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The definite integral J. f(x )dx is defined as the limit of the sum

£(x)0x; + F(X5)0Xy + oo +f(x,)0x, ie Z f(x,)ox,,
r=1
where n — oo and each of the lengths 80X, 0Xp,eeverveuennne. tends to zero.
a
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A double integral is its counterpart in two dimensions
Consider a function f (x, y) of the independent variables X, y defined at each point
in the finite region R of the xy-plane. Divide R into n elementary areas

OA[,0A 5, e ,0A,,. Let (x,,y,) be any point with in the i elementary area SA.,.

4 y-axis

Now consider the sum
f(xl,yl)SAl +f(x2,y2)5A2 F o + f(xn,yn )5An ie. Z f(x,,y,)OA, .

Definition:
The limit of this sum, if it exists, as the number of sub-division increases indefinitely (i.e.

n — o) and consequently (as a result) the area of each sub-division (ie. BAr) decreases

to zero (i.e. 0A, — 0), is defined as the double integral of f (x, y) over the region R and

1s written as I f(x,y)dA.

R
n
Thus [ f(x,y)dA = Lim )" f(x,,y,)3A, . (i)
n—oo
R A, -0 =1

For purpose of evaluation, (1) is expressed as the repeated Integrals

I f(x,y)dA :T yf f(x,y)dxdy .
R Xy

Its value is found as follows:
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Case 1: When y,,y, are functions of x and x;,x, are constants.

4 y-axis

P
o
[~~~ y,=f2(x)
X = X{ X = Xp
~ L~ v=1(%)
A / B yi=h .
_ X-axis
(o)

Here f(x, y) is first integrated w. r. t. y keeping x fixed between limits y;,y, and then the

resulting expression is integrated w. r. t. X within the limits x;,x, 1.e.

X2 1Y2
Il = J. J- f(X’Y)dy dx|,

LSH R4

where integration is carried from the inner to the outer rectangle.
Geometrical illustration with Figure:
Here AB and CD are the two curves whose equations are y; =f;(x) and y, =f,(x). PQ

is a vertical strip of width dx.

The inner rectangle integral means that the integration is along one edge of the
strip PQ from P to Q (x remaining constant), while the outer rectangle integral
corresponds to the sliding of the strip from AC to BD.

Thus, the whole region of integration is the area ABDC.
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Case 2: When x;,x,are functions of y and y,,y, are constants.

py-axis B / Y =y2 \D

X1=f1 ) X2=f2(Y)
P Q

N

\ / _ X-axis

A

0]

Here f(x,y) is first integrated w. r. t. X keeping y fixed, with in the limits X;,x,and the

resulting expression is integrated w. r. t. y between the limits y;,y, i.e.

Y2 |X2
I, = j J. f(x,y)dx dy |,
Y1 | X1

Geometrical illustration with Figure:
Here AB and CD are the curves x; = fl(y) and x, = fz(y). PQ is horizontal strip of
width dy.

Then the inner rectangle indicates that the integration is along one edge of this
strip from P to Q while the outer rectangle corresponds to the sliding of this strip from
AC to BD.

Thus the whole region of integration is the area ABDC.
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Case 3: When both pairs of limits are constant.

The region of integration is the rectangle ABDC as shown in the figure.

Q

uy-axis C y=y2 D
X =X1 X=X»
P Q
A Yy =V1 B
P . X-axis
(0]

[ = T ﬁz f(x,y)dy} dx ,

X Yi
In I;, we integrate along the vertical strip PQ and then slide it from AC to BD.
Y2 X2
12:_[ I f(x,y)dx dy .,
Y1 X
In I,, we integrate along horizontal strip P’Q” and then slide it from AB to CD.
Here obviously I; =1,.

Thus for constant limits, it hardly matters whether we first integrate w.r.t. x and then

Ww.r.t. y Or vice versa.

Here we will discuss those problems in double integrals, where limits are
given. By observing the limits, we will decide the order of integration. Since
limits are given, so rough sketch of the region of integration is not
required.

2 3
Q.No.1.: Evaluate the integral j j xyzdxdy.
11

Sol.: LetI:j‘ J%xyzdxjdy [ [ }dy I{

1 \1

2 2 377
223y ayiay=| ] =§(z>3—i(1>3 PE 22 ans

1

Il
—_——
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2

5 x
Q.No.2.: Evaluate J J x(x2 +y2)dxdy.
0 0

5 (x? 5 3 x? 5 46
Sol.: I:j I (x3 +xy2)dy dx =I l:x3y+x.y—} dx :j [x3.x2 +x.—}dx
00 0 3 0 0 3
5 7 6 8| 2
= |+ fax =+ 2] =50 L5 12188802 nearly. Ans.
0 3 6 24 6 24
0
1 Jx
Q.No.3.: Evaluate the integral I j (x2+y2)dxdy.
0 x

0 X 0 X

Jx Jx
Sol.: Let [ = _1[ [ J. (x2 + yz)dy]dx :j {x2y+y?3:l dx

i 3/2 3
XZ\/;+XT—X3 —X?:ldx

Il
O ey =

3 3 7/2 3°5/2 3

1
3/2 3 712 5/2 4
X 4x X 1 x X
x>'% 4 jd —{ + }

Il
O ey —

:E(D”2 +%(1)5’2—ﬂ e A

7 15 3 105 105 35

x2
Q.No.4.: Evaluate the integral :4[ '[ e¥/*dxdy.
00
2
Sol.: Let szf XJ- e¥/*dy |dx ::‘f [xey/x]gzdx ::‘f [xe"z/X —xeo}dx ::‘f [xeX —x]dx
0\0 0 0 0

s ] ] [ S0 o] 2]

_[xexﬁ_[ex]g{x_;l_(464_0)_(64_1)_@_0}

=de* —e* +1-8=3e*-7. Ans.
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1

Q.No.5.: Evaluate the integral j

1+x? +y J

+x2

l

1

Sol.: Let I = .[ {

dxdy

0 0 1+)(2+y2

1 { 1+x2
- y
dx = tan~! dx

E')- L}l+x2 [ 1+xzﬂO

1+x° ! tan™' 0 |dx

\/1+X \/1+x2

:g[log(x+mn; =

%[1og(1+\/§)—log 1} . Ans.

4a y Xz_yz
Q.No.6.: Evaluate | [ | =~ ldxdy.
0 2 \ X +y
v
4a
4a | y 2 2 4a |y 2 2
Sol:Let I=[ | [ [5—Llaxjdy=[ | [ | 5525 -1+1|dx fdy
0 y2 X +y 0 yz X +y
4a i 4a
4a |y 2 4a y
-2
:j j 5 y 5 +1]dx dy=f {—ZYZXlXtan_l(£J+x} , [dy
0|2 \X Ty 0 y y vy
> 4a
| 4a
4a . 2
=J. (—2y><—+yj— —2y><tan_1[lj+y— dy
0 4 4a) 4a
4a [ - 2
:j ——y+y+2y.tan_1l—y— dy
2 4a
0L
r 4a
2 2 3
—ny y -1y y
=|——=—+—+ +16a“ Jtan —4ayy———
22 2 {(y ’) 4a y} 124
i 3
= —n><l6a2+16 +(16a2+16a2)><£—16a2—6421
4 12a
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Q.No.1.:

Q.No.2.:

Q.No.3.:

Q.No4.:

Q.No.5.:

Q.No.6.:

Q.No.7.:

Q.No.8.:

Visit: https:/www.sites.google.com/site/hub2education/
1 4
= [— 4ma’ +8a® +8ma’ —16a’ —gaz} = a2[4n—?0} = 8{%—%}2 . Ans.

s sese s s s e ofe st s s s et st s s s ettt s ettt s ket sttt e ke ok sk sk s

Home Assignments

2a (x%/4a
Evaluate the integral j j xydy |dx .
0 0
a 32—Y2
Evaluate the integral j j xydx |dy .
0 0
y ]
b | V72
Evaluate the integral j _[ (X+y)2dx dy.
-b y2
—a 1—b7

1 X
Evaluate the integral I { I xy(x + y)dy]dx .
0

2
Evaluate the integral j [
1

4a 2J2§
Evaluate the integral I I dx |dy
0 y2/4a
1 i ay
Evaluate the integral J J (x2 + y2 )dx dy.
0 _ay2
2
a |y /a
Evaluate the integral J J __dx dy .
2.2
0 0 a X
1- 4
L yo
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3 /a2_x2
a |b
Q.No.9.: Evaluate the integral J J x3ydy dx.
0 0
e? 2
Q.No.10.: Evaluate the integral 1= I J. dx (dy.
1 |logy

seeksk ckesleske skesksk skesleske sResksk

defsk ckskesk ek

sk
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Triple Integrals:
Consider a function f(X, y, z) is defined at every point of the 3-demensional finite

region V. Divide V into n elementary volumes &V, dV,,...., dV,,....,0V, . Let

(x,,¥,,z,) be any point within the r" sub-division 8V, .

A z-axis

O . y-axis

X-axis

Now consider the sum Y f(x,,y,, z,)8V,.

r=1
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The limit of this sum, if it exist, as n — co and consequently 8V, — Ois called the triple
integral of f(x, Y, z) over the region V and is denoted by J. f(x,y,z)dV.

For purposes of the evaluation, it can be expressed as the repeated integrals

Xy Y2 Zp
.[ I jf(x, y, z)dxdydz .

X1 1z
If x;,x, are constants; y;,y, are either constants or functions of x and z;,z,
are either constant or functions of x and y, then this integral is evaluated as follows:
First f(x, y, z) is integrating w. r. t. z between the limits z;,and z, keeping x
and y fixed. The resulting expression is integrated w. r. t. y between the limits y;,and y,

keeping x constant. The result just obtained is finally integrated w. r. t. X from X, and x,

X2 Yz(x) Zz(x,}’)
Thus 1= J. I I f(x,y,z)dz dy ¢dx |,
X1 Y1(X) Z1(X,Y)

where the integration is carried out from the innermost bracket to the outermost bracket.

This order of integration may be different for different type of limits.

Here we will discuss those problems in triple integrals, where limits are given. By
observing the limits, we will decide the order of integration. Since limits are given,

so rough sketch of the region of integration is not required.

1 z x4z
Q.No.1.: Evaluate j J. j (x +y +z)dxdydz.
-1 0 x-z
1 [z [x+z 1 [z 2 X+z
SOl.:Wehavelzj J. ( I (X+y+z)dy]dx dz:J‘ I xy+y—+yz dx (dz
2
-1 0 X—=Z -1 0 X—Z

_J‘ @ {x[x+z —(x- z]+—[x+z (x—2)2]+[(X+z)—(x—z)]z}dx}dz
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- 1 [T [(X+z)(2z)+%4xz}dedz

-1 \0
L X2 XZZZ L Z3 Z3 Z41
=2j 2o p 2 x+ 25 dzzzj {—+Z3+—}dz=4— =0. Ans.
e 2 0 ° 2 2 4 »
1 1-x2 1—)(2—y2
Q.No.2 Evaluatej J J xyzdxdydz
0 0 0
) (i L Vi) |l
Sol.: We have I—I I y I zdzpdy [dx = | x I y.Z dy +dx
0 0 0 0 0
1 1—x2 | 1 2 4 1-x
AR S ) T
0 0 0 0
_%Jl. —(1—x2)22x—(1—x2)4.x}dxz—j‘ (x—2x3+X5)dx
0 - 0
RIS X_61_1(1_1+lj_L An
“82 4 6| 82 276) a8 "

122
Q.No.3.: Evaluatej J '[ xzyz dzdydx.
00 1

122 1
Sol.: We have I I I Ix yzdzdydx—J‘ {
001

I
O ey —

1]
O ey —
1
[\
>
)
<
)
|
>
[\
<
[\
(e}
[
>
Il
—_—
=
><
bol
Il
S t—
98]
>
[\S]
(o
e
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c b a

Q.No.4.: Evaluate '[ J '[ (x2 +y2 +z2)dx dydz.
—-c -b -a
c |b(a c |b a

Sol.: We have [ = J. {j .[ (X2+y2+zz)dedy}dz=8j '[ {—+y X+z x:l dy dz
-b (-a \-a 0 |0 0

c (b [ 3 3 a 3 b
:SI j —+ay +az? dy dz—8_[ y+L+aZ y| dz
o o 3 3

0

= 8 [a3bc +ab’c+ abc3] = %abc[a2 +b%+ 02]. Ans.

4 2z \l(4z—x2 )

Q.No.5.: Evaluate J J J dydx dz.

0 0 0
V2 Na2-x>
Sol.: We have I:j‘f 2'[ 4ZJX dy |dx dz—J' { J’ [y]O\Mz X dx}dz
0] 0 0

4[24z
=I { J. \/4z—x2dx}dz
0o
Put2\/_:p:>4z:p2.
SRR
Put x = psin® = dx =pcos0do.

Whenx=0, 6=0; x=p, ng.

4 11:/2\/— 4 (m/2 ) 4 | =
I:'([ {J‘ p~—p°sin“ O pcosede} :'([ {jp Ccos Gde}dz—f 4z(§x5jdz
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p 72 ! 16
:nf zdz = 7 =T.— = 8m. Ans.
0 2

P
0
a X Xty
Q.No.6.: Evaluate I I I e* Y ?dz dy dx .
00 O
a X X+y a X X+y
Sol.: We have I:J '[ '[ e* Y *dz dy dx :J. J. I e* Y % dz |dy |dx
00 O 010 0
a [x a 2(x+y) X
_ J' J‘ (eZ(x+y) _ex+y hy}dx _ J‘ l:e _ex+y:| dx
0 LO 0 2 0
a 4x 2x 4x 2x 2x a
:J. € X +e* |dx = c ¢ ¢ +e*
2 8 2 4
0L 0
4a 2a 2a
=2 & _F e ——+1+l—1
8 2 4
4a 2a
:e8 —32 +e* —=. Ans
e logye*

Q.No.7.:Eva1uatej j j logzdz dx dy .
1 1 1

X

e (logy(e e logy fe
Sol.: We have I=J‘ J. I logzdz |dx dy:'[ dy j dx j logzd |z
11 Lt 1 1 1

X

e logy ooe logy
“[ ay [ axfogrzsE = dy [ axoge®e* ~Tlogs]
1 1 1 1

!
= T dy Ojg-ydx[x.ex —eX +1hx _ T dylceX —eX —¢* + XkOgy
1 1 1

dy[x.eX —2e* + XEOg Y

Il
— ey (D

(&
= j (log yel%8Y —2¢102Y 4 Jogy —1.e! +2¢! — 1)dy
1



Triple Integrals (where limits are given): 6

Visit: https:/www.sites.google.com/site/hub2education/
(&
= j (ylogy —2y+logy—e— 1).dy
1

2 c

1

2 2
= e——e—+e—e—62+ez—ej—(—i—l—l+e—lj

2 4

eZ

:——2e+9=1(e2—8e+13). Ans.
4 4 4

n/2asin® (az—rz)/a
Q.No.8.: Evaluate J '[ J rdzdrd6.

0 0 0
n/2asine(a2—r2)/a n/2| asin© (a2—r2)/a
Sol.: We havel = j j j rdz dr d@ = j j j r.dz |dr |d0
0 0 0 ol o 0
n/2[ asin® n/2[asin® (2 2
=[] (rz)gfzrz)/a.dr}de— [ { [ r(a—_r).dr}de
oL 0 ol o a
n/2[ 2 4 Jasin® /2 4 . 4
= [las-2| do= | 2(a2in2p)- 250 0 g
o L 2 4a 0 0 2 4a
7t/2_313 a’ a1 =] a’[31 =
= '[ £ sin’0—-"—sin*0 dez—{—x—}——[—'x—}
0 _2 4 212 2 4142 2

3 3 _ 3
:an_3an: 8 3a3n:5an.Ans
8 64 64 4

Q.N0.9.:Evaluatej‘ Jl. 1
0

2

xdzdxdy .

D—
e >

y

1-x 1

Sol.:Jl. j‘ I xdzdxdy = '[ j
0 y> 0 0 |y?

1-x 1|1
{ j xdz]dx dy = '[ j (XZ)%)_XdX dy
0 2

0 y
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1
5 7
|y y_ y y (. r_tr.1
2 3 10 21) [2 3 10 21
_105-70-21+10 _ 24 _ 4
210 T210 35

31 2
Q.No.10.: Evaluate _f _f J (x +y +z)dzdydx .
30 1

Sol.: I:} j } (X+y+z)dzdde:J3' ﬁ {Jz' (x+y+z)dz}dy]dx

=3 L0 U1

3 |1 212 1
=J‘ J‘ XZ+yZ+Z— dy dx—J. J‘ (2x +2y+2) (X+y+1jdy dx
0 2 0 2

1

3
1 1
=I 2xy+y* +2y - Xy——— dx = 2x+1+2 x————jdx
53 2], 3 2 2

_J' X+3— 1)dx— X+2)dx—|:x7+2x:| = z+6j—8—6j
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\/l—x2

Sol.: I:j. I \ll—xz—yzdydx
0 0

2 2 2 L2
12X g IoX gt VX dx=j (1 X )sin_lldx
2 d 2

2 1-x?

L= 2 1 37!
:E')‘ _( 2X )xg}dx—%'g (l—xz)dx zﬁl:x—?}o
_z‘l_l}_zxz_z Ans
4] 3] 473 6

a a2—x2 mx
Q.No.12.: Evaluate j j j z%dzdydx
0 _Ja2_4x2 0

a \la2—x2 mx a \/az—x2 Z3 mx
Sol.: 1= j j [ j zzdz}dydx— j j {?} dydx
0 _Ja2_x2L 0 0 _/42_42 0
a a?-x? 3 3| va?-x? a 3.3 —
:J' I (mx ]dy dx:I m x j dy dx:J‘ m3x [y] ?/ngzzdx
0 |_ aZ—x? 0 —\/212—x2 0 e

Put x = asin0 ».dx =acos0doO
2 n/2 2 n/2
:§m3 _[ a’sin’ 0 az—azsinze.acosede:gm3 j a> sin> 0v1—sin” 0.cos0dO
0 0



Triple Integrals (where limits are given): 9

Visit: https:/www.sites.google.com/site/hub2education/

2 n/2
3aSm3 j sin> 0.cos> 0dO

Now cosO =t, .. —sin6do = dt
2 ; 2 S 1
= ~a’m’ (-2 h2a =248 I(z 4)dt mad| ——— | dt
3 0 3 5 0
_ 2m3 5[1 IJ 2 3 5(5 3} 2m3a5[£J: 4m3a’ Ans.
3 3 5 3 15 3 15 45
log2x x+logy
Q. No. 13.: Evaluate j j '[ e* Y dzdydx .
00 0
log2x x+logy log2x
[ X+y+ZE+log ydde

Sol.: 1= '['[ j e* Y dzdydx = jj e
00 0 00

10g2x log2x
_ [ x+y+x+logy x+y}1ydX _ J' J‘ [eZXey.y_ex.eyhde
00

=10Jg.262x](‘ {ey.ydy—ex]i ydy]dx—lofz[ Zx(yey eY);_e (eyg}d
0 0 0 0

10%2[ 2X( —e +1) (e —1)]dx = 1()ng[xe e2X —e2X 4 X ]dx
= lof 2XC3XdX 1072 + 10Jg2 l: CZX :|10g2 _ {ezx :|10g2 + [eX Logz
0 0

0

{84

810g2_1_z 1_810g2_ 7+21-9) _8log2 (28-9
3 9 3 3 9 3 9
:SIOgZ—Q.Ans
3 9
12-3212-4y-3z

4

Q.N0.14.:Evaluate]“ j T dxdydz .
0 0
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12-3z12-4y-3z 12-3z [ 12-4y-3z
4 4 6 4 4 6
= '[ j j dxdydz :J. I I dx ¢dy |dz
0 0 0 0 0 0
12-3z
12-3z 12-3z 12-3z

% __I 12[Y]0 4 _%[y2| 4 —3Z[y]0TdZ

4 2
=lj 12(12—3zj_2[12—3zj _3Z[12—3zjdz
6 4 4 4

Il
O —
O ey

0
4 4
=lf (12—32}{12_ 2(12_32)—34(& =lf (12—3z}[(24—12+3z—6z)}dz
67 4 4 67 4 2
4 4
=lf [12—%)[12_2(12—3z)_3z}dz:1I [(4_Z)(12—3z)}dz
6, \ 4 4 83 2
31 3[—a=2p] 3 &
=—j (4-zfdz=—| "2 | ==Zx= =4. Ans.
16 16 3 16~ 3
1 1-x x+y
Q.No.15.: Evaluate I I I e*dxdydz.
0O 0 O
1 1-x X+y 1 |1-x( x+y
:J‘ J‘ exdxdydz=J‘ j‘ { j‘ exdzldy dx
0O 0 O 0 0 0

ol AT
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S e ! =1.Ans.
2 2. 2) 2
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Here we will discuss those problems in double integrals, where
limits are not given, but region of integration is given.

Since limits are not given, so rough sketch of the region of
integration is required. So in that case, we can integrate first w.r.t. xory
depends upon our desire.

If we suppose, strip is parallel to x-axis (horizontal strip), then
integrate w.r.t. x first and then w.r.t. y, whereas if we suppose strip is
parallel to y-axis (vertical strip), then integrate w.r.t. y first and then w.r.t. x.

Let us clear this concept with the help of problems given below.

Q.No.1.: Evaluate ” xydxdy , where A is the domain bounded by x-axis, ordinate
A

x = 2a and the curve x° = 4ay .
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Sol.: First way to solve this problem:

Let us consider the strip, parallel to y-axis

The line x = 2a and the parabola x? = 4ay intersect at L(Za, a). This figure shows the
domain A which is the area OML.

4 y-axis
L(2a,a
x> =4ay ( )
x=2a
R S
_X-axis
0] P M

Now let us suppose strip is parallel to y-axis. In that case integrating first over a vertical

2
strip PQ, w.r.t. y from P(y =0) to Q(y = :—J on the parabola and then w.r.t. x from x =
a
0 to x = 2a, we have
2a [ x2/4a 2a 2 x* /4a
” xydxdy = I I xydy |[dx = I x{y—:l dx
2
A 0 0 0 0
2a 6 2a 4
= IZJ.XSdXZ 12X_ :a—.AIlS.
32a” 32a°| 6 0 3

Second way to solve this problem:
Let us consider the strip, parallel to x-axis

Now let us suppose strip is parallel to x-axis. In that case integrating first over a
horizontal strip RS, w. 1. t. x from R(x = 2\/5 )on the parabola to S(x = 2a)and then w.
r.t.yfromy=0toy=a, we get

a 2a

a 2a
” xydxdy = I J xydx |dy :I yl:x—;:| dy
A 0 \ 2(ay) 0 2/(ay)
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a 4

:a—. Ans.
3

2 3
ay_ |y

2 3
0

= Za]l. (ay— yz)dy =2a
0

Q.No.2.: Evaluate the integral ” xydxdy over the positive quadrant of the circle

Sol.: The region OAB, represents the positive quadrant of the circle x2 + y2 =a’.

B na y-axis
p Q

a . X-axis
@) A

Let us suppose that the strip is parallel to x-axis, then in this region, x varies from 0 to

\/az — y2 and y varies from O to a,. Hence

0 0 2 2%
a 2.2 47 202 (4)
=11 lay -y hy :l{a y _Y_} -k 0-0)
21 2 4 2 2 4
0 0
4 4 4
:l[a__a_}:a_.m.
21 2 4 8

Q.No.3.: Evaluate the integral _” (x + y)2 dxdy over the area bounded by the ellipse

XZ

—+
a2

N

=1.

U‘N|'~<
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Sol.:
-axis 2 2
Ay X_+y_:1
= +b a’? b’
- X-axis
y=-b
2 2 2 2
Since X—2+y—2:1:x2:a2 1—y—2 = x =x2a 1—y—2.
a b b
2 ] i 2 ]
y y
b a 1—b7 a 1—b7

(X2 + y2 + 2xy)dx dy

b ) \3/2 5

j (1——} +y2a1/1—y—2 dy
b

-b

Since function is even, then we get
3/2
al 2 2
:>I—4j _y_ +ay2 - dy
31 v? b?
Put y =bsin® = dy = bcos0d6 . Also when y =0, 6=0 and wheny=b, 6 :g.

/2] 3
Then 1 =4 I l:a?cos3e+ab2 sinzecose} bcos06do
0
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27/2 /2

= 4ab a _[ cos*0d0+b? J sin” Ocos” 0dO @)
3 0 0
n/2
Now first evaluate J cos*0do = E.E = 3—n ,
0 42 2 16
mi2 11n® =
and J sin”0cos”0df = ——. = = —
0 42 2 16

Hence
2

I=dab| 30 p2 T 302 2) Aps,
37160 16| 4

Q.No.4.: Evaluate the integral U xy(x + y)dxdy over the area between y = x?

andy = x.

Sol.: Solving y = x? and y=X,weget x= X*=>x-x=0= x(1-x)=0.

~.x=0 and x=1

Whenx=0,y=0andx=1,y=1.

.. The points of intersection are O( 0, 0) and A (1, 1).

Let us suppose, the strip is parallel to y-axis. In that case integrating first over a
horizontal strip RS, w. r. t. y from y = x% to y=xand then w.r. t. X from x=0to x =1,

we get

y-axis
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ekesk

1 X
=j I (x2y+xy2)dy dx
0_x2
. 1
¥ x8 X’ X x x' x8
————— x=—+———
3 2 3 10 15 14 240

= [i FRLI i} =[0.1+0.06667 —0.07143 - 0.0417] = 0.5357 . Ans.

deksk ckekek cskekesk skekek
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Here we will discuss those problems in triple integrals, where limits are not
given. Now when limits are not given then how we can evaluate the limits
without rough sketch of the region of integration. With the basic
understanding of the problems given below, we can easily evaluate the
limits in future.

Q.No.1.: Evaluate ” J~ (x +y +z)dxdydz over the tetrahedron bounded by the planes

x=0, y=0,z=0 and x+y+z=1.
Sol.: The region here is a tetrahedron bounded by the planes
x=0,y=0,z=0, x+y+z=1.
v x+y+z<1
=>x<1, (x+y)£1, (x+y+z)£l
=>x<1, yS(l—x), ZS(I—X—y)

.'.R:{(x,y,z), 0<x<l1, OSyS(l—x), OSZS(l—x—y)}.
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1= ”I (x + y+ Z)dxdydz = _1[ fr {I_T_Y(x +y+ z)dz}dy]dx

00 0
1 |1-x 2 Xy n+l
:J J —(x+y+z) dy rdx j (az+b)ndz=—(az+b) (n#-1)
o |0 2 0 (n+1)a
1 (1-x 1 3\I=%
1 1 +
:EJ. I [1—(X+Y)2]ddeXz§ [ _ By) J d
0\o0 0 0
1 3 1 3
:lj (l—x—lj— 0-2 dx:lj z—x+— dx
29 3 29
2 x2 x*] 1[2 1 1] 1(8-6+1)_ 3 _1
=—=x——+—| =—|=—=+—|== =—=—.Ans.
2{3 2 12}O 2[3 2 12} 2( 12 j 24 8
Q.No.2.: Compute triple integral I” % , if the region of integration is
(1+x+y+z)

bounded by the co-ordinate planes and the plane x+y+z=1.
Sol.: The region here is a bounded by the co-ordinate planes and the plane x +y+z=1.
re. x=0,y=0,z=0, x+y+z=1.
wx+y+z<1
=>x <1, (x+y)£1, (x+y+z)£l
=>x<1, yS(l—x), ZS(I—X—y)
.'.Rz{(x,y,z), 0<x<1, OSyS(l—x), OSZS(I—x—y)}.

Thus I=J(; {J(; [ J(; —(1+x+1y+z)3dZde}dX_J‘ {I

0 0

| 1-x—-y
5 dy rdx
20+ x+y+2) ‘0

!

] ! - ! dy rdx
0 (1+x+y+1—x—y)2 (1+x+y)2

(1 ] 101, 1
e _ldytdx=——[ {] = +
! 4 (1+X+y)2J y}x 2! {‘Jy'()

1
(1+X+y)
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1 1
B (P NS T T SRR
2 4 1+x+1-x 1+x 2 4 4 2 1+x

0 0
1t (3 x 1 13,y 1<)

= [ |22 fax = 24| 5 | g+ x|
20(4 4 1+ij 2| 2™ 4{2] fo(1+x)

— _l[é_l_logz:l :llogZ—li. Ans.

seeksk ckesleske skesksk skesleske sk
desfesk ckskesk ek

ecleck
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Change of order of Integration:

In a double integral, if the limits of integration are constant, then the
order of integration is immaterial, provided the limits of integration are

changed accordingly.

d b
Thus I I f(x,y)dxdy = f(x,y)dydx .

C a

0 ey T
O —

In a double integral with variable limits, the change of order of
integrationchanges the limits of integration. While doing so, sometimes it
is required to split up the region of integration and the given integral is
expressed as the sum of a number of double integrals with changed limits.
To fix up the new limits, it is always advisable to draw a rough sketch of the
region of integration.

The change of order of integration, to a certain extent makes easy,
the evaluation of a double integral. The following examples will make these
ideas clear.
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Here we will discuss those problems in double integrals, where limits are
given, but we have to change the order of integration. So in this type of
problems rough sketch of the region of integration is required. Let us clear
this concept with the help of problems given below.

a v (32—}’2)
Q.No.1.: Change the order of integration in the integral I = j j f(x, y)dxdy.
0

—a

Sol.: Here the elementary strip is parallel to x-axis (such as PQ) and extends from x = 0

to x =4/la? - y2 (i. e. to the circle x>+ y2 = az) and strip slides fromy =—a to y=a

This shaded semi-circle area is therefore, the region of integration, as shown in the figure.

On changing the order of integration, we first integrate w. r. t. y along a vertical

strip RS which extends from R[y = —\/iaz —x? ﬂ to S[y = \/‘az -x2 ’:| To cover the

given region, we then integrate w. r. t. x fromx =0 to x = a.

4 y-axis

P
~ X-axis
0,0)
Thus, on reversing the order of integration, we get
a az—XZ
I:J. J. f(x, y)dy |dx. Ans.
0 _ [(aZ_XZ ’
1 2—x
Q.No.2.: Change the order of integration inl = I I xy dx dy, and hence evaluate
0 x2

the same.
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Sol.: Here the integration is first w. r. t. y along a vertical strip PQ which extends from P

on the parabola y = x? to Q on the line y = 2—x . Such a strip slides fromx =0 to x =1,
giving the region of integration as the curvilinear triangle OAB(as shown in figure).

When we change the order of integration, we first integrate w. r. t. x along a
horizontal strip RS and that requires the splitting up of the region OAB into two parts by
the line AC(y = 1), the curvilinear triangle OAC and the triangle ABC.

4 y-axis

\ B x2 =y

Q

y

: (1,1

X+y=2 )
_X-axis

®) WIO 70

For the region OAC, the limits of integration for x are from x =0 to X =4/y and

those for y are from y = 0 to y = 1. So the contribution to I from the region OAC is

1 (Vy
I, =I I xydx |dy.
0 0

For the region ABC, the limits of integration for x are from x =0to x =2-y

and for those for y are from y = 1 to y = 2. So the contribution to I from the region ABC

is

2 (2-y
I, :I I xydx |dy .
1 L0
Hence, on reversing the order of integration, we get
1 [y 2 (2-y L2 Vy 2 |2 2-y
I= xydx |dy + xydx [dy = | [—. dy+| |—. d
[| ] xvaxlay+] | [xydeidy=[ ==y dy+] | =y dy
o\o0 1 L0 0 0 1 0
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1 2 3! 2 4 372

L » 1 2 Ly Ll vy~ .y y
=— dy+—| y2-y)dy==|2-| +—|4.2—+2 -4
2£y y 2{y( y) dy 2{3}0 2[ 2 4 3,

1] 1 32 1 4 1 1(4 11 1 1(5
=—|—|+=||8+4—— |- | 24+4——=||=—F—| - —— |=—+—| —
2131 2 3 4 3 6 23 12) 6 212

+i: 3 Ans.

1 3
6 24 8§

1-x2

1
Q.No.3.:Evaluate the integral by changing the order of integration j j yzdxdy .

0 0
ﬁh—xzi

1
Sol.:Given integral is I = I j yzdxdy.
0 0

The strip PQ parallel to y-axis is made fromy=0to y =+1— x> and this strip PQ slides

from x = 0 to x = 1 (radius of the circle)

y-axis
Q

1 . X-axis

Now when we change the order of integration, we make strip RS parallel to x-axis, we

see that strip is made from x =0 to x =4/1— y2 ,and it slides fromy=0toy=1

Hence, on reversing the order of integration, we get

I=j \/?yzdx dy =} (yZIXIF]dy =j yz(ﬂ)dy

0

Putting y =sin 0 to solve I y2\/1 - y2dy
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Alsowheny=0, 6=0; y=1, G:g and%:cose.

/2 1.1

= J‘ sin®0cos” 0d0 = —.E = i. Ans.
0 22 16

Q.No.4.: Evaluate the following integral by changing the order of integration

3 (Vl4-y)
I I (x +y)dx |dy.
0 1

Sol.:Here the strip PQ parallel to x-axis is made from x = 1 to X =,/4—Y and this strip

slides fromy=0toy=3.

Now when we change the order of integration, we make strip parallel to y-axis, which is

2

made fromy =0to y =4—x" and slides from x = 1 to x = 2.

Hence, on reversing the order of integration, we get

2 (4-x2 2 5 [4-x*
I=J. J‘ (x + y)dy dX=J‘ Xy+y— dx
10 1 0
2 4 g2 2 4 5 3P
= X(4—X2)+(16+X—8X) dx =4 - X gx+ 24X
1 2 2 4 5 3 )
_ 15,0 31 28 360-225+480+186-560 241 _, . =
4 10 3 60 60
4a [ 2+ax

Q.No.5.:Evaluate the integral by changing the order of integration I I dy ([dx .
0 \x?/4a
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2
Sol.:Here the strip PQ parallel to y-axis is made from y = Z— to y= 2+/ax and this strip
a

PQ found above slides fromx = 0 to x = 4a.

When we changing the order of integration, we make strip RS parallel to x-axis and this

strip is made from x = Yo x=2 ay and slides from y =0 to y = 4a.

4a

Hence, on reversing the order of integration, we get

4a
421 2 ay 4a 1 3/2 1 3 4a
1y Y 9 N P s R
0 2 4a §7 4al| 3
y~/4a 0 5 0

2
= 2a2 —L.64a3 = 2a2 —Ea2 = 16a
3 12a 3 3 3

Q.No.6.: Evaluate the integral by changing the order of integration

. Ans.

2-x?2

|
X v lx.
I vl
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Sol.:Here the strip PQ parallel to y-axis is made fromy=xto y =v2— x? , and this strip
PQ slides fromx =0tox = 1.

4 y-axis

_X-axis

When we change the order of integration, strip RS has nonviable character.

When we change the order of integration, we first integrate w. r. t. X along a horizontal
strip RS and that requires the splitting up of the region OAB into two parts by the line
AC(y = 1), the triangle OAC and thecurvilinear triangle ABC.

For the region OAC, the limits of integration for x are from x =0 to X =y and
those for y are from y = 0 to y = 1. So the contribution to I from the region OAC is

1 (y
I, = X dx ldy.
1£J(; X2+y2Xy

For the region ABC, the limits of integration for x are from x =0 to x =4/2— y2

and for those for y are fromy =1toy =+/2 . So the contribution to I from the region

ABC is
V2 [ 2-y? <
1, = S — .
2 j I — dx (dy
1 0 X" +y

Hence, on reversing the order of integration, we get

1 V2 [V2-y?
:j J' dx dy+J‘ I S S dy .
0 X + y 1 0 X2 + y2
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1

_1 X 2xX _1 2 2y _1 _
Now II_EO U de}dy—ag 24 X" +y 0dy—‘([ (\/5 y y)dy

2 2] V2 2
V2 [ 2y J2 2 2
1 2 1 y
andIZ:EJI. !). XZ—iyzdx dy:ajl- 2Ax2 +y? dy=!‘ﬁ—y‘dy

1

.. The required integrals is

_ (1 1) (3 _ L C1+V2-2 2-1 L ns
I_IIHT(ﬁ 2J+(2 \/Ej—ﬁ+1 V2 = T Tl A

Q.No.7.: Evaluate the integral by changing the order of integration

a/J\_/E V(az_yz)

log(x2 + y2 )dx dy (a>0).

Sol.:

A y—axis
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Here the strip PQ parallel to x-axis is made from x = y to x = \/az —y2 and this strip
slides fromy=0to y = a
N

When we change the order of integration, strip RS has nonviable character.

When we change the order of integration, we first integrate w. r. t. y along a vertical strip

RS and that requires the splitting up of the region OAB into two partsby the line AC(
a

=7

For the region OAC, the limits of integration for y are from y = 0 to y =X and

)., the triangle OAC and thecurvilinear triangle ABC.

a o . .
those for y are from x = 0 to x = — . So the contribution to I from the region OAC is

NG

a \/7 X
I = /J. 2{[ log(x2 + yz)dy}dx .
0 LO

For the region ABC, the limits of integration for y are fromy=0to y =+ a’—x2

a o .
and for those for x are from x = —=to x =a. So the contribution to I from the region

NG

ABC is
a \/az—X2
I, = J- J- log(x2 +y2)dy dx.
al2 0

Hence, on reversing the order of integration, we get

a/\/z [a2_y2

I= _[ _[ log(x2 +y2)dx dy

0 y
a/2[x a Va?—x?
= j {J' log(x2+y2)dy}dx+ j j log(x2+y2)dy dx=L+D
0 Lo ald2| 0

=1=1+1, [say]
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al/2[x a \/az—xz
wherel; = j {j log(x +y )dy}dx and I, = I I log(x2+y2)dy dx
0 a/N2| 0

Now first evaluate _[ log(x2 + y2 )dy : Integrating by parts, we get

j log(x2 + yz)dy = {log(x2 + y2)}y _J' X22-:/y2 .ydy

2
+X X
=ylog(xz+y ) J‘ y—dy ylog(x +y ) 2J. {1— 5 2}dy
2+y° X“+y
| -
= ylog(x2 + yz)— Z{y—xz.(—tan 11)} = ylog(x2 + yz)— 2y +2xtan 1y
X X X
a/~2 X
Now I, = I {ylog(xz+y2)—2y+2xtan_1l} dx
X
0 0
al\2,
= I x log 2x% —2x +2x tan_l(l)— Ohx
0
a/N2r
= I xlog2—-2xlogx — 2X+%i|d
4
0 L
- al2
2 2 al2, 2 2 2
=|log2.>—12l0gx. >~ | 2X gl XD
2 2 0 X 2 2 22
L 0

2 a2 al2 2
T X 2 X
=||log2—-2+—+2logx |— — —.—dx
( g S +2log jz} |

a |a a

2 2 AIV2 2 2

a X T
=|log2—-2+— +2lo — | — =|log2-2+—+2log— |———
g 2 g[j4 {2} ( s 2 gﬁj4 4

5

2 2
a8 (210g2 4+n+410g( j 2}:%(210g2+410ga—210g2—6+n)

a2
I, = g{n+ 4loga —6} @d)
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Similarly, I, = j [ylog(xz +y2)— 2y +2xtan”| X} dx
al2 XJo
a [.2 2
= j {\/az -x? loga2 - 2\/a2 —x% +2xtan”! a—_H(}dx
al/+2 X
a a [2, .2
=(10ga2—2) j a?—x2dx +2 j xtan_la—HdX
al/2 alv2 X

[42 _ 2

X

a
=(10ga2—2) Ja- \/az—xzdx+I3, where I3 =2 J. xtan”" dx
V2 a2

al

2 a
I, = (10ga2—2)>< Ea?-x2+ L in ' 2 +15.
2 2 a
al2

a a2 _x2
Now evaluate 1I; =2 j Xtan | ——

X
ay2

Let x =acosO ... dx = —asin06d0O

dx.

a a T
Now when Xx =— = acosf=—==0=—
V2 2 4

andx =a=acosb=a=06=0.

9 m/azil—coszei 2 ? 1
~13=2 j acosOtan X—asin0dd = —a I 2sinBcosOtan” (tan 6)dO

acos0

e /4
0 n/4 i a
—0cos2 1.cos?2
= —a’ j 0sin26d6 = a’ j 9sin26d6:aZ[M} +a2J' c0s26 o
/4 0 0 .
~2o-of o 222
4 | 4

2 2 2
Thus I, =|(loga? —2)x| [ 2xo |+ 2 F|-2_ 2 38 T}, 3
2 [(g )((2 J (22 W22 24| 4

2 2 2
ma a a
=(2loga—-2) ——— |+ i1
(2log )[8 4j (ii)
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By (i) and (ii), we get

2 2 2 2
a Ta a a
1={"{n+4loga—6}}+1(2loga—2) — - = [+

2 2
I= a§{75+410ga —6}+ a?{27tloga —2n—4loga+4+2}

2 2
= a§{75+410ga—6+27t10ga—27t—410ga +6}= al§{27tloga—7t}

2
s = na loga—l . Ans.
4 2

Q.No.8.: Evaluate the integral by changing the order of integration

a (x/a)

J. J. (X2+y2)dy dx

0 x/a

Sol.:The strip PQ parallel to y-axis is made fromy = X to y = \/z and this strip PQ
a a

slides from x =0 to x = a.
When we change the order of integration, the strip is changed from PQ to RS which is

now parallel to x-axis, is made from x = ay2 to X = ay and slides fromy=0and y = 1.

4 y-axis
y=x/a
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Hence, on reversing the order of integration, we get

ay
I:j J (2 +y2hix dly:1 [X—3+y2X} dy
0 0 3

ay2

1733 .36 1 3[4 771 4 s
ay —ay 3 4 a |y y y y

= |122—22 ldy+| lay’ —-a =2 |2 L | 4al -2

E[l: 3 }YJ-[Y Y]dy 3{4 7}0 |:4 SL

0

Q.No.9.: Evaluate the integral by changing the order of integration

a

T yzdydx

0 Jax VY toa¥x?

dydx t G y2
Sol.: Given integral is j j m j j ﬁdy dx
a’x y —a’x
The strip PQ parallel to y-axis is made from y =+/ax to y = a, and this strip PQ

slides from x =0to x = a.

When we change the order of integration, the strip is changed from PQ to RS

2
which is now parallel to x-axis, is made from x =0 to x = Y and slides from y =0 and

a
y=a.

. y? = ax
4 y-aXiIs
Q / y=a
R S
Xx=a
P X-axis

Hence, on reversing the order of integration, we get
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Q.No.10.: Evaluate the integral by changing the order of integration j ( I e—dy}dx .
y
0 \x

Sol.: The elementary strip given in the problem is a strip AB parallel to the y-axis whose

one end lies on the line y = x and the other end extends to infinity (i.e. y — °), and this

strip slides from x =0 to X — oo.

X-axis

N\

]

On changing the order of the above problem, we first integrate it along a horizontal strip
which extends from x = 0 to x =y, and this strip slides fromy=0to y — oo.

(The region of integration is the area above the line x = y which extends up to infinity to
cover this area)

Hence, on reversing the order of integration, we get
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SERSICR e

0 y
0
:j “Ydy :‘ ‘ me ¥ e =] —1_0=1. Ans.
[e] eDO
Q.No.11.: Evaluate the integral by changing the order of integration

T U Xe_leyddex.
0

0
Sol.: The region of integration or the given integral is the area bounded by y =0, y =x

andx =0, X =,

The elementary strip given in the problem is a strip PQ parallel to the y-axis whose one
end lies on the line y= 0 and other end lies on the line y = x and this strip slides from x =
0to X = oo.

On changing the order of the above problem, we first integrate it along a horizontal strip
which extends from x =0 to X — oo, and this strip slides fromy =0to y — oo.

(The region of integration is the area below the line x = y which extends up to infinity to
cover this area)

Hence, on reversing the order of integration, we get

I:"f Txe_xz/ydx dy
0 \y
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-2 ) L2
T2 e Vg = dt = xe /ydx:—%dt

y

2
Lete XV =t=

Alsowhenx =y, t=¢ ¥ and when x = o0, t =0.

B LT O B S TR P N L S e
I—!; J' xe X Ydx dy_-(‘; {J- (—EJdt]dy—E[ |:—E.tj| _ydy—z[ Eye Ydy

y e ‘
= % [— ye +I e‘ydyt = %[‘ ye ' - e—yE = % Ans.

Q.No.12.: Change the order of integration in the following

1- 2-x2
j f(x,y)dydx, (). j f(x, y)dydx.
2
X

-y

Sol.: (i) The region of integration is one region bounded by the curves x>+ y2 =land

(i)

O e —
O ey —

,_.

x+y=1.

Initially the strip was parallel to x-axis having its two ends on x = —/1— y2 and x =1-y
, sliding from O to 1.

Changing the order of integration:

Taking one strip parallel to y-axis. Now, the strip will slide parallel to y-axis

having its two ends on y = 0 and X2 +y2 =1 from x =-1 to x = 0. This will give us the

integral
I I X,y)dydx . After that when it will coincide with y-axis it will start sliding with

its two ends on y =0 and y =1-x. In the positive direction of x., which will give us the

1 1-x
integral j J. f(x,y)dydx as it moves fromx=0tox = 1.
0 0

Thus the integral becomes

\/7 1 1-x
J- f(x, y)dydx +J- J- f(x,y)dydx .
0

lLe—oc

(ii) The region of given interval is bounded by y = X2,
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y = 2—x2 :yz =2-x2 :Xz+y2 =(\/§)2 ,andx =0, x=1.

The graph of the region is the area bounded by the curve is OAB. When we change the
order of integration in the given interval, we have to first integrate w. r. t. X y as constant
and then w. 1. t. y. this is done by covering the area OAB by drawing an elementary strip

PQ parallel to x-axis and then moving it parallel to x-axis as to cover whole of the area.

On the strip PQ y is constant and x varies first fromx =0to y= \/§ and then from x =0

to X =4/2— y2 . And when the strip PQ moves parallel to x-axis, so as to cover the whole

area, y vanishes first fromy=0to y=1 and then fromy=1to y = \/§ .

Thus the integral becomes

1y J2 [ V2-y?
J J (x,y)dx |[dy + j _[ (x,y)dx |dy. Ans.
0 | x? 0 x2

Q.No.13.: Evaluate the following integral by changing the order of integration

b W

j _[ x3ydxdy.
0 0

o

Sol.: The region of the given integral is bounded by x =0 and x = %\/bz — y2

2.2 2,2
b b
:>X2b2:a2(b2—y2)zx2 :bz—y2:>x2 +yz:b2
a a
2 2
=+l =1
a b

This equation represent an ellipse.

Now to change the order
b2x%+a2y? =a2b? = a%y? =ab? — b2 = aly? = bz(az _Xz)

b
=>y=— a’—x2.
a
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a /az_xz
a |b
.. Integral becomes I j x3ydy dx . Ans.
0 0

a % al-x® a sy g\/: a X3 2 5
I:J. I x3ydy dx :j X { } dx =.[ {7[61—2(21 - X ):l}dx
0 0 0 0 0

4,2
1bza4><£: a’b . Ans.
2 24 24

Q.No.14.:Determine the limit of integration for I J f(x, y)dydx , where the region is
R

bounded by y =0, y=1— x2 and hence change the order.

Sol.: The region of the given integral is bounded by y=0and y=1- x2=>x2=1- y.

Thus the shaded region is the region of integration. To find the limit of integral

” f(x,y)dydx .

Let us take an element strip parallel to y-axis. Now moving the strip parallel to y-axis so
as to cover the whole of the area. On the strip parallel to y-axis, the x is constant and y-
varies fromy =0 to y= 1—-x* and when the strip is parallel to x-axis and is moved

parallel to x-axis, so as to cover whole of the area.

Thus the integral becomes.

1| 1-x2
j I f(x,y)dy ([dx.
-1 0

Now we have to change the limit of integration (change of order).
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Now taking a strip parallel to x-axis and moving it parallel to x-axis so as to cover the
whole area. Now when we change the order of integration in the given integral, we have

to first integrate w. r. t. X keeping y as constant and then w. r. t. y.
As y is constant. Therefore x varies from x =—/I—yto X =4/1—Yy, and when the strip

is parallel to y-axis, the strip moved parallel to y-axis. So as to cover the whole area.
Therefore y varies fromy =0 toy=1.

Thus the equation becomes

1 I-y

j j f(x,y)dx |dy.
0 | —1-y

Q.No.15.: Evaluate the following integral by changing the order of integration

a 32—}’2
j I f(x,y)dxdy .
—-a 0
a az_yz
Sol.: I:J. j f(x,y)dxdy [given]
—a 0

In the given equation the elementary strip is parallel to x-axis (say AB) and is from x = 0

to X=w/a2—y2

2

And from x =4/a —y2 = x?

=a’- y2 which is a circle with radius O.
The same strip is from y =—a toy=a.

So area of integration is the area covered by the semicircle (shaded portion)

Now on changing the order of integration we will first integrate w. r. t. y along the

vertical strip CD. This vertical is from y = — a?—x2 to y=— a?—x? along the strip
parallel to x-axis, we will integrate from x = 0 to x = a.
So the changed order of integration is

:“[ I f(x,y)dy |dx .
0 | o
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Q.No.16.: Evaluate the following integral by changing the order of integration

4 x(4—x)
j j dydx .
0 0
4 x(4-x)
Sol.: Given I = j j dydx .
0 0

Here strip is parallel to y-axis. Such PQ and extended fromy =0 to y = x(4 —x)

{i. e. parabola (y - 4) = —(X - 2)2 }., and this strip moves from x = 0 to x =4.
Now this shaded region is area of integration. On changing the order of integration we

first integrate w. r. t. X along horizontal strip RS. Now, this strip will move
(x-2F =(y-4)= (x-2)=+J4—y x=2+,/4-y,

fromx =2—,/4—y to x=2+./4—y. So to cover the given region we then integrate w.

r.t.yfromy=0toy=4.

So, we get
4 |2+ a-y 4 4

=[] ] axlay=] BB ay=] peyaoy -2+ Javhy
0 [ 2-y4-y 0 0

4 4
= j 2.4 —ydy = 2.! 4 —ydy.
0 0

Put4-y=t, £=—1:>—dt=dy
dy

4 3
—2x2| = - - -
= 1=-2[ Vidt=-2 | o72%2) | ST ()28 _ 232
1 3 3 3 3
0 —+1 0
2 D

. 32 - .
Now neglect negative sign, we get? sq. unit is the required result.

Q.No.17.: Evaluate the following integral by changing the order of integration

2 e*

[ ] dyax.

0 1
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Sol.: Here the elementary strip is parallel to y-axis (such as PQ) and extends from y; =1

to y, =€" and this strip slides from x, =0to x, =2. This shaded semicircle, area is

therefore, the region of integration.

4 y-axis /y:ex

Q/
R/ S v=1
P|x=2

x;axis

On changing the order of integration, we first integrate w. r. t. x along a strip RS

which extends from. R[xl =log y]. To cover the given region, we then integrate w. r. t. y

from y; =1to y, =e”.

e 2 ¢’ 2
So the changed order of integration is I I dxdy = I [ I dx}dy.

1 logy 1

e2

2 2
1= | [ dx dy=ej [x]i,gydy:ej (2-logy)dy = [ 2dy—{ logydy
1 |logy 1 1 1 1

2 2 2

e2

:(2e2—2)—j logy.ldy:(2ez—2)—{logyj dy—j %(logy).[ l.dy}

1
= (Ze2 - 2)— [ylogy— y]f2 = (262 - 2)— lez loge2 —e? —110g1+1]

“logl=0 :I

=2e>—2-2e’+e’—-1=¢’-3 )
loge” =2

e2
I Jz' dxdy =e” —3. Ans.
1 logy
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Q.No.18.: Evaluate the following integral by changing the order of integration

e

o logy

dydx .

(12
0 o logy
First we will have to change the order of integral. Taking strip parallel to x-axis, we get

the limits from O to log y and for dy limits to be taken from 1 to e.

logy
dx dy [Where x =logy ]

€ (S
:'!. ~([ logy ‘1[ logy

_e dy 10gy_e IOgY_e _ e
_J —[x]; _j —_I dy =[y[f =e-1. Ans.

. logy . logy
xdxdy
Q.No.19.:Evaluate I I by changing the orderof integration.
0y X +y
a a a a
Sol.: 1= [ 2D _ 1 X axlay.
0y XTHYT oy X +y?

Herex=y, x=a andy=a, y=0.
As strip AB moves from O to x.

And ‘x’ changes from O to a

-I_a X a X 1 _a Xlt lde
- _£ xgﬁy { {; _Mx;am;}ox
a a

:.([(tanlz—tan j E[% = .([ :g[x]g:ga.AnS.

a oy
Q.No.20.: Evaluate J. j ydxdy 2
0 y2/a (a - X)m

Sol.: The required area of integration is OABC. In the problem we have to first integrate

1 . .
= —ma by changing the orderof integration.

first w. r. t. a horizontal strip PQ w. r. t. x on the parabola y2 —axand line y = x. The

required region g integration is OABC.
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To solve this problem, we have to change the order g integration i. e. we first
integrate w. 1. t. y along vertical strip P'Q" and then split the area OABPO from that area.
Thus for region OABCO, the limit of integration w.r. t. y=0, y = Jax and y=0andy

= x and then for x it is forx =0 to x = a.

Thus the required area.

a y a \/; a x
A= ydxdy ydydx 3 ydydx
gyzj/a(a—x)\/ax—y J; J; (a— x)\/ax—y2 JO.J.J a—x)\/ax—y2
Jax X
0 0 0

O —y
oo

e

<

+

oo

| mﬁ
4 | P4

o

O —y

_ o2
ax-—y” vax J
a— X

\/_ x/_ \/ax y dx J‘\/—\/a—X

axax a—Xx

O'—:N

We have the property of definite integral.

T f(x dx—j f(a—x)dx
0 0

a—XxX \/_ aaXX
A= W? J_] TR

Put x = asin’ 0, ..dx=2asin0cos6d6.

/2

2A = de = j 2ad®

/2 .
nj ax2asin9cos0
asinOcosO

/2
= A= j add = ga, which is the required proof.

dx

Lk

Q.No.21.: Show by an example that the interchange the order of integration will not

always give the same result.

Sol.: Consider the following two integrals
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(1)£ l X+y) _dxdy (i) ! l (:J:yyf dydx

Let us evaluate (i):
1 1 1 1
j X_y3dx=.|. X+y—_23ydx=j ! de_J. 2y dx
0 (x+y) o (x+y) o (x+y) 0
y I 1
(1+y)" (+y) (1+y)"

1 y=I
Using the above result in (i), we get j ! dy = {L} = 1
2
0 (1 + Y) 1 + y y=0 2

1 1
So [ [ = Y _dxdy=—1 . (A)
0 0 (X + Y) 2
1 1 X — 1
In similar manner, evaluating (ii), we get j j Y Tdydx =— B)
0 0 (X + Y) 2

From (A) and (B) we see that the interchange of the order of integration will not always

give the same result.

2a +2ay-y’
Q.No.22.: Change the order of the integration and then evaluate: j j dxdy .
0 0
2a [ y2ay-y’
Sol.:The given integral is j j dx [dy
0 0

a+yfa2—x?

a\)a X

Put x =asin® = dx =acos6d0.
Also, when x =0, 6 =0 and when x = a, then a=asin9:>9=g.

/2

Thus 2! Var—x dx—2j a’cos® 0d0 = 2a* XZZT Ans.

Q.No.23.: Change the order of the integration and then evaluate:
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a alox?
I I Ja® —x’ —y’dydx
0 0

a

W
Sol.: The given integral is I ( I Jai—-x’—y dy}dx
0

0

-y’

:j [ Ja—x—yidx |dy
0

2
a 2
_ X — 2 | Na Ty 1 X
—j 2\/a X y+{ 5 ]sm ( — 2} dy
0 a -y
0
— i zg[ia- _-y2 j(iy __ZE a (212y______j(jy
o 2 2 49 3
3 3 3
_m( s @) w2t} m
4 3 4\ 3 6
V2o 42yt
Q.No.24.: Change the order of the integration and then evaluate J. I ydxdy
2 4-2y’ +2 2_% +2 2 Z_LZZ
Sol.:The given integral is j I ydx |dy = I I ydy [dx = J- (y—j dx
0 _ 4—2)’2 -2 0 -2 0
! x* +2 x’ [
=| —=X|2-— dxzj I—— |dx=|x——
b % 4 12|,

a 2a-y

Q.No.25.: Change the order of the integration and then evaluate: j j xydxdy

0 y*/a

a 2a-y
Sol.:The given integral is J. J. xydxdy

0 y*a
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2

Here x =2 = y’=axand x=2a—-y=>x+y=2a.

a
Initially strip is parallel to x-axis
For change of order consider a take strip which is parallel to y-axis.

So we have the following regions for integration
For I, y varies from O to \/&

x varies from O to a
For I, y varies from 0 to 2a—x

X varies from a to 2a

a 2a-y a \/g 2a 2a—x
I j xydxdy =I J. xydy |dx +I [ j Xydy]dx
0 yz/a a 0 a 0
4 Jax 4 2a-x 4 4 2
a 2 2a 2 a 2 2a X 2a—X
B A B L R S . C i
0 0 0 0 0 2 a 2
a?” % (4alx+x —dax? at |42 x* dad[”
=|— +j dx =—+ —
61, 3 2 6 4 8 6 |
4 4 4 4 4
=2 4|34 +§a4 —Ea4 :Qa4 _28a +Ea4 __l2a + 152’ _3a . Ans.
6 8 6 6 8 8 8 8
2 42y
Q.No.26.: Change the order of the integration and then evaluate: j j y>dxdy
0 y3
N
Sol.:The given integral is j j y’dxdy
0y

In the given problem, firstly, integration is done w.r.t. X and the w.r.t. y

Now let us take strip parallel to y-axis i.e. PQ

2
Now, PQ slides from ;—2 —x"

0 x2/32

)
3% (32) 302 7.32)7° ), 3 7(32)

2 [ 42y g8 [ x 8
NOWI ( .[ yzdedy—J- ( J. y*dy dxzj
0o\ 0
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=£ 1—2 =£x§=@.Ans.
3 7 7 21

ks skekek ckekesk skekek skekek
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Change of variables:

The evaluation of the triple integrals is greatly simplified by a
suitable change of variables. By changing the variables, a given integral
can be transformed into a simpler integral involving the new variables.

For triple integrals:

Let the variables x, y, z in the triple integral

[[] £(x. y.z)dxdydz (i)

be changed to the new variables u, v, w by the transformation

x=0(u, v,w), y=y(u, v,w),z=¢(u, v, w),
where O(u, v, w), W(u, v, w), ¢(u, v, w) are continuous and have continuous first
order derivatives in some region R’ which corresponds to the region R, -

The formula corresponds to (i) is

_[” f(x, y, z)dxdydz = ”_[ f[x(u, v, w)y(u, v, w).z(u, v, w)]J|dudvdw ,

Xyz uvw
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where] = 0% ¥:2) _ |9y

(u,v,w) |ou

— (20)

is the Jacobian of transformation from (X, y, z) to (u, v, w) co-ordinates.

Particular cases:

2

(1) CONVERSION OF RECTANGULAR TO SPHERICAL SYSTEM

X

Spherical Coordinates

To change rectangular co-ordinates (X, y, z) to spherical polar co-ordinates (r, 0, ¢)

,wehave put x =rsin6cos¢, y =rsin0Osin¢, z=rcos6 and

ox a_x
or 09
_dxy.z) _|9y 9y

] = - |=L
d(r,8,0,) |or 08
¥ 3

or 00

ax
90
%

d0
0z

%

sinBcos® rcosBcosd
sinOsin¢ rcosOsin®

cos0 —rsin®

—rsinOsin ¢
rsin Ocos ¢

0

=r-sin0.
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Then I j I f (X, Y, Z)dxdydz = j I j f(rsin cos ¢, rsin Osing, rcose).r2 sin 6drd6d¢ .
R R} g4

X,y,z

(I1) CONVERSION OF RECTANGULAR TO CYLINDRICALSYSTEM

i
f Y
o T
-~ ey
A ™
! A
1
]
- - - - /
. - - rd
v e
’f \“"'\-\__\_ ‘/ \
N _\"'\-\.__\_ . -—
e
—_ _— 1T — _—— I,
N T I 4
o I T. T
P - Y
A - A~ - ™,
/ — I !
| 1 =
-~ | ] T
AN i1 .- e d S 1Y)
. 4 1L Sy
S / | S
. e | i
— T
r—— | i
X s
e
>~ ]

Cylindrical coordinates.
To change rectangular co-ordinates (X, y, z) to cylindrical co-ordinates (p, o0, z),

we have put x =pcos¢, y=psind, z==zand

ox 0x Ox )
a_p a_¢ % cos¢ —psind O
J :—3222;3 = g—g 3—3; % =|sin¢ pcosd O :p(cos2¢+sin2(|))=p.
A
op 09 0z
Then j” f(x,y,z)dxdydz = j” f (pcosq),psin(l), z)pdpdddz .
nyz R;)GZ

Now let us solve some problems:

Q.No.1.: Evaluate the following integral by changing to spherical polar co-ordinates:

\/(1]7) I_Xf - dx dy dz
0 0 \/(1—X2—y2—Z2)‘

or
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Evaluatej J.X xj ’ \/(1 dxzdy d2Z - ),
0 —X" -y -z

0 0

the integral being extended to the positive octant of the sphere
x?+y*+z? =1.
Sol.: We have to solve this problem by changing rectangular co-ordinates (X, y, z) to
spherical polar co-ordinates (r, 6, ).
As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r, 6, %), we have put x =rsin®cos¢, y =rsin®sin¢, z=rcos8 and

ox oJx d
22 sinBcosd rcosBcosd —rsinOsino

o 99 30

J:M: a_y a_y ﬁ =|sin@sin¢ rcosOsin¢ rsinOcosP =r’sin®.
d(r,8,0,) |or 90 90
% oz % cos 0 —rsin® 0

or 90 0

Then ”J. X, y,z)dxdydz = j” (rsin®@cos ¢, rsin Osing, rcose)r sin 0drd0d¢ .

nyz r6¢

Also \/1—X2—y2—z2 :\/1—r2 .

L VI oy dx dy dz m2m2L 26ng
1= - drdedo
I e (e s I € o
/2| /2|1 2
= | ! [ {j ! dr}sinede}dq)
ol o b v1-1?
1 2dr /2 .2 /2

sin~t Tr,
Now evaluate j j ———costdt = j sin” tdt = 5 =

T
V1 V1-sin’t 0 4

. oo
Here we put r =sint, ..dr=costdt. Andas r— 0,t - 0 and r—>1,t%§

I\)IH

/2 n/zn Tl', /2 nn/z .
~ 1= ~sin6d6 [do = ﬁ : ]d =—= [ - O}d
j ‘([ 4sm 0 4 cos¢| 0 1 E[ 0052 cosO |do

0
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/2 T T TC2
[ do==x> =" Ans.
: 4728

T
4
Q.No.2.: Evaluate the following integral by changing to spherical polar co-ordinates:

TTT dxdydz
E[ E[ '([ (1+x2+y2+22)2.

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to
spherical polar co-ordinates (r, 0, (I)).
As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r, 6, %), we have put x =rsin®cos¢, y =rsin®sin¢, z=rcos8 and

or 90 do
J:M: a_y a_y ﬁ =|sin@sin¢ rcosOsin¢® rsinBcosd|=r"sin6.

d(r,8,0,) |or 90 90
dz 0dz 0z

I 30

sinBcosd rcosBcosd —rsinOsino

cos0 —rsin® 0

Then ” J. f(x,y,z)dxdydz = H I f(rsin O cos ¢, rsin Osing, rcose).r2 sin 0drd0d¢ .
nyz R,r 00

) ) ) o .
To cover the whole region, r varies from 0 to «, 0 varies from 0 to 5, ¢ varies from

0 to E.
2

Also 12 =)(2+y2+z2 .

r2 sin 0drddo

j dr [sin 0d6 +dd
0

o
I [(?: :22)2 ) (1+1rz)2}1r 5in 646 do (i)
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oo

. (E S A N P S
Nowflrstevaluate£ [( 2)2 (1+r )z dr—J 1_szr j (1+r2)2dr

0 0

Let r = tan® = dr = sec>0d0 . Now here 0 varies from 0 to g

n/2 n/2

sec 9

T It =
—[tan E J. oo 9 —= !). coszedeza—a.azz.
Now putting the value in (i), we get
= Eﬂjzﬁz sin ede}dq) .. j [ cos6F/2dop == j - —><— v
49 4 5 8

Q.No.3.: Evaluate ” I (ax +by + 02)2 dxdydz, throughout the sphere x2 + y2 +z2 =1,
using spherical polar co-ordinates.

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to

spherical polar co-ordinates (r, 0, ¢).

As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r, 0, ¢), we have put x =rsin6cos¢, y =rsin0sin¢, z=rcos0 and

ox dx d
a_)r( a—g a—:} sinBcos® rcosOcosd —rsinBsind
J=M: a_y a_y ﬁ =|(sinBsin¢ rcosOsin¢® rsinBcosP =r’sin®.
o(r,8,0,) |or 90 90
% % % cos© —rsin@ 0
or 00 do
Then Hj f(x,y,z)dxdydz = ”I f(rsin O cos ¢, rsin Osing, rcosE)).r2 sin 6drd6do .
nyz R’req)
2w 1
I:J. J- J. (32X2+b2y2+2abxy+0222+2023x+202by)dxdydz
000
27

T 1
= j j '[ (a’r?sin” Ocos? o+ b*r? sin® Osin? o+ 2abr? sin? Ocosdsin O+ c*r?cos? 0
000

+2car? sin ©cosHcos o+ 2ber? sinOcosOcos (1))r2 sin 6drdOdo
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[\%)

T

0
+car’ sin 0sin 0+ ber? sin 20sin (1))r2 sin 6drdOdo
_1 J

5 0
+accos ¢sin 26 + besin 20sin ¢psin 0)dOdd

gl

(a’r? sin” Ocos’ o+ br? sin” Osin’ 0+ abr” sin” 0sin 20 + ¢’r* cos> 0

S —3a
O —y —

a’sin> 0cos? 0+ b? sin’ Osin? 0+ab sin” ©sin 20 + ¢ cos® Bsin

S = 3a

T
sin® 09(a? cos? 0+ b?sin> Osin? 0+ 2absindcosd + J csin” 0sin 26)

U1|»—*

S =3

+(acosd+bsind) + '[ c? cos? Osin 0)dodo

T 3sinB—sin30 =
Z—I {[ —(acos¢+bsin¢)2d¢+J. ZCsinzGcose(acos¢+bsin¢)d9
0

+

¢2(sin @ —sin’ 9)d9]d¢

S =33

:_J. { acos(l)+bsm¢) {(—3cos¢)g+(cos'3ej }+I 2c(cose—cos36)
0) o

2T
(acoso+bsind)do + % j 4sin® —3sin O + sin 39d9]d¢

127 4 c sin30 )" c? 2
:§£ g(acos¢+bsin¢)z—E(acos¢+bsin¢)( 3 j9+3(sin9)g +?(2+§j

_ %zf (2a2cos¢+bsin¢)+§cz

_ 2 zn( ) 2.2 - 2)d
—EI 2a”cos” 0+ 2b”sin” ¢ +4abcosdsin ¢+ c” )do

21 .
-2 | {23{#) 4 21%%) 4 2absin 20 + cz}dq)
0
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I a’ on [ Sin2¢ n b2 on [ sin2¢ 2n] |
) 2'7{((1))0 +( 5 jo }"’2-7{(@0 —( > jo

15 2
- 22113(“’S 2¢j +c2(OR"
2 0

:—_21227t+b227t—ab(1—1)+022n]:%n(az +b? +c2). Ans.

Q.No. 4.: Find the value of I ” xzdxdydz, taking throughout the ellipsoid

2 2

X—2 y_2 Z—2 = lusing spherical polar co-ordinates..

a
Sol.: Let A= | j [ xdxdydz

X2y
2 b2 2
Puttingizu, Z:v and E:w.
a b c

».dx = adu, dy =bdv and dz=cdw

J:” u’adu.bdv.cdw =a’be J:” u’dudv.dw = J- I J. u, v, w)dudvdw .

w?vi+w?<l wr+v2+w?<l

Now we have to solve this problem by changing rectangular co-ordinates (u, v, w) to

spherical polar co-ordinates (r, 0, ¢).

As we know, when we change rectangular co-ordinates (u, v, w) to spherical polar co-

ordinates (r, 0, ¢), we have put u =rsinBcosd, v =rsinOsindp, w =rcosO and

g—lrl g—g g—; sinBcosd rcosBcosd —rsinBsind
J:?)Eru”Tv”(:;: % % g_; =|(sinBsin¢ rcosOsin¢® rsinBOcosP =r’sin®.

a_w a_w a_w cos —rsin® 0

or 090 do

Then IH u, v, w)dudvdw = ”I (rsin®cos ¢, rsin Osing, rcose)r sin 6drd6do .

Ruvw r9¢

A= a3bc:2JZt ﬁ
0

0

1
(J. 1° sin” O cos” ¢r’ sin Gdr]de} do
0
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2 | (1 2n | ®
=a’be [ | [ | [ rtdr|sin®6d6 |cos”¢dp =a’be [ | | sin>0d9 |cos? 0do
0 Lo \o 010
3., 2m | T 3, 2w | W . s
_abe [ ] sin®6de |cos? do = be [ 1] 3sin0=sin30 16| o5 0.do
5 5
0 Lo 0 Lo
b F | x (—cos36j7E 5 a’be °F [1+1j )
= 3(—cos0) — cos¢ddp =——| |3(1+1)—| — [|cos” ¢.d
20 | |Peosel | =5 |eos’odo == £ (+1)- = 0.d0
3, 2T 3, .27 3
:abcj 6—2 cosZ(I).dq):abCI 18— ¢d¢_ bc _6J- +cos2¢
20 3 20 3 3
0 0 0
3 . 27 3 3
_abe 16 1 (¢)§+(sm2¢j _abe 16 1 o =30C e
20 3 2 2 ) 20 3 2 15
Q.No.5.: Evaluate ” j ! 5 dxdydzthroughout the volume of the sphere
x? +y +z

X2+ y2 +7% = azusing spherical polar co-ordinates..
Sol.: We have to solve this problem by changing rectangular co-ordinates (X, y, z) to
spherical polar co-ordinates (r, 0, (I)).
As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r, 6, %), we have put x =rsin®cos¢, y =rsin®sin¢, z=rcos8 and

3—? % % sinBcosd rcosBcosd —rsinOsino
J:—a(x’ y.z) = a_y a_y ﬂ =|(sinBsin¢ rcosBsin® rsinOcosP =r’sin®.
o(r,8,0,) |or 90 9o
% % % cos 6 —rsin® 0
or d0 do

Then ”j X, ¥, z)dxdydz = HI (rsin®cos ¢, rsin Osing, rcose)r sin 0drd0d¢ .

nyz r9¢

/2a 0 /2| n/2(a 9
J'[ r?sin dd@d(l’—ﬂ!f{f r?sin ]deldq)
00 0

0

n/2m/2

/
:8J‘
0
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n/27/2 /2| /2 /2 T
=8 [ [ [rsin0fjdodo =8 | { | rsinGdB}dq)—S | do =8ax— = 4ma. Ans.
0 0 0 0 0

Q.No.6.: Evaluate ” I xyzdxdydz throughout the positive octant of the sphere

X2+ y2 +7% = azusing spherical polar co-ordinates.
Sol.: We have to solve this problem by changing rectangular co-ordinates (X, y, z) to
spherical polar co-ordinates (r, 0, (I)).
As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r, 6, %), we have put x =rsinOcos¢, y =rsin®sin¢, z =rcos8 and

3—? % S—:} sinBcos® rcosBcosd —rsinBsind
st((z’T}:’q:)) = g—)r/ % % =|(sinBsin¢ rcosOsin¢ rsinBcosd =r’sin®.
% % % cos —rsin0 0

or 90 do

Then ”j X, ¥, z)dxdydz = HI (rsin@cos ¢, rsin Osing, rcose)r sin 0drd0d¢ .

nyz r9¢

I J. j xyzdxdydz = RJ/.Z rj.z { J' 5er sin’ B cos Gde} cos ¢sin ¢do

/2 6

n/2(7w/2 6
I [J- —sin Gcosedelcosq)smq)dq) '[ —cos(l)smq)dq)
0

a® "o a® "’ —c0s2q)n/2
=—I cosq)smcl)dcl)——J. sm2(l)d(1)——
24 48 2
0 0
6 6
=a—+(—l+lj=a—.Ans.
48 2 2) 48

Q.No.7.: Evaluate the following integral by changing to spherical polar co-ordinates:

Y127
i

j- dzdydx

2, .2 2)'
x2+y2 \/(X +y +z

O e —
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Sol.: We have to solve this problem by changing rectangular co-ordinates (X, y, z) to
spherical polar co-ordinates (r, 0, (I)).

As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r,8,¢), we have put x =rsinOcos¢, y =rsinOsing, z=rcos® and in this

case
Jx ox O0x ) o
a( ) FAETS an sinBcosd rcosBcos¢ —rsinBsino
JZ(’Q(X’T},’;) = dy 9y Oy =|sinBsin¢® rcosBsind rsinBcosP :r2 sing.
f |22 2 2
> or 00 Jo
% gl gl cosO —rsin® 0
r 0 Jdo

Then HI f(x,y,z)dxdydz = ”I f(rsin O cos ¢, rsin Osing, rcosE)).r2 sin 6drd®do .
nyz R,r9¢

Now )(2+y2+z2 =r’.

The region of integration is common to the cone 22 =x*+ y2 and the cylinder

X2+ y2 =1, bounded by the plane z = 1 in the positive octant.

Since z = 1 in the positive octant = rcos@=1=r =sec0.
) ) o . o
Hence, r varies from O to secO, 0 varies from O to Z’ and ¢ varies from O to 5

.. The given integral becomes

T
m/27/ dsecd | n/2(mia| 2]%c® niafml4 20
[ ] ;.rz sin6drdedo = [ | | % sin 6d6 |dp = | {j i sinede}dq)
0 0 0 ol ol“lo oLo
171:/2 /4 11:/2 i
= '[ {j secG.tanGdGqu)—EJ' ([sece]o )d¢
0o L0 0
_(\/5_1)7”2 q):(\/z_l)n.Ans.
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(I1) CONVERSION OF RECTANGULAR TO CYLINDRICALSYSTEM

Q.No.8.: Evaluate the following integral by changing to cylindrical co-ordinates:

H I szxdydz, taken over the volume bounded by the surfaces X2+ y2 =a?,

)<2+y2 =zand z=0.
Sol.: We have to solve this problem by changing rectangular co-ordinates (X, y, z) to
cylindrical co-ordinates (p, 0, z) .
As we know, when we change rectangular co-ordinates (x, y, z) to cylindrical co-
ordinates (p, q),z),

we have put x =pcosd, y=psin¢,z=z and

g:; ?};() ?))z( cos¢ —psindg O
P2 BX ) o oy ey o= Ploosinto)=p
Ap.0.2) " 3p 39 02| P
oo | g
op 9dp oz
Then ”j f(x, y,z)dxdydz: ”j f (pcos(l), psinq),z).pdpd(l)dz.
nyz R;DOZ

p =a’ p =zandz=0

So here p varies from O to a, z varies from 0 to p2 and ¢ varies from 0 to 2.

2

pj z*pdpdodz =2f j {pj zzdz}pdp do
0

010 0

s 1= HI szxdydz =

O ey

2

p
Z
e

! p?d }d(]) j{ } j —dq>_— Ans.

Q.No.9.: By transforming into cylindrical coordinates evaluate the integral

W

I
O ey

”I (X2 +y*+ Zz)dxdydztaken over the region 0 <z < x> +y* <1.
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Sol.: We have to solve this problem by changing rectangular co-ordinates (X, y, z) to
cylindrical co-ordinates (p, 0, z) .
As we know, when we change rectangular co-ordinates (X, y, z) to cylindrical co-

ordinates (p, 0, z), we have put x =pcosd, y=psin¢, z=z and

a_x a_x a_x cos¢p —psing 0
oxv.) |9 oy oy (o2 +sin%0)
J=—20 19y 9 9V 0 = plcos” 0+sin“0)=p.
a(p,(b,z) 3 0 o sing pcosd
oo |,
op Jdo oz
Then ”j f(x, y,z)dxdydz: ”j f (pcos(l), psinq),z).pdpd(l)dz.
nyz R;DOZ
2n 1

J.(x2+y2+22)dxdyd1=j- II(r200529+rzsin29+22}drd9dz
R 0 00

O ey —

where R: circular region bounded by the circle of radius one and centre at origin:

X2+ y2 =1, so that r varies from O to 1 and 0 varies from O to 27.

2z

!

1 2n 1
ThusJ. I I (rzcos29+r2 sin29+zz)rdrd9dz =
0 00

S —y

j- (r3 +1z° )drdedz
0

Q.No.10.: By transforming into cylindrical coordinates evaluate the integral
H I (x2 +y° ) dxdydz taken over the region V bounded by the paraboloid
z=9-x"—y”and the plane z = 0.

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to

cylindrical co-ordinates (p, 0, z) .
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As we know, when we change rectangular co-ordinates (X, y, z) to cylindrical co-

ordinates (p, 0, z), we have put x =pcosd, y =psin¢, z=z and

a_x a_x a_x cos¢p —psing O
ox.v.) |9 oy oy (o2 +sin%0)
J=—20 19y 9 9V 0 = plcos” 0 +sin“0)=p.
a(p,¢,z) 3 0 o sing pcosd
oo |,
op Jdo oz
Then ”j f(x, y,z)dxdydz: ”j f (pcos(l), psinq),z).pdpd(l)dz.
nyz R;DOZ

Now 1= m (p?)pdzdpd¢
Now z=9-x*>-y*, z=9-p° and z=0

Atz=0, p°=9=p=3

@ (9—p2).p3.dpjd¢:zf @ (9p3—p5)dpj.d¢

0

. Ans

— o3

981) 81x9}d¢ _ 243, 243w

4 6 4

(111) CONVERSION OF RECTANGULAR TO ANY OTHERSYSTEM

Q.No.10.: Using the transformation u =x +y + z, uv =y + z, uvw = z, evaluate the
integral J.” [xyz(1-x—y—-z)]"* dxdydz taken over the tetrahedral volume

enclosed by the planes x =0, y=0, z=0 and x+y+z=1.

Sol.: Here we use the transformation

U=x+y+z (1)
uw=y+z (i1)
uvw =7 (ii1)

Solving (i), (i1) and (iii), we get

x=u(l-v)
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y=uv(l-w)
z=uvw and Jacobian = J = u’v
According to the problem u, v and w vary from O to 1 each.

So triple integral becomes:
1 1 1

j” [xyz(l -X—-y- z)]ll2 dxdydz = J‘ I I [u(l —v)uv(l—-w).uvw(l— u)]l/2 u’vdudvdw
0O 0 0

Integrating w.r.t. u, we get

:j.J. [A=v)v(1- W)(VW)] VU. [u3(1—u)]1/2u2dujdvdw

:>j j [via-vwa-w]" dv.dwxj‘ [0’ (1=u)]"2du (iv)

Let u=sin’0 = du =2sin06dO

1 /2
So _[ [u7(l—u)}1/2 du = J (sin’ ©cos 0)2sin Ocos BAO
0

0

/2 /2

= _[ 2.sin® Ocos”* BdO =2 J (sin8 0—sin" B)dG
0 0

_9. TxX5x3xl m  9XTX5x3xl m| Im
8x6x4x2 2 10x8x6x4x2 2| 256

Putting this in (1v), we get

X j [w(l—w)]">dw x j [via- v)] dv )

Let v=sin’0 = dv =2sin0cos 0d0O

/2

j [v'(1=v)]"*dv =2 j sin® ©¢cos? 0dO

0

/2
=2[ (sin®0-sin’ 8)de =| x> OXIX2 )10
S5x3x1 5x7x3x1] 105

0
Putting this in (v), we get

77t

=256 105j (i =w)I™ dw
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Let w =sin’ 0 = dw =2sin Ocos 6d0

/2 /2
77t 16 j 2sin” O cos’ d9—7—n E><2j sm 2@ —sin B)de
256 105 256 105

n 16 In 3l n|_7rn 16 = m
= X2 X =
T 256 1058 1920

= xX—— — =
256 105 22 4x2°2

2

H 1-x—y-2)]" dxdydz=—— . Ans.
ence ”I [xyz(1-x—y—-2)] ~dxdydz Tooo " Aus

Q.No.11.: Using the transformation u =x +y + z, uv = y + z, uvw = z, evaluate the

integral Jﬂ (x+y+2z)’xyz dxdydz taken over the tetrahedral volume

enclosed by the planes x =0, y=0, z=0 and x+y+z=1.

Sol.: Here we use the transformation

u=x+y+z @)
uv=y+z (i1)
uvw =z (i11)

Solving (i), (i1) and (iii), we get

x=u(l-v)

y=uv(l—-w)

z=uvw and Jacobian = J = u’v

According to the problem u, v and w vary from O to 1 each.

So triple integral becomes:

1

1 1 1 1
J‘ (w)*u*v’w(l - v)(1-w).u*vdudvdw =J‘ J‘ I u’v’w(1-v)(1—w)dudvdw
0 0 0O 0 0

O — —

‘([ 0 0 0 0
;[ [':[ {%} (V' =v )va(w w)dw = j; (j;

Lyt v I T o h1(5-4
S e e e )

0

j j u’ (v =v*)(w—w?)dudvdw =j U U uzduj(vz—v“)dyJ(w—wz)dw

(v3 —v4)dvj(w —w?)dw

o0 | =
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1 2 3
[ L(wowt)dw = L[ :L[l_l}:LXLZL,AnS‘
o 160 160| 2 3, 160L2 3] 168 6 960
Q.No.12.:Using the transformation u = X + y + z , uv = y + z, uvw = z, evaluate the
integral m e(x+Y+Z)3dXdydz taken over the tetrahedral volume enclosed by the

planesx =0, y=0, z=0 and x+y+z=1.

Sol.: Here we use the transformation

U=x+y+z (1)
uw=y+z (i)
uvw =7 (i11)

Solving (i), (i1) and (ii1), we get

x=u(l-v)

y=uv(l—-w)

z=uvw and Jacobian = J = u’v

According to the problem u, v and w vary from O to 1 each.

So triple integral becomes:

Jﬂ e(X+Y+Z)3dxdydz = _[” elu-V V=T 2y qudydw

_(l[ j. j‘ e u’vdudvdw :jf {jf U e“3u2Vdvjdw}dV=%j‘ "' u’du

0 0 0 0 0 0

Putu’ =t :3u2du=dt:>u3du:%

Whenu=0, t=0, u=1, t=1

Then integral becomes
: 1 1 1 e—1
(x+y+z) _ tye _ “ratyl S [ Al a0
m e dxdydz-6£edt—6[e]o_6[e e]_—6 . Ans.

seeksk ckeslese skesksk skesleske SRRk
desfsk ckskeske ek

sk
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Integral Calculus

Double Integrals
[Double Integrals in Polar co-ordinates]

Prepared by:
Prof. Sunil
Department of Mathematics and Scientific Computing

NIT Hamirpur (HP)

Evaluation of Double Integrals in Polar co-ordinates:

0, 1
To evaluate I I f(r,0)drd®, we first integrate w.r.t. r between limits r = ; and

0 1
r =1, keeping Ofixed and the resulting expression is integrated w.r.t. ©from 6, to 0,.
In this integral 1,1, are functions of @and 0,0, are constants. Figure illustrated the
process geometrically.
Here AB and CD are the curves 1; =f;(0) and 1, = f,(8)bounded by the lines =6, and

0=0,. PQ is a wedge of angular thickness 08 .
y-axis

A

0

X-axis
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)
Then I f(r,8)dr indicates that the integration is along PQ from P to Q while the

I
integration w. r. t. O corresponds to the turning of PQ from AC to BD.
Thus the whole region of integrating is the area ACDB. The order of integration

may changed with appropriate changes in the limits.

Q.No.1.: Calculate J. J. r°drd® over the area included between the circles r = 2sin0and

r =4sin0.

Sol.: Given circles are r =2sin® and r =4sin0, as shown in the figure.

a

r=4sin0

in0®

The area between these circles is the region of integration.
If we integrate first w. r. t. 1, then its limits are from P(r =12sin 9) to Q(r =4sin 6) and to
cover the whole region 6 varies from O to 7. Thus the required integral is

n ((4sin® n [ 4 4sin 6 T T2
I:J- j r3dr dezj [—} de:6oj sin4ede:60><2j sin* 0d0
0 \2sin® 0 4 2sin O 0 0

—120x > 2 2057 Ans.
422

Q.No.2.: Evaluate I I rsin 8drd6 over the cardioidsr = a(l - Cose) above the initial line.

Sol.: The cardioids equation is 1 = a(l —cos0)

The integral ” rsin 8drd® above initial line is



Double Integrals in Polar co-ordinates 3
Visit: https:/www.sites.google.com/site/hub2education/

nt (a(l-cos0) n (a(l-cos®) b r2 a(l—cos 0)
1= I J. rsin6dr [dO = J. J. rdr |sin©6d6 = — sin 6dO
0 0 0 2

0 0 0

r =a(l—cosH)
0=m 0 0=0
> axis
2
2n. 20

T2 2 n 4 (25111 j T

=I Msinedezj .—2251n9c0s9d9=j 4azsin5§cosgd9
2 2 2 2 2 2
0 0 0
27: 5 6 6 2 n/2 5 9 6 2 42 432
=4a J. sin” —cos—d0O = 4a .2.[ sin” —cos—dO =4a“.2 x1= . Ans.
0 2 2 0 2 2 6.4.2 3

ae™* /2
Q.No.3.: Sketch the region of integration of I I f(r, 0)rdrd® and change the
a 210g(r/ a)

order of integration.

ae™* /2
Sol.: Given Integral is I = J. J. f(r, 0)d0 |rdr
a \2log(r/a)

The region of integration is bounded by the curve

6:2log£, ng,and r=a, r=ae"".
a

Also when r=a = - =1, then 0= 2log(£J = 2log(1) = 0.
a a

r
/4 I _ 02

a

r
= —=e"
a

and when = ae” /4 and 0 =2log— =
a

T
Then 69/2 =en/4 = 9=5.
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x-axis

v

9/2 and 0 varies

Thus we change the order of integration r varies from r=a to r =ae
T
from 6 =0 to :>9=5.

Hence, on reversing the order of integration, we get

/2| ae®’?
I= j j f(r, O)rdr |[d6. Ans.
0 a

3
Q.No.4.: Show that j I 12 sin Odrd® = 2%, where R is the semi-circle r = 2acos0 above

R
the initial line.
Sol.: The given semi-circle is r = 2acos0.
The shaded semicircle shown in the figure is the region of integration. If we integrate first

w. I. t. 1, then its limits are from r = 0 to r = 2acos0 and to cover the whole area of the
.. . i
semicircle O varies from O to 5

Thus the integral is

/2| 2acos6 n/2 r3 2acos n/2 8&300839
[= j j r2dr |sin0d® = j — sin OdO = j 22 ™ Tsine |de
3 3

0 0 0 0 0
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/2
_ga3 ™2 Qa3 4 Q.3
. J.cos36d(cose)= 8a”| cos'® = 8a .1[0—1]
3% 4 3 4
0
.3
= 2a (- 1):2% which proves the result.

Q.No.5.: Evaluate j I ————over one loop of the lemniscate r? =a%cos20.

\/a +I‘

Sol.: Symmetry: Curve is symmetric about the pole as even power of the r.

Limits: No position of the curve lies between 6 = g and 0= %t .

Region of integration is the area bounded by the curve.

r=0, r=a+cos20 and G—Tn 6:Jt

n/4 a+/cos20 rdrde n/4 | av/cos20 1 ordr
= [ | | |zF—=—==dr||d0
0 2

] ===
-n/4 0 a~+r -/ 4

:|a«/cos 20 /4 a/cos 20

do= | [(az+r2)”2} de

0

Thus I =

_ nr _%' 2.(a2 + r2)

1

—n/4L 0 -n/4

= nJ/A _(az +a”cos 26)1/2 }de =a nJ/A [1+ c0s28)/* - l]de
-n/4- -n/4

n/4 n/4

=a | [(2cos ) }de—a [ [V2cose- 1o

-n/4 -n/4

= Zglnj/-4 (\/Ecose—l)de = Za[ﬁSine—GEM

NETE NENE

sk okl ekok okl ok
deksk  ckokk skekok

Hkk
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Integral Calculus

Triple Integrals
[Volume by triple integrals]

Prepared by:
.« 1 Prof. Sunil
Department of Mathematics and Scientific Computing
¢ NIT Hamirpur (HP) » ;

\

Volume of solids as triple integrals:
Divide the given solid by planes parallel to the co-ordinate planes into rectangular

parallelopiped of volume 0x Oy 0z.
.. The total volume = Lt Z z z Ox dy 0z = j” dxdydz,

0x—0
dy—0
8z—0

with appropriate limits of integration.

x2 y? 72
Q.No.1.: Find the volume of the ellipsoid —-+ b_2 +—=1
a c
2 yz 22
Sol.: Let A be the region bounded by the ellipsoid —-+-—+—=1.
a®~ b” ¢
2 2 2
A=1{(x,y,2) X—2+y—2+Z—31
a®~ b” c
2 2 2 2 2 2 2 2 2
X—2+y—+z—s1:>X—231,X—+y—31 and X—2+y—2+z—2s1
a® b” ¢ a a~ b a® b” ¢
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2 2 2 2 2 2
= -a<x<a, -b I—X—SySb -2 and —c,/l—x—z—y—ZSzSch—X—z—y—z.
a2 a2 a- b a- b

2 2
(x,y.z) : —a<x<a, —b,/l—z—ZSySb,/l—z—z,
2 2 2 2
X y X y
_Cdl—gg—E;SZSCJl—E?—BI

Hence the volume of the whole ellipsoid = ” I dxdydz

A=

o [oylx27a2) [eflix?/a2—y2 17)
=8| | | dzidy |dx
0 0 0

|Z|0 2 b2

o [ bfli=x27a2) \/(12/2—2/132) a | byfl=x?7a2) 232
=8| | Vit fatyn b gy dx=8c£ { (1—— Y ]dy dx

0 0

8c I x2
= FJ‘ I \/My}dx where, we put b (1—2‘—2} =p.
L0

0
8¢ _y 2oy p? i sct (2] x%|m
-—| INE 7V TP p 1Y dx:—j —{1-= = ldx
by 2 2 P, by 2| a%)2

& x> x> ) 4mabc . )
= 27mbc I 1——2 dx = 27bc| x — 5| = . Cubic units. Ans.
0 a 3a” |, 3

or

Sol.: Volume of the ellipsoid = [[[  1dxdydz.
XZ y2 Z2

4+ <
a? b2 c?

X
Put —=u, ==v, —=w.
a b c

The given region transforms into the region

D'= {(u,v,w):u2+V2+w2 Sl}

.'.szzabc. |J| =abc
a(u, V,w)
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Volume of the ellipsoid = J:” 1dxdydz = ”I 1.abc.dudvdw
X2 y2 Z2

w2+vZew?<l
a“~ b ¢

To change rectangular co-ordinates (u, v, w) to spherical polar co-ordinates (r, 0, q>), we

have put u =rsinBcosd, v =rsinOsinp, w =rcos and

du du d
a—lrl £ a—: sinBcos® rcosBcosdp —rsinBsind
szz ﬂ i a_v =[sinOsind rcosOsin¢® rsinBcosd =r’sin®
o(r,8,0,) |or 00 3
a_w a_w a_w cos© —rsin® 0
or 90 J0
Then I” f(u,v, w)dxdydz = HI f(rsin ©cos ¢, rsin Bsing, rcosG).r2 sin 6drd6do .
Ruvw R,r6¢
2n | (1 s 2n | ® 1‘3 1
- V=ab dr [sin6do |[dp = ab — | sin6d6 |d
acJ. I J.r r [sin 0 acj I(3Jsm 0
0 [0 \o 010 0
TR abc *F abc °F
= abc'[ J —sinBd6 |dp = — | (- cose)gdq) =—— I [cos T —cos0]do
0 \0 3 3 0 3 0
2n
_ Zabe [ 1d0= 2abe % = 23 (5) - 4™ dc . Cubic units. Ans.
39 3 3 3

Q.No.2.: Find the volume of the tetrahedron bounded by the co-ordinate planes and

plane XY P

a b c
Or
Find the volume of the tetrahedron bounded by the planes x =0,y =0,z =0,
§+%+§ =1, a, b, c are positive.
Sol.: Let A be the region bounded by the four planes of the tetrahedron.

.'.A:{(x,y,z):xZO,yZO,ZZO and i+%+ES1}
a c
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SR AP S|
a b c
:>§£1,3+X£1 and 24342 <
a a b a b c¢
=>x<a, ySb(l—iJ and xsc[l—f_lj
a a b

.'.A:{(x,y,z):OSxSa,OSySb(l—i} OSZSC[ —5—%}
a a

a | b(l-x/a)[c(l-x/a-y/b)
.. The required volume = I I J. dz ¢dy |dx

0 0

a | bll-x/a a
T ]
0 0

ST

=— = [O 1= ? Cubic unit. Ans.

Q.No.3.: Find the volume of the solid surrounded by the surface

X 2/3 2/3 7 2/3
BRCRG
a b C

X 2/3 2/3 7 2/3
Sol.: The volume of the solid [—j + [%) + [—j =11s
a C
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V= [ 1dxdydz.

2/3 2/3 2/3
SIEGIEGIE
a b c
X 1/3 1/3 7 1/3
Put[—j =u, [Zj =v, (—j =w.
a b C

. The given region transforms into the region D’ = {(u, v, W) w+view?< 1}

=Xx=au, y=bv3, z=cw" and

x o o
du dv ow
J= M = @ ﬂ ﬂ = 0 3bv? 0 |=27abcu’v?w? .
a(u, v, w) Jdu odv ow

3au’ 0 0

929 Ozl g aew?
du oJv oJw
V= UJ. 27abc u’vZw2dudvdw = 27abc UJ. u?v?w2dudvdw . @)
w24viiwls<l wvi+w?<i

To change rectangular co-ordinates (u, v, w) to spherical polar co-ordinates (r, 0, q>), we

have put u =rsinfOcos®, v=rsinBsind, w =rcosO and

3—? g—g g—i sinBcos® rcosBcos¢p —rsinBsin
J:—a(u, V’W) = ﬁ ﬁ a_v =|sinBsind rcosOsin® rsinBcosd =r’sin0
d(r,8,0,) |or 00 9P
8_w a_w a_w cos 9 —rsin© 0
or 90 00

Then U J. f(u,v, w)dxdydz = ”I f(rsin O cos ¢, rsin Osing, rcosE)).r2 sin 6drd6do .
R uvw R’r X0}

. V. =27abc r?sin” O cos’ ¢.r2 sin” Osin? ¢.r2 cos?0.r%sin 0.drd0d¢

O‘—.;‘)
S =33
O ey —

= 27abc 18 sin> O cos? 6.cos? (1)sin2 0..drd0do

O"_og)
S =3
O ey —
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2781)027c I = 5 2 2 2 I 8 I'9 : 1
= _[ J. sin” Bcos” 0d0 | [cos” ¢psin” odd I rdr=|—| =—
9 9 9
0 [\o 0 0
on [( mi2
= 27abCJ' 2 _[ sin® Ocos? Gdeﬂcoszq)sin2 odo
9 0 0
21 21
27abc 42.1 2...2 27abc 16 2....2
= . cos” ¢sin” ¢dp = —— |cos” ¢sin” ¢d
9 !). | 7.5.3.1} ¢ ode 9 !). [105} ¢ 0do
21 /2
16 2, .2 64abc 2, .2
=—abc | cos”¢sin” ¢dd = cos” ¢sin” ¢d
Jsabe | cos?sin?odo === [ cos” ¢sin” 9do

0 0

_6dabc 1.1 m 4mabc

35 4272 35

. Cubic units. Ans.

Q.No.4.: Find the volume of the portion of the sphere X2+ y2 +z2 =a’ lying inside
the cylinder x> + y2 =ax.
or
Find the volume cut off from the sphere x% + y2 +z2=a® by the
cylinder x>+ y2 =ax
Sol.: The required volume is easily found by changing to cylindrical co-ordinates

(p.9,2).

To change rectangular co-ordinates (x, y, z) to cylindrical co-ordinates (p, 9, z),

we have put x =pcos¢, y=psin¢, z=z and

a_x a_x a_x cos¢ —psing O
p 00 oz P
J:—ggzgzg = g—g % 3—}; =|sing pcos¢p O =p(cosz¢+sin2¢)=p.
oo |,
op Jdo 0z
Then ”J. f(x,y,z)dxdydz = I” f (pcosq), psinq),z).pdpd(l)dz.
nyz R;DOZ

Then the equation of the cylinder becomes p =acos¢.
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The volume inside the cylinder bounded by the sphere is twice the volume shown

in the above region for which z varies from 0 to \/‘az - p2 ), p varies from O to acos ¢

and ¢ varies from O to 7.

.. Required volume :ZI '[ '[ dz |pdp rdo = 2J‘ J‘ pqlia -p idp

0 0 0

T |acosd wiz 2) {acos(]) J

T 3/2 acose 3T
=of |5 [ao= 2 fsintoho

0 0

[ $in3¢ =3sin¢—4sin’ ¢ => sin’ ¢ :w}

A
3 0 4 4 3 . .

23 (3t —4). Cubic units. Ans.

Q.No.5.: Find the volume cut from the sphere X2+ y2 +2% =a’ by the cone
x% + y2 =77 above xy-plane.

Sol.: The required volume V = I U dxdydz.
R

To change rectangular co-ordinates (X, y, z) to spherical polar co-ordinates (r, 0, (I)), we

have put x =rsinfcos®, y =rsinOsin¢, z=rcos0 and

or 090 Jd
J:MZG_y a_y a_y =|sinOsind rcosOsin¢® rsinBOcosd =r’sin®
o(r,8,0,) |or 90 90
dz 0Jz 0z

a 30 9

sinBcos® rcosBcos¢p —rsinBsind

cos0 —rsin® 0
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A

Z-axis

a y-axis

Then ” J. f(x,y,z)dxdydz = j J I f(rsin O cos ¢, rsin Osing, rcosE)).r2 sin 6drd6do .
nyz R’re¢

2

.'.x2+y2+22:a =r’=a’ and x2+y2=z2

2

— 1r2sin”0=r’cos’ O

. . T . T
=r varies from O to a,0 varies from O to Z ,0 varies from O to 5

n/2n/4a /2wl 4 I‘3 a
.. Required volume =4 _[ _[ J r? sin Odr dodo =4 J. J. — | sin®d6dd
0 3 0

3 3
= 2a—(1 —Ljn = a?(2 - \/E)n Cubic units. Ans.

.No.6.: Find the volume common to the cylinders x>+ y> = a’and x> +z° = a2.
y y

Sol.: The required volume V = I ” dxdydz.

Since X% +77 =aZ:>Z2 :az—xz.

=z varies from —\/az—x2 to \/az—x2 .
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Also x2+y2=a2:>y2=a2—x2.

= y varies from —\/az—x2 to \/az—x2 .

2

Now x =a2,byputting y=0andz=0

= X varies from —ato a.

a \Iaz—X2 \/az—X2 a az—xz az—xz
2 V=[] dxdydz=[ | | [ dzdylax=8[ | [ [ dzjdy jax
—a | a2ox? [—a2—x2 o o 0
Ji2_2 J2 2
:8]1' aJ'X [Z]O“az_X2 dy |dx 2831. ajx va? —x%dy |dx
0 0 0 0
a
:8]1‘ \/32_7;(2[y]0“5'2_X2 dx :8:7 (az—xz)dx :8a2x—x?3
0 0 0

. Cubic units. Ans.

g3 2|16’
3) 3

Q.No.7.: Find the volume bounded by the cylinder X2+ y2 =4, and the hyperboloid
x2 + y2 —z% =1.
Sol.: The required volume V = ”f dxdydz.

To change rectangular co-ordinates (X, y, z) to cylindrical co-ordinates (p, o0, z),

we have put x =pcos¢, y=psin¢, z=z and

ox 0Jx Ox )
a_p a_¢ % cos¢ —psind O
J:%z g—g 3_31/) g—z =(sing pcosd O :p(cosz¢+sin2¢)=p.
LA P
op 9 0z
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Z-axis

y-axis

v

x-axis/

N~

Then ”I f(x,y,z)dxdydz = _[” f (pcosq), psin¢,z).pdpd¢dz.
R R,

Xyz

Then the equation of hyperboloid x>+ y2 —’=1= p2 —7% =1and that of cylinder
)<2+y2 =4:>p2 =4.
The volume inside the cylinder bounded by the hyperboloid is twice the volume above

the xy-plane. For which z varies from 0 to \/pz —1, p varies from 1 to 2, and ¢ varies

from O to 27.
2
2| 2 | VP -l 2n [ 2
- Required volume=2[ | [ | [ dz|pdp|do =2 [ [ ovp? —ldp}dq)
0|1 0 0 [1

Put t* = p? —1so that tdt = pdp.

And as p varies from 1 to 2; and t varies from O to ﬁ
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NE]
d = 2x2x+/3 T = 4/3 7. Cubic units. Ans.

3

21 t
.. Required volume = ZJ ?
0

0

Q.No.8.: Find the volume cut from parabolic 4z = x% + y2 by the plane z = 4.

Sol.: Z-axis
1 X +y=16
—T
4z =x*+ y2
_ X-axis
The volume is given by
4 [VJ16-x2| 4 4 | V16-x> 2 2
V=4I _[ _[ dz .dy dX=4J. J. 42 Y dy |dx
)Y, 4 4
0 0 |[x%+y 0 0
4

:4I %(16—){2)\/@—é(16_x2)3/2j|dx:41‘ [5(16_)(2)3/2_5(16_X2)3/2:|dx

Put x =4sin6 = dx =4co0s0dO and ng, when x=4 and 6=0 when x=0.

/2 /2
v=—=2 I (16)" cos® 8.4cos Bd6 = o1z I cos'0dg =12 3L T_ 35y
3 3 ) 3 4272

.. Volume cut from paraboloid 4z = x2 + y2 by plane z = 4 is given by 327. Cubic units.
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Q.No.9.: Find the volume bounded by the elliptic Paraboloids z = x2 + 9y2 and
z=18-x> —9y2.
Sol.:

X+ 9y2=9

X-axis

»
»

Ellipse

y-axis

The two surfaces intersect on the elliptic cylinder X2+ 9y2 =z=18-x"- 9y2

=x>+9y*=9.

The projection of this volume onto xy-plane region D enclosed by ellipse having the

2 2
.X
same equation —-+ y_2 =12,
3 1
This volume can be covered as follows:

z: from Zl(x,y)= x> +9y2 to zz(x,y)= 18— x> —9y2

9—X2 to (X )_ 9—X2
9 Yo\X, ¥ 9

y: from yl(x,y) =—

x: from xl(x,y)= -3 to xz(x,y) =3.

Thus the volume bounded by the elliptic Paraboloids z = x> +9y” and z = 18— x> —9y?

1s

9-x?
3 9 18-)(2—9y2
V= J‘ _[ J‘ dz |dy dx
-3

lo—x2 | x*+9y?
9




Triple Integrals: Volumes of solids 13
Visit: https:/www.sites.google.com/site/hub2education/

9-x2 9-x2
:i f {(18—X2—9y2)—(xz+9y2) y dx:2} '[9 (9—X2—9y2)dy dx
_ 9-x2 -3 _ 9-x2
9 9
—2} loy-x2y-3 3)9_92 d —§} b-x2f"%a —72]E in*6d6, where x =3cos
= J y-x"y—3y \/E )(—9_3 X X = ) S ) X =3cos
9
mi2 3x1 n
=72%2 j sin*0d0 = 144 x ( j:277t.Cubic units.
ax2 2

Q.No.10.: Find, by triple integration, the volume in the positive octant bounded by the

coordinate planes and the plane x +2y+3z=4.

Sol.: Equation of the given plane x +2y+32=4 =z = 4-x-2y

4—x-2y

. ) ) 4-x . .
i.e. z varies from O to and y varies from O to and similarly x varies

from O to 4.

4—-x
4 2 2
:J- J-4 X 2ydd —'[ i[4—xj_§(4—xj_gxl(4—xj dx
o o 3\ 2 30 2 3 20 2
16-4x 4x—-x" 1 _ 16+x"—-8x
_J‘ ——X dx
6 6 3 2x2
4 4
L T B ] !
:E><4—i><16—E 4—i><ﬁ+§><E
6 12 12 18 2 12 2
32 16 16 32 16 16 16 32 16 _16

- s +—=""——=—_Cubic units
3 3 3 9 3 9 3 9 9 9
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Q.No.11.: Find, by triple integration, the volume of the region bounded by the paraboloid

az=x"+y" and the cylinder x> +y* =R*>.

Sol.: Given equation of the paraboloid az = x2 + y2 ==Y
. . X2 + y2 .. . 2 2 .
1.e. z varies from O to , similarly, y varies from 0 to VR~ —x~ and x varies
a
from O to R.
R JR2-x> . :y R vYRZ—x? <2 42
Volume required = [ [ [ dzdydx =4[ [ | dzdydx =4 | Y dydx
R 0 0 0 0 0 a
R 2 2 2 R 2
R2- 3/2
:4I X—[Y]ORZ_XZ +L[y3|3 " dx = j X— 2 _x +L(R2—x2) dx
a 3a a 3a
0 0
Putting x =Rsin® = dx =R cos0d0
/2 2
/2
V=4 '[ R—sin2 Gwleil—sinz GiR cosE)+3i[R2(1—sin2 6) doR cosO
a a
0

/2 4 4 4 4
= '[ R—sin26c0529+R—cos 01|d0 =4 R—£><£+R—><ﬂ><jt
o La 3a a 42 2 3a 42 2

4 4 4
= R + R = R . Cubic units
4a 4a 2a

Q.No.12.: Find, by triple integration, the volume of the sphere of radius a.

Sol.: Equation of the sphere of radius a
x2 +y2 +z° :az:>z:w/a2—xz—y2
n/Za\/az—XZ\jaQ—Xz—y2

Required volume = SI I I dzdydx =8 J. J. J‘ dzdydx
R 0 0 0

2 2

:ST J Ja?—x? -y dydx
0 0

Putting x =rcos®, y=rsinb, z=1z,
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|J|:r
a vai-x? n/2 a

V:Sj j w/az—xz—yzdydx:8j j rva® —r2drde
0 0 00

— a2 —r? =t? = —2rdr = 2tdt = rdr = —tdt .

/20 /2 /2 3
V=g [ [ —tld=8 lfae=8 [ 23do =32 x T = 2™ cupic units
) 13 34 37 T2 3

Q.No.13.: Find, by triple integration, the volume bounded above by the sphere
x> +y’ +2z” =2a’ and below the paraboloid az = x> +y".
Sol.: Equation of the given sphere is x* +y” +2z° =2a” and equation of the given

paraboloid is az=x"+y".

2 2

. . X"+
i.e. z varies from z = Y toz=y2a7-x—y? .

Now x’+y’+z° =2a’

—at+ya’+8a®

—az+z’=2a’ =7 +az—-2a’=0=>z= 5 =-Da, a

Since we have to find volume bounded above by the sphere x° +y” +z° =2a’ and below
the paraboloid az=x"+y”. Thus z = -2a (rejected).

Thus equation of circle becomes x* +y*+a’=2a’ = x> +y’ =a’

and y varies from y=—/a®—x* to y=+/a’—x* and similarly x varies from x =—ato

X=a.
Required volume =I j I dzdydx :J. I I dz |dy ;dx
R - | arx? X’ 4y’
a [ Vaix?
:I { _[ [JZaz—xz—y2 —X2+y2jdy}dx

Put x =rcos6, y=rsin0, J=r, we get
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2n a 2 27 a 3
Required volume :j {j [\/2&2—1‘2 —r—jrdr}de :J {I (r\/2a2—r2 —r—jdr}de

0 0 a a

) . na? 1 32
j ——(V2a* - ) - 2r)——3jdr}d6 Zj A G R
0 a 0

27 3 3 3 27 3 3
- 2l a') [ 2V2a de:j _7i+2\/5a do
0 3 4 3 0 12 3

3 3
:{—7i+2\/3§a }2n:{——+i} a’ {4\/_ é}na Cubic units.

12 12

Q.No.14.: Find the volume bounded by xy =z, z=0 and (x—1)"+(y—1)" =1.

Sol.: Required volume :J. J. I dzdydx = '[ '[ (T dzjdydx
R

(x=1 +(y-1)’s1

= H xydydx

Let x—1=u and y—-1=v =dx=du, dy=dv .

Then the required volume = '[ '[ (u+1)(v+1)dudv

uw+v2<1

Put u=rcos0, v=rsin0, J=r, we get

the required volume =

o=y

1
I (rcos®+1)(rsin0+1)rdrd®
0
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[r3 cosBsinB+1° (cosO+sin0) + r] drd6

=L ——

rt r’ 2
—cos0sin®@+—(cosO+sinB)+— | dO
4 3 2 |

2cosBsinb +l(cose+sin 6)+l}d9
8 3 2

27
lcosesin9+l(cose+sin9)+l de = J.
4 3 2 )

r . 27
Slnze+l(cose+sin9)+l de = C0826+l(sin6—cose)+le
| 8 3 2 16 3 2

0

G +§{(O—O)—(1—1)}+%(2n—0)} =7 Cubic units. Ans.

Q.No.15.: Compute the volume of solid bounded by planes, 2x +3y+4z =12, xy-plane

and the cylinder x> +y” =1.

i(12—2x—3y)

Sol.: Required volume :j j I dzdydx = H j dz |dydx
R

+1 +1
=I 6 l—xzdx—j X l—xzdx:6[§\/1—x2 +%sin_1x} +
| |

x2+yzsl -1 —m
1+1 B 2 i
~[ 12y-2xy-32L dx
4d | 2 | —
B 2 2
L (1= (—\/1—x2 )
. 12401-x% —=2x/1-x* =3 —| —1241-x% +2x 1—x2—3#
-1
+ +1
% 24\/1—x2—4X\/1—x2}dx:J- [6\/1—x2—x\/1—x2]dx

x2+y2£1 0

] i(lZ—Zx—3y)dydx=]} { ] 5(12—2x—3Y)dy dx

-1 -1

+ 1(1_X2)3/2 .
L2 372
-1

T T 27

6 ——(——j +[0—0] =6.—= =371 Cubic units. Ans.
4 (73 4

Q.No.15.: Compute the volume in the first octant bounded by the cylinder x =4—y* and

dx
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the planes z=y,x =0,z =0.

O

0

4 Jax
Sol.: Required volume :I I I dzdydx = I I [ dzjdydx
R 0

4 Jax 4 (Ja=x
:I I [z]Zdydsz{I yddex

0

(A=)

2

g
;(4,(__] (4 4——j=— 16-8)

= 4 Cubic units. Ans.

Q.No.16.: Find the volume cut from the sphere of radius b and the cone ¢ = . Hence

deduce the volumes of the hemisphere and sphere (by triple integrals).

Sol.: Volume =I” Oxdydz

We can solve this problem by changing rectangular co-ordinates (X, y, z) to spherical
polar co-ordinates (r, 6, ).
As we know, when we change rectangular co-ordinates (X, y, z) to spherical polar co-

ordinates (r, 6, %), we have put x =rsinOcos, y =rsin®sin¢, z=rcos8 and

3—? % 3—:} sin@cos¢® rcosBcosdp —rsinOsino
J:—a(x, y,z) = a_y a_y ﬁ =|sinBsind rcosBsin® rsinBcosd =r%sin®.
o(r,0,0,) [or 00 90
% % % cos0 —rsin 0 0
or 90 do

Now V:ZXT ]E U ersin(l)SXSG&]):Z( j]ﬁ ]E sin$(80)(8¢)

0 0

2b’n 2b’

6] si ¢8¢=2n7b3[—(cos¢)ﬂ =73 (1—cos0c):T(1—cosoc)Tt

2b3
Y

3
For volume of the hemisphere, put o = g ,we get V= Tn . Ans.
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3 3
For volume of the sphere, put o = g ,weget V= Tn(l —COST) = b . Ans.
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Double Integrals
~ (Change of variables)
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Prof. Sunil
Department of Mathematics and Scientific Computing

NIT Hamirpur (HP)
) 7

Change of variables:

The evaluation of the double integrals is greatly simplified by a

suitable change of variables. By changing the variables, a given integral
can be transformed into a simpler integral involving the new variables.

In a double integrals:

Let the variables x, y in the double integral I J. f(x, y)dxdy be changed to the new
R

variables u. v by the transformation

x=0(u,v), y=yluv),
where q)(u, V) and \|l(u, V) are continuous and have continuous first order derivatives in
some region R ,in the uv-plane which corresponds to the region R, y in the xy-plane.

Then
” f(x,y)dxdy = H f[¢(u,v),\|1(u,v)]J|dudV, (1)
Ryy Ry
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x
where J = I(x.y) —|du v (# 0) is the Jacobian of transformation from (X, y) to (u, v)

d(u,v) [dy Oy

du dv

co-ordinates.

Particular case:

CONVERSION OF CARTESION TO POLAR SYSTEM

y

\..
guis J

3
Y
5
")
‘D
<

A diagram illustrating the relationship between
polar and Cartesian coordinates.
To change Cartesian co-ordinates (X, y) to polar co-ordinates (r, 0),

we have put X =rcos0, y =rsin6and

a—X a—X cos® —rsin0
J :—a(X’Y) _|dr 98| _ :r(cosze+sin2 G)Zr.
or.,8) |dy Iy sin® rcos®
or 00

Then ” f(x, y)dxdy = ” f(rcos®, rsin®).r drdo .

ny R’re

Q.No.1.: Evaluate I _[ (x + y)2 dxdy, where R is the parallelogram in the xy-plane with
R

vertices (1, 0), (3, 1), (2, 2), (0, 1) using the transformation u = x+y and
v=x-2y.

Sol.: The region R, i.e. parallelogram ABCD in the xy-plane becomes the region R”,

i.e. rectangle RSPQ in the uv-plane, as shown in the figure, by taking

u=x+y and v=x-2y 1)
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. C(2,2) v-axis
4 y-axis A
Rd, D S4,1)
D(O, 1) B(3, 1) S ——————— .
u-axis
(0]
X-axis
(0] A1, 0)
Q(, -2) P4, -2)
From (i), we have x =—(2u+v), y=—(u-v)
x uf o1
p=00y) _fou ov 3 3|2 1_ 3 1
ofu,v) |9y Iy L1 9 9 9 3
dou ov| [3 3
1
Thus |J| =—.
3
1t (¢ Iju *
Hence, the given integral = ” u2|J|dudV = —I J. u’du |dv = —|— .|V|12 =21. Ans.
g 3511 3|3 L




Double Integrals: Change of Variables 4
Visit: https:/www.sites.google.com/site/hub2education/

Q.No.2.: Evaluate J J (x + y)2 dxdy, where R is the region bounded by parallelogram
R

x+y=0, x+y=2,3x-2y=0, 3x -2y =3.

 y-axis 4 v-axis
Q] v=3 P

Sol.: By changing the variables x, y to the new variables u, v, by the substitution

(transformation) X +y =u, 3x —2y = v, then the region R, i. e. parallelogram ABCD in

the xy-plane becomes the region R’, i. e. rectangle RSPQ in the uv-plane, as shown in

the figure, by taking x+y=u, 3x -2y =v. )

From (i), we have x = %(2u +v), y= %(3u -v).

x o 21
720y) _fou av|_ls 5|2 3_ 5_1
o(u,v) [dy dy| |3 1} 25 25 25 5
Jdu odv| |5 5
Thus 1] =+
5

Since, u=x+y=0 and u =x+y =2. Thus u varies from 0 to 2.

Also since 3x =2y =v =0, 3x —2y = v =3. Thus v varies from O to 3.

Thus the given integral in terms of new variables u, v is J J (x + y)2 dxdy = J J u2|J |dudv
R R’
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1 1|u
=— J‘ u’du |dv = =|—
5 0 5

0 3O

3 24 8
.|V|O = 1— :g. Ans.

Q.No.3.: Evaluate I e (x?+y? dxdy by changing to polar co-ordinates.
0

o — 3§

Jr

< 2
Hence show that j e X dx = -
0

Sol.: To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 9),

we have put X =rcos0, y =rsin0 and

a—X a—X cos® —rsin6
J= Ix.y) —|dr 96| _ = r((:0s29+sin2 6)=
o(r,6) ﬁ 8_y sin@ rcos0
or
Then j j f(x, y)dxdy = H f(rcos®, rsin®)r drde.
R Rlg

Xy

The region of integration being the first quadrant of the xy-plane, r varies from 0O to oo

) T
and O varies from O to 5 Hence,

»  x-axis
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2

2 2 2

Also 1= j e dxxj e dy= {I e dx} ,wheny=x. (ii)
0 0 0

(o)

[}

2
Thus, from (i) and (ii), we have j e X dx =
0

. Ans.

w5

Q.No.4.: Evaluate the integral by changing to polar co-ordinates

a x/(az—yzj( )d y-axis 0 r
2 4+ y? ldxdy.
[ e

a a’-y? /- > .
Sol.: We have to evaluate the integral 1= J. I (x2 + y2 )dx dy, \/ X-axis
0 0

by changing cartesian co-ordinates to polar co-ordinates.

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox ox )
a(x y) 8_ % cos® —rsin® , ,
y=rsinfand J = — = ar = =r(cos 0 +sin 9)=r.
a(r, 9) 9 9 sin® rcosO
or 09
” f(x, y)dxdy = ” f(rcos®, rsinB)r dr do.
ny R,rO
Also when x =0, r=0; xzwlaz—yz,r=a

T

a (l?=y?) n/2 (a n/2[a n/2| 4|2
I I (x2+y2)dx dy = I {J‘ r2.rerd9: j { r3.dr]d9— I —| de
0 0 0 \o 0 Lo 0 0
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a a 2
Q.No.5.: Evaluate the integral by changing to polar co-ordinates j j x_dxdy

oy /X2 42
a a 2
. dxd
Sol.: We have to evaluate the integral I = I I %,
by changing cartesian co-ordinates to polar co-ordinates.

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox 0Ox .
a(x, y) 3 26 cos® —rsin@ ) )
y=rsinfand J = — = ar = =r(cos 0 +sin 9)=r.
a(r, 9) 9 9 sin® rcosO
or 00
” f(x, y)dxdy= ” f(rcos®, rsinO).r drdo.
ny R,rO
. 0 r
y-axis

X=a

»  x-axis

Also when x varies from y to a, r varies from 0 to , [ X = rcose]

cos©

. . T
And as y varies from 0 to a, 0 varies from 0 to Z

a a X2 7t/4a/cos6r20082e n/4)| alcos®
1 ———dx fdy = [ | ———rdrdo= [| [ r’dr|cos’6do
0 \y VX +y 0 0 f 0 0
n/4| 3[a/cosb n/4 3
1
= | r cos?6d68 = [ [~———~0 [cos’6d6
0 3 0 0 3cos’ 0

/4 14 a3 /4
= J‘ —a secedez—[log|sec9+tan9|]g
0 3 3
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3 3
= a?[log(\/E + 1)_ log(1 + O)E”4 = a?log(l + \/5) Ans.
Q.No.6.: Evaluate the integral by changing to polar co-ordinates

y 22
[ 525 dxay.
X"ty

4a

0 y?/4a

22
X -y
2

4a y
Sol.: We have to evaluate the integral 1= j J dxdy, by changing Cartesian

2
0 y2/4aX Ty

co-ordinates to Polar co-ordinates.

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have X =rcos0,

0x OXx .
3(x. ) > 2 cos® —rsin6 ) )
y=rsin@and J = 5 22 = ar N = :r(cos 0 + sin 6):r.
(r.6) 9 B lsin®  rcos®
or 90
” f(x, y)dxdy = ” f(rcos®, rsin®)r dr de.
ny R;e
A y-axis
y=x
0=m/2 ) r
22 2. 26 2.2 2
Now x2 y2 :r200526 rzstG _t COZSZBZCOSZG.
x“+y" r°cos"0+r"sin” 0 r



Double Integrals: Change of Variables 9
Visit: https:/www.sites.google.com/site/hub2education/

2

Since y2 = 4ax = r>sin’ 0 = 4arcos6 = r(rsin2 0 —4acos 9): 0

4acos0

=r=0and r= . Thus

sin® @

€0s206d0

2
n/2( 4acos®/sin> @ n/2[ o J4acos8/sin” 6
I= J. J. cos20rdr |d6 = J.

/4 0 /4 0

= 8a’ j cos e(cosz(i sin G)dG 8a2n./[2(cot 0 —cot G)dG
574 5in* 0 n/4

—8a2nj‘2[cot 9(0086029 1) (0086029 1)]d9
/4

= azn/2 cot” Ocosec’0 —cot” 0 — (cosec?0 —1)d6
=8a” [ | ( k
n/4

r T2 g2 1
_C0t3e} - _[ (cosecG 1)d6 [~ coto— Gﬂi {,.J‘[f(e)]“f'(e)dez[f(ne)]mr

+1

=8a’

n/4 w/4

3 m/2
—cot 0

8}

= 8a

+cot9+9+cot9+6:l
/4

= 8a? O+0+E+0+E - _—1+1+E+1+E
2 2 3 4 4
= 8a? n—(—l+2+2j =8 T_3 a’. Ans.
3 2 2 3

/2
Q.No.7.: Evaluate J. _[ Xy(x2 + y2)ﬂ dxdy over the positive quadrant of X2+ y2 =4

supposing n+3 >0 by changing to polar co-ordinates.

12
Sol.: We have to evaluate the integral I = I j xy(x2 + yz)n dxdy,

by changing cartesian co-ordinates to polar co-ordinates.
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To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox 0x .
a(x, y) 3 26 cos® —rsin0 ) )
y=rsinfand J = — = ar = =r(cos 0 +sin 9)=r.
a(r, 9) 9 9 sin® rcosO
or 00
” f(x, y)dxdy= ” f(rcos®, rsinG).r drdo.

Rx y R,rO

Also in +ve quadrant of x% + y2 =4, r varies from 0 to 2 and 6 varies from O to g

/2 n/22
I:J.J. xy(x2+y2)1 dxdy = II(rcosG.rsinG)rn.rdrde
00

n/2[2
= _[ _[ rn+3dr}(cosesin9)d9
0 L0
T/2| n+d 2 T2 An+d n+d w2
= J. cos0sin 6dO = j c0s0.sin 6dO = j cos 0sin 6dO
0 n+4O o n+4 n+4 o

2n+4 1 21’1+3
B n+45=n+4'

Ans.

Q.No.8.: By using the transformation Xx+y =u, y =uv, show that

1 1-x 1
J' ( J' eY/(”y)ddeX :E(e_l)'

0 0

Sol.: We have to evaluate 1=

O ey —

1-x
[ j eY’ bHy)ddeX , by using the transformation

(=]

X+y=u, y=uv.

4 y-axis A Vv-axis

U

X +y=1 u=1
| —m]
W\ _ X-axis . u-axis

Oj O
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Since we have given x+y=u and y=uv ..Xx= u(l—V), y =uv and

ox ox
N 3l 1-v —u
.-.|J|:—8(X’y)= qu ov|_ =u—-uv+uv=u.
o(u,v) [dy 9y vV u
du ov
Since x+y =u and szzizv,then
u X+y

Wheny=0,v=0; y=1-x,u=1,

Whenx=0,v=1;x=1,u=

< |«<

=0. (because atx =1: y=0)

—

Thus u and v varies from O to

“ I:j. [l]} ey/(X+Y)dy]dx :j‘ j. e'ududv = Jl. ﬁ udu}evdv

0 \0 0 0 0 LO

21

! u 1 ! 1 [N
=I — eVdvz—I e'dv=—le'| =—(e—1). Ans.
0 2 2 0o 2
0 0
dxdy ) .
Q.No.9.: Show that J. I 42—2 =ntlog3, over the region between the concentric

circle x? + y2 =land x>+ y2 =3 by changing to polar co-ordinates.

Sol.: We have to evaluate the integral 1= ” % i
4—x" -y
by changing cartesian co-ordinates to polar co-ordinates.

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox 0x )
a(x y) 8_ % cos® —rsin0 ) )
y=rsin@and J = —— = 8r N = :r(cos 0 + sin 6):r.
a(r,e) 9 @ sin® rcosO
or 00
” f(x, y)dxdy = j j f(rcos®, rsinB).r dr de.
ny R;e
2 | V3 rdr
ThusI:j j de
0 14—r
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Putting 4-r’=t= 2rdr—dt:>dr——%.
r

.. The limits changed from V3 to 1and 1 to 3.

27 1 rdt 21 1 1 12n 1 21
.-.Izj —[ ——ldo=] [——logt} dt=— | log3d6 =—log3| do
| 5 tar L2 2y 2 Ty

= %log 3»[6](2)7E = %log3.2n = mlog3, which is the required proof.

1/2
2
—}’2 dxdy by changing to polar co-ordinates, over the
I+x"+y

Q.No.10.: Evaluate ” {

positive quadrant of the circle X2+ y2 =1 by changing to polar co-ordinates.

Sol.: The region for integration is bounded by the curves.
x=0,x=1,y=0,y=1, and xz+y2 =1.

2

1/2
2 .2
We have to evaluate the integral ” L—yz} dxdy,
+X“+y

by changing cartesian co-ordinates to polar co-ordinates.

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox 0x .
a(x, y) 3 26 cos® —rsin@ , ,
y=rsinfand J = —% = ar = =r(cos 0 +sin 9)=
a(r, 9) YD l5in®  rcos®
or 00
” f(x, y)dxdy= ” f(rcosE), rsinG).r drdo.

Rx y R,rO

In the integral, we have

J‘J‘{ Y2:|1 dxdy = J-J- |:1 r2cos’0—r2sin’ @ rdrdo

1+x2 +y 1+r2cos?O+r’sin’ 0

- Limits required are r=0, r=1 and 0=0, 6= g (positive quadrant).

Thus, we need to evaluate
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2o (cos29+sm 9) w2 r?
- .[ .[ 2 I I rdr|d6.
00 1+12 cos 0+ sin? 9 o o 1+12

Substitute r? = cos® = 2rdr = —sin¢d¢ .

.. New limits are
at r=O:>cos¢:O:>¢:g, r=1=cos¢=1=¢=0,

So the value to be integrated is

IJﬂ% T F—C(’Sﬂ”z(—sm@w]de

0 nl2 1+ cos®
1/2
m/2l 4 0 2sin29 b b
=[1>] 2 | §ingdo |de 2 =[ £00dx = [ £(x)dx
0 |2 20
n/2| 2cos a a
2
/2

0

/2 /2 w2
= | 1 [ [tan¢2s1n¢ sgjd(b]de— | P | 2sin29d¢]de
2,0 27 272 29 2

1 n/2 /2 Tt/21 T
- j _j 1- cosd))dq)}de— j[ [¢—s1n¢]n/2}d9: j —(——1}1@
0 _2 0 0 0 2\2

_;(n ZJ[ ]n/2 2("22)2 g(n—z).AnS.

a V az—xz
Q.No.11.: Evaluate j j e_(xz_yz)dy dx by changing to polar co-ordinates.
0 0

Sol.: Let y =+a? —x? = y? =a? —x? = x? +y =a’ *. The graph is a circle.

2_.2

We have to evaluate the integral j j e_(xz_yz)dy dx
0 0

by changing cartesian co-ordinates to polar co-ordinates.
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To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox ox )
a(x y) 8_ % cos® —rsin© , ,
y=rsinfand J = — = ar = =r(cos 0 +sin 9)=
a(r, 9) a—y a—g sin® rcosO
r
” X, y)dxdy ” rcos 6, rsinb).r dr do
ny R,rO
n/2a T2 T2 a | T2 ,
I= [ [e™rddo=— [ [ 2e rdrde_——j =—— [ e —1d6
2 2 2
00 00 0 0

R R

T xd
Q.No.12.: Evaluate I I X2 y by changing the polar co-ordinates.
+y?
0 vy

Sol.: The region of integration is the area of integration is the area bounded by the curve,

x=a y=0,y=a.

a a d
We have to evaluate the integral I ( J. dx}dy ,

2
0yX+y

by changing cartesian co-ordinates to polar co-ordinates.

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 6), we have x =rcos0,

ox 0x .
a(x, y) 3 26 cos® —rsin@ , ,
y=rsin@and J = ——% = ar = =r(cos 0 + sin 9)=
a(r, 9) 9 9 sin® rcosO
or 00
” f(x, y)dxdy = ” f(rcos®, rsin®).r dr df.

Ryy Rig
.. In polar co-ordinates area of integration is bounded by curves
rcos@=a=r=asecH

rsin@=0=0=0 and r=0

rsin® =rcos = ng.
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a [a 7t/4asecerzcoSe n/4asecO
I:_([ I X2+y dx |dy = J. J. 7z dr.d6 = J. J. cos 0.dr.do

y

/4 asecO /4 /4
J.[cose J. dr}d@- j [cose[r““e]dez J. (cosBxsecB)do

0 0 0
n/4
= Iade—a[e]n/4——a Ans.
0 4

V2x— x2

2
dydx
Q.No.13 .: Evaluate J. J. Lz by changing to polar co-ordinates.
0 0 \IX +y
Sol.: Let I—Jz. ZTXZ X—ddy dx
0 0 [x2 + y?

Taking y = +/2x — x (1)
= (x - 1)2 + y2 =12 which is the equation of circle having its centre at (1,0) and a radius

of 1 unit, we can draw the curve represented by the given integral as shown in Fig. 1.

X2 1 Y2
Comparing the given integral I with the general form represented by J. J. f(x,y)|dx,

X1 Ly
we can conclude that the units of variable ‘y’ are given in terms of ‘x’ and hence the

integration should be first carried and on dy, taking an elemental ship parallel to y-axis.

2 W2x—x>2
. xdydx
We have to evaluate the integral I I N
0o 0 VX tYy

by changing cartesian co-ordinates to polar co-ordinates.

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, 8), we have x =rcos9,

ox 0x )
a(x y) 8_ % cos® —rsin0
y=rsinBand J = 5 = ar vl = =r(C0s29+sin2 9)=
(r, 9) a—y a—g sin® rcosO
r

” f(x, y)dxdy = ” f(rcos®, rsin®).r dr df.

Rx y R,rO
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Using (i) and (ii), we write r in terms of 0,

rsin@ = \/2rcose—r2 cos> 0
orl (sin2+ cos’ 9)= 2rcos® = r =2cos0. (iii)
Thus Fig (i) can be redrawn as in Fig. (i)

Using (i) and (iii), the integral

X2 Y2
j f(x, y)dxdy can be changed to
X1 N
8, X
j '[ (rcos®, rsinO)J (;yjdrde )
r,0
91 I'l
. I_th‘ZZCjsz rcosO. xr drdd _Tt/2 ch)'sercosedr i
0 0 \/rzcosze+rzsin29 0 0
/2 -+ c083A = 4cos® A —3cos A
3
= '[ 2cos” 6dO 3 cos3A +3cosA
0 = cCcos" A=
A
/2 . . /2
= I (cos39+3cose)d9:{Sm3e+3sme} :i.Ans.
0 2 3

Q.No.14.: Transform the following to cartesian form and hence evaluate

S =3

a
j > sin®cosO drd® .
0

Sol.: We have evaluate the integral 1=

O —a

a
I 1 sin Ocos O drd@ ,
0

by changing polar co-ordinates to Cartesian co-ordinates.

To change polar co-ordinates (r, 0) to Cartesian co-ordinates (X, y), we have x =rcos0,

ox 0x )
a(x y) 8_ % cos® —rsin0 , ,
y=rsin@and J = 3 ,9) = 8; 3| = :r(cos 0 + sin 6):r.
T, dy

—| |[sin® rcosO

or 00
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” f(rcos®, rsin®).r dr d@ = ” f(x, y)dxdy.

RrO Rx y
moa T a a az—y2
s = I I 1’ sin O cos Odrdd = I I rsin 0.r cos 0.rdrd0 = I I xydxdy
0 0 00 0 _ az_yz

[Here we suppose that the strip is parallel to x-axis]

a2_y?

22
_Ja2-y? 0 —Ja’-y

ydy

:%Q 62 - y2)- (a2 - y2)lyay =i 0dy = 0. Ans.

Q.No.15.: Evaluate J..[ (y —x)dxdy, where D is the region in xy-plane bounded by the
D

straight lines y=x+1, y=x-X, y:—§x+%, y:—%x+5 using the

. X
transformation u=y—x and v=y +§.

. . X
Sol.: Given transformations are u=y—x and v=y +§

4 4 1 3(u
> -——X=U-V,—y=—u+v>y=—| —+V
3 3 3 4\ 3

d(x,y) |-3/4 1/4 9 3 12 3 3
Here J=——== :__““_:___:__:4|:_
o(u,v) [3/4 3/4 12 16 16 4 4
As given, y—x=1, y—x=-3
u=-3, v=I
—-3<u<l,
1 7 1
Again, y+—Xx=—, y+—x=5
g y 3 3 y 3
V:Z,V:S
3
ZSVSS
3

We will now integrate,

ij (y—x)dydx = i j ulJ|dudv = j [“_221 dov :(_%X%j[v]in

713 3 7/3
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—§x§x(5—%) =—8. Ans.

2 4
1 1-x y
Q.No.16.: Evaluate J. I e dydx , using the transformation x +y =u and y = uv.
0 0
Sol.: Given transformations are x+y=u and y = uv.
ox Ox
du ovl N=v —u
Hererau aV: :u:|J|=u.
o ul v
du dv
1 (1 1 2 ! 1
1 -1
ﬂ e ududv =J. J. e'udu |dv =J‘ e L | dv =—J. e'dv=""""_ Ans.
0 0 0 2 0 2 d 2

Q.No.17.: Evaluate J'J- [xy(l— X— y)]ll2 dxdy , where D is the region in bounded by the
D

A with sides x = 0, y = 0, x + y =1 using the transformation
u=x+yanduv=y.

Sol.: Given transformations are x+y=u and y = uv.

x+uv=u=x=u(l-v)

J..[ u(l—V)uV(l—u)U2 ududv =j‘ j‘ uz(l—v)(l—u)u2 vdudv

D 0 0

0 0 172 p V2 V3 1 172
=J‘ J‘ (v=v?)dv [u* (1-u) duzj. ———| v (I-u) " du

0 0 0 2 3 0

cl1 1 12 1 12 1 1 12
_ _ - 3 _ _ 3 _ - —_ 3 _
_‘([ [5 3}u (I—u) du—! u’(1-u) 6du_6-([ u’(1-u) du
Put u =sin’9, u’ =sin®0
du =2sin 6 cos 0d6

T

0,=0, 6,=>

17:/2 17:/2
=—I sin® ©(cos 6)2sin 6 cos 6d0 :—j sin’ B cos’ 6dO

6 0 3 0

1| 6.1 1 6 2
= — = — :—.AnS
3[9.7.5.3} 3[9x105} 945
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Q.No.18.: Evaluate H (x—y)4 e*”dxdy, where R is the square with vertices at (1, 0),
R

(2, 1), (1, 2), (0, 1) using the transformationx +y=u, X—-y=V.
Sol.: Given transformations are X + y =u, Xx—y=v.
Solving above two, we get
X_u+V V-V
2 VT
ax ol |11
Now Jacobion (%3) _fou ov|_|2 2| | 1 L
(u,v) ﬂ a_x l _l 4 4 21 2
ou odv| |2 2

Plotting graph taking x and y as coordinate axes

Now plotting graph taking u and v as axes.

(x,y) (u,v)
1,0 1,1
2,1 3,1
1,2 3,-1
0,1 1,-1

Now ”
R(x.y)
3
=]
1

A
5—l

xX-y) Yerdxdy = H vie'

R(u,v)

! 3
Xle“du z(l+ljxlj
2 5 5) 29

3 1 i1
I (J‘ v'e xExdv]du

—e]. Ans.

Q.No.19.: Evaluate H x> +y )dxdv where R is the region shown in figure

A

y-axis
1

> X-axis
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Sol.: Point in (X, y) coordinates (0, 0), (1, 1), (2, 0), (—1,1)
Letx+y=u and x-y=vVv

So point in u—v coordinates (0, 0), (2, 0), (2, 2), (0, 2)

X:l,l-i-V and y:l,l—V
2
x o
_9(xy) _jau ov|_|V2 W2
S o(wv) [dy dy| |1/2 -1/2) 77
du odv
so [I]=1/2

2

(x+y) +(x-y) :

NOWJJ (x2+y2)dxdy:g

2 (2 2 3 2 2 372
=1J‘ I u+v’ du dv —lJ. Zoruy? dvzlj (§+2V2)dv:l §V+2L
44 4 3 4 3 413 3,

0

(=]

lxﬁ :§ . Ans.
4 3 3

e Bx
Q.No.20.: Evaluate J. ( I f(x, y)dyjdx , using the transformation x =u—uv and y =uv

0 \ax
Sol.:. Consider x =u—uv, y=uv

Since from the given integral, we have

x=0, x=¢ and y=o0x, y=px.

Substituting the values of x, y we get the values of u, v as
O=u(l-v)=u=0
e=u(l-v)=u =1i

-V

B

Now 0cx=uv:>0¢(u—uv)=uv =>vV=—-

1+

Finally, Bx =uv = ua(l-v)=uv=o0-ov=v = V=1i
+
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ox 0x
— = _
Also Jacobian J = du 9y = vy =u—uv+uv=u
oy v
Jdu v
c Px B/1+p  e/l-v
I I f(x,y)dydx = I I f (u—uv,uv)ududv.
0 ox o/l+o 0

Home Assignments

Q.No.1.: Evaluate J:[ xydxdy , where R is the region in the first quadrant bounded by the
R

hyperbola x> —y*> =a’, x>~y =b’ and the circle x’+y° =c°, x> +y’ =d?,
0 <a<b <c<d, using the transformation x> —y”=u and x*+y’ =v.
Hint: Put Xz—y2 =u, X2+y2 =v, J=8xy

R* : rectangle a’<u<b?, c? <v<d?

Answer: %(b2 —az)(d2 —cz)
Q.No.2.: Evaluate J:[ e(x_yy(”y)dxdy, D is the triangle bounded by x =1, x=1, y=x,
D

using the transformation x =v—uv and y =uv.

Hint: Use x = v—uv and y = uv to transform the double integral

2

e
Answer:
4e

c b
Q.No.3.: Evaluate I I f(x,y)dydx , using the transformation x =u—uvand y =uv
0 0

c b
c b btc 1-v b v
Answer: J‘ J‘ f(x,y)dydx = .[ J‘ f (u—uv,uv)ududv +J‘ I f (u—uv,uv)ududv.
0 0 0 0 % 0
X’ + yz -2x . . 2 2
e “dxdy, using the transformation u=x"-y",

Q.No.4.: Evaluat [ .
0 valuate !! 1+(X2_y2)2

and v = 2xy.
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Answer: T j 2 +y”

ﬁe_zxydxdy == % .
0 0 1+(X —y)

seeksk ckesleske skesksk skesteske sResksk

dedteste sRsksk eckek

*
*

&
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Area enclosed by plane curves:

Cartesian co-ordinates:

Casela.:
Consider the area enclosed by the curves y =f; (x), y=1, (x) and the ordinates
X =X, X =X,. Divide this area into vertical strips of width &x. If P(x, y)

Q(x +8x, y+8y) be two neighbouring points, then the area of the small rectangle
PQ = dxdy .

y-axis
\ ¢
D L /
P
)
S y

X=X K\

/A/- \X = X2

- X-axis
0]
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.. Area of the strip KL = Lim Z Ox0y .
dy—0

Since for all rectangles in this strip Oxin the same and y varies from

y =f(x)toy =f,(x).

£,(x) f2(x)
.. Area of the strip KL = 6x Lim Z dy = dx j dy.
=204 ) ()

Now adding up all such strips from x = x; to X = X, , we get the area ABCD

X f(x) X, flx) x, f5(x)
:Limz Ox. J. dy:Idx J.dy:j J.dxdy
ST Y B AV

Case1b.: Similarly, dividing the area A'B'C’'D’ as in the figure, into horizontal strips of

vy faly)
width 8y , we get the area A'B'C'D” = I I dxdy .
i fi(y)

y-axis / \
A A' D'
y=yi \

Case2.: Polar co-ordinates:

Consider an area A enclosed by a curve whose equation is in polar co-ordinates.
Let P(r,0), Q(r+8r,0+386) be two neighbouring points. Mark circular areas of radii r
and r+ dr meeting OQ in R and OP (produced) in S.
Since arc PR =rd0and PS = dr.
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_X-axis

.. Area of curvilinear rectangle PRQS is approximately = PR.PS =136.0r.

If the whole area is divided into such curvilinear rectangles, the sum

Z Z ro0dr taken for all these rectangles, gives in the limit the area A.

Hence, A = g;gr(l) z Z ro0dr = ” rd6dr ,
36—0

where the limits are to be so chosen as it cover the entire area.
Q.No.1.: Find, by double integration, the area of a plate in the form of a quadrant of the
2 2
ellipse X—Z +y—2 =1.
a b
Sol.: Here we suppose that the strip is parallel to the y-axis, therefore y varies from K(y =

2
O)toLjy=b (1 —X—Zj and this strip slides fromx =0 tox=a.
a
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a [ byvl-x2/a?

.. The required area = .[ .[ dy |dx = .T ([y]g V1-x* /a? de = ET Jiaz —x2 jdx
0 40

0 0

. T
Now put x =asint, dx =acosdt and whenx =0, t=0; whenx =a, t:E.

bn/Z

Hence the required area = — j (a2 —a’%sin? t)acos tdt
40
b"e? 1 .
=— J. aZcos?tdt = ab| —x ~ | = n_ab‘ Square units. Ans.
a | 2 2 4

Second Method: Here we suppose that the strip is parallel to the x-axis, therefore x

2

varies from M(x=0)to N| x =a (1 —%] and this strip slides fromy=0toy=b.

b ayl-y’/b? b —— b
.. The required area = _[ dy J dx = J dy[x]g L %J. \/(bz - y2 )dy
0 0

0 0
. T
Now put x =asint, dx =acosdt and whenx =0, t=0; whenx =a, t:E.

/2
Hence the required area = — J (a2 —a?sin? t)acos tdt
a
0

b 1 m) mab
=— _[ a’cos” tdt = ab[—x—} = ——. Square units. Ans.
a | 2 2 4

Remarks: The change of the order of integration does not in any way affect the value of

the area.
Q.No.2.: Show, by double integration, that area between the parabolas y2 = 4ax and

x2 = 4ay is ?az.

Sol.: Solving the equations y2 = 4axand x° = 4ay, it is seen that the parabolas intersect

at O(0, 0) and A(4a, 4a). Here we suppose that the strip is parallel to the y-axis, therefore
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2
y varies from P to Q 1i. e. from y = Z— toy= 2«/(ax) and this strip slides from x = 0 to
a

X =4a.

A y-axis

X-axis

v

0| da

4a | 2 (ax) 4a X2
.. The required area = I j dy |dx = j {2 ax —4—}dx
0 \ x2/4a 0

332 2 _%az _16.2 Square units.

’ | 3 4a
Waix¥ro X
3 4
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Q.No.3.: Calculate the area, by double integration, included between the curve
r = a(secO + cosB) and its asymptote.

Sol.: The curve is symmetrical about the initial line and has an asymptote r = asec0.
Draw any line OP cutting the curve at P and its asymptote at P'. Along this line, Ois

constant and r varies from asec® at P "to a(secG + cos 6) at P. Then to get the upper half

) T
of the area, 0 varies from O to 5

A 0= E
2
r=a(secO+cosh)
Pl
P
0 2a 9=0
d >
0]
n/2 a(sec8+coab) /2 2 a(sec 8+cos 0)
. The required area =2 j j rdrd® = 2 .[ {_} do
0 asecO 0 asec®

/2 2
=a’ _[ (2+c0526)d6 = az{Z.g+%g} = a{n(l+%ﬂ = ST :

Square units. Ans.

Q.No.4.: Find, by double integration, the area lying between the parabola y = 4x — x2

and the line y = x.
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Sol.:
4 y-axis
0](0. 0)
4x—x> 3 3
The required area= J I dy |dx = J [y];tX *dx = J (4x -x" = x)dx
0 X 0 0
3 2 37
= I (3x—x2)dx = {K—X—}
2 3
0 0
= 27_21 = 27 = J =4.5.Sq. units. Ans.
2 3 6 2
3
Q.No.5.: Find, by double integration, the area enclosed by the curves y = +— X 5 and
X"+
4y = x2.
Sol.:

4 y-axis

A2, 1)

X-axis

0O} (0, 0)
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Let us suppose that the strip is parallel to y-axis. Then integrate w. r. t. y first and then

w.r. t. X.
2 3x/(x2+2)

2 2
The required area A = J J dy |dx = I [y i’; // (:2+2)dx = I
0 x*/4 0 0

Lett=x2+2:>dt:2xdx:>%:xdx.

a
x2+2 t 29t 2

Atx=0,t=2;x=2,t=6.

2 3x/&2+z) 6 372

3 3 8

A= J‘ J‘ dy |dx = {Eloge tL —|:X—} = E[loge6—loge 2]_6
0

0 x2 /4 12

3 6 2 3 2
=|=log.——— |=| =log.3——| . Sq. units. Ans.

(S0 5-2)=(Z1oe3-2) sq

Q.No.6.: Find, by double integration, the area of lemniscate r? =a%cos20.

Sol.:

The required area A = 4X[Area in the first quadrant]

m/4( acos?20 /4] 2 avcos 26 /4
T 4 2
= 4x j j rdr de:4.j — do =— j a2 co0s20.d0
2 2
0 0 0 0 0

5| sin20 m/ 2 LT 2 .
=2a =a smz—smO =a”. Sq. units. Ans.
0
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Q.No.7.: Find, by double integration, the area lying inside the circle r = asin@and

outside the cardioid r = a(l —Cos 9).

Sol.:
r =asin0
r=a(l—cose)
- 0=0
n/2( asin® n/2f 2 asin @
The required area A = j j rdr |dO = I l:?} de
0 \a(l-cos®) 0 a(l—cos8)
n/2
:l I [azsin29—a2(1—2cos9+c0526)]d6
2 0
2m/2
=2 I (sin26—1+2cose—cosze)d9.
2 0
a2 (m/2 /2 /2 )
=< j sin®0de — j de + j 2cos0de — j cos” 0d0
2 L 0 0 0 0
.-
:a_ (leJ_(EJq_(le)_(lxgj
21\2 2 2 2 2
5
. —E+2 =a? - . Square units. Ans.
21 2 4

Q.No.8.: Find the area between the curve Jx +\/§ =+/a and the axis.

Sol.: Since the x and y are under radical sign, x and y can take only positive values,
therefore the curve lies in the first quadrant.

Now forx =0, y=a and y-0, x=a (hereitisimportant that a is also positive)
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Also x =y = % , satisfy the equation of the curve. Thus the curve can be plotted as shown

in the figure.

To find the area, we have to calculate the following integral.

a | Wa—yxf a ,  a
A:I I dy dx:J. [y]g*/g_&) dxzj (\/—_\/;)2(1)(

a x2 2 ’
:'[ (a+x—2\/a_x)dX= ax+7—2><§\/gx3/2
0 0

2 2
=a’ +a——ia2 =4 Square units. Ans.
2 3 6

Q.No.9.: Find, by double integration, the smaller of the areas bounded by the ellipse
4x*> +9y* =36 and the straight line 2x +3y =6.

. ) x? y?
Sol.: Equation of the ellipse 5 + T =1.
36-9y?
2 4
Area required I I dxdy
0 63y

= %t -3= %(n —2). Square units.

Q.No.10.: Find, by double integration, the smaller of the areas bounded by the circle
x>+y> =9 and the line x+y=3.

Sol.: Equation of the circle x2 + y2 =32,

Jo-y?
Area required = } jy dxdy = } [\/9 - y2 -(3- y)}dy
0

3-y 0
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» 13
:[Z\/ﬁ-i_z lﬂ _|:3y_3'_} ZBXE_[Q_EJ o 9 _ 2( —2). Sq.units.
0 0

2 2 2 2) 4 2 4

Q.No.11.: Find, by double integration, the area bounded by the parabola y =x> and the
line y=2x+3.

Sol.: Required area

2x+3 3 2 3 3 3
A= j Idydx—j (2X+3—X2)dX=2— +3[x]il— —
-1 x? -1 2 -1 3 -1
_o[2_1 +3(3+1)- (27 lj g+12-28 _pp-28_32_2 . Square units.
2 2 33 3 33 3

Q.No.12.: Find, by double integration, the area bounded by the parabolas y*> =4—x and
y’ =4-4x.

Sol.: Area required = I I dxdy

y =3[yl —%3[#]2 =302+ 2)—%(8+8): 12—4 = 8. Square units.
X

Q.No.13.: Find, by double integration, the area bounded by the circles r=2sin6 and

r=4sin0.
/2 4sin® n/2[ o 74sin®
Sol.: Area required = ZI Irdrde 2J‘ I rdrd6 = 2![ } do
0 2sin0 0 2sin®
/2 /2
_2j 16sin” 92 4sin” edezzj 6sin2 0d6.

/2
:12'[ sin? 9d9212><%><§:37t Square units.

Q.No.14.: Find, by double integration, the area outside the circles r=a and inside the

cardioids r=a(l+cos0).
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Sol.: Required area =2 I I rdrd®
R

n/2 a(l+cos8) /2 2 a(l+cos®)
A=2[ rdrdGzZI{—}
2
0 a 0 a
2a2 /2 2 /2

22 1 ® 2a?

do =% E[ [a2(1+cos9)2 —azhe

n/2

:—j (1+c0529+2cos6—1)d9:2i'[ cos? 0+2a’ '[ 2cos0
2 2 0 0

/2 ma’ 2 a’ .
:—><—><5+T><2[sin6]0 :T+2a :T(n+8).Squareun1ts.

2 2

Q.No.15.: Find, by double integration, the area of the curvilinear quadrilateral bounded

by four parabolas y* =ax, y> =bx, x* =cy, x* =dy.

Sol.: Area required = ” dxdy
R

Given parabolas are

y’=ax, y>=bx, x* =cy, x’=dy (i, ii, iii, iv)

Now substituting y*=u’x andx’ =v’y

Now from (i) we know

1
ax:u3x, v’=a andx=0 u=a

Also from (i1)

3 173
bx=ux, u=b

/3

and from (ii1)
cy=uvly, v=c
From (iv)

dy=vly, v=d”
Consideringb>a and d>c

Now from A, B, C and D

5

72 906y) _[ou av| _ vi 2uy

d(u,v) |dy dy| [2uv v’
du ov

:>|J|=3112V2.

(A)

(B)

©)

(D)

=u’v? —4u’v? =3u’v’.
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g 73 g b3 g 3 b3
DA 2.2 _ 2.2 _ u 2
A= 3u‘vidu |[dv=3 u“v-du |[dv=3 — vedv
C1/3 al/} C1/3 C1/3 3

a1/3 a1/3

dl/3 3 dl/3
b-a)(d-
:gf (b_a)vzd":(b_a)(%} =L3(C).Square units. Ans.

*
*
*
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Evaluation of Volume by double integrals:

Consider a surface z = f(x, y). (1)

Let the orthogonal projection on xy-plane of its portion S' be the area S given by
0(x,y)=0. (i)

Now (ii) represents a cylinder with generators parallel to z-axis and guiding curve given
by (ii). Let V be the volume of this cylinder between S and S'.

Divide S into elementary rectangles of area dx dy by drawing lines parallel to x and y-
axes. With each of these rectangles as base, erect a prism having its length parallel to OZ.
~. Volume of this prism between S and the given surface z = f(x, y)is (z dx dy).

Hence, the volume of the solid cylinder on S as base, bounded by the given surface with

generators parallel to the z-axis

\Y, :8}—502 > z8x 8y :” zdxdy =” f(x, y)dxdy,
dy—0

where the integration is carried over the area S.

Remarks:While using polar co-ordinates, divide S into elements of area r 86 r .

.. By replacing dxdy by rd6dr, we get the required volume = J.J. zrd6dr .
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Q.No.1.: Find the volume bounded by the cylinder x% + y2 = 4 and the planes
y+z=4andz=0.

Sol.: The required volume = J.J. zdxdy = J.J. (4 — y)dxdy,

where the integration is carried over the area of circle X2+ y2 =4.

Let us suppose strip is parallel to x-axis, then to cover the whole circle, x varies from

_\/4_y2 to \/4—y2 and y varies from —2to 2.

A Z-axis

A

y-axis

x-axis x2+y2=4

2 A4y’ 2 \/(4— )

2
. Required volume = I j (4—-y)dxdy =2 j j Y (4—y)dx |dy
0

=2 (4—y)[x](ﬂmdy =2 (a-yNla-yhy
o[ ala—y2hy-2] yyfli-y2hy

2 )
The second term vanishes as the
=38 | \/‘4—y2idy—0.{ }
-2

integrandis an odd function.

Put y = 2sin 0 so that dy = 2cos0d0 .

. ) T T
And as y varies from —2to 2, 0 varies _E to 5
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/2 /2 /2
.. Required volume =8 J. 2¢0s0.2cos0d0 =32 j cos” 0de = 64 j cos” 0do
-T/2 -n/2 0

= 64><l><g =167 . Cubic units. Ans.

Q.No.2.: Find the volume bounded by the paraboloid X%+ y2 = az, the cylinder
X%+ y2 = 2ay and the plane z = 0.

x2+y?
a

Sol.: The required volume V = .[ _[ zdxdy = ” dxdy,

over the circle x> + y2 =2ay.

Z-axis

: > x2+y2=2ay

y-axis

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, 0),

we have put X =rcos0, y =rsin6and

ox ox )
a(x y) 8_ % cos® —rsin0 ) )
J=—2 2l o or = :r(cos 0+ sin G)Zr.
a(r, 9) a_y a_y sin® rcosO
or 00
Then J.‘[ f(x, y)dxdy = ” f(rcos®, rsin®).r dr do .
R R

Xy

2

-, Paraboloid x? + y2 —az=7z="" and the polar equation of the circle is r = 2asin®.
a
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To cover the circle, r varies from 0 to 2asin® and 0 varies from O to T.

T 2asin® 2 m (2asin®
Requ1redvolume—” +y dxdy = j j —rder——J{ J r3drjd6

0 0 0
| T r4 2asin 0 /2
=— j — de = 4a° j sin*0do = 4a° 2! sin* 0d0
ay 4 0 0 0
3 (3x1 = 3713213 . .
=8a’X| ——X— . Cubic units Ans.
4%x2 2

Q.No.3.: Find the volume bounded by the xy-plane, the paraboloid 2z = X2+ y2 and

the cylinder X2+ y2 =4.

2+y2

Sol.: Required volume is found by integrating z = X over x> + y2 =4.

ie.V= ” zdxdy = ”

x+y 2<q

ddy

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, 0),

we have put X =rcos0, y =rsin0and

ox ox )
a(x y) a— % cos® —rsin6 ) )
Jza—’: 8r = :r(cos 0 + sin 6):
(r, 9) 9 @ sin® rcosO
or 0d0
Then ” f(x, y)dxdy = ” f(rcos®, rsin®).r dr df.
ny R,re
2, .2 2
Paraboloid 22=X2+y2:> z=2 Yy = and

cylinder X+ y2 =4=1>=4, ~r=2,-2 (Rejected) .. r =

To cover full circle, r varies from O to 2 and 0 varies from O to 27

27‘C 42

{1 b= ST rpe-3T G

de——j 4d0

0
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21
= ZJ dO = 2% 27w = 4m . Cubic units. Ans.
0

Q.No.4.: Find the volume enclosed by the cylinders X%+ y2 =2ax and 7z’ = 2ax.
Sol.: The required volume = 2” zdxdy = 2” v/ 2axdxdy

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 0),

we have put X =rcos0, y =rsin8and

8_x 8_x cos® —rsin©
. d(x,y) _|or 06| _ = r(c0s29+ sin? 6): r.
d(r, ) dy dy sin® rcos®
or 00

Then ” f(x, y)dxdy = ” f(rcos®, rsin®).r dr df.

ny R,re

Now )<2+y2 = 2ax = r’ = 2arcosf = r[r—2ac0s9]= 0.

So r varies from 0 to 2acos® and 0 varies from O to T.

n  2acos®

. Required volume = 2” v2axdxdy =2 j j +/2arcos Ordrd0
0 0

/2 (2acos6) n/2[ 2acos0
=4 J. j v2acos or’/%drdo = 4 j _[ 22 dr +/2acos0do
0 0 0 0
2acosd
T/2 1‘5/2 n/2 o)
=4 j ~/2arcos© 5 do =4 j '/2arcos9§[(2a)5/20055/2 G]de
0 — 0
2 Jo

26 m/2 3
=2 33 I cos>0de | = 64a . 2 = 128 a> . Cubic units. Ans.
5 0 5 3x1 15

Q.No.5.: Find the volume of the cylinder x2 + y2 —2ax =0, intercepted between the

paraboloid X2+ y2 = 2azand the xy-plane.

2 2
+

S dxdy
a

Sol.: The required volume = ” zdxdy = ” >

To change cartesian co-ordinates (X, y) to polar co-ordinates (r, 0),
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we have put X =rcos0, y =rsin8and

8_x 8_x cos® —rsin©
. d(x,y) _|or 06| _ = r(c0s29+ sin? 6): r.
d(r, ) dy dy sin® rcos®
or 00

Then ” f(x, y)dxdy = ” f(rcos®, rsin®).r dr df.
ny R,re
. 2, .2 2 _
Since x* + y” = 2ax = r” = 2arcos = r[r—2acos8]=0
To cover the circle r varies from 0 to 2acos0and 0 varies from 0 to T.

2acos0

T 2acos® 1‘2 1 b r 1 163.4 b
.. Required volume = J. J. —rdrd0 = —I — do = —x j cos* 0d0
o 0 2a 2a 0 4 0 2a 0

met 3 T 3713213
:2a3><2j cos*0d0 = 4a’x—x = =
0 4x2° 2

. Cubic units. Ans.

Q.No.6.: Find the volume of the region bounded by z = x>+ y2, z=0, xX=-a, Xx=a,
and y =—-a, y=a.

a a

a a
Sol.: Required volume = ” zdxdy = j j (x2 + y2 )dxdy = I
—a

—a —a

dx

2 y
X7y + 2
YT
—a

a

2 33 2 a3 f 2 a3
:j X‘a+—+x"a+— dXZZJ X“a+— |dx
3 3 - 3

—a a

a

= %(34 +at+at+ 34) = §a4 . Cubic units. Ans.

—a

Q.No.7.: Find the volume V of a solid bounded by the spherical surface
x2 + y2 +7z% =4a® and the cylinder X%+ y2 —2ay=0.

Sol.: V = ” zdxdy .
R

R is a region defined by x% + y2 —2ay =0.

Putting z = \/4212 — (x2 + yz)
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\Y :H \/4a2 —(Xz +y’ )dxdy.

Putting x =rcos0, y =rsin6.
jo 9%y
o(r,0)

2asin® m/22asin®

\/4a - r cos’ 0+’ sin 9 rdrd® = 4j '[ V4a? —r’rdrd®

V=2

S 3

Putting 4a% —1r? = > = —2rdr = 2tdt

/2 2acosO /203 2acos® n/2
V=4[ [ t-dt)de = 4j[ } ~cos’ 6}
2a
37m/2 37/2 3T/2
_4><Si '[ de— 4x8—I cos” 0.cos0d0 = 4 8a’ (nj—g— [1—s1n G]COSGdG
3 (2 3 0
o 3 37/2 3m/2
=4 SL.E—SL cosed6+8— I sin” ©cos0do
3 2 3 0

/2
_4 8a> E_8a3+8a3 sin> 0 Cax Si——l 1
32 3 31 3 312 3

3 3
:4><8i r_2 :16a n—i . Ans.
312 3 3 3

Q.No.8.: Find, by double integration, the volume of the elhpsmd —
a’

2
%+Z—2=1.
C

Sol.: The volume of the required ellipsoid is equal to 8 times the volume of ellipsoid in

any one octant (say XOY).

2 2 2 2 2
X—2+y—2+ =1 :z—q/l—x——y—z
a b
2 2 2
For plane XOY: z =0, X—2+y—2:1 :y:b,/l—x—z.
a a

on
O|N
[\®]

o



Double Integrals: Volume of Solids 8
Visit: https:/www.sites.google.com/site/hub2education/

2 2
b I—Xf2 b 1—7
a a a X X2 y2
Required volume = 8.[ ydx I zdydx =8 _[ J Cy[1—— —5dydx
0 0 o 0 a” b
2
Putting I—X—2 =t
a

Aot 5

2
{@xﬁ}dx —Exb—x J‘ t2dx

2 2 bt bo 22 b 2

8 (bt)? Mg
=—C|:X (bt)z—y2 +—2in~! l:l dx =—CJ‘
0

a 2 a a 372
2
_8be Al [1-X dx = 2rbe dx—znbcj x2dx = 2mbefx ]2 — 2T¢ X
4 a’ a’ a
0 0

2 3 0

2mabc 4

= 2mabc — = Enabc Cubic units.

Q.No.9.: Find, by double integration, the volume of the tetrahedron bounded by the

coordinate planes and the plane L AN
a b c
X y z : . .
Sol.: —+=+—=1 is the given equation of tetrahedron.

a b ¢

:z:c@_é_zj
a b

For plane XOY: z=0, S AR
a b
X X
Lo ]
Volume —I I zdydx = I I (1 -— —X]dy dx
0 0 0 0 a

[ o
B B R S R R e

SR

232
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abc abc abc (abc abc abc
+ ¥ + -
2 2 3 2 2x3 2

abc abc abc abc abc abc
=abc— - + - - +
2 2 3 2 2x3 2

=abc— — + — — + = . Cubic units.
2 6

.No0.10.: Find the volume common to the cylinders x“+y“ =a“and x“+z“ =a”.
Q.No.10.: Find the vol to the cylinders x* +y? =a’and x> +2% =a’

Sol.: z:\/az—xz, y:\/az—x2 .

Jai—x*
aIX Va? —dexdy
0

Required volume =8 I J zdydx = 8]1.
0

o BT e -2}
0 0

816,

=8a’ = ?a . Cubic units

Q.No.11.: Find, by double integration, the volume common to the sphere
x2+y2 +2% =a” and the cylinder x> +y> =ay.
Sol.: The required volume is the part of the sphere x2 + y2 +z2 =a’ lying within the

cylinder z = a’ - y2 —x2. On the account of symmetry of the sphere, half of it lies above
the plane XOY and half below it.
.. Required volume = ZJ j zdydx ,

where z= (a2 -y’ - xz) , and the region of integration is the area inside the circle
x*+y’ =ay.
On the account of symmetry, the volume above the two parts of circle x> +y” =ay in the

first and the second quadrants are equal.

Total volume required =2x2 .[ j (a7 —y* —x7)dydx
R

where R is half of the circle x* +y”> =ay lying in the first quadrant.
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Changing to polar coordinates by putting x =rcos®, y=rsin® so that x> +y’ =r1°.
Equation of the circle x*+y”> =ay becomes
I’ =arsin@=>r=asin®
Thus the region of integration is bounded by r =0,r =asin® and 6=0,0= g
/2 asin®
.. Required volume V =4 j j Vva? —r? rdrd®
0 0

Now put a’—r’ =t = rdr=—t

/2 acosO /2 acosO 475/2 cosH
V=4[ [ ?odde=4 jt%me:—gjhﬂa de
0 a 0 a 0

/2
. 2 ) .
=—— a cos v—a =——]a X——a X— | =—a |3t —4]|. Cubic units
4 Y05 0-2a°)d0 = —F| 2w 2l a3 T 3[3g—4]. Cub
39 3 3.1 2] 9

Q.No.12.: Find, by double integration, the volume common to the sphere
x2+y2+2% =a” and the cylinder x> +y® =ax.
Sol.: The required volume is the part of the sphere x2 + y2 +z2 =a’ lying within the

cylinder z = a’— y2 —x2. On the account of symmetry of the sphere, half of it lies above
the plane XOY and half below it.
.. Required volume = ZJ j zdydx ,

where z= (a2 -y’ - xz) , and the region of integration is the area inside the circle
x*+y’=ax.
On the account of symmetry, the volume above the two parts of circle x* + y> =ay in the

first and the second quadrants are equal.

Total volume required =2x2 .[ j (a7 —y* —x7)dydx
R

where R is half of the circle x* +y”> =ax lying in the first quadrant.
Changing to polar coordinates by putting x =rcos®, y=rsin0 so that x> +y” =r’.

Equation of the circle x> +y”> =ax becomes
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P =arcos@=r=acos0

Thus the region of integration is bounded by r =0,r =acos0 and 6=0,0= g

/2 acos6

. Required volume V =4 I I a’—r’ rdrd®

0

acos6
/2 acosO

J. j Ja® -1’ (- 2r)drd6——2nj‘2 [ 3/22)] de

a

47¢ 4 2.1 ] 2
:——j a’sin’0—a )dG——— adx=-—adx= =—a3[37t—4]. Cubic units
3 1 21 9

Q.No.13.:Find, by double integration, the volume bounded by the cylinder x*+y’ =4

and the hyperboloid x* +y*—z° =1.

Sol.: z=+x%>+y? -1, y=+4-x>
2 ax?
VolumezZ_[ Izdde:ZI I Jx* +y’ —1dydx
R 0 0
Putting rcos®=x, rsin@=yand |J|=r

x24y?=r2

Also x2+y2=4:>r2:4:>r:2.

21 2

V= ZI I Vr? =1 rdrds.

Putting r? —1=t>= 2rdr = 2tdt.

21 3 3 V3 21
V= 2] Itzdtd6:>j|: } dezzj \/3d0 = 4+/31. Cubic units.
0 O 0 0

Q.No.14.:Find, by double integration, the volume under the plane z =X+ yand above the

area cut from the first quadrant by the ellipse 4x> +9y> =36.

Sol.: Given z=x+y, 4x>+9y> =36.
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Required volume = J. J. zdydx :j j (x+y)dy |[dx
R

0 0

17 13
dx=—j x36—4x’dx+— [ (36-4x7)
34 180

I II

V36— 4x2 . (36—4x2)

1
X J—
3 2 9

Il
O —y W

For I, putting 36—4x> =2, —8xdx = 2tdt = xdx = —idt

17 ¢ g4 1[x33—;j t?

Carre-xl27]
4 18 3

0
1 1 4 1 ) .
=—X—XO6X6X6+6——X—-x3x3x3=6+6—2=10. Cubic units
12 3 18 3
Q.No.15.:Find, by double integration, the volume bounded by the plane z = 0, surface
z=x"+y’+2and the cylinder x*+y’>=4.
Sol.: Given z = x> +y2 +2, x2 +y2 =4

Volume of required region = 4J. I zdydx

0 0 0

i
J
0

"

2 : - .
o] [

2
= 4] [V 42 (4-x)" 4+ 2aox fax
) 3
I i I

ForIand II
Putting x =2sin0®, dx =2cos6d0

/2 - 2
:4J. 4sinZ 0 4—4sin292cosd9+gj‘ (4_4Sin29)3/220056+2><4j' \/m
0

/2 n/2
= 4I 16sin” Bcos” 6dO + — J 8cos 62c056d6+8{2\/4—x2 +%sin_1%}
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/2 3 n/2 .
:64'[ sinZ Bcos? 9d9+—XZI cos46+8[2x—}
3 2

= 64><£>< T +ﬁx%x ; +8t =4n+4n+8n =167. Cubic units

42 2 3
Q.No.16.:Find, by double integration, the volume bounded by the cylinder x*+y” =1
and the plane x+y+z=3.

Sol.: Given X+y+z=3=z=3-x-y

Xz—y2=1:>y=\/1—x2

1 R/AWIx*
Volume = 4[ [ zdydx =4[ [ 3—x—ydydx
0

:4j 3[y]8/§ —X[y]F —%[yzh/ﬁdx :4j 3\/1—x2 —X\/l—x2 —%(l—xz)dx
0 0

I II III

ForII, 1—x? =t = —2xdx = 2tdt = xdx = —tdt .

0
V=43 i\ll—x2 +lsin_lx —4I —tzdt—i X—lX?’
2 2 1 2 3

0
3
s L F g O A sy ® ot Ay 24 5 8 Gubic units
1 4 3 3 3

1 1

0 0

2 2 3 4 3

Q.No.17.: A rectangular prism is formed by the planes whose equations are ay = bx, y =0
and x =a. Find, by double integration, the volume of this prism between the

plane z = 0 and the surface z=c+xy .

Sol.: Volume = 4[ [ zdydx

Il
O —y
o | o
< >

(c+xy)dydx—j [y]o +— [y ]; dx = [bﬁ bzx3]dx

a 2a°
b o B s s
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abc 22

ab
2 8 i

4c +ab). Cubic units

Q.No.18.: Find, by double integration, the volume of the sphere x*>+y*+z°=9.

Sol.: Required volume will be equal to 8times the volume of XOY, z=0

z=\/9—X2—y2
Jo—x2
Volume :8_“ J‘ zdydx = 8} j 79 xz—yzdydx
R 0 0

Put x =rcos®, y=rsin® and [J|=r

x24y2 =12

n/23

Volume =8 _f J V9—r? rdrd®

Put 9—r2 = t% = —2rdr = 2tdt = rdr = —tdt

/20 w/2 3 TI:/2 /23

v=8 [ [ —t’dude=8 ] | tzdtde_—j [ a0 = 8 [ t*dtae
0 3 00 00
=§nf2[t3]3de=§x33x£=36n Cubic units
33 3 2 '

desfeste cksksk el ckeksk selek

desksk ckskesk ek
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Volumes of solids of revolution:

' 4

Cartesian co-ordinates:
Consider an elementary area dx dy at the point P(x, y) of a plane area A.

As this elementary area revolves about x-axis, we get a ring of volume

= ﬂ:l(y + Sy)2 —y? JBX = 21y Ox Jy,
nearly to the first powers of Jdy .

Hence, the total volume of the solid formed by the revolution of the area A about x-axis

= ” 2mydxdy .
A

Similarly, the volume of the solid formed by the revolution of the area A about y-axis

= ” 2nxdxdy .
A

Polar co-ordinates:

In polar co-ordinates, the above formula for the volume becomes
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j j 27rsin 0.rdOdr = ” 27r? sin 0.d0dr .
A A

Q.No.1.: Calculate by double integration, the volume generated by the revolution of

the cardioid r = a(l —cos®)about its axis.
Sol.: In polar co-ordinates, the formula for evaluating the volume of revolution is

j j 27rsin 0.rd0dr = ” 27r? sin 0.d0dr .
A A

Herer = a(l —cos9).

0=m 0 0=0
> axis
n a(l—cos®) T |3 a(l—cos6)
. 2 . r .
.. Required volume = j j 27r” sin 0drd0 = an —] sin 6d6
0 0 0|3 0
2ma’ T
=% [ (1-cos6).sin6d.
3 0
Put 1—cosO =1, so that sin6d0 = dt.
And when 6=0,t=0, and when 6 =7, t=2.
. . 27ta3 2 3
.. Required volume of revolution = —— J. t~dt
0
2
3[4 3
= 2ma’ |t dt = 8&. Cubic units. Ans.
3 |4 0 3

Q.No.2.: Prove, by using a double integral that the volume generated by the revolution

na3

of the cardioid r = a(l + cos 6) about its axis is

Sol.: In polar co-ordinates, the formula for evaluating the volume of revolution is
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” 27rsin 0.rd0dr = j 27r? sin 0.d0dr .
A

Herer = a(l+cos9).

a(l+cos8)

T
.. Required volume of revolution= I [ I 2Ttr2er sin 6dO
0

3 a(l+cos0) P 1+ Cose
Y { } sin0d0 = 27 j { 0} sin 8dO
0

S =3

3T
I (1+cos 9)3 sin 6d0O .
0

_ 27a

Put 1+ cosO =t, so that —sin0d6 = dt.
And when 6=0,t=2,and when 6 =7, t=0.

275213 9 3 275213 2 3
.. Required volume of revolution = — 3 I t°dt = TI t~dt

2 0
2
3.4 3
= 2ma L dt = 8&. Cubic units. Ans.
3 4 0 3

seeksk ckesleske skesksk skesleske sResksk

desfesk ckskesk ek

ek

Home Assignments

Q.No.1.: Find, by double integration, the volume of the solid generated by revolving the

2 2

ellipse X—2 +§ =1 about the y-axis.
a

Ans.: %nazb . Cubic units.

Q.No.2.: Find, by double integration, the volume of the solid generated by revolving the

2 2

ellipse X—2 +y—2 =1 about the x-axis.



Double Integrals: Volumes of solids of revolution 4
Visit: https:/www.sites.google.com/site/hub2education/

Ans.: %nab2 . Cubic units.

*
*
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