b, :% T f (x)sin nxdx :% ]E x(nzl;zxz)sinnxdx = 1 ]E (nzx —x3)sinnxdx
o’

127
_n —
T
_ 1 2 3) . 2 3) . . .
= —I (TC X —X )sm nx dx l(n X —X )sm nx is even functlonl
6T 0 I Il

Integrating by parts, we get



Fourier series: Euler’s formulae

Visit: https://www.sites.google.com/site/hub2education/

= e
=é;O_I (n2—3x2)(_cfnxjdx}=é{ (n2_3x2)(”;‘1"}dx}

{2 F (e ko] o2

] o (S“‘“"jdx}ﬁ[{(ﬁx)(*ﬁin"j}:-j o 22 o

(o] o o)

:L { ( DHH }Jro} _ (-1 {sinmtzo, ne Z}
bx n’ $in0=0

Hence, from (1), we get

nr—x°
X =

Q.No.9.: Obtain the Fourier series to represent e* in the interval 0 < x < 27.

n+l . .
- ) . sinx sin2x
sinnx =

I’ 2}

1M
.

Sol.: Let f(x) = %ao + Z (a, cosnx +b,, sinnx)

n=l

be the required Fourier series.

2n
1275 1 - e _1
Now aO:—I e'dx =—|e* =( )
Ty AN T
27‘C 127‘C
=— I f(x)cosnxdx =— I e’ cos nxdx
T
0
B X n ax
1 € . ax 1
=— 2(cosnx+nsmnx) J e”" cosbxdx = 3 (acosbx + bsinbx)
Tl l+n 0 a“+b

eZTt

1 1 e
=— 1+0)- 1+0)| = .
75_1+n2( ) 1+n2( )} nil+nzj
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12n 127t
b, =— .[ f(x)sinnxdx = — .[ e” sin nxdx
T T
1 eX 2n ax
=— 5 (sin nx —n cos nx) _[ e sinbxdx = (asinbx —bcosbx)
Tl 1+n 0 a“+b
1_ 2z
=;ezn(0—n)—l[%(—n)} _ni=e")
n(1+n’) n| 1+n n(1+n%)

Hence, from (i), we get

£(x) 1 (e2“—1)+ezn_li (cosnx_nsinnxj.

2 n % \1+n*> 1+n°

Q.No.10.: Find the Fourier series to represent e" in the interval (-7, 7).

Sol.: Let f(x) = lao + Z (a, cosnx +b,, sinnx)
n=l

be the required Fourier series.

U T

@

Now ao——j f(x)dx =— erdx =—le*[ :l(e“—e”‘):—sinhn
< T 71 A s
0 -0
l:sinhG:e —° :l
2
1 T 1 T .
an=—j f(x)cosnxdx=—J. e’ cos nxdx
T T
— T ax
1] e* , | e cosbxdx = (acosbx + bsinbx)
- (cosx + nsinnx) T
= o COS NX + n sin nx aZ+b
- - | Here a=1, b=n
1| e e ™
=— (-1)" +0)- -1)"+o0
73_1+n2 ( ) 1+n? ( )
_1 (-1)" (en—e_n) cos(—nm) = cosnx = (—1)"
T(1+n? Also sinnt =0, ne Z

2sinht(-1)" T_e "
_ 2sin 7( ) {sinhn:e 2e :l
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b, = 1 .[ f(x)sin nxdx = 1 J‘ e” sin nxdx
T T

—T

ax

X

(asinbx —bcosbx)

J. e™ sinbxdx =

a’+b’

Here a=1,b =n

T
1 .
— (sin nx — n cos nx)
T|1+n _n

1 [ em n e " n __(_1)nn e o™ __zn(—l)n sinh 7
_E_1+n2 (0_(_1) )_1+n2 (_n(_l) )} _m( )_ n(1+n’) .

Hence, from (i), we get

f(x)= %ao + z (a, cosnx + b, sinnx)
n=l

= f(x) =%.(%sinhn]+g H%(—l)"}cosnx+{%(smh X)}sin nxJ

_2sinhmw| 1 < (—1)" cosnx B n(-1)" Sinnx
s Bl Tty

n=1 1+n
2sinhm| 1 1 Ccos2X cos3x
= ——| —CcosX— + —.
T 2 5 10

Q.No.11.: Obtain the Fourier series for f(x)= e *in the interval 0 < x < 27.

Sol.: The Fourier series is given by

x 3 w - . .
e " =—O+Z ancosnx+z b, sinnx. (1
n=2 n=l1
2n 27 -2n
1 1 _ 1| 2 1-e
Herea, :—J. f(x)dx:—j e “dx =—‘—e o=
L T L 0 L
0 0
2n 2n
L
a, :—.[ f(x )cos nxdx :—.[ e ~ cosnxdx
To To

1

. . o (1—e™) 1
= 5 ‘e (— cOosSnx + nsin HX)( = ) .
Jt‘n +1) 0 T n“+1
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1-e 2™ )1 1-e2* |1 1-e™ | 1
Soap = 5, ar, = - g, a3z = T E ....... etc.
T

1 2 1 21
Finally, b, =— .[ f(x )sin nxdx = — .[ e " sin nxdx
T 0 T 0

1

—x{ . m (1—e2" n
=— ‘e (—smnx—ncosnx)‘ = —-
n‘n +1j 0 T n“+1

27 _.2n _.2n
SN P E N e = S el I A
T 2 T 5 T 10

Substituting the values of a;’s and b;’s in (1), we get the required Fourier series of

f(x)=e ¥in the interval 0 < x <27 as

1 1 1 1
on —+(—cosx+—cos2x+—cos3x+ .............. j

. [l—e Jz 2 5 10
e X = . Ans.

T

1. 2 . 3 .
+| —sinX+—sin2x + —sin3xX +..............
2 5 10

Q.No.12.: Obtain a Fourier series to represent ¢ from X =—T to X =T.

Hence, derive series for

sinh

Sol.: The Fourier series is given by

f(x)=e™ :a—0+z a, cosnx+ » by sinnx. (1)

n=l n=1

Here a, :% I f(x)dx = 1 T e dx =%{—%T = ;—i[e_ax ]:t = ;—;[e_an —ean]
-n -n -

aT

e —e™ | 2sinhan
am

X —X

. . e’ —e i _ _ .
Since we know that sinhx = ——— = 2sinhx =e* —e¢ * = ™ —e™*" = 2sinharn.
2

T
Also a, = 1 I e cosnxdx =1 (say).
T

L
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an a’

—e ™ cosnx N nsinnx.e ™

T

aT

2 nsinnxe ¥

— ™ cosnx nsinnxe ™
+ 2
a’m

[

—ax T
e " cosnx

n
= |I+—1
a2

21275

a’ nsinnxe ¥

ar
-

—ax T
e " cosnx

=1

2

(a2+n2) a T

1

Jt(a2+n2

1

B nla? +n2)
n
= (_21) “\[2sinhan].
TC‘H +a i

Now put n =1, 2, 3,

—2asinharw

T

2asinham

an
-T

) [ne_M sinnT—ae " cos nT+ n sin nme

Similarly, b, = 1 .[ e ¥ sinnxdx =1 (say).
T
-7

I .
—| sinnx
T

et

-

—a

—ax
e
(—j .ncosnxdx

—ax
e
L—j .ncos nxdx
-a

e ™ cosnxdx

1 T
cl== j e ™ cosnxdx
n —T

+am

+ae™™ cos mt}

[O —ae ™ (=1)" —0+ae*™(-1)" ] = ‘(%) [ae_aTc —ae™™" k— )"
ma“ +n

—2asinhamn

a] = s az = s 3.3 = s
n‘az +12 ) n‘az +2° j Tt‘a2 +3° )
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—_ . n — n —
—e * sinnx n e ™ to(e™ )
=|— " | +—|cosnx| — —J —— |(-—n)sinnxdx
an _am —a ) _ -a

-

r I I

— . — T
—e *sinnx ne ™ cosnx n? —ax .
=— - 5 - I e " sinnxdx.
am Ta a‘m
L —T —T -7

n’ —e™sinnx ne ™ cosnx |
Thus I+_3ﬂI = - 2

a am a

-7
2 —ax _: —ax T

a —e ®sinnx ne ¥ cosnx

=>I=—— - 2
a“+n an Ta x
2
a 1 e , n
s 1= ﬁxT[—ae ¥ sinnx —ne ™ cos nx]
(a®+n*) a’m -
1 I _ )
= T[—ae Tsinnmt—ne " cosnm—ae™ sin nTt+ne’" cos nn]
n(a’+n’)

- ;(azl_k—nz) [0 —ne” (= 1)" +0+ne™(-1)" ] = ;(;:_inz)[nem 3 ne_a”]

n(-1)"

_ n(—1)"2sinhan
_ e —em] b, — 1= 2D

l 2sinh ar = e®™ — e_anl

~ ma? +n2) nla® +n?)
Now putting n =1, 2, 3,.......... , we get
—2sinhan 2(2sinhan) 3(—2sinhar)

b, = , b, = , by=—p—" ... etc.
! n‘az+12i 2 n‘az+22; . n‘az+32i

Substituting the values of a;’s and b;’s in (1), we get the required Fourier series of

f(x)=e ™ from X=—T to X =T as

oA 2sinham  2sinhma| acosx  acos2x N acos3x N
2ma T (az+12) (az+22) (32+32) ...............

+2sinh7ta —sin X 4 2sin 2x 3 3sin3x N
27a (a2+12) (32+22) (a2+32) ...............
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1 acosx acos2x acos3x
. — Gt 5 P,
_»  2sinham|\2a a +1° a"+2 a“+3
T sinx 2sin2x 3sin3x
Tl et aiagr

=¢

2" part:

By putting x =0, a=1 in the above relation, we get

- " 3
e—l(o)_ 2sinh T (2 12412 22412 324712
n _( sin0  2sin0  3sin0 j
12+12 22+12 32+12 ...............

1= B (e )0

___+ —_—
T 2 2 22412 32472

1 cosO cosO cosO j
+

T 1 1 1
2sinhmt 2241 3241 4%+1

which is the required result.
Q.No.13.: Obtain the Fourier series expansion of f(x)=¢" in (0,2m).

Sol.: The Fourier series is given by

a (o) (o) . .
f(x)=e™ ="2+3" a cosnx+) b, sinnx. (i)
n=I n=I
27
1 27 1 27 ’ eax eZan _1
Here a, :—j f(x)dx :—j e™dx = =
Ty Ty am|, an
21 27
1 1 ax
a, :—J. f (x)cos nxdx :—J. e”” cosnxdx
T T
0 0
. acos bx + bsin bx
Using J. e™ cosbxdx =e™* | > ], we get
(a +b )
1] innx)| I
aCcosNX + n.sin nx |
a, =—|e*™ — =T[aezax cos 2n7 —ae’.cos O]
1 W] |y | )
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2n
b, :—.[ e™ sinnxdx
To
, . . [asinbx —bcosbx]
Using I e” sinbxdx =e — , we get
(a +b )
. 2
b, _1 e™ (asin m;—n;:os nx) [— cos 2mt+1]
T (a®+n?) ‘ (a®+n’
0
= n l—ezan].

la? +1n2)
Substituting the values of ay_a, and b, in (1), we get the required Fourier series of

f(x)=e,in the range 0 < x < 27, as

w_ € a w e
f(x)=e"= - +HZ=:‘ m[ez ]COSHX"'; (a e )[l—e2 ]smnx
f(x):e“"‘:(eza:E J 2 (a . )cosnx HZI: (a . )smnx Ans.

Q.No.14.: Find the Fourier series to represent ¢ in the interval =T < X <T.
Sol.: The Fourier series is given by

a [e] [e] . .
f(x)=e* :70+Z a,cosnx+ Y by sinnx. (1)

n=l n=I1

U U

LY
ax .
Hereag =1 [ sk = L [ evax :1[6_} _ 1 g o) 2sinhan
T

- no | a Ta Ta
1 T 1 e n
a, =— I f(x)cosnxdx = — I e™ cosnxdx = — ﬁ(acos nx + nsin nx)
T Tla“+m _n
1 ax —ax acosnﬂt(eax —e_ax) Za(— 1)" sinhan
=———lae™ cosnw—ae™ cosnm|= — = 2
wla® +n n(a +7 ) +n )

n -
Similarly, b, = 2nf 13 szhan.
nla? +n?)

Substituting the values of ay_ a, and b, in (i), we get the required Fourier series of
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sinham —1 sinham —1 sinham .
e™ = Z cosnx + Z sinnx
n=l ( ) n=1 ( )
( 1 acosxXx acos2x acos3x j
o 2sinham|\2a a? 412 a?422 a%2+43?
e = ) . . . Ans.
T ( sin X 2sin2x  3sin3x j
a’+12 a?+2% a%+3?

Q.No.15.: Expand f(x)=xsinx, 0< x < 2m, in a Fourier series.

. S : ) « - . :
Sol.: The Fourier series is given by f(x)=xsinx =-2+" a, cosnx+»_ by sinnx.(i)
n=l n=l
1 2
Here aj = — .[ xsin xdx =
T

0

! -x(— cos X)—.[ (— cos x)dx]z7t

ot

—xcosx sinx 7" 1. o
= + :—[smx—xcosx]o
T T ]
“Lo-2n(+1)-0+0]= 22T - .
T T
2n 2n 1 2n
a, = —J. X sin X.cosnxdx = —J. —.xsinxcosnxdx = —J. X.2sin x cosnxdx
T T 21
1 2n 1 2n 1 2n
— x[sin(x+nx)+sin(x—nx)]dx =—.[ xsin x(1+n)dx +—.[ xsin x(1 —n)dx
27t 21 2n
2
:i X(—cosx(1+n))_J~ (—cosx(1+n))dX
2n I+n 0 I+n
+i{ (—cosx(1—-n)) j —cosx(l— n))dx}
2n 0

_ 2 2

_ —xcosx(1+n) sinx(1+n) n+ —xcosx(1-n) sinx(1—-n) "
2n(l+n)  2n(n+1)? |, 2n(l-n)  2n(n-1) |,

_ —27tc0s(n+1)27t+0+0_0 + —2715005(1—11)2”4_0_0_,_0
27(1+1) 2n(l—n)
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[ et D -n)+ (D1 (140)

I+n (1-n) (1—n2)
=—1+n—l—n__ -2 _ 2 (n¢1)
1-n? 1-n?> n%-1

Thus a, =
n-—1

When n =1, then

27 27 . 2

1 | x(—cos2x) sin2x

a1=lJ. xsinxcosxdx:lj isin2xdx=—[ ( )— }
0

Ty Ty 2 27 2 2
_ 1 [2n(-1)-0]_ L(—_Z"j __1
2m 2 ) A 2
21
b, =— I xsinxsinnxdx =0. (After evaluation)
T
0

Whenn =1, then

21 21

b, =—J‘ xsinx.sinxdlej xsin? xdx
To To
2n
:lj. (1—cost)d :i{_xz} _{sinZX}
T 2 2n| 2 0 2 ]
2 2
LIV e LAY T S VS L
2n 2 2n 2

Substituting the values of ay_a, and b, in (1), we get the required Fourier series of

f(x)=xsinx, in the range 0 < x < 27, as

) ) 1 S COSnx
Xsinx = —1+7ts1nx—5<:osx+22

n=2 Il2 -1

Q.No.16.: Prove that, in the range —T<X < T,

2a . 1 > —1)
coshax = —sinh ax _2+Z ( ) 5 COSNT |.
T 2a 5 n~+a

Sol.: The Fourier series is given by
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f(x)zcoshaxza—0+z a, cosnx+z b, sinnx. 1
n=1 n=1
17 17 2x17%
Herea, :—I f(x )dx :—J. cosh axdx :LJ. coshaxdx
T T T
-T - 0
1% emee™ | 2ff T
=— 2J. €7 ix|=2 I eaXdX+J. e dx
T % 2 | 2n| o 0
1 eax e—ax T 1 r 2 ean_ean 2
=—|—- =—ean—e_an]=— —— | = —sinharm.
| a a Ta Ta 2 Ta

2 . 2a° 1
Thus ay = —sinhan = “%_Sinh an{—} .
Ta

L a2
17 Tle™+e™
a, =— J. (coshax)cosnxdx = — ——  |cosnxdx
T T
—T —T
1 T T
=— I e® cosnxdx + I e * cosnxdx |. (1)
2n
-7 -7
T edX T n ™
Let [ = J. e™ cosnxdx = | —cosnx | —— | €™ (~sinnx)dx
a a
- - -
a a T
* nf . e™ n
=|——cosnx +—| sinnx— ——1I;
a a a a
et/
7
I(n2 + a2) e™ ne® |
———/=|—cosnx +——sinnx
a a a
d-z
e™ i 1
=1 = ﬁ(acosnx +nsinnx)| = ﬁ[ean.a(— 1)' —e " a(- l)n]
n“+a . Nta

_ 2a(-1)] e —e™ | 2a(~1)"sinhan
n’+a’ 2 (az +n2)
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2 2

T
T —ax
- _ e ,
Similarly, I, = J e cosnxdx = (—acosnx —nsinnx)
n°+a .

-7

b ety
n-+a
< a5 o
= — a\— — —aN—
2 1a? n’+a’ _
_ 2(=1)"(—a)| e —e*" _ 2a(—1)" | e —e ™™™ _ +2a(—1)" sinhart
n’+a’ 2 n?+a’ 2 (nz +a2)
n
Thus I; +1, = 42;( 1)2 sinhat.
n-+a

On keeping the values of I; +1, in equation (i), we get

2a(~1)" sinhan

a =
" aln?+a?)
T ax —ax
Also b, = l J. (G+Te)sin nxdx =0. [as odd function]
i

Substituting the values of ay, a, and b, in (i), we get the required Fourier series of

f(x)=coshax, in the range —T< X <T, as

. ) n
coshax = 2asinh arm 12 +Z (2 1) 51COSNX ||,
T 2a +n

n=1

Q.No.17.: Obtain the Fourier series for /1—cos2x in the interval (0,2x).

Sol.: Let f(x) =+1—cos2x = V2sin? x = \/§|sin X| .

Also f(—x) = \/§|sin(—x)| = «/§|— sin x| = «/§|sin x| =f(x). HODIT - |0c||x|}
= f(x) is even function

~.b, =0Vn

Let f(x):%ao +i a,cosnx, (1

n=l
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be the required Fourier series for f(x).

27 27 [~
Now a =1 J. f(x)dx -1 J. V2 (sin x )dx ——2{
L T T
0 0

) 2n
.[ sin xdx + .[ (= sin x )dx
0

T

i |

7] 22

T

] conxfg +leony

T 27
I |sinx|+J. |sinx|dx
0

|

| |_ X, x>0
*= -X,Xx<0

For 0<x <, sinx =+ve and

T

Form < x <27, sinx = —ve

— oS T+ cos 0+ cos 2T — cos )

(ii)

=£(1+1+1+1)=£.
T T
127t 21
Also a, =—I f(x)cosnxdx =—.[ |sin x|cosnxdx
o 0
b 21
—ﬂ{[ sinxcosnde+J. —sin X cos nxdx
o
0 b

27

V21

T
J‘ 2cosnx sin xdx ——.—

|

.[ 2 cos nx sin xdx

T 20 T a
T 2

=ﬁj [sin(n+1)x—sin(n—l)x]dx—TnJ. [sin(n+1)x—sin(n—l)x]dx
0 b

_ 1 _—cos(n+1)x cos(n—l)xT_ 1 {—cos(n+l)x cos(n—l)xTn

) -1 |, v2rl (+1) (n-1) |,

1 _—cos(n+1)7t cos(n—l)n -1 1

\/571:_ n+1 i n—1 _(n+1 n+2ﬂ

_ (— cos2(n+1)n . cos 2(n— 1)71:) _(— cos(n +1)n N cos(n — 1)71:)

n+l1 n-1 n+l n-1
~ 1 _(_1)n+l .\ (_l)n—l .\ 1 ~ 1 1 ~ 1 ~ (_ 1)n+l .\ (_ l)n—l
V2| n+l n-1 n+l n-1 n+1 n-1 n+l n-1
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~ ) _(_1)n+l+(_1)n—l+ 1 ~ 1
2r| n+1 n-1 n+l1 n-1

1 1 1 1 .
- + - ; niseven
\/5 n+l n-1 n+1 n-1
T

_1+ ! + ! — ! ; nisodd
ln+]1] n-1 n+1 n-1

[ 2 .
———, niseven
n+l n-1

10, nisodd

42
= 5 , niseven.
nin —1)
— 42
Take n=2m,we get a, = , m=1,2,..... (ii1)
" rlam? <1

Putting the values of a, from (ii) and a, from (iii) in (1), we get

f()_iﬂ 42 i_ﬂ 3 cos2mx
m=1 71',(41‘1‘1 _1) L m=1 7'5‘41‘11 —1)

Thus m_ 2\/_ 4\/_2 cos nx

T n=1 4n —1‘

e

Q.No.18.: Obtain a Fourier expansion for +/1—cosx in the interval —T<X <T.

Sol.: Here f(x)=+/1—-cosx =,/2sin’ % =2 sin% )

Now f(-x) =2 sin(— gj‘ = /2|sin— %‘ [ sin(~ ©) = —sin6]
=2 sin% =f(x). HOLX| = |0£||x|]

= f(x) is even function. ..b, =0.

Let f(x)=a—0+z a, cosnx (1)
2 n=l1

be the required Fourier series.
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17 17
Now ag=— [ f(x)dx =— [ /2
T T
-7

-T

SlIl SlIl

_If

| | X, x>0
X| =
232 7% x -x, x<0
=—.[ sin—dx
T
0 For 0<x <, sin% is positive .- sin% = sin~
T
—cos—
232 2l -2 .
= 0 :—.23’2(0—1):4*/5.
T 1/2 T T
17 . X . X . .
Also a, =— I NG s1n5 cosnxdx {sm— cosnx is evenfuncuon}
T
—T

I
= 2\/5.[ sin —|cos nxdx —2.—2_[ sin — cos nxdx { For 0 < x <m, sinx is positive}
T 0 2 T 0
I
= QJ‘ [Sln(2 + njx + sm(é— njx} [ZSinAcosB =sin(A + B) +sin(A — B]
T
0
— cos n+l X cos l—n X
_2] 2) 2
T Il+l l—n
2 2

L 0

201 1 cos(nm+06)=(-1)" cos®

j:pn%mg

n n+l n_l .'.cos(mt+

N a

_ —42
“alan2 —1)

Hence, from (i), we get
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1 442 —42

. X a > >
\/Esm—:—0+z a,cosnx =—.—+ 5 .COS nX

>

:>\/§sin X 2;{5_4\/52 €OS nNX

5_ TC n=1 41’12 _1

is the required Fourier series.

Q.No.19.: Express f(x) =coswx, —T<X<T, wherew is a fraction, as a Fourier
series. Hence, prove that cot 6 = l + 26 + 26 Fo .
0 o°-n’ 0%-4n’
Sol.: Here f(x) = cos wx is an even function. ..b_ =0. [cos(— WX ) = cos WX]
1 — .
Let f(x):EaO +Z a, cosnx 1)
n=lI

be the required Fourier series.

a a
’ I — | f(x)dx:2£ f(x)dx
0

17 17
Now aO:EJ‘ f(x)dX:EJ‘ coswde:E -

if f(x) iseven

= i(sin wT).
. TW

sin wx

w

17 17
a, = E J. f(x)cosnxdx = E J. COS WX cos nxdx
—T

—T

T T
2 1 . .
=— j COS WX cos Xxdx = — j 2 cos wx cos nxdx [coswx cosx is even function]
T T
0 0

T [cos(w + n)x cos(w - n)x]dx

[ZCosAcosB =cos(A +B)+cos(A - B)]

sin(w +n)x . sin(w — n)x}7t 1 [sin(w +n)n .\ sin(w — n)n}

1
Tl w+n w—n T w+n w—n

ajl—

sin WTTCOS N7 + COS WTTSin n7t N sin WTTCOS N — COS WTT Sin N7t
W +n W —n
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1 [ sinwmcosnmt sin wrcosn | )
=— + [smmc=0]
o W +n W —n
sin w1t cos Nt 1 1
= +
o (w+n) (w-n)
_sinwmcosnT| w—n+w+n | 2wsin wcosnm
T (W+n)(w—n) n(wz—nz)
. 1 .
2w (—1)n sinwn 2w (—1)n+ sin wrt
n(wz—nz) n(wz—nz)
Hence, from (1), we get
. oo + .
1 - sin Wit 2w(—=1)""" sinwm
f(x)=—a +z a, cosnx = +Z ( Z 5] cosnx
2 — wWTU — tin —w )
n=1 n=1
. n+l
sinwr 2w . = (-1
= +—sin wx 557 Cosnx
WTT T =1 (n - W )
sinwrt  2wsin wit{ cos X COs2X  cos3x
= + 5 T T 5 5 7t
WTT T "-w® 2°—w" 3 —w
_ 2wsinwn( 1 4 _C0sX cos2x  cos3x 4
- T TP o T T
2wsinwrw( 1 COS X cos2X  cos3x
.. COS WX = >+ = >+ St
T 2we 1I"—=w” 2°—w" 3 —w
Deduction : Take X =T, we get
. W 1 CcosX COS2X cosT=-1
COSWX = 28In WITX — + — Foreriiin
t\2w? 12-w? 22-w? cos2m =1
s cot Wit 1 2w 2w
COtWR = — — - — e
W (lz—wz)n (22—w2)n
W =0
20 20

:c0t9=l+
0

+
0% -n% 07 -4n’

alo
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Q.No.20.: Find the Fourier series for f(x) in the interval (-, TC), when

n+x, —nt<x<0
f(x)= )
n-—x, O<x<Tm
n-—x, —-nt<x<0
Sol.: f(—x):{
n+x, O<x<Tm
T—X, O<x<m
= [<2<4=-1>-2>-4]
T+ X, —nt<x<0
=f(x) = f(x) is even function. ..b, =0.
Let f(x):%ao +Z a, cosnx 1)
n=1
be the required Fourier series.
17 1 ¢ 17
Now aO:—J. f(x)dX:—I (m+x)dx +—| (m—x)dx
T T I
-7 -7 0
270 2" > >
L R S P R Sl IR L U P L)
e 2 o 2 I8 2 T 2
- 0
1 n° 1w
=——+4+——=—+—=T1
T2 w2
17 10 17
a, =—I f(x)cosnx=—.[ (n+x)cosnxdx+—.[ (n — x)cos nxdx
Tc—n n—n TCO
1[ i - L i - r
_1 (n+x)(s1nnxj_(l)( coznxﬂ +_[(n_x)(smnxj_(_l)( coznxﬂ
T n n B n n 0
:l 0+L2_(0+cosznxj}_l{(o_cosznxj_(()_izﬂ
Tl n n T n n
1( 2 2cosnm 2
=—|—- = [1-cosnn]
T\ n? n? n’m
0, niseven
- %, nisodd
n°m

Hence, from (1), we get
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o > 4 T 4(cosx cos3x co0s5x
f(x)==+ D ——cosmx =_+—|——+———+——+.... :
n=odd I T P 1 3 5

Q.No.21.: Define Fourier series over the interval —T to T.
Is it possible to write the Fourier sine series for the function f (x), over
the interval (—¢,¢)?

Sol.: Let f(x) be a function defined in the interval (— T, n). Then

f(x) =20, z (a, cosnx +b,, sinnx)
n=1

T T n

where a =l j f(x), a, =l J- f(x)cosnxdx, b, =l j f (x)sin nxdx
T T T

—T -7 —T
is called Fourier series for f(x).
Second Part: For half-range sine series, f(x) must be defined only in the interval (0,/).
So that, for developing a Fourier sine series, function can be expended in the interval
(=¢,0), and the extended function becomes odd. But in this case function has already

defined in the full interval (—/,¢). So it can be expanded into Fourier series containing

both sine and cosine terms.

Hence, we cannot find the Fourier half range sine series for f(x), over the interval

(~2,0).

Home Assignments

No assignment

(Students are advised to solve each problem before moving next topic)

et ckeksk el ckeksk selek
dedfeste skeskesk ek

kR
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Dirichlet’s conditions:

Dirichlet conditions are sufficient conditions for
a real-valued, periodic function f(x) to be equal the sum
of its Fourier series at each point where f is
continuous. Moreover, the behavior of the Fourier
series at points of discontinuity is determined as well.
These conditions are named after Johann Peter Gustav
Lejeune Dirichlet.

The conditions are:
.. . Johann Peter Gustav Lejeune
¢ f(x) must have a finite number of extrema in any Dirichlet

given interval 13-02-1805 to 05-05-1859
¢ f(x) must have a finite number of discontinuities in any given interval

e f(x) must be absolutely integrable over a period.

e f(x) must be bounded
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The sufficient conditions for the uniform convergence of a Fourier
series are called Dirichlet’s conditions. All the functions that normally arise
in engineering problems satisfy these conditions and hence they can be
expressed as a Fourier series.

Any function f(x) can be developed as a Fourier series

a oo oo .
04 z a,cosnx + z b, sinnx
n=1 n=1

where a), a,, b, are constants, provided the given function have satisfied

ns
the following conditions, which are known as Dirichlet’s conditions.
(i) f (x) is a periodic, single-valued and finite;
(i)  f(x) has a finite number of discontinuities in any one period;
(iii)  f (x) has at the most a finite number of maxima and minima.
When these conditions are satisfied, the Fourier series converges to f(x) at every

point of continuity. At a point of discontinuity, the sum of the series is equal to the mean

of the limits on the right and left
ie., %[f(x +0)+f(x-0)],

where f(x+0) and f(x—0) denote the limit on the right and the limit on the left

respectively.
In fact the problem of expressing any function f(x) as a Fourier series depends

upon evaluation of the integrals
lJ- f(x)cos nxdx ; lj f(x )sin nxdx ,
T T

within the limits (0, 27:), (— T, n) or (oc, oc+27t) as according as f (x) is defined for

every value of x in (0, 2n), (==, 7) or (o, o +2m).

Now let us examine whether the following functions can be expended in Fourier

series in the given interval.
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State giving reasons whether the following functions can be expanded in Fourier

series intheinterval —n<x<m .
Q.No.1: cosec x.

Sol.: Now this function has infinite values at x = —x, 0, + 7, so we cannot develop a

Fourier series of this function within this interval.

In this case Dirichlet’s conditions no. 1, i.e., f (x) is finite is not satisfied.

Q.No.2: sinl .
X

Sol.: Since this function is not single valued at x =0 so we cannot develop a Fourier
series of this function within this interval.

In this case Dirichlet’s conditions no. 1, i.e., f (x) is single valued is not satisfied.

(Hl+&) T <|X|S'E', m= 1,2,3, ............. oo

Q.No.3: f(x)= ,
m m+1 m

Sol.: Yes, we can develop a Fourier series of this function because it satisfies all the
Dirichlet’s conditions, i.e.,

(1) f(x)is aperiodic, single-valued and finite;

(i) f(x) has a finite number of discontinuities in any one period;

(ii1) f(x) has at the most a finite number of maxima and minima.

Q.No.4.: Is it possible to write the Fourier sine series for the function f(x)=cosx, over
the interval (—/,¢)?

Sol.: For half range sine series f(x) must be defined in the interval (0, /).

Hence, we cannot develop the Fourier half range sine series for f(x)=cosx, over the

interval (—¢,7).

sfe sfesfesteste sl sfe sfe sfe sfe sfesfesfestese e sfe sfe sfe sfesfesfesiesiesk
sjesfestesiesiesiesfesfesfesfesiestestesiesiesiesk

sk skt
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Functions having points of discontinuity:

In deriving the Euler’s formulae for a;, a,, b,,it was assumed that f(x) was

continuous. But in its place, if a function have a finite number of points of finite
discontinuity, i.e., its graph consist of a finite number of different curves given by
different equations, even then such a function is expressible as a Fourier series.
Example:

If in an interval (o, oL+ 2m), f(x) is defined by
f(x)= ¢(x), a<x<c

= \p(x), c<X<O+2m,i.e., cis the point of discontinuity, then
y-axis
a2

X-axis
>
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=] ¢<X)dx+“]2"\,,(x)dxl |

o+27
q)(x)cosnxdx+ j w(x)cosnxdx

C

=$==

Il
al-—
QR &0

e o+27
b, = E[j 0(x)sin nxdx + I y(x)sin nxdx} )
o C

Value of f(x) at a point of finite discontinuity:

At a point of finite discontinuity x = ¢, there is finite jump in the graph of function
(see fig.). Both the limits on the left [i.e., f(c —0)] and the limit on the right [i.e., f(c+0)
] exit and are different. At such a point, the value of the function f(x) is the arithmetic

mean of these two limits, i.e., at x = c,

f(x)z%[f(c—0)+f(c+0)].

Now let us develop some Fourier series of functions having some points of
discontinuity:
Q.No.1.: Find the Fourier series expansion for f(x), if

f(x)=-n, —Tt<x<0,

= X, O<x<m,
111 2
and hence, deduce that Sttt T .
r 35 8
Sol.: The Fourier series is given by
f(x)za—0+z ancosnx+z b, sinnx . (1)
2 n=1 n=1
0 n 2|" 2
1 1
Here ay = — j (—n)dx+j xdx | = — —n|x|0 L3 Y e L PR
yii 0 T o2 ol ™ 2 2

0 T 1 |sinnx|0 |xsinnx cosnx|n
I (—Jt)cosnxdx+J. xcosnxdx | =— —7c| +| +

- 0 n n |—71: n Il2 |0
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= 1[0+Lcosnn—i} =L (cosnn-1)= L[(—l)“ —1]

T n2 n2 nn2 TEn2
l cosnm = (— 1)“]
-2 -2
Lay = , a, =0, ay = , a4 =0, as = ——, .......... etc.
2 P S A > ps?
1 9 x 1||mcosnx|’ cosnx sinnx |n
b, =— I (—n)sinnxdx+j xsinnxdx | =— +|—x +—
T T n |, n n |0
T 0
= l[E(l — cosnn)—zcosnn} = l(1— 2cosnm) = l[1— 2(- l)n].
Tl n n n n
+“b;=3 b ——l b.=1, b ——l etc
.+ U s 2 2 s 3 s 4 4 9  sescsecsens .
Hence substituting the values of a;’s and b;’s in (i), we get the required Fourier series
T 2 cos3x cosSx . sin2x 3sin3x sin4x ..
f(x)=————| cosx + + +....|+3sinx — + — +.....(1)
4 7 32 52 2 3 4
2" part.:
T 2 1 1
Putting x =0 1n (i1), we get f(0)=————| 1+ —+—+......... oo 1il
g (iD), we get £(0)=—7 n[ st j (iif)

Now f(x) is discontinuous at x = 0. Also sincef(0—0)=—-n and f(0+0)=0.

1 T
= £(0) —E[f(0—0)+f(0+0)]_ -

Hence, (iii) take the form

111 i3

Q.No.2.: Find the Fourier series to represent the function f(x) given by
f(x)=x, for 0<x<m,

=2n—x for t<x <2m.

l\)| —-
8
Il
|

and hence, deduce that iz + iz +
1~ 3

Sol.: The Fourier series is given by
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f(x):a—0+z ancosnx+z b, sinnx . )
2 n=1 n=1
M o 2 |® 2 21
Here aozl I X.dX+J‘ (21— x)dx =l Rl R F S
o || 2 2
L0 b 0 4
[ 2 2 2 2
_1 7t—+(2n)2—@—27t2+7t— :l[5n2—4n2]:n—:n.
T 2 2 o o
1 b 21
a, =— _[ Xcosnxdx+J (27 — x)cosnxdx
T 0 T
1_|xsinnx cosnxrE |27tsinnx X sin nx cosnx|27t
=— + + — -
L8 | n n? |0 | n n n? |1'r,
_l_Cosnﬁ_L_COSZIlTC_'_COSHTC _1[2cosnm cos2nm 1
- n| n2 n2 n2 n2 - T n2 n2 n2
= %[ZCOSI’ITC—COSZHTC—l] = %[2(— )" —(- 1)2n —1]: iz[(— 1) —1].
TTn n TTn
1 —4 1
soa, = -2-1-1|=——, a, =0, a,= —4), a, =0, ......... etc
1 TC(I)Z[ ] n(1)2 2 3 75(3)2( ) 4
1 T 21
b, =— j xsinnxdx+.[ (21— x )sin nxdx
T
0 b
B . T . on
1 |—xcosnx smnx| |—2ncosnx X COSnx smnx|
=— + + + -
L8 | n n? |0 | n n n® |n
_ l_—ncosnn B 2mcos2nTw N 21cos2nT N 2TCcosSnm 3 ncosnn} ~0
T n n n n n

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

T 4({cosx cos3x cos5x ..
flx)=——— + + Foeeeeeeenn . 11
(x) > n[ 2 7 2 J (i)
2" part:

Putting X =T, we get
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fR)==4—| 44—+

T 4(1 1 1
> Tl 2 3—2 = . (i11)

Here f(x) is continuous at X =T

~f(r—0)=7 and f(n+0)=2n-nt="n
.-.f(n):%[f(n—0)+f(n+0)]:7:n

Hence, (iii) takes the form

Q.No.3.: An alternating current after passing through a rectifier has the form
1=Iysinx for 0<x<m,
=0 for t<x<2m,

where Iy is the maximum and the period is 27.

Express 1 as a Fourier series.

Sol.: The Fourier series is given by

f(x)za—0+z a, cosnx+z b, sinnx .

2 n=1 n=1
1 T 2n
Here aj = — j Iosinxdx+J‘ 0.dx :I—O[—cosx]g=1—0x2=2i.
Ty - T T T
127t 1 ) I )
a, =—I f(x)cosnxdx = — J. Iysinx cosnxdx +0 =—0j 2sin x cosnxdx
T 0 T 0 JtO

T
sin xcosnxdx | = I—O J- 2sin X cosnxdx
21 0

_h
T

L
= I—OJ- [sin(l + n)x + sin(l - n)x]dx
2n 0

O —3a
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_I_O{—cos(l+n)x}n LD {—cos(l—n)xr

“2n|  (1+n) 2n|  (1-n)

1_0{_11 _ + ! + ! }, when n is odd

, (n;«tl)

B 21 +n 1-n I+n 1-n
Iy 1 1 1 1 )
— + + + , when n is even
2x|1+n 1-n 1+n 1-n
0, when n is odd

= 21 .
— 20 , when n is even
n‘n — li

When n =1, we have

17, . I Iy[ cos2x]"
a; =—J. Iy sin x cos xdx :—J- sin2xdx = —| — =0
T T 2n 2
2n 1 2n
b, =—j Iysinxsinnxdx = —j Io[cos(l—n)x—cos(1+n)x]dx
T 2n
. T . T
:I_O[sm(l—n)x} _[sm(l+n)x} —0for n>1.
2n| (1-n) |, (1+n) |,

When n =1, we get

T

17 17 1 —cos2x
J. Ipsinx.sinx.dx = —j Iy sin” x.dx = —J. Io(—jdx
/Y

0 0 TCO 2

1
b1:—
T

. T
:I—O x—SmnX =I—0(J'C—O—O+O)=n—IOZI—O-
2n 2 4y 2 2 2

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

— 4+ —si >
T 2 T m=l 4dm~“ -1

1 1 2l — 2
f(x)=-"2+2sinx ——2 z co8 mx,bysupposingn:Zm.

Q.No.4.: If f(x)=0, for —-m<x <0,

=sinx, for0<x<Tm,

rove that f(x)=—+ )
p ()= —+= 2 w1

1 sinx _g i cos2mx
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Hence, show that (i) L+L+L+ ........... = l,
1.3 35 37 2
1 1 1 1
i) ———+——.. oo =—(n-2).
i 1.3 35 3.7 4( )
Sol.: The Fourier series is given by
f(x)z%’+2 ancosnx+z b, sinnx . 1

n=1 n=1

Here a :l[jl O.dX+T sinxdx] :%[— cosx :%[— (-1)-(-1)]=

n—n 0

Qe

1|7 17
a, =— j sinxcosnxdx | = — j 2sin x cosnxdx
Ty 2n| g

= %WI [sin(l + n)x + sin(l - n)x]dx

:L{—cos(1+n)xT+i{—cos(l—n)x}n’ (0#1)

2| (1+n) on|  (1-n) |,

1—1—1+1+1 , whennisodd
1+4n 1-n 1+n 1-n

1 1 1 1 1
— + + +
l1+4n 1-n 1+n 1-n

} , when n is even

0, when n 1s odd
= 2

— 5 , when nis even
Tt‘n -1 i

When n =1, we have

17 17 1[ cos2x |’
a; :—j sinxcosxdx:—J. sin2xdx = —| — =0.
2n 2n 2

0 0 0
17'C L
b, :—J. sin x sin nxdx :—J- 2sin x sin nxdx
TCO TEO

T T
= Lj 2cos(1 —n)xdx —Lj 2cos(1+n)xdx
2T 0 27 0
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1 {M}”_ 1 {sin(1+n)x

on| (i-n) |, 2n| (1+n) }0:0_0:0'

When n =1, we have

17 17 (1-cos2x 17
blz—J. sinzde:—J- (—jdxz—j (1—cos2x)dx
T T 2 2my

. T
_ sz g_o40)= =1
2n 2§y 2m 2 2

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

1 2|:COSZX cos4x cos6x } sin X
+ + + +

fx)=—==
T m22-1 4%-1 6°-1

:>f(x)=—+
T2 mE 4mio1)

(ii)

1 sinx Z C0oS2mx

This is the required Fourier series expansion.
IInd part:
If x =0, then we get

IIIrd part:

Now putting x = g in (ii), we get

1 1 cosmm [ T }
=— ———z wsin—=1
T 2 T Am? =1 2

e
m=1 2m 12m+1) 13 3.5 57 .............
-2 1 1 1
= =t e,

4 1.3 35 5.7
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Q.No.5.: Draw the graph of the function f(x)=0, —Tt<x<0,

:xz, O<x<m.

If f (275 + x) = f(x), obtain Fourier series of f(x).

Sol.: .
A y-axis
-7 T _ X-axis
Q)
The Fourier series is given by
a oo oo . .
f(x):jo+z ancosnx+z b, sinnx . (1)

n=l1 n=l
0 m | 37" 3 2
1
Here ao——{j O.dx+j x2dx :l|zx—} :llzn_}:n—.
T 0 | T 3 0o T 3 3

1 T 2 1 2sinnx7t T sin nx
a, =— O+I x“cosnxdx | =—| |x —J- 2X. dx
o 0 o

1 —XCOSIIXTE X cosSnx -2 cosnx T sin nx T
Lol F oo |2l com ' fsinmn)
T n 0 p N T n- Jo n- Jo
-2 —m(-1)" 2(m(=1)" | 2(=1)"
= — ) 0 = — ) = )
T n T n n
oa —_—2 adn = 2 a —_2 etc
Cedp 12 N 2 22, 3 32, ........... .

0 T
1 1
b, = —{ I 0.sinnx.dx +I x?sin nx.dx} = —{— x2 EO00%

oz cosnx
+I 2x dx
T T n
—T 0
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n . T T .
L (—1) +g. X.s1nnx| __[ sinnx
TC_ n n n |0 0 n
_ ) -
713_ n n n 0 n n’r i

2 2 2
blz—l i—n— . bz:l —Tc— . bg:—l i—n— geeeeenn etc.
w12 1 | 2 |32 3

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

2
f@)=f——4}%x—cwzx+cm3x— ............. j
6 22 32
2 2 2
—l g_n_ sinx — _r sin 2x + i_n_ sin3x —..... . Ans.
T|l1® 1 2 33

Q.No.6.: Find the Fourier series of the following function,

f(x)=x2, 0<x<m

=—x?, —t<x<0.

Sol.: The Fourier series is given by

Q)  — h . ‘
f(X)=70+Z ancosnx+z b, sinnx . (i)
n=l1 n=1
1 0 T
Here aj = — —j dex+j x%dx [=0;
T
- 0
0 L
1 2 )
a, =— —j X cosnxdx+j X~ cosnxdx
T
-7 0

sin nx sin nx sin nx
2 - I 2X. dx =x?2

2 .
Now I x2 cosnxdx = x ——I X sin nxdx
n

n n n

,sinnx 2| —Xxcosnx cosnx
=X - —I dx

n n n n
sin nx cosnx 2
=x? +2x 3 ——2J‘ cosnxdx
n n n
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sin nx cosnx 2 .
= x? +2x 3 ——351nnxdx.
n n n

0 . . 0
2 5 sinnx sinnx 2 .
— J- x“cosnxdx =|—x —-2x + —-sinnx
n 2 3
- n n -7

——sinn7
n n’ n’

i 2 2
_ O—{— L2 8innT | 27mcosny }

n’sinnt  2mcosnm 2 )
= - 5 +—sinnm
n n n

+2x 5 ——35innx
n n n

. T
sin nx cosnx 2
x2 cosnxdx = {xz }
0

S = 3a

sin nx cosnt 2 .
z(nz +27 5 ——351nnnj—0

n n n
1{ 2n*sinnm sinn7w
Thus a, =—| —— |=2=n =0.
I n n
. 27sin 21 2msin3n
sap=2nsint=0, a, =—— =0, a3:T:0, .......... etc
0 T
1 2. 2.
Nowb, = — —j X smnxdx+j X~ sin nxdx
e
-7 0
2 . scosnx 2
Nowj x“sinnxdx = —x +—I x cos nxdx
n n
hcosnx 2| xsinnx 1—sinnx
= —X + — —J. — |dx
n n n n
scosnx 2xsinnx 2 .
=-X + ——| sinnxdx

n n? n?

2€OSDX 2xsinnx 2cosnx
—X

+
n n? n’

0 0
2 . pcosnx 2 .
Now —j X~ sinnxdx =[x ——5 XSINNX ——Cosnx
T

- n n n
2 2
2 T cosnm 2 -2 mcosnm 2
=-— | ————-—3c¢osnt|=— —————+—cosnx
n n n n n n
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T T
2 . x?cosnx 2 . 2
jx sinnxdx = ——————+— Xsinnx +—cosnx
0 n n n 0
—w?cosnmt 2msinnm 2
= + > +—300$n7t——3
n n n n

2 w’cosnm 2
= +0+—-cosnTw.

n’ n n’

Thus b, = —| ——————+—cosnn

1|-4 2m’cosnm 4
T n n n3 )

= by =l[—4—2nzcosn+4cosn]= Z(E—EJ,
T

I

1_—4 2n’cos2n 4
by=—| ——-—————+—cos2n |=-T,

| 8 2 8

1[-4 2n’cos3n 4 o 8t 2(  4m
by=—| ——-————+—cos3n |=——-—=—|T—— |,

| 27 3 27 3 27 3 9

1_—4 2n’cosdn 4 T
by=—| ——————+—cCos4T |=——,..cc..... etc.

| 64 4 64 2
Substituting the values of a;’s and b;’s in (i), we get the required Fourier series
f(x)=2 n—i sinx—Jtsin2x+2 n—ﬂ sin3x—£sin4x+ ............. . Ans.

8 3 9 2

Q.No.7.: If f (x) =X in(Tn, gj and f(x) =0 1in (g,%}, find the Fourier series of f(x).

Deduce that ﬁ = i ;
8 1o (n-17

Sol.: The Fourier series is given by

f(x):a?()+z ancosnx+z b, sinnx . (1)

n=l n=l

3n/2 /2 3n/2 2 /2 2 2
Here a :l J. f(x)dx:l J. de+l 0.dx :l[x—:l :i{”——n—}:o
ﬂ:—7t/2 Tc—n/2 n /2 T 2 —m/2 2n| 4 4
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137”2 1 2 1| sinnx 1 cosnx m/2
a, =— J-f(x)cosnxdxz— J.xcosnxdx:—{x —. } =0.
-n/2 T a2 T n b g
137”2 . 1 s . 1] —cosnx 1 sinnx m/2
b, =— j f(x)sin nxdx = — j x sinnxdx =—| X. +—
T s, T s, T n nt on | .,
-1 n 2
b, =—|cosn— |+——sin—
n 2] n’n
2 1 2 1 2
For n:1, blz—, b2:O+—, b3:——, b4:——, b5=—etC.
e 2 o 4 251

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

oo —cosn.E ) -
f(x):0+0+z 2, sinn— |sinnx.

= n n’n 2

n=l

f(x)= Esinx +lsin 2x —lsin 3x —lsin 4x +isin5x —eeene
T 2 o 4 251
2" Part:

T C . . ) .
At x = E , which is point of discontinuity,

()l r-alaa)s

. T . . . .
Putting x = 5 in the Fourier series expansion, we get

T 2 ) 3 1 . 4n 2 . 5w
—=—SInN—+—SImT——SIN———S1IN—+—S81In——......
4 & o 2 25w 2
:>£:—+0+i+0+—+0 ......

4 & or T

T 2 1 1 T (1 1 1

—=— —t—...... —=| St gt

4 & 9 25 8 1 3 5
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) . . -k, —-m<x<0
Q.No.8.: Find the Fourier series to represent f(x) =
k, O<x<m
Also deduce that T_ 1—1+l—l+.....
4 3 5 7
1 o0
Sol.: f(x) :an +z (ag cosnx +b, sinnx) (1)

n=l1

be the required series.

17 1 ¢ 17
Here a :E_J;t f(X):E_J;t —kdx +EE[ kdx
L+ = L] ] =
_n| kx|_n+n|kx|0 n[ kn]+n[kn] 0.

17 19 17
a, :—I f(x)cosnxdxz—f —k cosnxdx +—I k cos nxdx
n—n Tc—n 7T’O

k

T

. 0 .
_ —k/|sinnx sin nx

T

Tk k
=—(0)+—(0)=0. [sinnt=0, neZ]
o NT nm

n n

—T
1" 19 17

b =—j f(x)sinnxdx:—j —ksinnxdx+—J‘ k sin nxdx

! n—n n—n 7T’O

—k T

T

k

T

0
—COoSnx — COSnx

S R L1 V]

n nm

oy

= - el=2h- oy

—T

0, niseven

—, nisodd
nm

Hence, from (i), we get

1 oo ) ) .
f(X)=—.0+Z (0+bns1nnx) = Z ﬁsinxzﬁ[sinx+sm3x+ ..... }
25 nal DT T 3

nisodd
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. T .
Deduction: Put x = 5’ in above, we get

([ =k=ﬁ 1—l+l— ...... sinﬂzsin n+ = —sin T =1
2 o 3 5 2 2 2
T 1 1
—=l-—4—-—........
4 3 5
Q.No.9.: Develop f(x) in a Fourier series in the interval (— T, n) if
0, -n<x<0
f(x)= .
1, O<x<m
Sol.: Let f(x) = %ao + z (ao cosnx + b, sin nx) (1)
n=1

be the required series.

17 1 17 1
Here aO:;J‘ f(x):EI 0.dx+Ej ldx = —m=1.
- 0

-T

17 1Y 17
a, :—I f(x)cosnxdx:—J‘ de+—J‘ 1.cosnxdx
Tc—n Tc—n 7T’O

T

1

T

sin nx =0. [sinmtzo, ne Z]

n o

17 19 17
by =— [ f(x)sinnxdx =— [ 0dx+=] sinnxdx
Tc—n Tc—n 7T’O

- L X 1-(-1)"
l cosnx :_1[(_1) _1}:(—)
Tl n |, nx nm

0, niseven
B i, nisodd

nw

Hence, from (1), we get

f(X)=l+Z b, sinnx =+ > 2 sinnx :l+z(sinx+
2 n=1 n=odd nmn 2 T 3



Fourier Series: Functions having points of discontinuity 16
Visit: https://www.sites.google.com/site/hub2education/

Q.No.10.: Find the Fourier expansion of the function defined in one period by the

. 1, O<x<m
relation f(x) =
2, T<X<2T

anddeducethat£:1—1+l—l+ ...... .
4 3 7

5

Sol.:Let f(x)= %ao + z (ag cosnx +b, sinnx) (1)

n=l

be the required Fourier series.

177 17 177 12
Here ag =— [ f()dx==[ Ldx+= [ 2dx=—m+=(2n-m)=3.
T T T T T
0 0 L

21 b4 21

a, :%J f(x)cosnxdle'[ cosnxdx+;j 2cosnxdx
0

TCO 4

T

. 27
1 sin nx

T

2

o T

sin nx

=0.

n

n o

21 21 21

b, :%I f(x)sinnde:%J‘ sinnxdx +— | sinnxdx

0 0 Tcn

T

21
2 |—cosnx

o T

cosnx

- e ol 2h-or]

T

n n 0

| 0, n is even
——[(=1 “—1}: )
nn[( ) —2 nis odd

b

n7w

Hence, from (1), we get

[ee] 2 oo 1 . .
f(x)=§+z (O+bn sinnx):é—— z —sinnX:é—g(sz+sm3x+ ....... j
2 3 2 m g n 2 w1 3

Deduction: Put x :g
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Home Assignments

Q.No.1.: Find the Fourier expansion of the function defined in one period by the relation
f (x) =asint, if 0<t<mw, (Half wave rectifier)
=0 if t<t<2m.
Deduce 1 :L+L+L+ .......
2 1.3 35 57

Ans'=f(x)=i+lasinx—ﬁ cos 2nx
T

n = 4n2-1

) a a . 24~ COS2NT
Putt=m, then O=asinm=—+—sinmw——

no2 maD 4n? -1

Q.No.2.: Find the Fourier expansion of the Modified saw-toothed wave form
f(x)=0 for —m<x<0,

=x for O0<x<m.

G 1
Hence, deduce — = Z — -
8 n=1 (2n - 1)

1 2

Ans.: £ ( )_TE 2(cosx+cos3x+0055x+ j_{smx sin 2x

4 PP 32 5

F o j.Putsz.
4 x

Q.No.3.: Find the Fourier expansion of the function defined in one period by the relation
f(x)=2x when 0<x<m,

=x when —mTt<x<0.

....... +
1 2 3

T 2(cosx cos3x cos5x sinx sin2x = sin3x

Ans.: f(x)==-= + + + +3 ——— .

Q.No.4.: Find the Fourier expansion of the function defined in one period by the relation
f(x)=—x if —T1<x<0,

=0 if O<x<m.

[

T 2 cosn+1)x 1 sinnx
Ans.: f(x)==-2Y =22 N () 2—=.
4 Za (2n+1)? nz;{ n

Q.No.5.: Find the Fourier expansion of the function defined in one period by the relations
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f(x)=1 if —t<x<0,
=2 if O0<x<m.

1 6 sin(2n+1)x
(2n+1)

desfeste ckeksk ek

*
*
*
*
*
*
*

dedteste sRsksk ekek
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Change of Interval

In many engineering problems, the period of the function which required to

be expanded is not 2w, but some other interval, say : 2c. In order to develop a
Fourier series of the function of period 2c, this interval must be converted to the

length 27t. This involves only a proportional change in the scale.

Consider the periodic function f(x) defined in (o, o +2c).

To change the problem to period 2%, put z = ™ or x =2 )

C T

so that when x =, z _or_ B (say)
c

(ot +2¢)m

when x=0+2c, z=-—""—=B+27.
c

Thus, the function f(x) of period 2c in (o, o+ 2c)is transformed to the function

f (z) = F(z) (say) of period 2w in (B, p+2m).
T
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Hence, f (C—Zj can be expressed as the Fourier series
o4
f(c—zj:a—0+z ancosnz+z b, sinnz, (i1)
T 2 n=1 n=1
where
B+2m l
1
dg = — J. f E dZ,
T T
p
B+2m
1
a, =— I f “ cosnzdz, (ii1)
T T
p
B+2m
b, =l J. f il sinnzdz
e 5 T

L

Making the inverse substitution z = >, dz = [ jdx in (if) and (ii).
C

C

Then the Fourier expansion of f(x) in the interval (o, o+ 2c) is given by

f(x)za—0+z ancosﬂ+z bnsinﬂ,
2 n=1 ¢ n=1

C
where
1 o+2c ]
ag=— | f (x)dx,
c
1 4 n7mx .
a, =— f(x)cos——dx, (iv)
C C

Q

Q'_'J'l\_) Q'—."'[\') QR =

o

£(x)sin 2% dx
C

=

on
Il
O | =

Remarks:
Putting o0 =0 in (iv), we get the results for the interval (0, 2¢) and putting o = —c
in (iv), we get result for the interval (— c, c).

Now let us develop a Fourier series of some functions of period 2c:
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Q.No.1.: Expand f(x)=e™™ as a Fourier series in the interval (— ¢, ﬁ) .

Sol.: The required Fourier series is of the form

x _ 4y  w nmx . NTX .
e ="04+>" a cos—+) b, sin—. (i)
2 n=1 £ n=1 £

Here a, :%j’ e dx :%I:_e—x]i/ :l(eé _e_g): 2sinh ¢ .
by ‘

/ l
17 n7x a
a, :—j e* cos——dx I e™ cosbxdx = R (acosbx + bsinbx)
é_g ¢ a“+b
¢
—x n_.
1 e 2(— cos X 4 M Gin mtxj = 26(2 ) szhg . l cosnm = (- l)nJ
‘ (nn ¢ 14 (% + (nm)
I+ —
—
a4 = —2/sinh /¢ o = 2/sinh { e = 2/sinh ¢ ete
I 2t st '

ax

¢
Finally, b, = % j e " sin%dx { j e sinbxdx = (asinbx —bcosbx)

20 a’+b?
¢
1| e~ . NMX nT__ N7X 2n7(—1)" sinh ¢
=—|———| —sin—— ——cos— = 5 >
‘ nn] Co0 2 +(nm)
I+ —
£ —/
b= —2msinh /¢ b = 4msinh ¢ b = —6msinh / et
S Dy €2+n2 . 2 €2+22n2, 3 €2+32n2 5 sesesseeeeas .
Substituting the values of a;’s and b;’s in (i), we get the required Fourier series
1 ( 1 X 1 27X 1 3mx j
—=2 cos— — cos + cos —
1 02 + 72 (0?4227 Y 1
e X =sinh/
- 27:( sinE 2 sin 27X 3 sin 3T - j
0% + 1 AN EE, ¢ 243 ¢

Q.No.2.: Obtain the Fourier series for f(x)=nx in 0<x <2.

Sol.: The required Fourier series for the function f (x)defined in (0, 2), is in the form,
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aQy  w nmx  « . NTX .
nx:70+z ancosT+Z bnsmT. (1
n=1 n=1

2

Il
a
1
N |
[
| I
Il
[\
4

12 2 Xz
Here a; = —j 7xdx = nj xdx = 7{—}
! 0 2 0

2 2 . 2 2 .
1 X Sin n7x sin n7tx
a, = IJ. X cosnTxdx = nj xcosnmxdx = M| ———— —J- dx
0 0 nm 0 0 nm
. 2 2
X Sin n7tx 1 T ) 1 2
=T + 5 COSNTIX = —| XSinnTX + — COSNTX
nt |, | (nm) 0 nm nm 0
1 1
a, =—|0+—(1-1)|=0
n nm
A =a) = a3 = e, =0

1% _ 2 2
Finally, b, =+ | mxsin (nx)dx = 7 {m} o] oy
1O nm 0 0 nw

o sin nTx 2 o sin2nmt—0
= —| —Xxcosnmx + =—1/|-2cos2nt+0+———|.
nmw nT |, nw nmw
1 -2
b, =—[-2]=—=.
n n
-2 -2 -2
sbyj=—,b,=—, by=—1 . etc.
T T

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

f(x)= = 2 580 70X — 28I 270K — 2SI 37K — oo
1 2 3
=T+ z [_—zjsinnnx = n—ZZ M
n=1 n n=1 n
sin(nmx)

Thustx = 7t—2i

n=l1 n

Q.No.3.: Find the Fourier series for f(t)=1- 2, when —1<t<1.

Sol.: The required Fourier series for the function f(t)defined in (—1, 1), is in the form,
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1-t ——+Z a cos—+z b, s1nn—nt (1)

1 1 371
1 5 t 11 2 4
H =—| f(t)dt = 1—t"dt =|t—— =]l-——+]1-——=2—-——=—
e 1y~ st [ (- { 3L N

17 ; i-¢) ( 2)sinmtt ot sin nmt
an:IJ‘l f(t)cosmttdt:_J.1 1-t cosnmdt:[l—t - ll—;"l (-2t) - dt

- {(1 I LLL 1)M} + 2 [ tsin(omt

nm nm nm -,

_ 1
2 1 1 sin n7tt
=—|——cosnt——cosnm | +| ———
1

nm| nn nm (nm)?
:i —lcosmt}+ 2[sinnrt—sinmt]: 55 COSNT = —
nm| 0w nm) nm

1 1
Finally, b, = % j f(t)sin nmtdt = _[ (1 - tz)sin nrtdt
-1 -1

_[( _tz)cosnnt}1 _Jl- 2.tcosnTt dt
-1

nmw ) nw
2 || t.sinn7t ! L sin n7tt
=0- —{ : } - | dt}
nm nt |, 0w
1
-2 cos n7t -2
=—1|0+ 5 = [cos nm —cos nn]
n7m (nn) | (mt)

= b, =0.

1
Also b, = %j (1-t*)sinmtdt = 0.

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series
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f(t)z%—z 212 cos nTt

2 i[cosm_wszmﬁoﬂ’“_ ........................ }
3wl 17 2? 32
Q.No.4.: Develop f(x) in a Fourier series in the interval (-2,2), if
f(x)=0, —2<x<0,
=1, O<x<?2.

Sol.: The Fourier series for the function f(x) defined in the interval (-2, 2) can be

written as
f(x)za—0+z ancosﬂ+z b, sin X . [ 0=2] (1
2 n=1 2 n=1 2
1] ¢ f 17 1 1
Here, aj = — f(x)dx = — J f(x)dx+j f(x )dx :—J. ldxz—[x]o =—2=1
-2 -2 0 29 2

2 0 )
ap = _[ f(X)COSmtTXdX —l{j f(X)COS?dX+J‘ f(x)cos%dx]
-2 0

2 2 2
:lJ‘ 1.cos@dx=l[sin%.i} :L{sinn—nx} :L sin%—sino =0.
2 0 2 ], nm 2

2 0 2
b, = [ £(x)sin " dx = L [ £(x)sin 2+ [ £(x)sin " dx
2 4 2 2
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. 3nmx . 5Smx
1 o) X SIHT SIHT
= f(x)=—+=|sin— + + Foerreeereerenrenenn. .
2 T 2 3 5
Q.No.5.: If f(x)=nx, 0<x<1,

:n(z—x), 1<x<£2;

show that in the interval (0, 2)

T 4| cosmX cos3mX cosSmX
flx)==—-—— + + Forreeererrerennn, ,
1 1 1 T’
and hence deduce that D Bt i SIS =—,
1 3 5 8

Sol.: The Fourier series for the function f(x) defined in (0, 2) can be written as

f(x)za—0+z ancosﬂ+z bnsinﬂ. (1
2 n=l1 1 n=l1 1
2 1 2 1 2
Here a =I f(x )dx =I f(x)dx+f f(x )dx :I nxdx+j (2 - x)dx
0 0 1 0 1
27 27
H {zx_x_} A Lafa-deae ] o 2e D)=
2 2 2 2 2 2 2
0 1
2 1 2
a, :I f(x )cos nxdx :J nxcosnnxdx+.[ (2 — x)cos nxdx
0 0 1

| o, nm nm nm

[xsinnmx | ¢ sinnmx (2 —x)sin nmx 22 (= 1)sinnmx
= — —I dx+{ } —I ——dx
0 Lo

- 1 1 . 2 2
_ )| XSIR nmx cosnNTX [(2 —X)sin nnx} _ | cosnmx
L 0T o (nn)z 0 nyw 1 (nn)z 1
r 1 2
_ XsSINNMX  cOSNTX (2—x)sinnmx  cosnmx
=T 2 B 2
L nm (IITC) 0 nn (I’ITC) 1
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REI N
(nm)? (nn nn (nn)®  (nm)?

Hence a, = %[(— )" —1].
nm

1 2
b, = n.[ Xsinnnxdx+j (2 — x)sin nmxdx
0 1

. 1 2
_ )| ~xcosnmx  sinnmx _[(2—x)cosnnx}
nmw (nmt)? 0 nm |

=0

_ ey, (2—1)cosmt} . l:sin mth _ 7{_ (S }

+
nm nw (nn)z

nm nw
Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

f(x)—7t 2 [ —1]cosnnx
= 1 n’n

1

2 T

2" Part:
Whenx =0, f(x)=0.

T 4,1 1 1
>0=———|+—=+—+nnnn.

r_ 4t 11
2 nlz 32 52 ...............

T2 [1 1 1 }
> —=|—4+—F+—F ettiiiien .
12

T 4| cosmX cos3mX cosSmX
f(x)= S| St g F s :
1 3 5

8 3% 57
Q.No.6.: A sinusoidal voltage Esintis passed through a half-wave rectifier which clips

the negative portion of the wave. Develop the resulting periodic function,

U(t)=0, when —g<t<0,
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. T
= Esinwt, when O<t<3,
21 . . .
and T = —, in a Fourier series.
0]

Sol.: The Fourier series for the function U(t) defined in [—g gj can be written as

U = i s—+z b, sin - (i)
n=1 - _
2 2
1 T2 T/2
Here aj =— I (t)dt = —— I t)dt + I
S 2 1
T/2 T/2
:0_,_2 I Esin otdt :E.E{_Cosmt}
T T o0
20E (275 Tj 2E
=——| —cos| —X— |+cos0 |=—.
2n { T 2 T
T/2 T/2
I s1n(0tcos—dt ob I 2 sin ot cos notdt o cos ™ _ cos™™ _ cosnot
0 T 0 T z
2 ®
T/2 T/2
:(o_E _[ lsin(1 + n)ot + sin(l — n)Jotldt = Eo cos(1+n)0)t_c0s(1 n)ot
2y 2| (+n)o (1-no |,

Ew —n—l—l—n}_@{(—l)(_l)n B (_1)(—1)1

2no|  nZ-1 2n| ol-n)  (l+n)

_Eo[ -2 }r Eo {—(—1)n . (—1)“}_ 2B +E(—1)n[—(1+n)+(1—n)}

2nw| n2-1] 2mo| (I-n) (1+n) _zn(nz—l) 2m (1-n%)

o 2E(a1y E[(-1)-1] |

_ i —
2n(n*-1) 2z(n>-1) n(n*-1)
T/2 T/2
Finally, b, :ﬁ TEsm(ntsmn(ntdt 02)—5 _[ [cos(n+1)0)t—cos(n—1)0)t]dt

0
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- oE snltho7_oEfsina -t o By

" 2n| (h+lo 2| (n—Dw 2

0 0

=b, =0, when n > 1.

When n =1, then

g T2 g T2
b =— I sin t.sinwtdt = —— I sin” otdt
T/2 3 T/2

~ 2E0)Tj-2(1—00520)tjdt ~ Em{t_ sin20)tT/2 _@[T} _Eo2n _E

o ) 2 T on 2 |, a2ml2] 2m20 27

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

-, —E[(-1)' 1]

U(t):E+Esin0)t+Z

T 2 prt n[nz —1]

= U(t) =E+Esin (Dt_Z_E|:COS32(Dt + coslglcot +%cos OWt+ .o } . Ans.

cosnmt

T 2 I8
Q.No.7.: Find the Fourier series of the function

0 when —2<x<-1
f(x)={k when —-l<x<1
0

when 1<x<2

Sol.: The function f(x) is given in the interval —2 <x < 2.
Comparing with o < x <a+2c, wehave o =-2 and c=2

For this, Fourier series is written as,

f(x)za—0+z ancosﬂ+z bnsinﬂ. (1
2 n=l1 ¢ n=l1 ¢

10L+2(: 1 -1 1 2 Kk Kk
Here, aj =— j f(x )dx =§ I 0dX+J. kdx+J. 0dx :E[x]l—l :5[1+1] =k.
¢ o -2 -1 1

-1 1 2
1
a, —5[]‘ Ocos%dx+j kcos%dx+! Ocos%dx]
-2 -1 1

-1
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k nw nw 2k( . nm
= sin— +sin— | = —| sin— |.
nw 2 2 nmn 2

So, alzg, a, =0, a3:_3—2k, ay; =0, etc.
nw T

-1 1 2
1
Now, b, =—| [ Osin™“dx+ [ ksin ™" "dx +[ Osin "=~ dx
2| 4, 2 ] 2 2

nmx nnx 2 ! k nw nm
:—J. n—dx—— —coS——.— | =—|—-cos—+cos— =0
2 2 nm|, nxm 2 2

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

k 2k mx 1 3 I  Smx
f(x)=—=+"=| COS—— = —COS—— + = COS ——..rrrrrrrrrrrrrrenne. Ans
2 m 3
. (nm
sin| —
kK 2k (2) nmx
=f(x)=—+— cos
2w n 2

—x)

Q.No.8.: Obtain the Fourier series expansion of f(x) = T m0<x<2.

Sol.: Here the length of interval is 2L =2 (i.e., L=1).

The Fourier series for the function f(x) defined in (0, 2) can be written as

f(x):a?0+z ancos?+z ansin?. )

n=l1 n=lI

lj- j- T—X 1 x2 ?
Hereay =—| f(x)dx = dx :—[nx——} =(n-1).
1y 0 2 2 2 0

jcos nmxdx

1o

12 2
a, = J f(x)cos—dx :J (
0

- %{(n -~ X)[ij sinnmx — (-~ I)XL‘(_ ! COSMXI

n7w nm

:_ZnTlnz[COSZIm_COSO] =—ﬁ[1—1]=0-
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2 2
b, :%J‘ f(X)SinImTde :j [n_xjsinnnxdx
0 0

) 2

:l{(n_x)(—cosnnxj_(_1).[_1]s1n2m;x} ‘
2 nm n-m" J,
-1 1

=—[(n—2)cos2nn—n.cos0]=—.

2n7 nw

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series

fx)= TX (n—1)

+0+ Z i.sinmtx.
2 2 1o

Q.No.9.: Find the Fourier expansion for the function f(x) =x — xz, -1<x<I1.

Sol.: Let f(x) = 370+ z a, CosSnmx + z b, sinnmx .

n=1 n=1

1
Here a :Jl. (x—xz)dx:j. xdx—j. xzdx=0—2j- xzdx:—Z{ﬁ} :2.
-1 -1 -1 -1 3 3

1 1 1
a, = I (X —x? )cos nnxdx = I x cosnTxdx — I x 2 cosnmxdx
-1 -1 -1

1 . . 1
sin nmx CoS n7x sin nmtx
=O—2J. x2 cosnmxdx = -2 x 2. _ZX(_TJ-FZ(_TJ
0 n7n n°m n'm 0

2.2

B {ZCosnn} A=)t 4=
nm n .

1 1 1
b, = _[ (x —x? )sin nnxdx = _[ X sin ntxdx — I x? sin nmxdx
-1 -1 -1

1 : 1
- QI < sin nmxdx — 0 = 2{){_ CoS NTX j ~ 1(_ sin n7x ﬂ
nm 22

0 n-m 0

_ _2[_ cos nn} _-20=0) (=)™ ‘

nm n7m nm

Substituting the values of a;’s and b;’s in (i), we get the required Fourier series
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2 1 4 (cosmx cos2mx cos3mx
X—X" =——4+— - + T ereeeereneees
2(sinTtx sin2mx  sin37mx
+— - + SR TTTPN
e 1 2 3

Q.No.10.: Find the Fourier series to represent f(x) = x? - 2,when —2<x<2

Sol.: Since f(x) is an even function, b, = 0.

[

Let f(x):xz—Z:a—0+ ancosﬂ.
n=lI 2
2 3 2
Here a :zj. (x2 —Z)ix =12 2 :§—4=—£.
2 3 4 3
0 0
2
n7mx n7mx . N7X
2 ( ) ) - ( ) )sm cos—— smT
== -2 —dx = -2 —2x| — +2| —
a, ‘([ X cos X n X e N
2 4 8 Jlo
__16cosnm 16(-1)"
n’m? n’g?
Substituting the values of a;’s and b;’s in (i), we get the required Fourier series
2 2 16 nt 1 1 3nx
X°—2=————| COS— ——COSTIX + —COS—— —........ .
3 x? 2 4 9 2
Q.No.11.: Develop f(x) in a Fourier series in the interval (0, 2) if
x, O<x«l1
f(x)= .
0, l1<x<2
Sol.: Here the interval is (0, 2). Its length =2-0=2=2/, (=1.
Let f(x)=a70+z (an cos?+bn sin?j (1)
n=1

be the required Fourier series.

12 1 2 1
Here aoz—J. f(x)dx:J- xdx+| Odx =—.
10 0 1 2
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>—A|>—A

I

2 1
If(x)cos—dx I xcosde+ 0dx
0 0

I

Integrating by parts, we get

:{(X)(Sin“"xj_(1)[$ﬁm‘ﬂ; = Lsinnmt—(cosnm—1)

nw nw nw nw
1 n
:nznz [(_1) _1]
1% 0 1 R 177,
—I f(x)sm—dx J.xs1n—dx+J‘ 0dx = I X sin——dx
19 1 0 1 0 ! II1

Integrating by parts, we get

1
—COSNTX —sin nTx -1 1 .
:{(X)(—j_(l)(Tﬂ =—cosnm+——sinnrt—0
0

nT nT n7w nT

n

-1 . (-1)
=—COoSNnmT+ 2Sll’ll’lTCZ— .

nT nrT7 n7m

Hence, from (i), we get

1 [=S] [=S]
f(x)=—+ Z a, cosnnx Z smnnx

n=1 n=1

4;

1 2 COS3TX CcOoSSTX
=——— (cosJT,x)+ + RRTTT
4 g2 32 52
1 ( . sin 27X sin 37X j
+—| (sinmx) - + — . ,
o 2 3

is the required Fourier series.

Q.No.12.: Find the Fourier expansion for the function f(x) =nx from x =—c tox =c.

Sol.: Let f(x)=3 b sm? )

n=1

be the required Fourier series.

C C
. NTX 27 . NTX
:—'[ f(x)sm—dx——j X sin——dx = — | xsin——dx
c
—C

C C 0 C
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i nmx nmx
o —COS— —Simn —
=27 (x c |-
¢ nn nn
L ¢ ¢ 0
.2
_m —C (e +o-(o+o)J :E(—D“*l.
C nw n

Hence, from (1), we get

- i n+l
fx)=Y %(— 1) sin? =2y (=1) in nrccx

=}

n=1

(. nx 1 . 2mx j
=2¢/ sin— ——sin—— +........... ,
c 2 C

is the required Fourier series.
Q.No.13.: Find the Fourier expansion for the function f(x) =x— x> in the interval
-1<x<I.

Sol.: Here the interval is (=1, 1). Its length = 1(-=1)=2=2¢, (=1

Let f(x)= a70+ z (an cos$+bn sinn—Jlth 1)
n=l

be the required Fourier series.
Here f(—x)=—-x+ x> = —(x — x3)= —f(x).
=1(x) is odd function. ..a; =0, a,Vn.

Now b, = 1 }f f(x)sinnmxdx = j (X —x3 )sin nmxdx = Zj (x x> )sin n7mx dx
n 1Y ’ 0 I it

l(x -x3 )sin nmx is even function]

O N R e

0

:z{ﬂ_o}lz(—l)““. {sinnnzo, neZ }

33 cosnt=(—1)",ne Z

Hence, from (i), we get
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oo n+l . :
f(x)=x—x° =£|:Z ) Sinnnx}zz[mnnx_stnx_‘_ ..... }

2|2l 2 13 23

is the required Fourier series.

t, —-0<tx<l

Q.No.14.: Find the Fourier series for the function given by f(t) = .
1-t, 1<t<?2

Sol.: Here interval is (0, 2). Its length =2-0=2=2/¢, /=1.

Let f(x)= a70+ z (an cos$+bn sinn—Jlth (1)

n=l

be the required Fourier series.

1

1t ‘ i t’ t’
=—| f(t)dt=| tdt+ I-t)dt=|— +|{t——
8, 1! (t) ! ! (1-1) 2 12
_L, (2—2)—(1—lj Ly
2 2 2 2
1% nTt i <
a, :—I f(t)cos—dt =I t.cosnmtdt+ [ (I—t).cosnmtdt
1O 1 o ! | 1 I i

Integrating by parts, we get

KERE R B

n n
- 0+(21)2_ 212}{0_ 212_[0_(21)2B
n°m® n°m n°m n°m

if niseven

1’127132

0,
- [(_1)ﬂ_1]: —4 n is odd
2.2

n-7m

2

1
f(Osinnmtdt = [ t.sinnmtde+ [ (1-t).sinn7tdt
I I 1T
0 1 L

b =

n

p— |
[S) Y

Integrating by parts, we get

e R
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=)
nmw nmw
| 0, n is even
=—|1-(-1 “}:
nﬂ:[ ( ) i, n is odd
nw

Hence, from (i), we get

oo

4 2
f(t)=0+ z ——5 5 cosnmt + z —sin n7t

n=odd N T n=odd nn
— cos3mt cosSmt 2( . sin37mt  sin 57t
=— COS Tt + > + > B T + —| sin Tt + + S R .
oL 3 5 T 5

Q.No.11.: Sum of functions: Suppose the Fourier series of

) n7mx . DmX
f(x)=—+ a.cos——+b, sin— | and
(== > ( n COS——+by sin— j

n=1
f(g) = o4 Z (cn cos X 4 d, sin ﬂj in the interval e to e + 2L,
2 & L L

then find the Fourier series of h(x)= of (x)+pg(x).
Sol.: h(x [—+Z a, cos X in?}ﬂS +Z Ch cos X n_zx}

h(x):(a%"‘ﬁ%j"‘z (Ocan+[30n)cos%+z (ob, +PBd, )sm%

o ol el

where Ay =0a,+Pcy, A, =aa, +Pc,, B, =ab, +pd,.

Home Assignments

Q.No.1.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) is periodic with period 2L.
f(x)=e* in (-L,L).
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(=1)" sin(“]’ij

12 +n27t2

—1)" nrx
( )cos( "
2

12 +n2n

j—Zni

Ans.: f(x)=sinh L 1 + ZLZ
L n=1

Q.No.2.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) 1s periodic with period 2.

f(x) =x for —-1<x<0
=xX+2 for 0<x<1
Deducethatzzl—l+l—l .......

3 5 7

[e]

Ans.: f(x)=1 +gz l[1 —2(=1)" ]sin nmx

Put x :% on both sides to deduce the result.

Q.No.3.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) is periodic with period 10.
f(x)=0 when —5<x<0

=3 when O<x<5.
Ans.: f(x) = 3 + Z 3(1=cosnm) sin( nnxj .
2 — nw 5

Q.No.4.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) 1s periodic with period 2.

1 if O<x<l1
f(x)= .
2 if I<x<?2

3 « 2
Ans.: f(x)=—- ——.sin(2n —1)nx .
ns.: f(x) 5 z (2n—1)n sin(2n — 1)mx

n=l1
sesfeske ks ceskesk skl kel
skoesk ekl ckekek

sk
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Even and odd functions

A function f(x) is said to be even if f (— x) =f (X) €.g2. COSX, SecX, x2are all even

functions. Graphically an even function is symmetrical about the y-axis.

A function f(x) is said to be odd if f (— x) =—f (x) e.g. sinx, tanx, x> are all odd

functions. Graphically an odd function is symmetrical about the origin.

We shall be using the following property of definite integrals:

C C
j f(x)dx =2 j f(x)dx , when f(x) is an even function.
—C 0

=0, when f(x) is an odd function.
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Expansions of even or odd functions:

We know that a periodic function f(x) defined in

(—c, c) can be represented by the Fourier series

f(x)za—o+z ancosﬂ+z bnsinﬂ,
2 n=1 ¢ n=1 ¢

< c
where a, = 1 I f(x)dx, a, = 1 I f(x)cos—mll:X dx, b, = 1 I £ (x)sin X 4
C e C e C C C

1§ 27
Case I: When {(x) is an even function, then ay, = — I f(x)dx = —j f(x)dx.
c c
—C 0

. nmx . . nmx . .
Since cos——is an even function = f(x)cos—— is also an even function,
c c

C C
soag =1J. f(x)cos@dx =2I f(x)cos@dx.
¢ c cy c

L . DTX . . . DTX . .
Again, since sin—— is an odd function = f(x)sin—— is an odd function.
c c

C
b, = 1[ f(x)sin 2 dx = 0.
c’ c

Hence, if a periodic function f(x) is even, then it’s Fourier expansion contains only cosine

terms, and
C C
a, =3j fydx,  a, = zj f(x)cos T dx . Q)
C 0 C 0 C

C
Case II: When {(x) is an odd function, then a, = l I f(x)dx =0.
c
—C

. nmx . . nmx . .
Since cos——is an even function = f(x )cos—— is an odd function.
c c

1 C
soag :EJ- f(x)cos?dx =0.

—C

o . DTX . . . DTX . .
Again, since sin—— is an odd function = f(x)sin——is an even function.
c c
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1 ¢ 2%
by =— | f(x)sin%dxz—j f(x)sin 2 dx |
¢’ c cy c

Thus, if a periodic function f(x) is odd, then its Fourier expansion contains only sine

terms and
2% . NmX ..
b, = —J. f(x)sin——dx . (11)
cy c

Now let us develop the Fourier series of some even and odd functions:

Q.No.1.: Express f(x) = x as a Fourier series in the interval —T < X < T.
Saw-toothed waveform

Sol.: Since f(—x)=-x=—f(x).

-.f(x) is an odd function and hence f (x) = z b, sinnx.
n=l1

27 27
Here b, :—I f(x )sin nxdx :—I x sin nxdx
T T
0 0
_2 o[ _cosnx ) —sinnx n__ZCosmt__Z(—l)n
T n n’ 0 n n
2 -2 2 -
by=—, bp=—, by=—, b, =—, etc.
S R T R

Hence, the required Fourier series is
= 2(-1)"
X = —z usin nx
n=1 n
) 1. 1. 1.
=>x=2 s1nx—§s1n2x+§s1n3x—zs1n4x+ ............. . Ans.

Q.No.2.: Find a Fourier series to represent x? in the interval (— l, 0 )

Sol.: Since f(x)= x? is an even function in (—¢, E),

f(x)za—0+ a cos%. 1)
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4

0 3 2
Then aozzj. xzdxzzx— :%.
14 0 )3 3
0
i
nx nmx nmx
) sin—— cos—— in——
an:—j x? cos ——dx == | x? L, 5 g +2 ¢
0 ! nn n°m n’n’
l 22 JE 0
40%(-1)"
= # l cosnm = (— 1)“]
—4/? 40% —4/? 40%
coap= etc.

— A= 55, 3= 5 5, A4 =—
752 22752 32752 42752

Substitute these values in (1), we get the required Fourier series

X 27X 3mtx 47x
2| cos— - cos cos cos

2_5_4
3 w2 | 12 2? 32 42

X

Q.No3.: If (x) = |cosx , expand f(x)as a Fourier series in the interval (-, 7).

Sol.: As f(—x)= |cos(— x)| = |cosx| = f(x),

cosx| is an even function.

.'.f(x)=a70+z a,CoSnXx .

21‘C 2n/Z ) T
Here a, =—| |cosx|dx = — cos xdx +— —cos x Jdx
0
o o o
0 0 T/2

. . T
{ cos X is negative, when — E <x< n}

= %{sinx|g/2 —|sinx|z/2}= %[(1—0)—(0_1)] =

als

27‘C T2 b
a, :—j |cosx|cosnxdx=— I cosx cosnxdx + I (- cosx)cosnxdx
nO n 0 w2

= l{tj‘z [cos(n + 1)x + cos(n - 1)x]dx - T [cos(n + l)x + cos(n - l)x]dx}

T 0 n/2
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sin(n +1)x N sin(n —1)x|7t/2 _|sin(n +1)x N sin(n —1)x|7t }

n+l n—1 |0 | n+l n-—1 |,t/2
1 sin(n+1)E sin(n—l)E sin(n+1)E sin(n—l)E
_1 2, 21, 2,
e n+l n-1 n+l n-1
nm nmn nn
5| €OS— = cos—_~ —4cos—
=— 2 _ 2 |= . (n=1)
| n+l n-1 nn?-1)

2 n/2 T
In particular, a; = — I cos? xdx — I cos? xdx | =0.
T
0 /2

Substitute these values in (i), we get the required Fourier series

= —4cosn—7t
|cosx|:;+z1 17 cosnx
o=

:>|cosx|=g+i l(:052)(—i(:os4x+ ................. . Ans.
T w3 15

Q.No.4.: Obtain Fourier series for the function f(x) given by

o
2xX
=1-—, 0<x<m,
T
2
1 1 1 T
and hence deduce that Sttt =—

Sol.: Since f(—x)= -2 (-m, 0)=£(x) in (0, 7),
T

and f(—x):1+2?X in (0, ) =£(x) in (- =, 0).

o f (x) is an even function in (-7, ).
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4 y-axis

B

x-axis

»

N

.'.f(x):a70+z a, cosnx. )

n=l

27 2% (1 2x o x2Y
Here aO:—J‘ f(x)dx = .[ [1——]dx:—(x——J =0.
T T

0 0 o o T )
2% 2% 2
a, :—I f(x)cosnxdxz—f (1——chosnxdx
T T T
—3[1 2stmnx [ gj[ cosnxj1t
T T 0
2 ZCosnn 2
== (-1)"
el
'a—i a a—— and a, =a, =a, = =0
Cedq TCZ’ 3 32n2, 5 52752, ................ 2 4 © T eeeereeeeens .

Thus substituting the values of a;’s in (i), we get the required Fourier expansion

f(x):i["os" pOOSIX OO } (i)

2| 12 32 52
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1 1
2" Part: Deduce that 1—2 + 3— et =—,

Putting x = 0 in (i1), we get

8(1 1 1
S
DR U
12 32 52 ............. 8

which is the required result.
Q.No.5.: Show that, for — T<x < T,

2sinan[ sin x 2sin2x  3sin3x }
1

sinax = — —
T

2_a2 92_,2  32_.2
Sol.: Here f(x)=sinax.

As f(-x)=—f(x) in (-~ =, n). It is an odd function. = ag=a, =0.

~f(x)=> b,sinnx. Q)
n=l1
27 17
Here b, :—I sinaxsinnxdx = —I [cos(a—n)x—cos(a+n)x]dx
e T
0 0
_1 sin(a —n)x 3 sin(a+n)x|7t B l[sin(a—n)ﬂ 3 sin(a+n)n}
Tl a-—n a+n |O T a—n a+n
B l_sin amcos N — cosansinnm  sinamcos nx + cosamsin nn}
T a—n a+n
i 1\ 1 -1 n _ _1)n+l
:l (-1) sman_( 1) sman:lz( ) Sinajt[a+r21 a2-|-n}22n(2 1) i sin(a)
T a—n a+n I a —n 'Jt(n —a )
2sinamn —2.2sinamn 2.3sinam

.'.b1=;(m, b2=;(m, b3=;(m, ........ etc.

Thus substituting the values of b;’s in (1), we get the required Fourier expansion

2sinam| sinx 2sin2x  3sin3x
f(x)= — e .

- +
T 12-a% 22-a% 3%2-3,?

Q.No.6.: Expand the function f(x)= xsinx as a Fourier series in the interval—- T < x < T,
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1 1 1

and hence deduce that %——+———+ .................. :%(n—Z).

35 57 79
Sol.: Here f(x)=xsinx .

As f(=x)=f(x), ..itis an even function = b, =0.

f(x)=a70+z a, cosnx .

27 2 T
Here aoz—J. xsinxdx = — (—xcosx)g+j cosxdx
TCO T 0
:g|—xcosx+sinxdx|z)t =g[7t]:2.
T T

T L

a :E xsinxcosnxdle x|sin(l + n)x + sin({l —n )x |[dx
n
7ICO TEO
_ . - _
(—XCOS(H_X)XJ + ! .[ cos(1+n)xdx
1 1+n 0 1+n0

T —x)x )" T
~ (xcos(l X)Xj 41 j cos(1—n)xdx
o l—-n

1-n 0

1 x cos(1+ x)x N sin(1+n)x 3 x cos(l — x )x sin(l—n)xIE

_n_ I+n (1+n)? l-n (1-n) .
_l__ G A G VA . G5 Vi [1—n+l+n}
i 1+n 1-n L 1-n? '
2 1+n
:>an=2—(—1) . [n>1]
n°—1

When n =1, we get

27 17 1|( xcos2x\® 1%
a; :—I X sin x cos xdx :—I xsin2xdx = — (— j +—j cos2xdx
T T 2 Jy 2y

_l[_xcost_i_sianT_l m|_ 1
T 2 4 J, T '

Substituting the values of a;’s in (i), we get the required Fourier expansion
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i L2 2 2

A R

f(x)=xsinx =1 ——cosX ——c0s 2X + ——C0S3X — ——COS4X +...........
2"? Part: Deduce that L—L+L—L+ .................. = l(7t—2).
35 57 79 4

Put x = —, we get
Ty 22,2 2
5 13 35 57 79 e
LA L
2 1.3 35 57 79
l(7t—1): L—L+L—L+ .................. Ans
4 1.3 35 57 79

) ) 1. N )
Q.No.7.: Prove that in the interval —T< X <7, XCOSX = —Esm X+ 22 %sm nx .
n— 1 —

Sol. Here f(x)=xcosx .

As f(-x)=—f(x)= itis an odd function= ag=a;=0.

- f(x)= i b, sinnx. 1)
n=1

I i
Here b, ZEJ' X €Os X sin nxdx =1J. x[sin(1+n)x+sin(1—n)x]dx
T T
0 0

T T
(_COS(H_H)X.XJ + ! jcos(l+n)xdx

1+n 0 1+n0

1
TC _ T T
—(M.Xj +chos(n —1)xdx
n-1 o n-1

0

|- cos(l + n)x sin(l + n)x cos(n - l)x cos(n - l)x *
X+ 5~ X+ 5
i 1+n (1+n) n-1 (n—1)

_ 1 [_— ncos(l+n)t  cos(n _1)X} _ _E{(—l)”“ (_1)1“,}

+
1+n n-—1 | 1+n n-1

0
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1+n 2 _(_1)n 2 n>
== nz—l_( ) n?-1 [ 1]

When n =1, we get

n

2 . 17 1 x o
b, :—J. X cos X sin xdx :—J. xsin2xdx = —|| ——cos2x +—J. cos2xdx
Ty T T 2 2y

0
A w1
o T 2 2

Substituting the values of b;’s in (i), we get the required Fourier series expansion

T

X sin 2x
——Co0S2X +

0o -1 n
.'.f(x):xcosxz—lsinx+22 (2—)sinnx.Ans.
2 n=2 n _1

Q.No.8.: For a function f(x) defined by f(x)= |x

, —T <X < T, obtain a Fourier series,

1 1 1 2
and hence deduce that S+t

Sol.: Here f(x):|x|, -MT<X<T.

As f(=x)=f(x), ..itis an even function = b, =0.

f(x)=a70+z a, cosnx .

@
T P 7 |T
Here aong. f(x)dx—gj. xdx:zx— =
T T T
0 0 0
I I . T T
a, ZEJ. f(x)cos nxdx :EJ. x cos nxdx :g(xsmnxj —lJ. sin nxdx
T T T n 0o Ny
2|x sinnx cosnx|" 2| (-1)" 1
= — —+ = — -
n| n n2 | | 2  p2
2 2 2
na=——(2) a,=0,a3=——(-2), a,=0, a5=—-(-2),.cc...... etc.
1 1271:( ) 2 3 32’11:( ) 4 5 ( )

5'n
Substituting the values of a;’s in (i), we get the required Fourier series expansion

T 4 cosS5x cosSx
.-.f(x)—a—— cos X + + F v, :

3? 5%
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111 2
2"¢ Part: Deduce that ST R e, SOPRVRRTROUIONOR -
- 3 5 8
Put x =0, then f(x) =0.
s 0= E—i{12+ 12+ 12 ...................... }
2 ml1r 3 5
11 o
12 J2 T —— =
Q.No.9.: Find the Fourier series to represent the function f —MT<X<T
Sol.: f(—x)=sinx = f(x), .. it is an even function= b, =0.
.'.f(x):a—0+z a, cosnx. @)
2 n=l1
27 2 2 4
Here a, :—J. sinxdx = =[-cosx[j =—[I+1]=—.
T T T T
27 1
a, = —J. sinx cosnxdx = —I [sin(n +1)x —sin(n — l)x]dx
T T
0 0
_l_—cos(n+l)x+c0s(n—l)x n_l —cos(n+1)7t+cos(n—1)n+ 11
T n+1 n—1 o T n+1 n—1 n+l n-1
RIREE e e A L e e B (GRS R es)
win+l n-1 n+l1 n-—1 T n? =1 n? =1
— — n _2
=—2 21 +(1 = [ +1]
T |n®’-1 n’-1 n
mln® —1
27'C
Now alz—j sinxcosxdx =0.
o
2 2
Also a, =—(-2), a, =0, a, =——(-2).,......etc
s = -2) 4y =0, = (-2)

Substituting the values of a;’s in (i), we get the required Fourier expansion
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e |- ns

T T 3 15
Q.No.10.: Given f(x)=—-x+1 for—-n<x <0
and =x+1 for 0<x<m.

Is the function even or odd? Find the Fourier series for f(x) and deduce the

1 1
value of 1—2+—2+5—2 ................
Sol.: Given f(x)=-x+1 for—n<x <0

and =x+1 for 0<x<m

~f(=x)=x+11in (-7 0)=f(x)in (0, 7)
f(-x)=—x+1in (0,x)=f(x)in (- =,0)

.f(x) is an even function in (-, n)and is symmetrical about y-axis= b

.'.f(x):ago+2 a, cosnx. @)
n=l1

T 2
2l
Xl =—|—4+7n|=7+2.
0 n|:2 :|

X 2% 2 \sm nx cos nx|
J. f(x )cos nxdx _EJ (x +1)cosnxdx = =|(x +1) +
o

=0

|

2
Here a, :zj(x+l)dx :g%
T T
0

0 A A §
2 2 n
— =——I|-1) —1].
La =-— a, =0, a a—Oa——4 etc
- lz.n’ ? 3T 32.75’ e sn
Substituting the values of a;’s in (i), we get the required Fourier series expansion
T+2 4|cosx cos3x cosSx
f(x)= —= + + = S

1 1 1
2" Part: Deduce the value of — s+ +

52

Put x =0, we get
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fo)=1=F41-H Lo Ly Ly
T4t 1
> S T T
2
:>n—= i+i+i+ ................ Ans
8 [17 3% 57

This is the required expression.

Q.No.11.: Find the Fourier series of the periodic function f(x):
f(x)=—k when —-Tt<x<0,
and f(x) =k when O<x<T,

and f(x +2m) = f(x).

oo n+1
Sketch the graph of two partial sums. Also deduce that Z 1) I .
o 2n-1 4
Sol.: As f(x)=—kin (- m,0)
and f(x)=k in (0,m),
a Y
k
X' X
— 0 T 2 3n 41 5T
-k —— — —
- f(x) is an odd function = aj; =a, =0.
~f(x)=> b,sinnx. Q)
n=l1
1 b 1 0 0
Here b, = — j f(x)sinnxdx =— J. —ksinnxdx + J. k sin nxdx
T i

=7 =7 =7
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T

n n n n

_1 |kcosnx|0 _|kcosnx|0 1 E_k(—l)n (—l)nk+5
I .

=%[1—(—1)“].

4k
S bl = ﬁ, b2 = O, b3 = ﬁ, b4 = O, b5 i T T etc.
T 3n Sm

Substituting the values of b;’s in (i), we get the required Fourier expansion

)= 21 finn

n=l nmn

4k | sinx sin3x sinSx
= f(x)=— + + F e .

Tl 1 3 5

oo n+1
2" Part: Deduce that z (1) _I
2n —1 4

n=l

T
Put x :E’ we get

+
nt|l 3 5
:E:I——+l— ...................
4 5
P oo (_1)1'1+l
= = . Ans.
4 z 2n—1 e

which is the required result.
Q.No.12.: A function is defined as f(x)=-x when—-T<x<0
=x when 0<x<m.

Show that f(x):g—i[icosx+icos3x+icos5x+ .............. },

n| 12 32 52

and hence deduce that Z — 5= n—.
n=1 (21‘1 - 1) 8

Sol.: Since f(-x)=x in (=x,0)=f(x) in (0,7)

f(-x)=—x in (0,m)=f(x) in (-==,0), .. f(x) is an even function = b, =0
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.'.f(x)=a70+z a, cosnx. 1)

n=l1

0 T
_x2 2

T 2

17 1| ¢ f 1
Here aO—EJ.f(X)dx——{J. —XdX+I de}—g
-7 0

—T
lTCZ nz
=—|—+—|=T.

T 2 2

17: 1 0 T
a, :—J. f(x)cosnxdx——{]l —xcosnxdx+J. xcosnxdx}
T - 0

- 0

-T

B ) 0 0 . T T
1|(—sinnx 1 . X.s1n X 1 .
=— X +— .[ sinnxdx |+ -— .[ sin nxdx
T n | n o N

. 0 . T
— XSIn nx COSIlX| |x.sm nx n COSIlX|

1
— - +
oL n n’ |—n | n n’ |o_

:1[-_& 1y, 1y _L} _ g[w}

2 2 2
(-=2), a, =0, a;=——(-2), a;=0, as=——(-2),....

In particular, a; =

1’m 3’m 5°m
Substituting the values of a;’s in (i), we get the required Fourier series expansion
T 4|cosx cos3x cosSx
f(x)==—— + + F o :
2

2" Part: Deduce that 3 —— ==,
2 oo s

Put x =0, we get

T 4|1 1 1
O=———|5+5+5+

2 TC 12 32 52
:n—z—i+i+i+

8 12 32 52 ..................
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which is the required expression.

2 2

Q.No.13.: Expand the function f(x) = XX in Fourier series in the interval (-, m).

12
Sol.: Here f(x) is an even function, since f (— x) =f(x).

The Fourier series reduces to Fourier cosine series given by

[

f(x):a—0+z agpCcosnx.

n=l
27 2% (m? x? 2| 72 x> "
Here aO:—J. fx)dx == | =—-"—ldx ==| =—x-—| =0.
T o8 12 4 | 12 12
0 0 0
2% (x? 2
n=—| | =——— |cosnxdx
Ty 12 4

2|(®? x? )sinnx (— 2Xj —cosnx ( lj —sinnx
== —=—=-— - X +| ——= :
|| 12 4 n 4 n2 2 n3

Substituting these values in (i), we get the required Fourier series expansion

.COSNX =COS X —
nZ 22 32 42

oo n+l
f(x) = z (-1) cos 2x N cos3x  cos4x N
n=1

Q.No.14.: Find the Fourier series f(x) = x> in (— T, TC)
Sol.: Since f(x) is odd function (i.e., f(—x)=f(x)).

The series reduces to Fourier sine series given by

f(x)= z b, sinnx.

n=1
27 27
Here b, :—I f(x )sin nxdx :—I sin nxdx
To To

. T
= g{x3(—cos nxj—3x2(_ s11;nxj +6x(-1)-) cos X _—63in nx} .
T 3 4

n n n n

0

)
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_ 3 2
bn:zl: T cosnn+6—?cosnn}:2(—l)“|: T +£}

n n n n3

Substituting these values in (i), we get the required Fourier series expansion

:22 6 _m (=1)" sinnx =2 ~_6 sinx — T~_6 Sin 2X +........ )
=1 n3 n 1 13 2 23

Q.No.15.: Find the Fourier series of f(x) defined
f(x)=0 when —c<x <0
=1 when0<x<c
Find the value of Fourier series at the point of discontinuity,
Sol.: The given interval of length 2¢c. The Fourier series is
f(x)= a?0+§ [an cos%+bn sin%}.

C

16 19 1¢ 1
Here a :ZJ. f(x)dx:ZJ. 0.dx+ZJ. 1.dx =;.x =1.
e -
1 n7mx
=—I cos—dx——J. cos——dx.
c c
0

= L[sinm:—sinO] =0
nmw

¢ C
:—f (x)sin " ax = - Sln@dx—l(i)(ﬂj

C c\nm C 0
1
=)

0
Substituting these values in (i), we get the required Fourier series expansion

=1+ 15 {““”n}m(n’“j.

n=l n ¢

= —L[cos nm— 1]
nmw

2" part:

The sum of the series at xo = 0 is obtained by putting x = 0 in the above series
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ie., £(0)= % + 1.0 = % . At a point of discontinuity xo = 0,
n

1 1 1
f(O)—E[f(0+0)+f(0—0)]—5[1+0]—§.

0 if —2<t<-1
I+t if-1<t<0
I-t 1f0<t<1

0 if1<t<2.

Q.No.16.: Find the Fourier series of f(x)=

Sol.: Here f(t) is defined in the interval (— 2, 2) of length 2L =4 (i.e., L =2).
Observe that f(t) is an even function (symmetric about y-axis).

Fourier series reduces Fourier cosine series (with all b, = 0).

oo

Thus f( )——+ a, cosn—7tt
n=1 2
L 2 1 2 2\
2 2 t—t 1
H =—| f(t)dt=—| f(t)dt = 1-t)dt+| O0dt= =—.
erag = [ loki=F o0k =[ 1=k (202

a, :fj f(t)cos ) dt :EI f(t)cos = dt =I f(l—t)cos 3 dt+0
0

0 0
1
2 2 2
:{(l—t)—.sm(nm]—(—l)—.— —l]cos[n—mﬂ .
nw nmT n7w 2 0
-4 nw |
a, = 2 0057—
=0 when n=4,8,12,.....

= 8 whenn=2, 6, 10,......
n2n2

T
= 24 5 whenn=1,3,5,.....
nTm

Substituting these values in (i), we get the required Fourier series expansion

nw

s T Cos(zj nmt

Z _ZZ ) .COS( > j
T h=21 n
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Q.No.17.: Obtain Fourier series expansion of f(x)= x.cos(n—fj in the interval

-L<x<L.
Sol.: Here f(x) is an odd functions (since 0. e = 0) in the interval (— L,L) of length 2L.
So ag and a,’s are zero.

The Fourier series is f(x) = z b, .sin(%j.

n=lI

Forn =1,

2 2 L X X 2 L K X sin Ttx
=— '[ f s1n( jdx — '[ x.cos(—j.sin(—jdx :—.—.'[ X.sin[—jd( j
Lo L3 L L L xy L L

_g.]r ~d sin’ 7x L xsianL
nd 2 L | 2

0 0
151 2m 1 L . 2mx
S E S S
T 21 21 L ],
SO bl :_ZL.
T
For n #1
L
b, =—j (X COSEjsm[nandX zgj xl[sin (0~ Unx +sin (n+1)ﬂtx}dx
0 L L L0 2 L L
:II+IZ'

L
Here I :%j x.sin[%jdx
0

_ 1 « L _ cos (n —1)mx B L? “1)sin (n—1)mx -
_L{ (n—l)n( ) Ay L
L n-1

I Zm(—l)(— "

Similarly,
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L
I, :lj x.sin(mjdx
L L
0
1l
L (n
L

h=h +1)(—1)(—1)““.

L _ cos (n+1)mx B L2 _1)sin (n +1)mx
+1)75( J (n+1)2n2( % L

Thus bn =Il +12 =

n -1 n+l1

L=1)"[ 1 L] 2Ln (-1)"
- .
Substituting these values in (i), we get the required Fourier series expansion

L . (nx) 2L& (1)%n . (nnx
f(x) =——sin| — [+ )
(x) o s1n( Lj 2, sm( L j

nn=2 n

Q.No.1.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) is periodic with period 27.

fx)= ") p rex<o

=(n—x) for 0<x<m.

Ans.: Odd function, f(x)=sinx + %sin 2x + %sin 3X 4o

Q.No.2.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) is periodic with period 27.

f(x)=sinax in (— T, n), where a is not an integer.

Ans.: Odd function, f(x)= 2sinan z
T ,3 a”-—-n

[\

Q.No.3.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) is periodic with period 2c.
f(x)=—a when —c<x<0

=a when O<x<c.
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Ans.: Odd function, f(x)=2> > (1 — cos nn}sin( nnx] |

T n C

Q.No.4.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) 1s periodic with period 2L.
f(x)=sinax in (-L,L).

Ans.: Odd function, £(x)= 2rsinal$ n(D)™ G
ns.: unction, X )= 2ZTSIn Z ) 2L2 Sin L .

n=] N7 —a
Q.No.5.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) is periodic with period 2.

f(x)=cosax in (—m, =), where a is not an integer.

. . ) n
(x) = sin am 4 2asinan Z (-1)

aTn L n=l a2 —Il2

Ans.: Even function, f

Q.No.6.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) is periodic with period 2.

f(x)=+/1—cosx in (—n, n) ,
- ZSin% in (—n, 0) and
V2 sin(%) in (O, n)
W2 42 i cosnx

Ans.: Even function, f (X)— 5 .
ton g o)

Q.No.7.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) is periodic with period 4.
f()=4—t in (-2, 2).

n+l
Ans.: Even function, f(t)= L 1) cos T
3 g2 n? 2

Q.No.8.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) 1s periodic with period 2.

f(x):%+x when —-1<x<0
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=——X when 0<x<1

4 < cos[(2n —1)nx]
TCZ n=1 (211 - 1)2 '

Ans.: Even function, f (x) =

Q.No.9.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) 1s periodic with period 2L.
f(x)= |x| in (— L,L).
nw
L 4L COS[L)
Ans.: Even function, f(x)==-— Z —_—,
2 2 2
T n=odd n
Q.No.10.: Find the Fourier series of the following function f(x) in the indicated interval.

f(x) 1s periodic with period 2L.

f(x)=x> in (-L,L).

n 2
Ans.: Even function, f(x)——+z ( 1) 4L cos( Xj.
3 42 n’n? L

Q.No.11.: Find the Fourier series of the following function f(x) in the indicated interval.
f(x) 1s periodic with period 2.
f(x)=x+x2 in (-1, 1).

Hint: f(x) may be defined as the sum of an odd function g(x) = x and an even function

h(x) = x 2. Fourier series f(x) is obtained by adding the Fourier series of g(x) and h(x).

oo n oo n+l
Ans.: f(x)=l+izz ) cosnnx+gz isinmtx.
3 T p=t n Tcnzl n

e o 3. 1. .
Q.No.12.: Show that the familiar identity sin’ x = Zsm X —Zsm 3x can be interpreted as
a Fourier series expansion.
sesleske shesteske cfeskesk skeskeske sfeslesk

desfeste sksksk seclek

kR
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Introduction:

Sometime it is required to obtain a Fourier expansion of a function f(x) for
the range (0, c), which is half the period of the Fourier series. As it is immaterial
whatever the function may outside the range 0 < x <c, we extend the function to
cover the range —c < x < c so that the new function may be even or odd. Therefore,
the Fourier expansion of such a function of half the period consists of sine or cosine
terms only. In such cases the graphs of the values of x in (0, c) are the same, but
outside (0, c) are different for odd or even functions.

How can we develop the half range sine and cosine series?

If it be required to expand f(x) as a sine series in 0 < x < c; then we extend the
function reflecting it in the origin, so that f (— x)=—f (x)

Then, the extended function is odd in (— c, c) and the expansion will give the

desired Fourier sine series:
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z b, sin— nmx (1)

2C
where b, =— If sm—dx.
€0

Half-range cosine series:

If it be required to expand f(x) as a cosine series in 0 < x < ¢ ; then we extend the
function reflecting it in the y-axis, so that f (— x)=f (x)

Then, the extended function is even in (— ¢, ¢)and the expansion will give the
desired Fourier cosine series:

f(x)=a—0+ a, cosE , (i1)

n=l ¢

2% 27
where a0=—j f(x)dx, and a, = I f(x cos—dx
€0 €0

Q.No.1.: Express f(x) = x as a half range sine series in 0 < x < 2.
Sol.: The graph of f (X) =x in 0 < x < 2is the line OA. Let us extend the function f(x) in
the interval —2 < x <0 (shown by the line BO), so that the new function is symmetrical

about the origin and, therefore, represents an odd function in (—2, 2)[see figure]

y-axis
a . A

» x-axis

Hence, the Fourier series for f(x) over the full period (=2, 2) will contain only sine

terms given by
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z b, s1nE

2 2
where b, =%J- f(x )sm%dx—j xsin?dx
0

0
2X  nmx 4 . nmx | 4(— 1)
=|——cos + sin .
nw 2 n2m? 2 |0 nw
4 4 4 4
Thus bl =, bz =——, b3 =, b4 B PPN etc.
T 21 3rn 41

Hence, the Fourier sine series for f(x) over the half-range (0, 2) is

4( . mx 1 . 1. .
f(x)=—| sin==——sin +—sin ——SIN——+ e
2 2 3 2 4

T

Q.No.2.: Express f(x) = x as a half-range cosine series in 0 < x < 2.
Sol.: The graph of f (x) =x in (0, 2) is the line OA. Let us extend the function f(x) in the
interval (—2, 0)shown by the line OB’ so that the new function in symmetrical about

the y-axis and, therefore , represents an even function in (— 2, 2) [see figure].

B' y-axis
A

A

» x-axis

Hence, the Fourier series for f(x) over the full period (-2, 2) will contain only cosine

terms given by

f(x):a—0+ ancosﬂ,
n=l
2 2 27?
where aozzj f(x)dxzj xdx:|zx—} =2,
25 0 2 0
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2 2 nmx 2 nmx 2X nmx 4 nmx |2
and a, =—J. f(x)cos—dxzj. Xxcos——dx = |—sin +——5cos
20 0 nm 2 n°m 2 |o
4
= (1" =1].
nznz[ ]
Thus a; = a, =0, a; = 8 a, =0, a: = etc
1= "5y a =Y, a3 =~ » 44 =V, a5 =— .
T’ 3’72 5272

Hence, the Fourier cosine series for f(x) over the half-range (0, 2) is

TTX 371X Smtx
8 COS 7 COS 7 COS 7
f(x)=1-— + + F oo, .
| 1 3? 52

Q.No.3.: Expand f(x)= %— x if 0<x <%

3 .1 . . .
=X _Z if 5 < x <1, as the Fourier series of sine terms.

Sol.: Let us extend the function f(x) in the interval —1<x <0, so that the new function
is symmetrical about the origin and, therefore, represents an odd function in (—1, 1).

Thus f(x): z b, sinnmx .

n=1

5l 12 1 3
Here b, = —J. f(x)sin nmxdx = 2 I [——xjsin nmxdx + I [x——jsin nmxdx
1% o \4 1/2 4

) 1/2 . 1
1 €osSNTx smm‘cx| 3\ cosnmx s1nn7cx|
=217 X T 22 2=\ x= 22
4 n7m n°mw |0 n7m n°mw |1/2
I . nm . nm
1 a1 Sy 1 1 on MMy
=2 —cos—+—— +2| ———cosnt———Ccos— —
dnt 2 4nm g 4nm dnmt 2 nip?
4sin—
1 n
= 1=(=1)"|-
Zm'l?[ ( ) ] n2 2
1 4 1 4 1 4
Thus blz—— 7 bz O, b3:_+ﬁ’ b4:0, b5:__ﬂ’ b6:0,...CtC.
T T 3t 3°m St 5°m
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Hence, the desired Fourier series of sine terms is

1 4. 1 4 . 1 4 .
f(x)= ——— [SInTX +| —+ sin37x +| — + SINSTX +........ .
T T 3n 32g2 51 522
Q.No.4.: Show that the constant ¢ can be expanded in a infinite series
4c { ) sin3x  sinS5x
inx + +

n 5

S RO }intherangeO<x<7t.

Sol.: Let us extend the function f(x) = ¢ in the interval —Tt<x <0, so that the new

function is symmetrical about the origin and, therefore, represents an odd function in

(-m, ).
Thus f(x)= z b, sinnx,
n=]

I

T
where b, = EI f(x)sinnxdx = EJ‘ sinnxdx = _—Zc[cos nx]z)t = 2[(— 1)° —1].
T nm
0

TCO nT

Thus b, =14—C, b, =0, bs :34—‘:, by =0,..... efc.
.U .U

Hence, the required Fourier series expansion is

~f(x)= E{sinx + sin 3x + sinSx e T } . Ans.
T 3 5

Q.No.5.: Obtain cosine and sine series for f(x)= x in the interval 0 < x < 7.

1 1
Hence show that Sttt =—.
- 3 5 8

or
Q.No.5a.: Expand f(x) = x in (0.7) by Fourier sine series
Ans.: f(x)=x in (0,7)

=+x in (-m0)

f(x)=x = 2[5“1”‘ - 51“32" + 51“33" ......... } =

Q.No.5b.: Expand f(x) = x in (0.1) by Fourier cosine series.

Ans.: f(x)=[x| in (-7,7)
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2 mZ (2n-1)

T 4| cosx cos3x cosSx T 4 cos(2n—1)x
f(x)=x==-= + + + = —
2 7w 1 32 52

Sol.: Let us extend the function f(x) in the range —t < x <0.

15! Part: To produce cosine series:

Suppose the function f(x) in the range — 7 < x <0 represent an even function, then the
Fourier series of function f(x) will contain cosine terms only given by

f(x)=a70+z a, cosnx,

n=l

27 Rl
where a :—J. xdx =—{7} =T
T T

0 0

T
X sinx +L2cosnx} = %[cosnn—l] = i[(— )" —1].
n°m

TC
2 2
and a, =—I xcosnxdx = — 5
7130 Tl n n o0 DT

4
Thus a; =——, a, =0, a3 =— ay, =0,.....etc.
T

n.3>

Hence, the required Fourier series expansion is

T 4|cosx cos3x cosSx
fx)=>——| ——+——+——+
2 1w 1 3 5

Now put x =0, we get

T 411 1 1
O=———|5+—=+—+ .
©_1 1.1,
8 12 32 52 ........... ,

which is the required result.
2"¢ Part: To produce sine series:
Now again suppose in the range — 7 < x <0 function represent an odd function.

Then the Fourier series for f(x) will contain only sine terms given by

f(x)= z b, sinnx,
n=]

T
-27

= COSNT.

0 n

T .
2 ) 2| —xcosnx sinnx
where b, = —j xsinnxdx = — -—
T 0 T n n
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Thus blz%, bzz_—;, b3:3, b4:_—2, ....... etc.

Hence, the required Fourier series expansion is

f(x) = Z[Sinx _sm 2x + sin 3x _sn 4x F o } Ans

3 4

Q.No.6.: Find the half-range cosine series for f(x)= x? in the range 0 < x <.
Sol.: Let us extend the function f(x) in the interval —t < x <0, so that the new function

is symmetrical about the y-axis and, therefore, represents an even function in (—n, n).

Thus f(x)= 370+ z a, cosnx,

n=l1

T 37" 2
where a; = 2J. xzdx:g|:x—} :zi,

T | 3 0 3
2% 2_ sinnwt|” ¥ sin nx
and a, :—J x? cosnxdx == [x* —I 2x dx
TCO T n | 0 n
2 sinnm )" —cosnx )¢ —cosnx |
=— (Xz j —-2x jj 2( 3 jdx
T n 0 n 0 n |
. . T -
:g{xz Slnnx_zx(—coznxj+z(—s1r;nxﬂ :g 0+2_725(_1)n}:iz(_1)n‘
T n n n 0 T n n
4 4
sa=-4, a, = 2—2, A3 = —— e etc.

Hence, the Fourier cosine series for f(x) over the half-range (0, n) is

2
f(x)= 2 _ 4cosx +120052x —%4cos3x ...................
2 3
n° 1 1
= f(x) == —4] cosX ——C082X +—COS3X +..orrvrrrrrnee. . Ans.
3 2? 32

Q.No.7.: Find the half-range cosine series for the function f(x) = (x — 1)2 in the interval

O0<x<lI.
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eeer 11
(iii) 1—2+3—2+ .......... =

. 11 T’

Hence, show that (i) 1+—5+—+...... =—,
2° 3 6

1 1 T

i) 1-—+——...... =—,

(i) 27 3 12

TCZ

8

Sol.: Let us extend the function f(x) in the interval (—1, O). New function is symmetrical
about y-axis and therefore represent an even function in interval (-1, 1).

Hence the Fourier series for f(x) over the full period (— 1,1) will contain only cosine

terms given by

a & COSNTX .
f(x)=—0+z a, , 6)
2 3 1
5l 5l 1 3 1
where aoz—J. f(x)dxz—J. (x—l)zdx =ZI (x2+1—2x)dx:2 2 4x—x?
10 10 0 3 0

=2 l+1—1 :g,
3 3

1 . 1
and a, :gJ- (x—l)z CcoSNTX dx =2 |(x—1)2 sin n7x
10 1 nw |,

nm

1 .
_J‘ 2(X _1) S1n N7TX dX]
0

1

1 1
({01 31V]9, CcOoSnNTtx
“Z(X‘”(‘ J -] g dx
0 nw 0 o nT

_ ZI:‘(X _ 1)2 S1n n7x
nw

. 1
_2[0+0+0+ 2 |251nn7tx| } 42‘

n2n2_| n’r’ |0 nln

Hence, the Fourier cosine series for f(x) over the half-range (0,1) is
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2

2 Part: Show that (i) 1+ +—+....= ",
23 6

1 T

i) 1-——+——...... =—,

1= 3 12

1 T
m) —+—+.......... =

A 3 8

. 2> 1 4 ]|cosmx cos2mx cos3mx
Now since (x —1)" = = + — + + Foene .
3 n?l 12 2? 32
Put x =0, we get ’f(0)=l+i 1+i+i+ ........
3 m2 2% 32

> 1 411 1 1 1 41 1 1
=>(0-1) =—+=| 5+ +5+ Sl=—t—|S+=+—Fo
3 r 2* 3 3 w12 22 3?2
1 T
:>1+—2+—2+ ...... =—.
2° 3 6
. 1 4 1 1
Againput x =1, we get f(l)=—+—| -1+ —=——+.......
B e
3 - 2 3 T 1~ 2 3
11 T
Sl —=—
2 3 12
Now adding, we get
11 T T 111 T’
21+ 5+ 5+ ©|=—+— | S+t St =—.
3 5 6 12 1 3 5

Sol.: Let us extend the function f(x) in the range —t < x <0.
Suppose the function f(t) in the range —1< x <0 represent an odd function, then the
Fourier series of function f(t) will contains sine terms only given by

(=3 b, 2, 0

n=l

2| 2 \sinn7t 2 \cosnmt b cosnmt
where b, == (- =2 |- +[ (1-2¢) dt
19 1 oy nw
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= 2{0 + [(l - 2t)%}1 - j (- 2)% dt] 2{0 + 2[%)}

n-TmT nm 1’13753

:_4|:(_31): - 31 3}: _343 (_1)n_1]'

Hence, the Fourier sine series for f(t) over the half-range (0, 1) is

> —4 . 8 | sinmt sin3wt sinSmt
flx)= —|(=1)" =1sin nmt :—[ + + F o ]Ans.
0=3 Sl -t - S, snom s

Q.No.9.: Obtain the half-range sine series for ¢* in 0 <x <1.

Sol.: Let us extend the function f(x) in the interval (=1, 0). New function is symmetrical
about the origin and represent an odd function in (=1, 1).

Hence, the Fourier series for f(x) over the full period (— 1, 1) will contain only sine term,
given by
f(x) = z b, sin@ ,
n=1 1
2 L nmx 2 L
where b, = —j e*sin——dx == j e” sin nmxdx
1 0 1 1 0

1

1+ n27t2

_ 2{ﬁ{o — nmcosnm— ((— 1)%"]}}

e nw 2nm
= 2{—%2{— - nncosnnH = T(l —ecosnT).

X
e .
= 2{— {sin nmx — nmwcosnmx }}
0

1+n e 1+n°m

Hence, the Fourier sine series for f(x) over the half-range (0, 1) is

& 2nT
f(x)= ————(l—ecosnm)sinn7x . Ans.
(x) gl 1+n2n2( )

Q.No.10.: Express sin X as a cosine series in0 < x < 7.
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Sol.: Here interval is (0,7) and hence ¢ =T.

Let f(x):a—°+z ancos%:a—o+z a, Cosnx. 1)
n=I n=l
aozgj f(x)dx:gj. sinxdx=—2|cosx§=i
T T T
T T
a, :gj f(x)cosnxdx:gj. sin X cos nxdx
T T
0 0

17 .. 17 .
:—I 2 sin X cos nxdx :—I 2 cos nx sin xdx
T T

0 0
1Tt
=— j [sin(n +1)x —sin(n —1)x Jdx [2cos AsinB = sin(A + B) —sin(A — B)]
T
0
T
:l—cos(n+1)x+cos(n—1)x| ’ Nl
L4 n+1 n—-1 |
B n+l n—1
_1| (=1 +(—1) _( -1 1 j
L4 n+l1 n—1 n+l1 n-1

1 1 1 1

+ + - ;
1} n+1 n-1 n+l1 n-1
| 1 1 1 1
n+l n—-1 n+1 n-1

if nis odd

if nis even

0; if nis odd

1
==y 2 2 e
T|—— if n is even
n+l n-1
0; if nis odd
- 4 if n is even

Hence, from (i), we get

— 2 4 (cos 2x cos4x j
+ > ajcosmx==-— + F oo :
n=2,4.6,..... T om\ 3 15

f(x)=sinx =

als

1
>

Q.No.11.: Obtain the Fourier expansion of Xxsinx as a cosine series in (O, ﬂ:)and hence
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show that 1+%—i+i— ................ :E.

35 5.7 2

Sol.: Let us extend the function f(x) in the interval (— T, O). New function is symmetrical
about y-axis and therefore represent an even function in interval (—m, 7).

Hence, the Fourier series for f(x) over the full period (—, &) will contain only cosine
terms given by

f(x)za—0+z a, cosnmx , (1)

n=l

27 2 2 2
where a :—J xsindx :—[—xcosx+sinx]70t =Z[-ncosn]="xn=2,
Ty T T T

L T
and a, = gj xsin x cosnxdx = lj x{sin(n +1)x —sin(n —1)x Jdx
Y T
0

0
_I ‘x(— cos(n + 1)xj
n+l

. J Cosr(ln:l m} ) [H_ cosr(ln_—l 1)Xj

1w (_1)n+1+0_{_ n (—U“‘HOH:{(_UH_I _(_1)n+1:|

I (n+1)

[S—

a

_ (_1)n+1{n+1—n+1} _ 2(—1)p!

(n+1)(n—1) (n—l)(n+1)
Thus a, =I—§, as =2—24, ay =% ..................... etc.

When n =1, we get

T I . T
alzgj sinxcosxdx:lj. sin2xdx=l —xc052x+s1n2x _m_ 1
T, T T 2 4 J, mL 2 2

Hence, the Fourier cosine series for f(x) over the half-range (0, n) is

1 2 2 2
f(x)=1-—=cosX ———CO82X + ——COS3X = ——COS4X + ..oevrerernrr.n. .
2 1.3 4 3.5

2" Part: Show that 1+i—i+i— ................ :g.

1.3 35 5.7
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which is the required result.

Q.No.12.: If f(x): x, 0<x <g

=MT-X, —<X<T,
. 4| . 1 . 1 .
show that (i) f(x):— s1nx—3—2sm3x+5—2sm5x— .............
T

(ii) f(x)zﬁ—z[izcos2x+izcos6x +izcolex+ .......... }
4 w1 3 5

Sol.: (i) Let f(x) is an odd function in (— T, Tl:). Hence, the Fourier series for f(x) over the

period (-7, 1) will contain only sine terms given by:

f(x)= Z b, sinnx, (1)
n=1
) w2 T
where b, = — _[ x sinnxdx + _[ (r— x)sin nxdx
T o n/2

x(~cosnx) mi2

2
T

n

0
—COoSnx
(m—x
n

1n/Z 1 T
+— j cosnxdx | + - I cos nxdx
0 o 2 Do

2[-1m nm I (. nm T nt 1 . nm
=—|——=cos| — |-0+—| sin— |- 0+—c0os— +—sin—
T 2 2 2

L n n2 2n 2 n2

Hence, the Fourier sine series for f(x) over the half range (0, ) is

4& 1 nmw
flx)= 4 1 . nm
(x) nnzzi = sin 5 sin nx

:>f(x)=i[sinx—%sin3x+%sin5x— ........................... }.Ans.
T 3 5
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(ii): Let us extend the function f(x) in the interval (— T, 0). New function is symmetrical
about y-axis and therefore represent an even function in interval (—m, ).

Hence, the Fourier series for f(x) over the full period (— T, Tl:) will contain only cosine

terms given by

f(x)za—0+z a, cosnmx , (i1)
2 n=l
2_n/2 T 2 1 /2 <2 T
where ajy = — _[de+ _[ (m—x)dx | = [ K +| X ——
T T 2 2
L /2 /2
2( 172 2 2 > 7 2| w? w o n?
== ——|+||n—— || ——— || = —F———+—
|2 4 2 2 8 Tt 8§ 2 2 8
2 2 T
:—X—:—,
T 8 2
2_71'./2 T
and a, = — Ixcosnxdx+ I (m—x)cosnxdx
T
L O /2
20| x . 1 m/2 \SINNX  cosnx "
=—|{—sinnx +— cosnx +{(m—x) -—
T (n n 0 n " Jg/o
I nm nm
e N e
:E lsmn—n+cos 2 _ 1 + (—1)—15 mt+cos 2
T(2n 2 n’ n? n? 2n 2 n2
_2 %COSE—%(1+(—1)H):|.
Tln 2 n
Thus al 0 az— 2|:;2—£j| _—2, a3:0, a4— zlii_i:|
22 A2 T 42 42
5= 6 — 62 62 - 62 - .32, .............. .

Hence, the Fourier cosine series for f(x) over the half range (0, ) is

f(X)=£—E COS2X | COSOX . Ans.
4 w12 32
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E, O<x£E
3 3
Q.No.13.: If f(x)=10, %smz—; :
T2 v<n
373
then show that f(x):i[cosx—COSSX+COS7X— ........ }
V3 5 7

Sol.: Here the interval is (0,7) and we need to find Fourier half-range cosine series.

T
Let f(x):ao+z a, cosnx @)

n=l

be the required Fourier Half-range cosine series.

2n ) /3 2n/3 L
aoz—j f(x)dx == jf(x)dx+ j 0dx + jf(x)dx
T T n/3 2m/3
/3 b
:gj' de+g J' _EdX:gE(E_Oj_g{n_Ej:E'l_z_ﬂ'l:().
Ty 3 T, 3 33 3 3 33 33
/3
27: 27:/3 227:/3 ?) b
a, =—j f(x)cosnxdx =— I f(x)cosnxdx +— I 0dx +— jf(x)cosnxdx
L T T 2m/3
/3 T
:g Ecosnxdx+2 _[ —Ecosnxdx
T 3 T3
2 |sin nx /3 2 |sinnx|” 2| . nm ( . 2nnj
=— —— =—/sin——| 0 —sin—
3] n | 3] n |3 3n 3 3

[sin nm=0, ne Z]

2| . nt . (3nmt—nn 21 . nm . nmw
=—|sin—+sin| ———— | | = —| sin— +sin| nT— —
3n| 3 3 3n 3 3

_2 sin % +(=1)e sin(— n—;ﬂ sin(um+6) = (~1)" sin @)

_ isinn_; -] [sin(~6) = —sin 6]
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0, if niseven

B isinn—n, if nisodd
3rn

Therefore, from (1), we get

- — 4 . nm
f(x)=0+ z a, cosnx = z —sIin—Ccosnx
n=l n=odd n 3

cos 3x 1. 5n 1 . 7n j

41 . T .
=—|sin—cosX + O+ —sin—cos5Xx + —s8in—CcoS 7X +.........
3 3 5 3 7 3

{ . St . ( nj T \/1
'.‘sm?zsm 27c—§ =—sin—=———

3 2

=i. ﬁcosx—— —Cos5 +£.lcos7x+ ........
3( 2 2 7
_i[COSX_COSSX | cos7x }
\/5 e .

Q.No.14.: Obtain a half-range cosine series for

f(x)=kx for OSXS%

1
f(x)=k(¢/—x ) for ESXSE,
.1
and hence, deduce the sum of the series D A Nt s RIS .
- 3 5

Sol.: Let us extend the function f(x) in the interval (—¢,0). New function is symmetrical
about y-axis and therefore represent an even function in interval (—¢, ¢).

Hence, the Fourier series for f(x) over the full period (¢, ¢) will contain only cosine

terms given by

& COSNTX .
=04 z a, (1)

012 2 2 )
where aO:% jkxdx+j (¢~ x)d} Zk{ﬁ +£__[g2_ﬁ_ﬂ

0 072 8 2
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2 2 2
_2k £_+£__£ :%[g2+4g2_3g2]:ﬂ,
18 2 4 8/ 8

2|12 n7mx ‘ nmx
and a, =z I kxcos——dx + I k(f—x)cosT
0

(12
[er2 ‘
:§ I xcosﬂdx+ I (f—x)cosﬂ
¢ L0 (12 ¢

! 0 / nmx
+ _[ [—jsin—dx
012 gy \IT ¢
ésinn—n—0+£(cosn—n—lj
¢ \nm nmx |’ [f [ nnj
+ —| — || cosnmt—cos—

(¢ - x)sin—
2k ¢ nm nw)||  2k¢ nm
=—|— cos?—l—cosmt+cos? = 2cos7—cosnn—1

n7mw| nT nznz
=2—k2£.i2{2005n—n—{1+(—1)n}}
T° n 2
2kl 1 —8k/
Thus a; =0, a, = —.—{-2-2}=——, a3 =0, a; =0, a5 =0,
2 T2
2kl 1 —8k/
dg :_2'_2[_2_2]:ﬁ ........... etc.
e 6 6

Hence, the Fourier cosine series for f(x) over the half range (0, /) is

ke 8kl| 1 2nx 1 67X
f(x)=— — | —COS—— + —COS—— + o.rrrrrerrrrrrrrnr.
4 g |22 (6 ‘
nd .1 1 1
2™ part: Deduce the sum of the series Sttt .
© 35

Now put x =0, we get
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k£8k£11 1 k¢ 8k/[1 1 1 }
O=——— | —F— 4+ ——F e, = —=—| -4+ —+—F .
4 4 36 100 4 7214 36 100
> [11 1 T2 [1 1 1 }
> —=|—-—+—+—4+. ... > —=|—+—+—+. ...
8 1 9 25 8 12 32 32
L I S Y _n
g e <
mx, OSXSE
Q.No.15.: If f(x)= 2
m(n—x), E<x$7t
2
Then, show that f(x) = i[mgx - sm23x + 00525x — e }
T i 3 5
Sol.: Let f(x)=)_ b, sinnx. (i)

n=l

21‘C ) /2 0
b, :—I f(x)sinnxdx =— Imxsmnxdx+ I n x)smnxdx
T
n 0 /2

n/2
2m .
:— I Xsmnxdx+— (m — x)sin nx dx

T /2 I II

Integrating by parts, we get

o e

2m[-n  nm 1 . nm| 2m -ttt 1 . nm
=—| —cos—+—sin— |+—| 0—| —cos— +—-sin—
T _211 2 n2 2 T n 2 nz

b
/2

2m| 2 . nn} 4m . nm

= — - mn— :T' n—.
T | n 2 n'm 2

Therefore, from (i), we get

(005 vl s e ]
n T 3 5

n=l
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1 1

——X, O0<x<—
Q.No.16.: Find the Half-range sine series for f(x) = 4 3 ) 2

X ——, —<x<1

4 2
Sol.: Here the interval is (0, 1) and hence /=1
Let f(x)=Y b, Smlnx =Y b, sinnx. ()
n=l n=I

21 1/2 1 1 3
Now b, :T-[ f(x)sinnmxdx = ZJ (Z—stinnnxdx+2.[ (X——jsinnnxdx
0 0 1/2

A5
o) o) ez

1 an S5 (o .
= - COS— — — [smmt=0, ne Z]
nm nm? 4nm
. nx
sin——
+2| - —(=1)" +0—| —cos =y 2
nmw nmw n’x?
—4sin—
1 n
=b, = + 1—(—1
n n2n2 21’175[ ( ) ]
Putn=1,2,3, ...... , we get
b= oy Lol 4y o0, b3=i+ S
> 2n  n g’ T 9x?

Therefore, from (i), we get

f(x)= Z b, sinnmx = [l—izjsinnx+(i+ijsin3n+ .......
n=1 T . 3 9x?
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I, O0<x< i
Q.No.17.: Represent the function by Fourier sine series f(x) = 2
0, —<x</{
2
Sol.: Let f(x)= b, sin% (i)

n=l

be the required Fourier series.

2 ‘ X 21 ¢ n7x 0 27 n7mx
where b, :—j f(x)sinn—dx =— 1.sin—dx+J' 0dx :—J. sin——dx
l 0 l l l 4

f 0 (/2 0
072
_ cog X
:2 4 :_—2 osn—n.£—1 —_—2 osn—n—l ,
¢| nm nm 2 nw
¢ 0

[n * 0]
ie., b _2 cos X -1 =2, b, =_—2(cos7c—1)=g, b3=_—2 COSE—l =£, .........

T 2 o 21 o 3n 2 3n
Therefore, from (i), and using the above values of by, by, bs, ...... , we get

tx)=3 b, sm%:b1 sinﬂTX+b2 sinz%+b3 sin?+ ......
n=I

2 . mx . 2mx 1 . 3mx
=—|sin— +sin——+—sin—+........ .
! / 3

T l
Q.No.18.: If f(x)=sinx for 0<x S%,
| | ) . .
= cosx for 1 <x< 5 expand f(x) in a series for sines.

Sol.: Let us extend the function f(x) in the interval (—g, Oj. New function is

. . . T T
symmetrical about the origin and represent an odd function in (— ’x Ej .

Hence, the Fourier series for f(x) over the full period (—g, gj will contain only sine

term, given by
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f(x)= Ei b, sinm, Q)
) /2 NTx 4 /4 /2
where b, = = I f(x)sin— =— _[ sin x sin 2nxdx + j cosxsin2nxd
— 0 =TS n/4
2 2
27t/4 21t/2
=— I [cos(2n—1)x—cos(2n+1)x]dx +— I [sin(2n+1)x+sin(2n—1)x]dx
T T
0 /4

g_sin(Zn ~1)x B sin(2n +1)x TM 2 [cos(Zn +1)x N cos(2n —1)x T/z

2n-1 an+l |, m 2n+l -1 |,

T T T T
in(2n—1)— sin(2n+1)— 2n+1)— 2n—1)—
sin(2n )4 sin(2n )4 cos(2n )2 cos(2n )2

2n—1 2n+1 2n+1 2n—1

Qe

b b
2n+1)— 2n—1)—
cos(2n )4 cos(2n )4

+
2n +1 2n—1

sin(2n — I)Z +cos(2n — 1)Z sin(2n + 1);C —cos(2n + 1)Z

2
x (2n-1) (2n+1)
sinE+cosE sin3—n—cos3—n i
27Ty T T 2] 2 | 2| 5 N2
Thus b, = = =
T 1 3 nﬁ 3 3
2 A2 42 8 m 8 w1
=—X2X—=——=—C0S—=—C0S—.—,
L8 3 3t 3t 4 m 413
sin(n—nj+cos(n—nj sin(n+n)+cos(n+n) 11 —L+L
b, =2 1 4)_ 4 4)| 212 2 2 2y,
2T 3 5 L 3 5

) o o ) T I

sin| T+ — [+ cos| T+ — sin| 2w —— [—cos| 2T — —
b 2 4 4 4 4
5=

T 5 7
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Hence, the Fourier sine series for f(x) over the half range (O, g} is

= —Ccos—
1.3 5.7 9.11

f(x)= 8 Z[stx_sm6x+sm10x+ ............................ ]Ans.
o

Q.No.19.: For the function defined by the graph OAB in figure, find the half range

Fourier sine series.
4 y-axis

X-axis

v

0]

Let us extend the function f(x) in the interval (—¢, 0). New function is symmetrical
about the origin and represent an odd function in (- ¢, ¢ )

Hence, the Fourier series for f(x) over the full period (= ¢, ¢) will contain only sine term,
given by

t(x)=> b, sin%dx,

n=1

2 nmx 2% (h \sinnmx 2h | sin n7x
where b, = —J f(x)sin——dx = —I (—Xj dx + I (x =) dx
0y l 09 \a l fa—1)) ‘
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l

r a
nmx . NTX n7mwx . NTX
2| TXCOS— = smT h —(X—E)COST smT
=—— + +
ta| nm (nnjz a~1) nn (nnjz
‘ vl / vl
t) | ) |,
. nTma nma . nhTa
o p| —acos—— sl 7 2h (a—f)cosT sin——
= - —+ —
tal nm (MJZ tla—1) nm (MJZ
0 ¢ 0
nma- g e nna sin
=& —Co 4 — 4 +cC £ _ ! £
l LU (nnjz nm (a—é)(nnjz
¢ / ¢ /
_2h 21 1. nma_ 20 (a—(-a) . nma
0 42p2la a-¢ ¢ 4272 a(a—-2) ‘
_ 2h/? L |, ma
n* |a(/-a) ‘
20%h 20%h 2
Thus b, = 2sinE, ) = 2sin nx’ .......... etc.
a(l—aln 1 a(t—aln 14

Hence, the Fourier sine series for f(x) over the half range (0, ¢) is

. Ta . 2ma . 2nx 1 . 3ma . 3mx
f(x) sm7$m

—X+Lsin—sm—+—sm—sin—
22 ! ¢ o3 l

_ 2

a(¢—a)n® F o } . Ans.

Q.No.20.: If f(x)= 1—% in 0 < x <L, find (a) Fourier cosine series (b) Fourier sine

series of f(X).

Graph the corresponding periodic continuation of f(x).
Sol.: The given function f(x) is neither periodic nor odd. In order to obtain
(a). Fourier cosine series of nonperiodic, not even function f(c). Define (or construct) a
new function g(x) such that (1) g(x) = f(x) in (0, L). (i1) g(x) is even periodic function in
(— L, L)). Now obtain the Fourier cosine series of g(x) in (—L, L))which is the required

Fourier cosine series of f(x) in (0, L) since g(x) coincide in (0, L).



Fourier Series: Half-range series 24
Visit: https://www.sites.google.com/site/hub2education/

Define g(x):f(x):l—% in0<x<L

g(x):l—% in-L<x<0

and g(x + 2L) =g(Xx).
Now g(x) is even in (—L, L)) and is periodic with period 2L.
The graph is the even periodic continuation (or extension) of f(x) .
The Fourier cosine series of g(x) is

a nmx
X)=—+ a, COS——.
g(x) 5 n L

2k 2k X x>
Here aozfj f(x)dxzfj (1—Ejdx: [X_ZJ
0

Thus, the required Fourier cosine series of f(x) in the interval (0,L) is

f(x)= g(x):%+n_2zi ll—r(l—zl)n JcoS[anj'
n=l

Since f(x) is equal to g(x) in the interval (0, L).
(b). Fourier sine series of f(x) in (0, L): On similar lines define a new function (i) h(x) =

f(x) in (0, L) and (i1) h(x) is odd periodic function.
Define h(x) = f(x) = 1—% in0, L
X
h(x)=1-—in -L,0
(x) L

and h(x +2L)=h(x).
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Thus g(x)is odd in (~L,L)) and is periodic with period 2L. The graph in Fig..... is the
odd periodic continuation (or extension) of f(x) shown in Fig .... The Fourier cosine

series of g(x) in the interval is (- L,L)

a
X ——+ a COS—.
g(x) 5

2L X 2L X X
Here b, :—J- f(x)sinn—dx =— (1——jsinn—dx
L0 L L0 L L

0
by =— .
nm
So h(x):%nZ:‘{ %sin[?j.

Thus, the required Fourier sine series of f(x) in the interval (0,L) is

f(X)— 22 l (HTEX)

n—l n
Q.No.21.: Represent f(x)= sinﬂi—X in 0 < x < L by a Fourier cosine series, Graph the

corresponding periodic continuation of f(x).

Sol.: In 0 <x <L, f(x) is neither periodic nor odd nor even.

Construct g(x)=f(x)= sinnTX in0<x<L

2(x) :—sinji—X in -L<x<0
g(x) is even, periodic with 2L.

. . . . dq
Fourier cosine series of g(x) is g(x) =04 a,cos—-.

L
Here a :—I f(x)dx —%sm( L jdx —EE[— cosn—xj

For n #1
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2k nmX 2% (nx n7xX
a, :—j f(x)cos——dx =—| sin| — |.cos dx
L0 L L0 L N

217% X
=——I sin(In —+(1 n)—— |dx
L2y L

:%{ L .cos(1+n)"_LX_L).cos(1_n)"_L"I:l{ L L ey

(n +1) n(l-n nin+l n-1
4 e .
=—— if nis even
Tn? -1
=0 if n 1s odd.
1.e., a —i ! = —4
’ 2n T 4n2 _1 7'[(21’1 — 1)(2n + 1) .
Forn=1,
31—__[ sin 2 cos X dx =0
L L
0
Thus
g(x)—g—iz 1 COS2n7tx
n ‘g (2n—-1)2n+1) L
2 4[1 2nx 1 dnx 1 67X J
=———| —coS——+—CO0S—— +—COS—— +.......
Tt w\1.3 L 3.5 L 57 L

Hence, the Fourier cosine series representation of f(x) in (0, L) is

1 2n7mx
F(x) = g(x) = ;‘;Z 2n—1)(2n+1)cos( L j

n=1

Q.No.22.: Show that in the interval (0, 1), cosTx = —z
T n=1 4Il -1

sin 2n7mx .

Sol.: This is a Fourier sine series representation of cos7x in the interval 0 < x < 1. Put

nx =z,for0<x < 1.then 0 <z < 7. Rewriting

COSZ——Z

nnl 4n -1

sin 2nz .

To expand cosz in Fourier sine series in 0,7
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Define
g(z)=f(z)=cosz in 0<z<m
g(z)=—cosz in —m<z<0

Now g(z) is an odd function in (— T, TC), and is periodic of period 27, then

g(z) = Z b, sinnz

n=1
For n #1
T

27 2 27 1
b, :—I g(x)sinnzdz =—I cos z.sin nzdz =—I —[sin(n+1)z+sin(n—1)z]dz
Ty T T 2

_1{—cos(n+1)z_cos(n—1)zT 1 {(—1)n+1 i

=— =- +
L (n+1) (n—1) n+l n-1 n+1 n-1

0 T

2n n
) min? -1 [(_1) +1]’

=0 if n is odd.

T
J coszsinzdz=0.
0

bl:g
T

The required Fourier sine series in (O, n) is

= 2n[(—1)n +1] : < 2(2n)2 °° 8n .
(Z) g(z) HZ:; A2 sin nz HZ:‘{ . (2n)2 . sin 2nz HZ:‘{ i PRI sin 2nz

Replacing z by mx, we get

- 8n ) )
COSZ = COSTIX = E 3 sin2nmx in0<x < 1.
n=l TC|4II - 1|

Q.No.23.: Expand 7tx — x% ina half-range sine series in the interval (0, ) upto the first

three terms.
Sol.: Let f(x) = x> —x% = z b, sinnx.
n=l1
T

Here b, = %J‘ (th —x? )sin nxdx
0
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. T
_ g{(nx _ Xz)(_ cosnx)_n_ ZX(— sm;xj_l_ - 2)(_ cos3nxﬂ
T n n n 0

2| 2cosnm 2 4 n
=—|- +—|=—1-(-1
W[ n> n3} Tcn3[ ( ) ]

8 : .
=0 or — according as n is even or odd.
Tn

, 8. sin3x sin5x
S MX—X =—|sinx + +—
T

3 5 T

Q.No.24.: Develop sinn—; in half-range cosine series in the range 0 <x < /.

. MX a o nmx
Sol.: Let sin— = -9 4 a. cos—.

n=l
/
¢ cos %
Here aozzj SinEdXZE - ¢ :—g[cosn—l]:i.
ty 14 14 T T T
¢ o
2 . TX nmx 1e[. X . X
a, :—j sm—cos—dx:—j [sm(n+1)——sm(n—1)—}dx
ty l l £y 1 1
X x|’
cos(n+1)=~ cos(n—1)
l L T
+1)— -1)-
e -0

Al

:ll:_ (- 1)n+1 N (- 1)n—l 1 1 }

+ - .
n+1 n-—1 n+l n-1

When n is odd:

1 1 1 1 1
an:— —_ + + - :0-
]l n+l n—-1 n+1 n-1

When n is even:
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1] 1 1 1 1 20 1 1 4
an =— - + - = - = .
n[n+1 n—-1 n+l n—l} n[n+l n—l} n(n+1)(n—-1)

cos 27X cos 4mx cos 67X
-, sin B =g—i 14 + 14 + 4 B T .
1.3 3.5 5.7

Q.No.25.: If f(x) has the Fourier series expansion
f(x)——+z a cosng +b sm% inas<x<a+2/,

a+2/

show that j [f] dx = 2{ + z (a,2+b, )}

Sol.: Given f(x)— Z (a cosT+b %j )

Multiplying (i) by (x) and integrating from —/ to /, we get
(

[ [Feof dx==2 U f(x)dxj+z U f(x)cosdej+Z b U’ f(x)sin%dxj

—/ -/ -0

1 ‘ nmx ‘ nmx
Since a, =— | f(x)dx,a. =—| f(x)cos——dx,b =—| f(x)sin——dx .
of_j€<>n€£<> ; nf_L()f

JIroT v =200+ a,(00) 3 bn.ubn):{%i (az+bﬁ)}

—/ 2 n=l1 n=1
2
apg 1 2,12
{T 5 (an+bn)j|'

Q.No.26.: If f(x) = Z b, smT in (0, ¢). Then show that j [f(x)]zdx— Z b2.
n=l

M8

n=1

Sol.: By the definition of half-range sine series, we have
=— I f(x) sm— )

Now given f(x) = Z b, sin ngx (1)

n=l

Multiply by f(x) and integrating from 0 to 7, we get
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By using (*), we get

!

[ [EoOFde=S b [ foosin™ dx =3 b,
n=l n=l1

0 0

b, < .2
=—)> b;.
2 2 g; !
Q.No.27.: If an alternating current wave is represented by the series

=Y Iy sin[2m—1wt+ oy, ].
n=I

Sol.: We know that, the effective value of a function y = f(x), 0 < x < 7, is given by

1 ), 1/2
<~ — 2 .
y—b! y dX} : (i)
given 1= z | DY sinf(2m —1)wt + 0yt ], defined in (0,¢), then by using Parsaval’s

n=1

identity ,
2 I 2 _ - 2 ..
5 ! [f(0)] dt = ; b2, (i)

Here f(t)=i(t), b, =1L,.
The required effective value of the current i is given by i, where

12 1/2 | 1/2 L= 1/2 I
i{zf [i(t)]zdt] :{Emébgn} :[Ezlm_l} :\/5(112+1§+1g+ ........ )

0 m=1
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Home Assignments

[Interval O < x < /]

Il 1. 2
Q.No.1.: Show that the series —z —s1n(— HTRXJ represents %Z —x when O0<x < /.
TN

Q.No.2.: Find the two half-range expansions of

()= 2kx /L if 0 <x < (L/2)
C|2k(L-x)/L ifL2<x<L

Ans.: (a). Even periodic extension: Fourier cosine series

nw
2cos— —cosnm—1

k 4k < 9 nmx
flx)==+=> X COS ——
(x) e 3 cos—

(b). Odd periodic extension: Fourier sine series.

8kw— | . nm . nmx
f(X)=—2 — sin—-.sin—.

T h= D 2 L

: 1
1 if0<x<—
Q.No.3.: Represent f(x)= 2

0 if 1 <x<l1
2
in (a) Fourier sine series
(b) Fourier cosine series
(c) a Fourier series (with periodic 1)

Ans. (a). f(x) = 2 Z (1 —cos %jlsin nmx
T

n=1 n

1

231 nmw
b). f(x)=—+— —sin —.cosnmx
(). £(x) = nzl —sin—

(c). f(x) =%+%z [1—(— 1)" ]%.sinmtx .
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1 if0<x< 1
Q.No.4.: Find the Fourier sine and cosine series of f(Xx) = 1 2
0 if —<x<l1

2

Ans.: Fourier sine series

Q.No.5.: Find the two half-range Fourier cosine series of f(x) = x> in O, L).

| ) BN | n 2 n || cosnmx
Ans.: f(x)=—+— —|(=1)" + 1—(—1 .
ns.: f(x) PR ré 2 {( ) nznz[ (-1) ] L

Q.No.6.: Represent f(x) = x2in0<x<L by Fourier sine series.

n=1

A2 S| 1 (-)" | . nmx
Ans.: f(x) = —1)" —1|- sin
(x) ”ZLW[( y -] . 0
Q.No.7.: Find the two half range Fourier series of f(x) =1in0<x<L

Ans.: Sine series f(x)=1= EZ l[1— (- 1)n ]sin%.
TSN L

Cosineseriesf(x)zlz%zl (ag=2, a,=0, forn=1).

dedfeste cksksk deleske skesksk sk
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