
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

DOUBLE INTEGRALS: 

 The definite integral ( )dxxf

b

a

∫ is defined as the limit of the sum 

( ) ( ) ( ) ( ) rr

n

1r

nn2211 xxf  .e.i  xxf.............xxfxxf δδ++δ+δ ∑
=

, 

where ∞→n  and each of the lengths .........,.........x ,x 21 δδ  tends to zero.  

 

 

 

 

 

 

 

 

 

 

 

x-axis 

y-axis 

y = f(x) 

O 

x =a x =b 
( )dxxf

b

a

∫  

dx 

y 

δx1 δx2 

x-axis 

y-axis 

y = f(x) 

O 

x1 =a xn=b 

δxn 
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A double integral is its counterpart in two dimensions 

Consider a function f (x, y) of the independent variables x, y defined at each point 

in the finite region R of the xy-plane. Divide R into n elementary areas

n21 A..,,.........A ,A δδδ . Let ( )rr y ,x  be any point with in the r
th

 elementary area .Arδ   

 

 

 

 

 

 

 

 

 

Now consider the sum 

( ) ( ) ( ) nnn222111 Ay,xf..................Ay,xfAy,xf δ++δ+δ   i.e. ( ) rrr

n

1r

Ay,xf δ∑
=

. 

Definition: 

The limit of this sum, if it exists, as the number of sub-division increases indefinitely (i.e. 

∞→n ) and consequently (as a result) the area of each sub-division ( )rA  .e.i δ  decreases 

to zero ( )0A  .e.i r →δ , is defined as the double integral of f (x, y) over the region R and 

is written as ( )dAy,xf

R

∫ . 

Thus   ( ) ( ) rrr

n

1r
n

R

Ay,xfLimdAy,xf

0rA

δ= ∑∫
=

∞→
→δ

.                                                                    (i) 

For purpose of evaluation, (i) is expressed as the repeated Integrals 

( ) ( )dxdyy,xfdAy,xf
2

1

2

1

y

y

x

xR

∫∫∫ = . 

Its value is found as follows: 

 

 

1Aδ  

2Aδ

3Aδ

rAδ  

nAδ  

1nA −δ

y-axis 

x-axis O 

* 

( )rr y ,x
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Case 1: When 21 y,y  are functions of x and 21 x,x  are constants.  

 

 

 

 

 

 

 

 

Here f(x, y) is first integrated w. r. t. y keeping x fixed between limits 21 y,y and then the 

resulting expression is integrated w. r. t. x within the limits 21 x,x  i.e. 

( ) dx   dyy,xf     I
2

1

2

1

y

y

x

x

1 ∫∫=  , 

 

where integration is carried from the inner to the outer rectangle. 

Geometrical illustration with Figure:  

Here AB and CD are the two curves whose equations are )x(fy 11 =  and )x(fy 22 = . PQ 

is a vertical strip of width dx. 

 The inner rectangle integral means that the integration is along one edge of the 

strip PQ from P to Q (x remaining constant), while the outer rectangle integral 

corresponds to the sliding of the strip from AC to BD. 

 Thus, the whole region of integration is the area ABDC. 

 

 

 

 

 

 

 

 

y-axis 

x-axis 

O 

A B 

D C 

P 

Q 

y1= f1(x) 

y2= f2(x) 

x = x2 x = x1 
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Case 2: When 21 x,x are functions of y and 21 y,y are constants.  

 

 

 

 

 

 

 

 

Here f(x,y) is first integrated w. r. t. x keeping y fixed, with in the limits 21 x,x and the 

resulting expression is integrated w. r. t. y between the limits 21 y,y  i.e. 

 

 ( ) dy  dxy,xf  I
2

1

2

1

x

x

y

y

2 ∫∫=    , 

 

Geometrical illustration with Figure:  

Here AB and CD are the curves ( )yfx 11 =  and ( )yfx 22 = . PQ is horizontal strip of 

width dy. 

Then the inner rectangle indicates that the integration is along one edge of this 

strip from P to Q while the outer rectangle corresponds to the sliding of this strip from 

AC to BD.   

Thus the whole region of integration is the area ABDC. 

 

 

 

 

 

 

 

 

B 

P 

x-axis 

y-axis 

O 

A 

D 

C 

Q 

x1=f1(y) x2=f2(y) 

y =y1 

y =y2 
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Case 3: When both pairs of limits are constant. 

 The region of integration is the rectangle ABDC as shown in the figure. 

 

 

 

 

 

 

 

( )
2 2

1 1

x y

1

x y

I      f x, y dy    dx
 

=  
  

∫ ∫  , 

In 1I , we integrate along the vertical strip PQ and then slide it from AC to BD. 

( )
2 2

1 1

y x

2

y x

I   f x, y dx  dy
 

=  
  

∫ ∫    , 

In 2I , we integrate along horizontal strip QP ′′  and then slide it from AB to CD. 

Here obviously 21 II = . 

Thus for constant limits, it hardly matters whether we first integrate w.r.t. x and then 

w.r.t. y or vice versa. 

Here we will discuss those problems in double integrals, where limits are 

given. By observing the limits, we will decide the order of integration. Since 

limits are given, so rough sketch of the region of integration is not 

required. 

Q.No.1.: Evaluate the integral dxdyxy2
3

1

2

1

∫∫ .  

Sol.: Let dydxxyI 2
3

1

2

1













= ∫∫

( )
dy

2

y

2

y3
dy

2

yx 2222

1

3

1

222

1 










−=












= ∫∫  

                 

22 22 3
2

1 1 1

9y y 4y
dy 4y dy

2 3

   −
= = =   

   
∫ ∫ ( ) ( )

3

28

3

4

3

84
1

3

4
2

3

4 33
=−

×
=−= .Ans.  

Q′  

x =x1 

C 

P′  

x-axis 

y-axis 

O 

A 

D 

B 

x=x2 

y =y1 

y =y2 

P 

Q 
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Q.No.2.: Evaluate ( )dxdyyxx 22
x

0

5

0

2

+∫∫ . 

Sol.: ( ) dxdyxyxI 23
x

0

5

0

2














+= ∫∫ dx

3

y
.xyx

2x

0

3
3

5

0 










+= ∫ dx

3

x
.xx.x

6
23

5

0 










+= ∫  

           dx
3

x
x

7
5

5

0













+= ∫

5

0

86

24

x

6

x
+= 2.18880

24

5

6

1
5

2
6 =












+=  nearly. Ans. 

Q.No.3.:  Evaluate the integral ( )dxdyyx 22
x

x

1

0

+∫∫ . 

Sol.: Let ( ) dxdyyxI 22
x

x

1

0













+= ∫∫ dx

3

y
yx

x

x

3
2

1

0 










+= ∫  

                 dx
3

x
x

3

x
xx

3
3

2/3
2

1

0 










−−+= ∫  

                 dx
3

x4

3

x
x

32/3
2/5

1

0













−+= ∫

1

0

42/52/7

3

x

2/5

x
.

3

1

2/7

x












−+=  

                 
3

1

15

2

7

2

3

1
)1(

15

2
)1(

7

2 2/52/7 −+=







−+=

35

3

105

9

105

351430
==

−+
= . Ans. 

Q.No.4.: Evaluate the integral dxdye x/y
x

0

4

0

2

∫∫ . 

Sol.: Let  dxdyeI x/y
x

0

4

0

2














= ∫∫ [ ] dxxe

2x

0
x/y

4

0

∫= dxxexe 0x/x
4

0

2





 −= ∫  [ ]dxxxex

4

0

−= ∫  

                   xdxdxxe

4

0

x
4

0

∫∫ −= = ( )
4

0

2
x

4

0

x
4

0
2

x
dxex

dx

d
dxex












−








− ∫∫∫  

                   [ ] [ ]
4

0

2
4

0
x4

0
x

2

x
exe












−−= ( ) ( ) ( )












−−−−−= 0

2

4
1e0e4

2
44  

                   7e381ee4 444 −=−+−= . Ans. 
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Q.No.5.: Evaluate the integral 

( )21 x
1

2 2

0 0

dxdy

1 x y

+

+ +∫ ∫ . 

Sol.: Let 

21 1 x

2 2

0 0

dy
I dx

1 x y

+ 
 =
 + +
 

∫ ∫ dx
x1

y
tan

x1

1

2x1

0
2

1

2

1

0

+

−



























++
= ∫  

                  

1 2
1 1

2 2 2
0

1 1 x 1
tan tan 0 dx

1 x 1 x 1 x

− −
 +

= − 
+ + +  

∫  

                  ( )
1 1

2

2
0

0

/ 4
dx log x x 1

41 x

π π  = = + +
  +

∫ ( )log 1 2 log1
4

π  = + −
 

. Ans.  

Q.No.6.: Evaluate dxdy
yx

yx
22

22y

a4

y

a4

0 2














+

−
∫∫ . 

Sol.: Let dydx
yx

yx
I

22

22y

a4

y

a4

0 2

































+

−
= ∫∫ dydx11

yx

yx
22

22y

a4

y

a4

0 2
































+−

+

−
= ∫∫  

                  dydx1
yx

y2
22

2y

a4

y

a4

0 2
































+

+

−
= ∫∫ dyx

y

x
tan

y

1
y2

y

a4

y

12
a4

0
2
























+







××−= −

∫  

                  dy
a4

y

a4

y
tany2y

4
y2

2
1

a4

0

























+







×−−








+

π
×−= −

∫  

                   = dy
a4

y

a4

y
tan.y2y

2

y 2
1

a4

0 










−++

π
− −

∫  

                  ( )
a4

0

3
122

22

a12

y
ay4

a4

y
tana16y

2

y

2

y
.

2 










−









−+++
π−

= −  

                  ( )











−−

π
×+++×

π−
=

a12

a64
a16

4
a16a16

2

a16
a16

4

3
222

2
2  
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                  







−−π++π−= 22222 a

3

16
a16a8a8a4 








−π=

3

40
4a2 2a

3

5

2
8 








−

π
= . Ans. 

********************************************************* 

Home Assignments 

Q.No.1.: Evaluate the integral dxxydy

a4/x

0

a2

0

2















∫∫ . 

Q.No.2.: Evaluate the integral dyxydx

22 ya

0

a

0 















∫∫
−

. 

Q.No.3.: Evaluate the integral ( ) dydxyx
2

b

y
1a

b

y
1a

b

b

2

2

2

2





















+∫∫

−

−−
−

. 

Q.No.4.: Evaluate the integral ( ) dxdyyxxy

x

x

1

0 2 












+∫∫ . 

Q.No.5.: Evaluate the integral ( ) dxdyyx

2x4

0

2

1













+∫∫

−

. 

Q.No.6.: Evaluate the integral dydx

ay2

a4/y

a4

0 2 













∫∫ . 

Q.No.7.: Evaluate the integral ( ) dydxyx 22
ay

ay

1

0 2













+∫∫ . 

Q.No.8.: Evaluate the integral dy

y

xa
1

dx

4

22

a/y

0

a

0

2





















−

∫∫ . 
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Q.No.9.: Evaluate the integral dxydyx3

xa
b

a

0

a

0

22



















∫∫

−

. 

Q.No.10.: Evaluate the integral dydxI

2

ylog

e

1

2














= ∫∫ . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

Triple Integrals: 
 Consider a function f(x, y, z) is defined at every point of the 3-demensional finite 

region V. Divide V into n elementary volumes nr21 V,....,V  ,....,V  ,V δδδδ . Let 

( )rrr z ,y ,x  be any point within the r
th

 sub-division rVδ . 

 

 

 

 

 

 

 

 

 

 

 

Now consider the sum  ( )
n

r r r r

r 1

f x ,  y ,  z V
=

δ∑ . 

1Vδ

2Vδ  

3Vδ  

rVδ  

nVδ  

1nV −δ  

x-axis 

z-axis 

y-axis O 

1st Topic 

Integral Calculus 

Triple Integrals 

 [Where limits are given] 
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The limit of this sum, if it exist, as ∞→n  and consequently 0Vr →δ is called the triple 

integral of  ( )z ,y ,xf  over the region V and is denoted by  ( )dVz ,y ,xf∫ . 

For purposes of the evaluation, it can be expressed as the repeated integrals 

                                                 ( )dxdydzz ,y ,xf
2

1

2

1

2

1

z

z

y

y

x

x

∫∫∫ . 

 If  21  x,x  are constants; 21 y ,y  are either constants or functions of x and  21 z ,z  

are either constant or functions of x and y, then this integral is evaluated as follows: 

First ( )z ,y ,xf  is integrating w. r. t.  z between the limits 21 z  and ,z  keeping x 

and y fixed. The resulting expression is integrated w. r. t. y between the limits 21 y  and ,y  

keeping x constant. The result just obtained is finally integrated w. r. t. x from 21   xand ,x

. 

Thus  

( )

( )

( )

( )

( )











































= ∫∫∫ dxdydzz y, ,xfI

y,xz

y,xz

xy

xy

x

x

2

1

2

1

2

1

, 

where the integration is carried out from the innermost bracket to the outermost bracket.  

This order of integration may be different for different type of limits. 

Here we will discuss those problems in triple integrals, where limits are given. By 

observing the limits, we will decide the order of integration. Since limits are given, 

so rough sketch of the region of integration is not required. 

 

Q.No.1.: Evaluate ( )dxdydzzyx

zx

zx

z

0

1

1

++∫∫∫
+

−−

. 

Sol.: We have ( ) dzdxdyzyxI

zx

zx

z

0

1

1 
























++= ∫∫∫

+

−−

dzdxyz
2

y
xy

zx

zx

2z

0

1

1













++=

+

−−
∫∫           

   ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] dzdxzzxzxzxzx
2

1
zxzxx

22
z

0

1

1






















−−++−−++−−+= ∫∫
−
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   ( )( ) dzdxxz4
2

1
z2zx

z

0

1

1






















++= ∫∫

−

 

   0
4

z
4dz

2

z
z

2

z
2dz

2

zx
xz

2

zx
2

1

1

43
3

31

1

z

0

2
2

21

1

==











++=++=

−−−
∫∫ . Ans.  

Q.No.2.: Evaluate 

( ) ( )
xyzdxdydz

222 yx1

0

x1

0

1

0

∫∫∫
−−−

. 

Sol.: We have 

( ) ( )
dxdyzdzyxI

222 yx1

0

x1

0

1

0 































= ∫∫∫
−−− ( ) ( )

dxdy
2

z
.yx

222 yx1

0

2x1

0

1

0 















=

−−−

∫∫  

                           

( )
( ) dxdyyx1

2

1
.yx 22

x1

0

1

0

2

















−−= ∫∫
−

( )
( )

dx
4

y

2

y
x1x

2

1

2x1

0

42
2

1

0

−

−−= ∫  

                           ( ) ( ) dxx.x1x2.x1
8

1 4222
1

0




 −−−= ∫ ( )dxxx2x

8

1 53
1

0

+−= ∫  

                           
48

1

6

1

2

1

2

1

8

1

6

x

4

x2

2

x

8

1
1

0

642

=







+−=+−= . Ans. 

Q.No.3.: Evaluate dx dy dz yzx2
2

1

2

0

1

0

∫∫∫ . 

Sol.: We have dx dy dz yzxI 2
2

1

2

0

1

0

∫∫∫= dxdyyzdzx2
2

1

2

0

1

0



























= ∫∫∫  

                          dxdy
2

yzx
2

1

222

0

1

0



























= ∫∫ dxdy

2

yx
yx2

2
2

2

0

1

0 
























−= ∫∫  

                          dx
4

yx

2

yx2
2

0

22221

0 










−= ∫ [ ] dxx3dxxx4 2

1

0

22
1

0

∫∫ =−=  

                          [ ] [ ] 101x
3

x3 1

0
3

1

0

3

=−==











= . Ans. 
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Q.No.4.: Evaluate ( ) dz dy dx zyx 222
a

a

b

b

c

c

++∫∫∫
−−−

. 

Sol.: We have ( ) dzdydxzyxI 222
a

a

b

a

c

b 
























++= ∫∫∫

−−−

dzdyxzxy
3

x
8

a

0

22
3b

0

c

0 
























++= ∫∫  

                          dzdyazay
3

a
8 22

3b

0

c

0 






















++= ∫∫ dzyaz

3

ay
y

3

a
8

b

0

2
33c

0 










++= ∫  

                          dzabz
3

ab
y

3

ba
8 2

33c

0 










++= ∫ dz

3

abz
z

3

ab
z

3

ba
8

c

0

333












++=  

                          [ ] [ ]222333 cbaabc
3

8
abccabbca

3

8
++=++= . Ans. 

Q.No.5.: Evaluate 

( )
dz dx dy

2xz4

0

z2

0

4

0

∫∫∫
−

. 

Sol.: We have dzdxdyI

2xz4

0

z2

0

4

0 






























= ∫∫∫

−

[ ] dzdxy
2

xz4
0

z2

0

4

0 











= −
∫∫  

                        dzdxxz4 2
z2

0

4

0 











−= ∫∫  

Put 
2

z4z2 ρ=⇒ρ= . 

( ) dzdxxI 22

0

4

0 











−ρ=∴ ∫∫
ρ

. 

Put θθρ=⇒θρ= dcosdxsinx . 

When x = 0,  0=θ ;   ρ=x ,  
2

π
=θ . 

dzdcos .sinI 222
2/

0

4

0 











θθρθρ−ρ=∴ ∫∫
π

dzdcos22
2/

0

4

0 











θθρ= ∫∫
π

dz
22

1
z4

4

0








 π
×= ∫  



Triple Integrals (where limits are given):                    

Visit: https://www.sites.google.com/site/hub2education/ 

 

5

 

      π=π=











π=π= ∫ 8

2

16
.

2

z
zdz

4

0

24

0

. Ans. 

Q.No.6.: Evaluate dx dy dze zyx
yx

0

x

0

a

0

++
+

∫∫∫ . 

Sol.: We have dx dy dzeI zyx
yx

0

x

0

a

0

++
+

∫∫∫= dxdydze zyx
yx

0

x

0

a

0



























= ++

+

∫∫∫                       

                          
( )( ) dxdyee yxyx2

x

0

a

0 










−= ++

∫∫
( )

dxe
2

e
x

0

yx
yx2a

0 










−= +

+

∫  

                          dxe
2

e
e

2

e x
x2

x2
x4a

0 










+−−= ∫

a

0

x
x2x2x4

e
4

e

2

e

8

e












+−−=  

                          1
2

1
1

8

1
e

4

e

2

e

8

e a
a2a2a4

−++−+−−=  

                          
8

3
e

4

e3

8

e a
a2a4

−+−= . Ans. 

Q.No.7.: Evaluate dy dx zdzlog 

xe

1

ylog

1

e

1

∫∫∫ . 

Sol.: We have dy dx zdzlog I

xe

1

ylog

1

e

1 


























= ∫∫∫ zzdlogdxdy

xe

1

ylog

1

e

1













= ∫∫∫  

                          [ ]
xe

1

ylog

1

e

1

z.z.zlogdxdy ∫∫= [ ]zlog1e.elogdxdy xx
ylog

1

e

1

−= ∫∫  

                           [ ]dx1ee.xdxdy xx
ylog

1

e

1

+−= ∫∫ [ ] ylog

1
xxx

e

1

xeee.xdy +−−= ∫  

                           [ ] ylog

1
xx

e

1

xe2e.xdy +−= ∫  

                           ( )dy.1e2e.1yloge2yelog 11ylogylog
e

1

−+−+−= ∫  
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                           ( )dy.1eylogy2ylogy

e

1

−−+−= ∫  

                           

e

1

2
22

yyyyylogy
4

y
ylog

2

y












−+−−+−=  

                           







−+−−−−














−+−−+−= 1e11

4

1
eeeee

4

e

2

e 22
22

 

                            ( )13e8e
4

1

4

13
e2

4

e 2
2

+−=+−= . Ans. 

Q.No.8.: Evaluate 

( )
θ∫∫∫

−θπ

d dr rdz 

a/ra

0

sina

0

2/

0

22

. 

Sol.: We have

( )
θ= ∫∫∫

−θπ

d dr rdz I

a/ra

0

sina

0

2/

0

22 ( )
θ




























= ∫∫∫

−θπ

ddrdz.r

a/ra

0

sina

0

2/

0

22

 

                          ( )( )
θ












=

−
θπ

∫∫ ddr.rz
a/ra

0

sina

0

2/

0

22 ( )
θ











 −
= ∫∫

θπ

ddr.
a

rar 22sina

0

2/

0

 

                          θ











−=

θπ

∫ d
a4

r

2

r
a

sina

0

422/

0

 ( ) θ










 θ
−θ= ∫

π

d
a4

sina
sina

2

a 44
22

2/

0

 

                          θ











θ−θ= ∫

π

dsin
4

a
sin

2

a 4
3

2
32/

0








 π
×−







 π
×=

22.4

1.3

4

a

22

1

2

a 33

 

                           
64

a3

8

a 33 π
−

π
=

64

a5
a

64

38 3
3 π

=π






 −
= . Ans.                        

Q.No.9.: Evaluate xdzdxdy

x1

0

1

y

1

0 2

∫∫∫
−

. 

Sol.: xdzdxdy

x1

0

1

y

1

0 2

∫∫∫
−

dydxxdz

x1

0

1

y

1

0 2



























= ∫∫∫

−

( ) dydxxz
x1

0

1

y

1

0 2













=

−
∫∫  
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                                      ( ) dydxx1x

1

y

1

0 2













−= ∫∫  

                                      dy
3

x

2

x
1

y

321

0 2










−= ∫ dy

3

y

2

y

3

1

2

1 641

0 
























−−








−= ∫  

                                      

1

0

75

21

y

10

y

3

y

2

y












+−−= 








+−−=

21

1

10

1

3

1

2

1
 

                                      
35

4

210

24

210

102170105
==

+−−
= . Ans. 

Q.No.10.: Evaluate ( )dzdydxzyx

2

1

1

0

3

3

++∫∫∫
−

. 

Sol.: ( )dzdydxzyxI

2

1

1

0

3

3

++= ∫∫∫
−

( ) dxdydzzyx

2

1

1

0

3

3


























++= ∫∫∫
−

 

          dxdy
2

z
yzxz

2

1

21

0

3

3


























++= ∫∫
−

( ) dxdy
2

1
yx2y2x2

1

0

3

3 


















++−++= ∫∫

−

 

           dx
2

y

2

y
xyy2yxy2

1

0

2
2

3

3 










−−−++= ∫

−

dx
2

1

2

1
x21x2

3

3









−−−++= ∫

−

 

          ( )dx13x

3

3

−+= ∫
−

( )dx2x

3

3

+= ∫
−

3

3

2

x2
2

x

−










+= 








−−








+= 6

2

9
6

2

9
 

           12
2

24

2

3

2

21
==+= . Ans. 

Q.No.11.: Evaluate dzdydx

222 yx1

0

x1

0

1

0

∫∫∫
−−−

. 
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Sol.: dydxyx1I
22

x1

0

1

0

2

−−= ∫∫
−

dx
x1

y
sin

2

x1

yx1
2

y

2

1

2
2

22
x1

0

1

0

2



















−






 −

+−−= −
−

∫∫  

  dx
x1

x1
sin

2

x1
0

2

x1

2

2
1

221

0














−

−−
+×

−
= −
∫

( )
dx1sin

2

x1 1
21

0 









 −
= −
∫  

   
( )

dx
22

x1 21

0 









 π
×

−
= ∫ ( )dxx1

4

2
1

0

−
π

= ∫
1

0

3

3

x
x

4 










−

π
=  

    
63

2

43

1
1

4

π
=×

π
=








−

π
= . Ans. 

Q.No.12.: Evaluate dzdydxz2
mx

0

xa

xa

a

0

22

22

∫∫∫
−

−−

. 

Sol.: dydxdzzI 2
mx

0

xa

xa

a

0

22

22 










= ∫∫∫

−

−−

dydx
3

z
mx

0

3xa

xa

a

0

22

22 










= ∫∫

−

−−

 

        dxdy
3

xm
33xa

xa

a

0

22

22 




























= ∫∫

−

−−

dxdy
3

xm
22

22

xa

xa

33a

0 














= ∫∫

−

−−

[ ] dxy
3

xm 22

22

xa

xa

33a

0

−

−−
∫=  

        dxxaxa
3

xm 2222
33a

0




 −+−= ∫ dxxaxm

3

2 2233
a

0









−= ∫  

        dxxaxm
3

2 223
a

0

3





 −= ∫  

Put θ= sinax        θθ=∴ dcosadx  

      θθθ−θ= ∫
π

dcosa.sinaasinam
3

2 22233
2/

0

3 θθθ−θ= ∫
π

dcos.sin1sinam
3

2 235
2/

0

3  
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      θθθ= ∫
π

dcos.sinma
3

2 23
2/

0

35  

Now tcos =θ ,          dtdsin =θθ−∴  

       ( ) dttt1ma
3

2 22
1

0

35 −−= ∫ ( )dtttma
3

2 42
1

0

35 −= ∫ dt
5

t

3

t
am

3

2
1

0

53
53














−=  

        






 −
=








−=

15

35
am

3

2

5

1

3

1
am

3

2 5353

45

am4

15

2
am

3

2 53
53 =








= . Ans. 

Q. No. 13.: Evaluate dzdydxe zyx
ylogx

0

x

0

2log

0

++
+

∫∫∫ . 

Sol.: dzdydxeI zyx
ylogx

0

x

0

2log

0

++
+

∫∫∫= [ ] dydxe
ylogx

0
zyx

x

0

2log

0

+++
∫∫=  

            [ ]dydxee yxylogxyx
x

0

2log

0

++++ −= ∫∫ [ ]dydxe.ey.ee yxyx2
x

0

2log

0

−= ∫∫  

            dxdyeeydy.ee y
x

0

xy
x

0

x2
2log

0 










−= ∫∫∫ ( ) ( ) dxeeee.ye

x

0
yxx

0
yyx2

2log

0




 −−= ∫  

             ( ) ( )[ ]dx1ee1ee.xe xxxxx2
2log

0

−−+−= ∫ [ ]dxeeeexe xx2x2x3x3
2log

0

+−+−= ∫  

              x
2log

0

x3
2log

0

x3
2log

0

eedxxe ∫∫∫ +−= [ ] 2log

0
x

2log

0

x3
2log

0

x3x3

e
3

e

9

e

3

xe
+












−












−=  

              [ ]12
3

1

3

8

9

1

9

8

3

2log8
−+








−−








+−= 1

3

7

9

7

3

2log8
+








−








−=  

               1
3

7

9

7

3

2log8
+−−= 







 −+
−=

9

9217

3

2log8







 −
−=

9

928

3

2log8
 

               
9

19

3

2log8
−= . Ans. 

Q.No.14.: Evaluate dxdydz
6

z3y412

0

4

z312

0

4

0

∫∫∫

−−−

. 
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Sol.: dxdydzI
6

z3y412

0

4

z312

0

4

0

∫∫∫

−−−

= dzdydx
6

z3y412

0

4

z312

0

4

0




































= ∫∫∫

−−−

 

       dzdy
6

z3y4124

z312

0

4

0

















−−

= ∫∫

−

[ ] [ ] [ ] dzyz3y
2

4
y12

6

1
4

z312

0
4

z312

0
24

z312

0

4

0

−−−

−−= ∫  

       dz
4

z312
z3

4

z312
2

4

z312
12

6

1
24

0








 −
−







 −
−







 −
= ∫  

        
( )

dzz3
4

z3122
12

4

z312

6

1
4

0









−

−
−







 −
= ∫

( )
dz

2

z6z31224

4

z312

6

1
4

0








 −+−







 −
= ∫  

         
( )

dzz3
4

z3122
12

4

z312

6

1
4

0









−

−
−







 −
= ∫ ( )

( )
dz

2

z312
z4

8

1
4

0








 −
−= ∫  

          ( ) dzz4
16

3 2
4

0

−= ∫
( )

4

0

3

3

z4

16

3











 −−
= 4

3

4

16

3 3

=×= . Ans. 

Q.No.15.: Evaluate dxdydzex
yx

0

x1

0

1

0

∫∫∫
+−

. 

Sol.: dxdydzeI x
yx

0

x1

0

1

0

∫∫∫
+−

= dxdydzex
yx

0

x1

0

1

0 
























= ∫∫∫

+−

 

( ) dxdyze
yx

0
x

x1

0

1

0 











=
+

−

∫∫ ( ) dxdyyxex
x1

0

1

0 











+= ∫∫
−

dx
2

y
xye

x1

0

2
x

1

0 


























+=

−

∫  

( ) ( )
dx

2

x1
x1xe

2
x

1

0 























 −
+−= ∫ dx

2

x2x1
xxe

2
2x

1

0 























 −+
+−= ∫  

dx
2

1

2

x
e

2
x

1

0 
























+−= ∫ ( )

1

0

x
x

1

0

1

0
x2

2

e
dxxe2ex

2

1














+












−−= ∫  
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( ) ( ) 







−+



























−−−−= ∫ 2

1

2

e
dxexe20e

2

1 x
1

0

1

0
x  

( ){ } 







−+−−+−=

2

1

2

e
1ee

2

e








−++−=

2

1

2

e
1

2

e
=

2

1
. Ans. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

             Here we will discuss those problems in double integrals, where 

limits are not given, but region of integration is given.  

            Since limits are not given, so rough sketch of the region of 

integration is required. So in that case, we can integrate first  w.r.t.  x or y 

depends upon our desire. 

             If we suppose, strip is parallel to x-axis (horizontal strip), then 

integrate w.r.t. x first and then w.r.t. y, whereas if we suppose strip is 

parallel to y-axis (vertical strip), then integrate w.r.t. y first and then w.r.t. x.  

 

Let us clear this concept with the help of problems given below. 

Q.No.1.: Evaluate xydxdy

A

∫∫ , where A is the domain bounded by x-axis, ordinate   

               a2x = and the curve  ay4x
2

= . 
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Sol.: First way to solve this problem:  

Let us consider the strip, parallel to y-axis  

The line a2x = and the parabola ay4x
2

=  intersect at ( )a ,a2L . This figure shows the 

domain A which is the area OML. 

 

 

 

 

 

 

 

 

Now let us suppose strip is parallel to y-axis. In that case integrating first over a vertical 

strip PQ, w.r.t. y from ( )0yP =  to 













=

a4

x
yQ

2

 on the parabola and then w.r.t. x from x = 

0 to x = 2a, we have 

dxxydyxydxdy

a4/x

0

a2

0A

2














= ∫∫∫∫  dx

2

y
x

a4/x

0

2a2

0

2












= ∫  

                  
3

a

6

x

a32

1
dxx

a32

1 4
a2

0

6

2

5
a2

0
2

=== ∫ . Ans. 

Second way to solve this problem:  

Let us consider the strip, parallel to x-axis  

Now let us suppose strip is parallel to x-axis. In that case integrating first over a 

horizontal strip RS, w. r. t. x from ( )ay2xR = on the parabola to ( )a2xS = and then w. 

r. t. y from y = 0 to y = a, we get 

( )

dyxydxxydxdy

a2

ay2

a

0A 












= ∫∫∫∫

( )

dy
2

x
y

a2

ay2

2a

0 










= ∫  

x-axis 

y-axis 

O P 

Q 

R S 

L (2a, a) 

x = 2a 

x
2
 =4ay 

M 
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                  ( )
3

a

3

y

2

ay
a2dyyaya2

4
a

0

32
2

a

0

=−=−= ∫ . Ans. 

Q.No.2.: Evaluate the integral xydxdy∫∫ over the positive quadrant of the circle  

               
222 ayx =+ . 

Sol.: The region OAB, represents the positive quadrant of the circle 
222 ayx =+ .  

 

 

 

 

 

 

 

 

Let us suppose that the strip is parallel to x-axis, then in this region, x varies from 0 to 

22 ya − and y varies from 0 to a,. Hence  

dyxydxI

22 ya

0

a

0 















= ∫∫
−

dy
2

yx

22 ya

0

2a

0

−












= ∫

( ) ( )dyyay
2

1
dy

2

ya
y 22

a

0

222a

0

−=
−

= ∫∫     

  ( )dyyya
2

1 32
a

0

−= ∫  
( ) ( )

( )00
4

a

2

aa

2

1

4

y

2

ya

2

1 422
a

0

422

−−











−=












−=  

 
8

a

4

a

2

a

2

1 444

=











−= .Ans. 

Q.No.3.: Evaluate the integral ( ) dxdyyx
2

+∫∫ over the area bounded by the ellipse  

               1
b

y

a

x
2

2

2

2

=+ . 

 

 

 

 a 

Q 

x-axis 

y-axis 

O 

P 

A 

B  a 
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Sol.:  

 

 

 

 

 

 

 

 

 

Since 1
b

y

a

x
2

2

2

2

=+
2

2

2

2
22

b

y
1ax

b

y
1ax −±=⇒














−=⇒ . 

( ) dydxyxI
2

b

y
1a

b

y
1a

b

b

2

2

2

2





















+=∴ ∫∫

−

−−
−

( ) dydxxy2yx 22
b

y
1a

b

y
1a

b

b

2

2

2

2





















++= ∫∫

−

−−
−

 

= ( ) dydxyx2 22
b

y
1a

0

b

b

2

2





















+∫∫

−

−

dyxy
3

x
2

2

2

b

y
1a

0

2
3b

b































+=

−

−

∫  

dy
b

y
1ay

b

y
1

3

a
2

2

2
2

2/3

2

23b

b













−+














−= ∫

−

 

Since function is even, then we get 

dy
b

y
1ay

b

y
1

3

a
4I

2

2
2

2/3

2

23b

0













−+














−=⇒ ∫  

Put θθ=⇒θ= dcosbdysinby . Also when y = 0, θ = 0 and when y = b, 
2

π
=θ . 

Then θθ











θθ+θ= ∫

π

dcosb  cossinabcos
3

a
4I 223

32/

0

 

x-axis 

y-axis 

P Q 

1
b

y

a

x
2

2

2

2

=+  

y = -b 

y = +b 
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










θθθ+θθ= ∫∫

ππ

dcossinbdcos
3

a
ab4 22

2/

0

24
2/

0

2

                             (i) 

Now first evaluate θθ∫
π

dcos4
2/

0
16

3

2
.

2.4

1.3 π
=

π
= , 

                       and θθθ∫
π

dcossin 22
2/

0
162

.
2.4

1.1 π
=

π
=  

Hence 











 π
+

π
=

16
b

16

3
.

3

a
ab4I 2

2

( )22 ba
4

ab
+

π
= . Ans. 

Q.No.4.: Evaluate the integral ( )dxdyyxxy +∫∫ over the area between  
2

xy =   

                and xy = . 

Sol.: Solving 
2

xy =  and xy = , we get  ( ) 0x1x0xxxx
22

=−⇒=−⇒= .  

0x =∴   and  1x =  

When x = 0, y = 0 and x = 1, y = 1. 

∴The points of intersection are O( 0, 0) and A (1, 1). 

Let us suppose, the strip is parallel to y-axis. In that case integrating first over a 

horizontal strip RS, w. r. t. y from 
2

xy =  to xy = and then w. r. t. x from x= 0 to x = 1, 

we get 

 

 

 

 

 

 

 

 

 

 x-axis 

y-axis 
y = x 

2
xy =

A (1, 1) 

O 

R 

S 
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( )dxdyyxxyI += ∫∫ ( ) dxdyyxxy

x

x

1

0 2 












+= ∫∫ ( ) dxdyxyyx 22

x

x

1

0 2 












+= ∫∫  

  dx
3

xy

2

yx
x

x

3221

0 2










+= ∫ dx

3

x

2

x

3

x

2

x 76441

0 










−−+= ∫

1

0

8755

24

x

14

x

15

x

10

x












−−+=  

  [ ] 5357.00417.007143.006667.01.0
24

1

14

1

15

1

10

1
=−−+=








−−+= . Ans.  

 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

Here we will discuss those problems in triple integrals, where limits are not 

given. Now when limits are not given then how we can evaluate the limits 

without rough sketch of the region of integration. With the basic 

understanding of the problems given below, we can easily evaluate the 

limits in future. 

 

Q.No.1.: Evaluate ( )dxdydzzyx ++∫∫∫  over the tetrahedron bounded by the planes 

                x = 0,  y = 0,  z = 0  and 1zyx =++  . 

Sol.: The region here is a tetrahedron bounded by the planes 

         x = 0, y = 0, z = 0, 1zyx =++ . 

1zyx ≤++∵  

1x ≤⇒ ,  ( ) 1yx ≤+ ,  ( ) 1zyx ≤++  

1x ≤⇒ ,  ( )x1y −≤ ,   ( )yx1z −−≤  

( ) ( ) ( ){ }  yx1z0  ,x1y0  1,x0  ,z y, ,xR −−≤≤−≤≤≤≤=∴ . 
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∴ I = ( )dxdydzzyx

V

++∫∫∫ ( ) dxdydzzyx

yx1

0

x1

0

1

0


























++= ∫∫∫
−−−

        

       
( )

dxdy
2

zyx
yx1

0

2x1

0

1

0 























 ++
=

−−−

∫∫               ( )
( )

( )
( )












−≠

+

+
=+

+

∫ 1n
a1n

baz
dzbaz

1n
n

∵  

       ( )[ ] dxdyyx1
2

1 2
x1

0

1

0













+−= ∫∫

−
( )

dx
3

yx
y

2

1
x1

0

31

0

−













 +
−= ∫  

       dx
3

x
0

3

1
x1

2

1 31

0 
























−−








−−= ∫ dx

3

x
x

3

2

2

1 31

0













+−= ∫  

       

1

0

42

12

x

2

x
x

3

2

2

1












+−=

8

1

24

3

12

168

2

1

12

1

2

1

3

2

2

1
==







 +−
=








+−= . Ans. 

Q.No.2.: Compute triple integral 
( )3zyx1

dxdydz

+++
∫∫∫  , if the region of integration is  

                bounded by the co-ordinate planes and the plane 1zyx =++ . 

Sol.: The region here is a bounded by the co-ordinate planes and the plane 1zyx =++ . 

        i.e.  x = 0, y = 0, z = 0, 1zyx =++ . 

1zyx ≤++∵  

1x ≤⇒ ,  ( ) 1yx ≤+ ,  ( ) 1zyx ≤++  

1x ≤⇒ ,  ( )x1y −≤ ,   ( )yx1z −−≤  

( ) ( ) ( ){ }  yx1z0  ,x1y0  1,x0  ,z y, ,xR −−≤≤−≤≤≤≤=∴ . 

Thus 
( )

dxdydz
zyx1

1
I

3

yx1

0

x1

0

1

0 

























+++
= ∫∫∫

−−−

( )
dxdy

zyx12

1
yx1

0

2

x1

0

1

0 













+++
−=

−−−

∫∫  

           
( ) ( )

dxdy
yx1

1

yx1yx1

1

2

1
22

x1

0

1

0 

























++
−

−−+++
−= ∫∫

−

 

           
( )

dxdy
yx1

1

4

1

2

1
2

x1

0

1

0 

























++
−−= ∫∫

−

( )
dx

yx1

1
y

4

1

2

1
x1

0

x1

0

1

0 

























++
+−=

−
−

∫  
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( )

dx
x1

1

x1x1

1

4

x1

2

1
1

0










+
−

−++
+

−
−= ∫ dx

x1

1

2

1

4

x

4

1

2

1
1

0










+
−+−−= ∫  

          dx
x1

1

4

x

4

3

2

1
1

0










+
−−−= ∫ ( ) ( )














+−














−−=

1
0

1

0

2
1
0 x1log

2

x

4

1
x

4

3

2

1
 

          
16

5
2log

2

1
2log

8

1

4

3

2

1
−=








−−−= . Ans.  

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Change of order of Integration: 

 In a double integral, if the limits of integration are constant, then the 

order of integration is immaterial, provided the limits of integration are 

changed accordingly. 

Thus ( ) ( )dydxy,xfdxdyy,xf

d

c

b

a

b

a

d

c

∫∫∫∫ = . 

In a double integral with variable limits, the change of order of 

integrationchanges the limits of integration. While doing so, sometimes it 

is required to split up the region of integration and the given integral is 

expressed as the sum of a number of double integrals with changed limits. 

To fix up the new limits, it is always advisable to draw a rough sketch of the 

region of integration. 

 The change of order of integration, to a certain extent makes easy, 

the evaluation of a double integral. The following examples will make these 

ideas clear. 
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Here we will discuss those problems in double integrals, where limits are 

given, but we have to change the order of integration. So in this type of 

problems rough sketch of the region of integration is required. Let us clear 

this concept with the help of problems given below. 

 

Q.No.1.: Change the order of integration in the integral 

( )
( )dxdyy ,xfI

22
ya

0

a

a

∫∫
−

−

= . 

Sol.: Here the elementary strip is parallel to x-axis (such as PQ) and extends from x = 0 

to ( )22 yax −=  (i. e. to the circle 
222 ayx =+ ) and strip slides from ay     toay =−=

. 

This shaded semi-circle area is therefore, the region of integration, as shown in the figure. 

 On changing the order of integration, we first integrate  w. r. t. y along a vertical 

strip RS which extends from ( )




 −−=

22 xayR to  ( )




 −=

22 xayS . To cover the 

given region, we then integrate w. r. t. x from x = 0 to x = a. 

 

 

 

 

 

 

 

Thus, on reversing the order of integration, we get 

( )

( )
( ) dxdyy ,xfI

22

22

xa

xa

a

0 















= ∫∫
−

−−

. Ans. 

Q.No.2.: Change the order of integration in dy dx xyI

x2

x

1

0 2

∫∫
−

= , and hence evaluate   

               the same.  

Q 

x-axis 

y-axis 

(0, 0) 

x = a 

y = -a 

y = + a 

P 

R 

S 
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Sol.: Here the integration is first w. r. t. y along a vertical strip PQ which extends from P 

on the parabola 
2xy =  to Q on the line x2y −= . Such a strip slides from x = 0 to x = 1, 

giving the region of integration as the curvilinear triangle OAB(as shown in figure). 

When we change the order of integration, we first integrate w. r. t. x along a 

horizontal strip RS and that requires the splitting up of the region OAB into two parts by 

the line AC(y = 1), the curvilinear triangle OAC and the triangle ABC. 

 

 

 

 

 

 

 

  

 

For the region OAC, the limits of integration for x are from x = 0 to yx = and 

those for y are from y = 0 to y = 1. So the contribution to I from the region OAC is 

dyxydxI

y

0

1

0

1













= ∫∫ . 

For the region ABC, the limits of integration for x are from x = 0 to y2x −=  

and for those for y are from y = 1 to y = 2. So the contribution to I from the region ABC 

is 

dyxydxI

y2

0

2

1

2 












= ∫∫

−

. 

Hence, on reversing the order of integration, we get 

dyxydxdyxydxI

y2

0

2

1

y

0

1

0













+














= ∫∫∫∫

−

dyy.
2

x
dyy.

2

x
y2

0

22

1

y

0

21

0

−

∫∫ +=  

S 

B 

P x-axis 

y-axis 

O 

Q 

R 
A (1, 1) 

x + y = 2 

x
2
 =y 

C 
y = 1 

R S 
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( )

2

1

342
1

0

3
2

2

1

2
1

0
3

y
.4

4

y

2

y
.4

2

1

3

y

2

1
dyy2y

2

1
dyy

2

1












−++












=−+= ∫∫  

















−+−








−++








=

3

4

4

1
2

3

32
48

2

1

3

1

2

1








−+=

12

11

3

4

2

1

6

1








+=

12

5

2

1

6

1
 

8

3

24

5

6

1
=+= . Ans. 

Q.No.3.:Evaluate the integral by changing the order of integration 

( )
dxdyy2

x1

0

1

0

2

∫∫
−

. 

Sol.:Given integral is 

( )
dxdyyI 2

x1

0

1

0

2

∫∫
−

= . 

The strip PQ parallel to y-axis is made from y = 0 to 2
x1y −=  and this strip PQ slides 

from x = 0 to x = 1 (radius of the circle) 

 

 

 

 

 

 

 

 

Now when we change the order of integration, we make strip RS parallel to x-axis, we 

see that strip is made from x = 0 to 2y1x −= , and it slides from y = 0 to y = 1 

Hence, on reversing the order of integration, we get 

dydxyI 2

y1

0

1

0

2

















= ∫∫
−

dyxy
2y1

0

2
1

0









=

−

∫ dyy1y 22
1

0






 −= ∫  

Putting θ= siny  to solve dyy1y 22
−∫  

O 

 1 

 1 
y-axis 
Q 

x-axis 

P 

R S 
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Also when y = 0,  0=θ ;    y = 1,  
2

π
=θ    and θ=

θ
cos

d

dy
. 

2
.

2.4

1.1
dcossinI 22

2/

0

π
=θθθ=∴ ∫

π

16

π
= . Ans. 

Q.No.4.: Evaluate the following integral by changing the order of integration  

( )

( ) dydxyx

y4

1

3

0













+∫∫

−

. 

Sol.:Here the strip PQ parallel to x-axis is made from x = 1 to y4x −= and this strip 

slides from y = 0 to y = 3. 

 

 

 

 

 

 

 

 

Now when we change the order of integration, we make strip parallel to y-axis, which is 

made from y = 0 to 
2x4y −=  and slides from x = 1 to x = 2. 

Hence, on reversing the order of integration, we get 

( ) dxdyyxI

2x4

0

2

1













+= ∫∫

−

= dx
2

y
xy

2x4

0

22

1

−

+∫  

( ) ( )
dx

2

x8x16
x4x

24
2

2

1 









 −+
+−= ∫

2

1

3542

3

x
.4

5

x
x8

4

x

2

x
.4












−++−=  

02.4
60

241

60

560186480225360

3

28

10

31
8

4

15
6 ==

−++−
=−++−= . Ans. 

Q.No.5.:Evaluate the integral by changing the order of integration dxdy

ax2

a4/x

a4

0 2














∫∫ . 

 4 

   O 

Q 

x =1 

R 

 1  2 

P 

y-axis 

S 

x-axis 

x
2
+y=4 
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Sol.:Here the strip PQ parallel to y-axis is made from 
a4

x
y

2

=   to  ax2y = and this strip 

PQ found above slides fromx = 0 to x = 4a. 

When we changing the order of integration, we make strip RS parallel to x-axis and this 

strip is made from  
a4

y
x

2

=     to   ay2x =   and slides from y = 0 to y = 4a. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hence, on reversing the order of integration, we get 

dydxI

ay2

a4/y

a4

0 2 












= ∫∫ dyy

a4

1
y  a2 22/1

a4

0







−= ∫

a4

0

3

a4

0

2/3

3

y

a4

1

2

3

y
a2














−



















=  

32 a64.
a12

1
a

3

32
−=

3

a16
a

3

16
a

3

32 2
22

=−= . Ans. 

Q.No.6.: Evaluate the integral by changing the order of integration  

( )
dxdy

yx

x

22

x2

x

1

0

2

















+
∫∫
−

. 

O 

x-axis 

y-axis 

P 

Q 

R 
S 

x
2
=4ay 

y
2
=4ax (4a, 4a) 
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Sol.:Here the strip PQ parallel to y-axis is made from y = x to 2x2y −= , and this strip 

PQ slides from x = 0 to x = 1. 

 

 

 

 

 

 

 

 

 

 

When we change the order of integration, strip RS has nonviable character.  

When we change the order of integration, we first integrate w. r. t. x along a horizontal 

strip RS and that requires the splitting up of the region OAB into two parts by the line 

AC(y = 1), the triangle OAC and thecurvilinear triangle ABC. 

For the region OAC, the limits of integration for x are from x = 0 to yx =  and 

those for y are from y = 0 to y = 1. So the contribution to I from the region OAC is 

dydx
yx

x
I

22

y

0

1

0

1 













+

= ∫∫ . 

For the region ABC, the limits of integration for x are from x = 0 to 2y2x −=  

and for those for y are from y = 1 to y = 2 . So the contribution to I from the region 

ABC is 

dydx
yx

x
I

22

y2

0

2

1

2

2

















+

= ∫∫
−

. 

Hence, on reversing the order of integration, we get 

dydx
yx

x
I

22

y

0

1

0














+

= ∫∫ dydx
yx

x

22

y2

0

2

1

2

















+

+ ∫∫
−

  . 

S 

Q 

P 
x-axis 

y-axis 

O 

R 

A (1, 1) 

y = x 

R 

S 
B 

C 
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Now dydx
yx

x2

2

1
I

22

y

0

1

0

1 













+

= ∫∫ dyyx2  
2

1 y

0

22
1

0

+= ∫ ( )dyyy  2

1

0

−= ∫  

2

1

2

1

2

y

2

y
2

1

0

22

−=











−= , 

and dydx
yx

x2

2

1
I

22

y2

0

2

1

2

2

















+

= ∫∫
−

dyyx2 
2

1
2y2

0

22
2

1

−

+= ∫ dyy2

2

1

−= ∫  

2
2

3

2

1
122

2

y
y2

2

1

2

−=







−−−=












−= . 

∴The required integrals is  

21 III +=
2

1
1

2

12

2

221
21

2

1
2

2

3

2

1

2

1
−=

−
=

−+
=−+=








−+








−= . Ans. 

Q.No.7.: Evaluate the integral by changing the order of integration  

( )
( ) ( )0a       dydxyxlog 22

ya

y

2/a

0

22

>

















+∫∫
−

. 

Sol.: 

 

 

 

 

 

 

 

 

 

 

S 

Q 

R 

S 

C 

P 
x-axis 

y-axis 

O R 

y = x 










2

a
,

2

a
A 

B 
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Here the strip PQ parallel to x-axis is made from x = y to 22 yax −=  and this strip 

slides from y = 0 to 
2

a
y = . 

When we change the order of integration, strip RS has nonviable character.  

When we change the order of integration, we first integrate w. r. t. y along a vertical strip 

RS and that requires the splitting up of the region OAB into two partsby the line AC(

2

a
y = ),, the triangle OAC and thecurvilinear triangle ABC. 

For the region OAC, the limits of integration for y are from y = 0 to xy =  and 

those for y are from x = 0 to 
2

a
x = . So the contribution to I from the region OAC is 

( ) dxdyyxlogI 22
x

0

2/a

0

1











+= ∫∫ . 

For the region ABC, the limits of integration for y are from y = 0 to 22 xay −=  

and for those for x are from 
2

a
x = to x =a. So the contribution to I from the region 

ABC is 

( ) dxdyyxlogI 22
xa

0

a

2/a

2

22
















+= ∫∫

−

. 

Hence, on reversing the order of integration, we get 

( ) dydxyxlogI 22

ya

y

2/a

0

22

















+= ∫∫
−

 

( ) ( ) dxdyyxlogdxdyyxlog 22
xa

0

a

2/a

22
x

0

2/a

0

22
















++












+= ∫∫∫∫

−

= I1 + I2 

21 III +=⇒   [say]                     
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where ( ) dxdyyxlogI 22
x

0

2/a

0

1











+= ∫∫ and  ( ) dxdyyxlogI 22

xa

0

a

2/a

2

22
















+= ∫∫

−

 

Now first evaluate ( )dyyxlog 22
+∫ :   Integrating by parts, we get 

( )dyyxlog 22
+∫ ( ){ } ydy.

yx

y2
yyxlog

22

22

+
−+= ∫  

( ) dy
yx

xxy
2yxlogy

22

222
22

+

−+
−+= ∫ ( ) dy

yx

x
12yxlogy

22

2
22













+
−−+= ∫  

( )
















−−+=

−

x

y
tan

x

1
.xy2yxlogy 1222 ( )

x

y
tanx2y2yxlogy 122 −

+−+=  

Now   ( ) dx
x

y
tanx2y2yxlogyI

x

0

122
2/a

0

1 







+−+=

−

∫  

( )[ ]dx01tanx2x2x2logx 12
2/a

0

−+−=
−

∫  

dx
4

x2
x2xlogx22logx

2/a

0








 π
+−−= ∫  

2/a

0

2222/a

0

22

2

x
.

22

x
2dx

2

x
.

x

2

2

x
.xlog2

2

x
.2log














π

+−













−−= ∫  

dx
2

x
.

x

2

2

x
xlog2

2
22log

22/a

0

2/a

0

2

∫−



















+

π
+−=  

2/a

0

22

2

x

4

a

2

a
log2

2
22log












−








+

π
+−=

4

a

4

a

2

a
log2

2
22log

22

−







+

π
+−=  









−







+π+−= 2

2

a
log442log2

8

a2

( )π+−−+= 62log2alog42log2
8

a2

 

{ }6alog4
8

a
I

2

1 −+π=                               (i) 
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Similarly, ( ) dx
x

y
tanx2y2yxlogyI

22
xa

0

122
a

2/a

2

−
−









+−+= ∫  

dx
x

xa
tanx2xa2alogxa

22
122222

a

2/a 









 +

+−−−=
−

∫  

( ) dx
x

xa
tanx2dxxa2alog

22
1

a

2/a

22
a

2/a

2 +
+−−=

−

∫∫  

( ) 3
22

a

2/a

2 Idxxa2alog +−−= ∫ ,   where dx
x

xa
tanx2I

22
1

a

2a

3

−
=

−

∫  

( ) 3

a

2/a

1
2

222
2 I

a

x
sin

2

a
xa

2

x
2alogI +


























+−×−=

− .              

Now evaluate dx
x

xa
tanx2I

22
1

a

2a

3

−
=

−

∫ . 

Let θ= cosax ∴ θθ−= dsinadx  

Now when 
42

a
cosa

2

a
x

π
=θ⇒=θ⇒=  

and 0acosaax =θ⇒=θ⇒= . 

( )
θθ−×

θ

θ−
θ=∴

−

π

∫ dsina
cosa

cos1a
tancosa2I

22
1

0

4/

3 ( ) θθθθ−=
−

π

∫ dtantancossin2a 1
0

4/

2  

θθθ−= ∫
π

d2sina

0

4/

2
θθθ= ∫

π

d2sina

4/

0

2
θ

θ
+




 θθ−
= ∫

ππ

d
2

2cos.1
a

2

2cos
a

4/

0

2
4/

0

2  

[ ]
4/

0

24/
0

2

4

2sin
a00a

π
π






 θ
+−= [ ]

4

a
01

4

a 22

=−= . 

Thus   ( )
4

a

4
.

2

a

2

a
.

22

a

2
.

2

a
0

2

a
2alogI

222
2

2 +


























 π
−−













 π
+







××−=  

( )
4

a

4

a

8

a
2alog2

222

+













−

π
−=                             (ii) 
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By (i)  and (ii), we get 

{ }












−+π= 6alog4
8

a
I

2

+ ( )












+













−

π
−

4

a

4

a

8

a
2alog2

222

 

{ } { }24alog42alog2
8

a
6alog4

8

a
I

22

++−π−π+−+π=  

{ }6alog42alog26alog4
8

a2

+−π−π+−+π= { }π−π= alog2
8

a2

 









−

π
=∴

2

1
alog

4

a
I

2

. Ans. 

Q.No.8.: Evaluate the integral by changing the order of integration  

( )

( )     dxdyyx 22

a/x

a/x

a

0













+∫∫ . 

Sol.:The strip PQ parallel to y-axis is made from
a

x
y =   to  

a

x
y =  and this strip PQ 

slides from x = 0 to x = a. 

When we change the order of integration, the strip is changed from PQ to RS which is 

now parallel to x-axis, is made from
2ayx =  to x = ay and slides from y = 0 and  y = 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Q 

a/xy2
=

x-axis 

y-axis 
y = x/a 

A (a, 1) 

S 
R 

P 



Double Integrals:Change of order of Integration 
Visit: https://www.sites.google.com/site/hub2education/ 

 

13 

Hence, on reversing the order of integration, we get 

( ) dydxyxI 22
ay

ay

1

0 2













+= ∫∫ dyxy

3

x
ay

ay

2
31

0 2










+= ∫  

[ ]
1

0

54
1

0

743
43

1

0

63331

0
5

y

4

y
a

7

y

4

y

3

a
dyayaydy

3

yaya












−+












−=−+











 −
= ∫∫  

20

a

28

a3

+= . Ans. 

Q.No.9.: Evaluate the integral by changing the order of integration  

   
xay

dydxy

224

2a

ax

a

0 −
∫∫ . 

Sol.: Given integral is dxdy
xay

y
 

xay

dydxy

224

2a

ax

a

0
224

2a

ax

a

0














−

=

−
∫∫∫∫  

The strip PQ parallel to y-axis is made from axy = to  y = a,  and this strip PQ 

slides from x = 0 to x = a. 

When we change the order of integration, the strip is changed from PQ to RS 

which is now parallel to x-axis, is made from x = 0 to 
a

y
x

2

=   and slides from y = 0 and  

y = a. 

 

 

 

 

 

 

 

 

 

 

Hence, on reversing the order of integration, we get 

Q 

S R 

P 

y = a 

x-axis 

y-axis 
y

2
 = ax 

x = a 
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dy

y

xa
1

dx
I

4

22

a/y

0

a

0

2





















−

= ∫∫

2y /a

a 2
1

2

0 0

y ax
sin dy

a y

−
  

=   
  

∫
 

dy0sin
a

y
.

y

a
sin

a

y 1
2

2

1
2a

0 

























−













=

−−

∫ dy1sin
a

y 1
2a

0

−
∫= dy

2
.

a

y2a

0

π
= ∫  

6

a

3

y

a2

2
a

0

3
π

=










π
= . Ans. 

Q.No.10.: Evaluate the integral by changing the order of integration dxdy
y

e y

x0












 −∞∞

∫∫ . 

Sol.: The elementary strip given in the problem is a strip AB parallel to the y-axis whose 

one end lies on the line y = x and the other end extends to infinity (i.e. ∞→y ), and this 

strip slides from x = 0 to ∞→x . 

 

 

 

 

 

 

 

 

] 

On changing the order of the above problem, we first integrate it along a horizontal strip 

which extends from x = 0 to x = y, and this strip slides from y = 0 to ∞→y . 

(The region of integration is the area above the line x = y which extends up to infinity to 

cover this area)  

Hence, on reversing the order of integration, we get 

A x-axis 

y-axis y = x 

B 
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dydx
y

e
I

yy

00 












=

−∞

∫∫ dyx.
y

e
y

0

y

0 










=

−∞

∫ ( )dy0y
y

e y

0

−=

−∞

∫  

dye y

0

−
∞

∫=
0

ye
∞

−
= = 101

e

1
1ee 0

=−=−=−
∞

∞−− . Ans. 

Q.No.11.: Evaluate the integral by changing the order of integration  

dxdyxe y/x
x

00

2














−

∞

∫∫ . 

Sol.: The region of integration or the given integral is the area bounded by y = 0,  y = x 

and x = 0, ∞=x . 

 

 

 

 

 

 

 

 

 

The elementary strip given in the problem is a strip PQ parallel to the y-axis whose one 

end lies on the line y= 0 and other end lies on the line y = x and this strip slides from x = 

0 to ∞→x . 

On changing the order of the above problem, we first integrate it along a horizontal strip 

which extends from x = 0 to ∞→x , and this strip slides from y = 0 to ∞→y . 

(The region of integration is the area below the line x = y which extends up to infinity to 

cover this area)  

Hence, on reversing the order of integration, we get 

dydxxeI y/x

y0

2














=

−
∞∞

∫∫  

A 

x-axis 

y-axis y = x 

B 

P 

Q 
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Let dtdxe
y

x2
te y/xy/x 22

=
−

⇒=
−− dt

2

y
dxxe y/x

2

−=⇒ −  

Also when x = y, yet −
=  and when x = ∞ , t = 0. 

dydxxeI y/x

y0

2














=∴

−
∞∞

∫∫ dydt
2

y
0

e0 y





















−= ∫∫

−

∞

dyt.
2

y
0

e0
y−







−= ∫

∞

dyye
2

1 y

0

−
∞

∫=  

[ ]∞−−
∫+−=

0

yy dyee.y
2

1 [ ]
2

1
eye

2

1
0

yy
=−−=

∞−− . Ans. 

Q.No.12.: Change the order of integration in the following 

(i)  ( )dydxy,xf

y1

y1

1

0 2

∫∫
−

−−

,    (ii). ( )dydxy,xf

2

2

x2

x

1

0

∫∫
−

. 

Sol.: (i) The region of integration is one region bounded by the curves 1yx 22
=+ and 

1yx =+ . 

Initially the strip was parallel to x-axis having its two ends on 2y1x −−= and y1x −=

, sliding from 0 to 1. 

Changing the order of integration: 

 Taking one strip parallel to y-axis. Now, the strip will slide parallel to y-axis 

having its two ends on y = 0 and 1yx 22
=+  from 1x −=  to x = 0. This will give us the 

integral 

( )dydxy,xf

2x1

0

0

1

∫∫
−

−

. After that when it will coincide with y-axis it will start sliding with 

its two ends on y = 0 and x1y −= . In the positive direction of x., which will give us the 

integral ( )dydxy,xf

x1

0

1

0

∫∫
−

 as it moves from x = 0 to x = 1. 

Thus the integral becomes 

( ) ( )dydxy,xfdydxy,xf

x1

0

1

0

x1

0

0

1

2

∫∫∫∫
−−

−

+ . 

 (ii) The region of given interval is bounded by 
2xy = ,  
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( )222222 2yxx2yx2y =+⇒−=⇒−=  , and x = 0,  x = 1. 

The graph of the region is the area bounded by the curve is OAB. When we change the 

order of integration in the given interval, we have to first integrate w. r. t. x y as constant 

and then w. r. t. y. this is done by covering the area OAB by drawing an elementary strip 

PQ parallel to x-axis and then moving it parallel to x-axis as to cover whole of the area. 

On the strip PQ y is constant and x varies first from x = 0 to yy =  and then from x = 0 

to 2y2x −= . And when the strip PQ moves parallel to x-axis, so as to cover the whole 

area, y vanishes first from y = 0 to y = 1 and then from y = 1 to yy = . 

Thus the integral becomes  

( ) ( ) dydxy,xdydxy,x

2

22

y2

x

2

0

y

x

1

0 















+














∫∫∫∫
−

. Ans. 

Q.No.13.: Evaluate the following integral by changing the order of integration  

ydxdyx3

yb
b

a

0

b

0

22

∫∫

−

. 

Sol.: The region of the given integral is bounded by x = 0 and 22 yb
b

a
x −=  

( )22222 ybabx −=⇒ 22

2

22

yb
a

bx
−==

22

2

22

by
a

bx
=+⇒  

1
b

y

a

x
2

2

2

2

=+⇒ . 

This equation represent an ellipse. 

Now to change the order 

222222 bayaxb =+
222222 xbbaya −=⇒ ( )22222 xabya −=⇒  

22 xa
a

b
y −=⇒ . 
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∴Integral becomes dxydyx3

xa
b

a

0

a

0

22



















∫∫

−

. Ans. 

dxydyxI 3

xa
b

a

0

a

0

22



















= ∫∫

−

dx
2

y
x

22
xa

a

b

0

2
3

a

0 


























=

−

∫ ( ) dxxa
a

b

2

x 22

2

23a

0 






















−= ∫  

( )
dx

a

xab

2

x
2

2223a

0 





















 −
= ∫

( )
dx

a

xba

2

x
2

2223a

0 





















 −
= ∫ dx

a

xb
bx

2

1
2

52
23

a

0












−= ∫  


























−












=

a

0

6

2

2
a

0

4
2

6

x

a

b

4

x
b

2

1












−=

6

aa

a

b

4

ab

2

1 42

2

242









−=

6

1

4

1
ab

2

1 42  

24

ba

24

2
ab

2

1 24
42

=×= . Ans. 

Q.No.14.:Determine the limit of integration for ( )dydxy,xf

R

∫∫ , where the region is  

bounded by y = 0, 
2x1y −=  and hence change the order. 

Sol.: The region of the given integral is bounded by y = 0 and 
2x1y −= y1x2

−=⇒ . 

Thus the shaded region is the region of integration. To find the limit of integral 

( )dydxy,xf

R

∫∫ . 

Let us take an element strip parallel to y-axis. Now moving the strip parallel to y-axis so 

as to cover the whole of the area. On the strip parallel to y-axis, the x is constant and y-

varies from y = 0 to 
2x1y −=  and when the strip is parallel to x-axis and is moved 

parallel to x-axis, so as to cover whole of the area. 

Thus the integral becomes. 

dxdy)y,x(f

2
x1

0

1

1














∫∫
−

−

. 

Now we have to change the limit of integration (change of order). 
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Now taking a strip parallel to x-axis and moving it parallel to x-axis so as to cover the 

whole area. Now when we change the order of integration in the given integral, we have 

to first integrate w. r. t. x keeping y as constant and then w. r. t. y. 

As y is constant.  Therefore x varies from y1x −−= to y1x −= , and when the strip 

is parallel to y-axis, the strip moved parallel to y-axis. So as to cover the whole area. 

Therefore y varies from y = 0  to y = 1.  

Thus the equation becomes  

dydx)y,x(f

y1

y1

1

0














∫∫
−

−−

. 

Q.No.15.: Evaluate the following integral by changing the order of integration  

dxdy)y,x(f

22
ya

0

a

a

∫∫
−

−

. 

Sol.: dxdy)y,x(fI

22
ya

0

a

a

∫∫
−

−

=    [given] 

In the given equation the elementary strip is parallel to x-axis (say AB) and is from x = 0 

to 22 yax −=  

And from 22222 yaxyax −=⇒−=  which is a circle with radius O. 

The same strip is from ay −=   to y = a. 

So area of integration is the area covered by the semicircle (shaded portion) 

Now on changing the order of integration we will first integrate w. r. t. y along the 

vertical strip CD. This vertical is from 22 xay −−=  to 22 xay −−= along the strip 

parallel to x-axis, we will integrate from x = 0 to x = a. 

So the changed order of integration is  

dxdy)y,x(f

22

22

xa

xa

a

0 















∫∫
−

−−

. 
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Q.No.16.: Evaluate the following integral by changing the order of integration  

( )

dydx

x4x

0

4

0

∫∫
−

. 

Sol.: Given 

( )

dydxI

x4x

0

4

0

∫∫
−

= . 

Here strip is parallel to y-axis. Such PQ and extended from y = 0 to )x4(xy −=  

{i. e. parabola ( ) ( )22x4y −−=− }., and this strip moves from x = 0 to x =4. 

Now this shaded region is area of integration. On changing the order of integration we 

first integrate w. r. t. x along horizontal strip RS. Now, this strip will move  

( ) ( ) ( ) y42x4y2x
2

−±=−⇒−=− y42x −±= , 

from y42x −−=  to y42x −+= . So to cover the given region we then integrate w. 

r. t. y from y = 0 to y = 4. 

So, we get 

dydxI

y42

y42

4

0













= ∫∫

−+

−−

[ ] dyx
y42

y42

4

0

−+

−−∫= [ ]dyy42y42

4

0

−+−−+= ∫  

dyy42

4

0

−= ∫ dyy4.2

4

0

−= ∫ . 

Put ty4 =− ,      dydt1
dy

dt
=−⇒−=  

dtt2I

4

0

∫−=⇒

4

0

1
2

1

t
2

















+

−=

4

0

2

3

t
3

22














×−

= ( )2/34
3

4−
=

3

84×−
=

3

32−
= . 

Now neglect negative sign, we get
3

32
 sq. unit is the required result. 

Q.No.17.: Evaluate the following integral by changing the order of integration  

dydx

x
e

1

2

0

∫∫ . 
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Sol.: Here the elementary strip is parallel to y-axis (such as PQ) and extends from 1y1 =   

to 
x

2 ey =  and this strip slides from 1x 0= to 2x2 = . This shaded semicircle, area is 

therefore, the region of integration. 

 

 

 

 

 

 

 

 

 On changing the order of integration, we first integrate w. r. t. x along a strip RS 

which extends from. [ ]ylogxR 1 = . To cover the given region, we then integrate w. r. t. y 

from  1y1 = to 2
2 ey = . 

So the changed order of integration is   dxdy

2

ylog

e

1

2

∫∫
2

e 2

1 log y

dx dy
 

=  
 
 

∫ ∫ . 

dydxI

2

ylog

e

1

2














= ∫∫ [ ] dyx

2
ylog

e

1

2

∫= ( )dyylog2

2e

1

−= ∫
2 2e e

1 1

2dy log ydy= −∫ ∫  

( )
2e

2

1

2e 2 log y.1dy= − − ∫ ( ) ( )2 d
2e 2 log y dy log y 1.dy

dy

 
= − − − 

 
∫ ∫ ∫  

( ) [ ]
2e

1
2

yylogy2e2 −−−= ( ) [ ]11log1eeloge2e2 2222
+−−−−=  

3e1ee22e2 2222
−=−+−−=













=

=

2loge   

01log

2

∵

 

3edxdy 2
2

ylog

e

1

2

−=∫∫ . Ans. 

 

 

 

P 

R S 

Q 

x-axis 

y-axis 

O 

x
ey =  

y = 1 

x = 2 
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Q.No.18.: Evaluate the following integral by changing the order of integration  

dydx
ylog

1
e

e

1

0 x

∫∫ . 

Sol.: dx
ylog

dy
I

e

e

1

0 x

∫∫= . 

First we will have to change the order of integral. Taking strip parallel to x-axis, we get 

the limits from 0 to log y and for dy limits to be taken from 1 to e. 

dy
ylog

dx
I

ylog

0

e

1

∫∫= dy
ylog

x
e

1

∫=     [Where ylogx = ] 

[ ] ylog
0

e

1

x
ylog

dy
∫= dy

ylog

ylog
e

1

e

1

∫∫ == [ ] 1ey
e
1 −== . Ans. 

Q.No.19.:Evaluate 
22

a

y

a

0
yx

xdxdy

+
∫∫  by changing the orderof integration. 

Sol.: 
22

a

y

a

0
yx

xdxdy
I

+
= ∫∫ dydx

yx

x
22

a

y

a

0














+
= ∫∫ . 

Here x = y,   x = a    and y = a,  y = 0. 

As strip AB moves from 0 to x. 

And ‘x’ changes from 0 to a 

dx
yx

dy
xI

22

x

0

a

0 











+
=∴ ∫∫ dx

x

y
tan

x

1
x

1
x

0

a

0 










= ∫∫ dx

x

y
tan

x

1
x

x

0

1
a

0









×= ∫  

dx0tan
x

x
tan 11

a

0









−=

−

∫ dx
4

dx
4

a

0

a

0

∫∫
π

=
π

= [ ] a
4

x
4

a
0

π
=

π
= . Ans. 

Q.No.20.: Evaluate 
( )

a
2

1

yaxxa

ydxdy

2

y

a/y

a

0 2

π=

−−
∫∫ by changing the orderof integration. 

Sol.: The required area of integration is OABC. In the problem we have to first integrate 

first w. r. t. a horizontal strip PQ w. r. t. x on the parabola axy2
− and line y = x. The 

required region g integration is OABC. 
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 To solve this problem, we have to change the order g integration i. e. we first 

integrate w. r. t. y along vertical strip 'Q'P  and then split the area OABPO from that area. 

Thus for region OABCO, the limit of integration w. r. t. y = 0, axy =  and y = 0 and y 

= x and then for x it is for x = 0 to x = a. 

Thus the required area. 

( ) 2

y

a/y

a

0 yaxxa

ydxdy
A

2 −−

= ∫∫
( ) ( ) 2

x

0

a

0
2

ax

0

a

0 yaxxa

ydydx

yaxxa

ydydx

−−

−

−−

= ∫∫∫∫  

dx
xa

yax
dx

xa

yax
x

0

2a

0

ax

0

2a

0














−

−−
−















−

−−
= ∫∫  

dx
xa

ax

xa

yax
dx

xa

ax

xa

yax 2a

0

2a

0














−
+

−

−−
−















−
+

−

−−
= ∫∫  

dx
xa

yax

xa

ax

xa

ax
2a

0
−

−−
+

−
−

−
= ∫ dx

xa

xa
x

a

0
−

−
= ∫ dx

xa

x
a

0
−

= ∫  

We have the property of definite integral. 

( ) dx)xa(fdxxf

a

0

a

0

−= ∫∫  

dx
xa

x

x

xa
A2

a

0











−
+

−
= ∫ dx

xax

xxa
a

0










−

+−
= ∫ dx

xax

a
a

0










−
= ∫ . 

Put θ=
2sinax ,   θθθ=∴ dcossina2dx . 

θ
θθ

θθ×
= ∫

π

d
cossina

cossina2a
A2

2/

0

θ= ∫
π

ad2

2/

0

 

a
2

adA

2/

0

π
=θ=⇒ ∫

π

, which is the required proof. 

Q.No.21.: Show by an example that the interchange the order of integration will not  

                 always give the same result. 

Sol.: Consider the following two integrals 
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(i) 
( )

1 1

3

0 0

x y
dxdy

x y

−

+
∫ ∫   (ii)  

( )

1 1

3

0 0

x y
dydx

x y

−

+
∫ ∫  

Let us evaluate (i): 

( ) ( ) ( ) ( )

1 1 1 1

3 3 2 3

0 0 0 0

x y x y 2y 1 2y
dx dx dx dx

x y x y x y x y

− + −
= = −

+ + + +
∫ ∫ ∫ ∫  

( ) ( ) ( )
2 2

y 1 1

1 y1 y 1 y
= − =

++ +
. 

Using the above result in (i), we get
( )

y 11

2

0 y 0

1 1 1
dy

1 y 21 y

=

=

 
= = − 

++  
∫  

So 
( )

1 1

3

0 0

x y 1
dxdy

2x y

−
= −

+
∫ ∫ .                                                                     (A) 

In similar manner, evaluating (ii), we get 
( )

1 1

3

0 0

x y 1
dydx

2x y

−
=

+
∫ ∫               (B) 

From (A) and (B) we see that the interchange of the order of integration will not always 

give the same result. 

Q.No.22.: Change the order of the integration and then evaluate:

22ay y2a

0 0

dxdy

−

∫ ∫ . 

Sol.:The given integral is  

22ay y2a

0 0

dx dy

− 
 
 
 

∫ ∫
 

2 2

2 2

a a a x

0 a a x

dy dx

+ −

− −

 
 =
 
 

∫ ∫ [ ]
2 2

2 2

a
a a x

a a x

0

y
+ −

− −
= ∫

a

2 2

0

2 a x dx= −∫  

Put x a sin= θ dx a cos d⇒ = θ θ . 

Also, when x = 0, 0θ =  and when x = a, then a a sin
2

π
= θ⇒ θ = . 

Thus 

a

2 2

0

2 a x dx− =∫
/2

2 2 2

0

2 a cos d 2a
4

π
π

θ θ = ×∫ =
2a

2

π
. Ans. 

Q.No.23.: Change the order of the integration and then evaluate: 
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2 2a a x

2 2 2

0 0

a x y dydx

−

− −∫ ∫  

Sol.: The given integral is  

2 2a a x

2 2 2

0 0

a x y dy dx

− 
 − −
 
 

∫ ∫

2 2a ya

2 2 2

0 a

a x y dx dy

− 
 = − −
 
 

∫ ∫  

2 2a y
2

a 2 2

2 2 2 1

2 2
0

0

a yx x
a x y sin dy

2 2 a y

−

−

    −    = − − +
    −    

∫  

a 2 2

0

a y
dy

2 2

 π −
=  

 
∫

a 3
2

0

y
a y dy

4 3

 π
= − 

 
∫  

3 3
3 a 2a

a
4 3 4 3

   π π
= − =   

   
= 

3a

6

π
.Ans. 

Q.No.24.: Change the order of the integration and then evaluate:

2

2

4 2y2

0 4 2y

ydxdy

−

− −

∫ ∫ . 

Sol.:The given integral is  

2

2

4 2y2

0 4 2y

ydx dy

−

− −

 
 
 
 

∫ ∫

2x
2

2 2

2 0

ydy dx

−
+

−

 
 

=  
  
 

∫ ∫

x2
22 2 2

2 0

y
dx

2

−+

−

 
=  

 
∫  

2 2

2

1 x
2 dx

2 2

+

−

 
= × − 

 
∫

22 2 3

2 2

x x
1 dx x

4 12

++

− −

 
= − = − 

 
∫  

8 8
2 ( 2)

12 12

  
= − − − − −  

  

8 4 8
4 2 4

12 3 3

 
= − × = − = 

 
. Ans. 

Q.No.25.: Change the order of the integration and then evaluate:
2

2a ya

0 y /a

xydxdy

−

∫ ∫  

Sol.:The given integral is  
2

2a ya

0 y /a

xydxdy

−

∫ ∫  
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Here 
2

2y
x y ax

a
= ⇒ = and x 2a y x y 2a= − ⇒ + = . 

Initially strip is parallel to x-axis 

For change of order consider a take strip which is parallel to y-axis. 

So we have the following regions for integration 

For I1 y varies from 0 to ax  

 x varies from 0 to a 

For I2 y varies from 0 to 2a x−  

 x varies from a to 2a 

2

2a ya a ax 2a 2a x

0 a 0 a 0y /a

xydxdy xydy dx xydy dx

− −   
∴ = +       
∫ ∫ ∫ ∫ ∫ ∫  

ax 2a xa 2a2 2

0 00 0

xy xy
dx dx

2 2

−

= +∫ ∫
( )

2a 2a2

0 a

x 2a xax
dx dx

2 2

−
= +∫ ∫  

6 2a3 2 3 2

a0

ax 4a x x 4ax
dx

6 2

 + −
= +  

 
∫

2a
4 2 2 4 3

a

a 4a x x 4ax

6 4 8 6
= + + +

4
4 4 4a 15 14

3a a a
6 8 3

 
= + + −  

4
4 419 28a 15

a a
6 6 8

= − +

4 4 412a 15a 3a

8 8 8
= − + = . Ans. 

Q.No.26.: Change the order of the integration and then evaluate:
3

4 2y2

2

0 y

y dxdy∫ ∫  

Sol.:The given integral is  
3

4 2y2

2

0 y

y dxdy∫ ∫
 

In the given problem, firstly, integration is done w.r.t. x and the w.r.t. y  

Now let us take strip parallel to y-axis i.e. PQ 

Now, PQ slides from 
2

1/3x
x

32
→  

Now
3

4 2y2

2

0 y

y dx dy
 
  =
 
 

∫ ∫
1/3

2

8 x

2

0 x /32

y dy dx
 
 
 
 

∫ ∫

1/3

2

x8 3

0 x /32

y
dx

3

 
=  

 
∫  

8 6

3

0

1 x
x dx

3 (32)

 
= − 

 
∫

8
2 7

3

0

1 x x

3 2 7.(32)

 
= − 

 

7

3

1 8
32

3 7(32)

 
= − 

 
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32 2 32 5 160
1

3 7 3 7 21

 
= − = × = 

 
. Ans. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

Change of variables: 

 The evaluation of the triple integrals is greatly simplified by a 

suitable change of variables. By changing the variables, a given integral 

can be transformed into a simpler integral involving the new variables. 

For triple integrals: 

 Let the variables x, y, z in the triple integral  

( )
R

f x,  y, z dxdydz∫∫∫                                                      (i) 

be changed to the new variables u, v, w by the transformation 

( )x u,  v, w= φ ,  ( )y u,  v, w= ψ , ( )z u,  v, w= ϕ , 

where ( )u,  v, wφ , ( )u,  v, wψ , ( )u,  v, wϕ  are continuous and have continuous first 

order derivatives in some region uvwR′  which corresponds to the region xyzR . 

The formula corresponds to (i) is  

( )dxdydzz y, ,xf

zy  xR

∫∫∫ ( ) ( ) ( )[ ] dudvdwJ w v,,uz, w v,,uy, w v,,uxf

 w vuR

∫∫∫
′

= , 

3rd Topic 

Integral Calculus 

Triple Integrals 

 [Change of variables] 
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Triple Integrals: Change of Variables    

 

where
( )
( )

u

z
u

y
u

x

 w v,u,

z y, ,x
J

∂∂

∂
∂

∂

∂

∂
∂

∂

∂

∂

=
∂

∂
=

is the Jacobian of transformation from (x, y, z) to (u, v, w) co

 

Particular cases: 

(I) CONVERSION OF RECTANGULAR

To change rectangular co

, we have put   θ= cossinrx

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

∂

∂

θ∂

∂

∂

∂
∂

∂

θ∂

∂

∂

∂
∂

∂

θ∂

∂

∂

∂

=

z

r

z

y

r

y

x

r

x

Change of Variables     
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( )0  

w

z

v

z
w

y

v

y
w

x

v

x

≠

∂

∂

∂

∂
∂

∂

∂

∂
∂

∂

∂

∂

 

of transformation from (x, y, z) to (u, v, w) co-ordinates. 

RECTANGULAR TO SPHERICAL SYSTEM

 

Spherical Coordinates 

change rectangular co-ordinates (x, y, z) to spherical polar co-ordinates

φcos , φθ= sinsinry , θ= cosrz  and 

φ∂

∂
φ∂

∂
φ∂

∂

z

y

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= = r

https://www.sites.google.com/site/hub2education/ 
2

SYSTEM 

ordinates ( )φθ  , ,r

θsin2 . 
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Then ( )dxdydzz y, ,xf

z y, ,xR

∫∫∫ =

(II) CONVERSION OF 

Cylindrical coordinates.

To change rectangular co

we have put φρ= cosx , =y

( )
( )z , ,

z y, ,x
J

φρ∂

∂
=

z

zzz
z

yyy
z

xxx

∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂

=

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ =

Now let us solve some problems:

Q.No.1.: Evaluate the following 

               

( ) ( )yx1

0

x1

0

1

0

222

∫∫∫
−−−

Change of Variables     
Visit: https://www.sites.google.com/site/hub2education/

( ) θθφθφθ= ∫∫∫
φθ′

drdsinr.rcos ,sinsinr ,cossinrf 2

R   r

) CONVERSION OF RECTANGULAR TO CYLINDRICALSYSTEM

 

Cylindrical coordinates. 

To change rectangular co-ordinates (x, y, z) to cylindrical co-ordinates 

φρ= sin , z = z and 

100

0cossin

0sincos

z

z
z

y
z

x

φρφ

φρ−φ

= ( ) ρ=φ+φρ= 22
sincos

( ) dzdd.z ,sin ,cosf

z  R

φρρφρφρ= ∫∫∫
θρ′

. 

Now let us solve some problems: 

Evaluate the following integral by changing to spherical polar co-ordinates:

( )222 zyx1

dzdy  dx

−−−
. 

or 

https://www.sites.google.com/site/hub2education/ 
3

φθddrd . 

SYSTEM 

ordinates ( )z , , φρ ,  

. 

ordinates: 
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4

                         Evaluate 

( ) ( )

( )222

yx1

0

x1

0

1

0 zyx1

dzdy  dx
222

−−−
∫∫∫

−−−

,  

                         the integral being extended to the positive octant of the sphere  

                        1zyx 222 =++ . 

Sol.:  We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2 . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

Also 
2222 r1zyx1 −=−−− . 

( ) ( )

( )222

yx1

0

x1

0

1

0 zyx1

dzdy  dx
I

222

−−−
=∴ ∫∫∫

−−−

φθ
−

θ
= ∫∫∫

ππ

ddrd
r1

sinr

2

21

0

2/

0

2/

0

 

φ













θθ













−
= ∫∫∫

ππ

ddsindr
r1

r

2

21

0

2/

0

2/

0

 

Now evaluate tdtcos
tsin1

tsin

r1

drr

2

22/

0
2

21

0 −
=

−
∫∫

π

422

1
tdtsin2

2/

0

π
=

π
×== ∫

π

. 

Here we put tsinr = ,   tdtcosdr =∴ . And as 0 t,0r →→  and  
2

 t,1r
π

→→  

∴ φ











θθ

π
= ∫∫

ππ

ddsin
4

I

2/

0

2/

0

[ ] φφ−
π

=
π

π

∫ dcos
4

2/

0

2/

0

φ







−

ππ
−= ∫

π

d0cos
2

cos
4

2/

0
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824
d

4

22/

0

π
=

π
×

π
=φ

π
= ∫

π

. Ans. 

Q.No.2.: Evaluate the following integral by changing to spherical polar co-ordinates: 

( )2222
000 zyx1

dxdydz

+++
∫∫∫
∞∞∞

. 

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2 . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

To cover the whole region, r varies from 0 to ∞ , θ   varies from 0  to  
2

π
, φ   varies from 

0  to  
2

π
. 

Also 
2222

zyxr ++=   . 

Hence 

( )2222
000 zyx1

dxdydz
I

+++
= ∫∫∫

∞∞∞

( )
φθθ

+
= ∫∫∫

∞ππ

ddrdsinr

r1

1 2

22
0

2/

0

2/

0

 

( )
φ














θθ















+
= ∫∫∫

∞ππ

ddsindr

r1

r
22

2

0

2/

0

2/

0

 

( )
( ) ( )

φ













θθ





























+
−

+

+
= ∫∫∫

∞ππ

ddsindr

r1

1

r1

r1
2222

2

0

2/

0

2/

0

                (i)   
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Now first evaluate 
( )

( ) ( )
dr

r1

1

r1

r1
2222

2

0














+
−

+

+
∫
∞

( )
dr

r1

1
dr

r1

1
22

0
2

0 +
−

+
= ∫∫

∞∞

 

Let θ= tanr θθ=⇒ dsecdr 2 . Now here θ  varies from 0 to 
2

π
. 

[ ] θ
θ

θ
−= ∫

π
∞− d

sec

sec
rtan

4

22/

0

0
1 θθ−

π
= ∫

π

dcos
2

2
2/

0
42

.
2

1

2

π
=

π
−

π
= . 

Now putting the value in (i), we get 

φ













θθ

π
= ∫∫

ππ

ddsin
4

2/

0

2/

0

[ ] ( )φ
π

=φθ−
π

= ∫∫
π

π
π

d.1
4

dcos
4

2/

0

2/
0

2/

0
824

2π
=

π
×

π
= . 

Q.No.3.: Evaluate ( ) dxdydzczbyax
2++∫∫∫ , throughout the sphere 1zyx

222 =++ ,  

               using spherical polar co-ordinates. 

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2 . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

( )dxdydzczby2czax2zcabxy2ybxaI 222222
1

00

2

0

+++++= ∫∫∫
ππ

 

θ+θφθ+φθ+φθ= ∫∫∫
ππ

2222222222222
1

00

2

0

cosrcsincossinabr2sinsinrbcossinra(  

φθθφθθ+φθθ+ ddrdsinr)coscossinbcr2coscossincar2
222
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θ+θθ+φθ+φθ= ∫∫∫
ππ

2222222222222
1

00

2

0

cosrc2sinsinabrsinsinrbcossinra(  

φθθφθ+θφ+ ddrdsinr)sin2sinbcrsinsincar
222

 

sincosc2sinsinabsinsinbcossina(
5

1 222232232

0

2

0

θ+θθ+φθ+φθ= ∫∫
ππ

 

φθθφθ+θφ+ dd)sinsin2sinbc2sincosac  

)2sinsinccossinab2sinsinbcosa(9sin
5

1 2

0

232223

0

2

0

θθ+φφ+φθ+φθ= ∫∫∫
πππ

 

φθθθ+φ+φ+ ∫
π

dd)sincosc)sinbcosa( 22

0

 

( ) ( ) θ





φ+φθθ+φφ+φ

θ−θ
= ∫∫∫

πππ

dsinbcosacossinc2dsinbcosa
4

3sinsin3

5

1 2

0

2

0

2

0

 

( ) φ





θθ−θ+ ∫

π

ddsinsinc 32

0

 

( ) ( ) ( )






θ−θ+




















 θ
+φ−φ+φ= ∫∫

ππ
π

π
3

00
0

2
2

0

coscosc2
3

3cos
cos3sinbcosa

4

1

5

1
 

( ) φ





θθ+θ−θ+θφ+φ ∫

π

dd3sinsin3sin4
4

c
dsinbcosa

0

2

 

( ) ( ) ( ) 







++












θ+







 θ
φ+φ−φ+φ= π

ππ

∫ 3

2
2

4

c
sin3

3

3sin
sinbcosa

2

c
sinbcosa

3

4

5

1 2

0
9

2
2

0

 

( ) 22
2

0

c
3

2
sinbcosa2

5

1
+φ+φ= ∫

π

 

( ) φ+φφ+φ+φ= ∫
π

dcsincosab4sinb2cosa2
15

2 22222
2

0

 

φ







+φ+







 φ−
+






 φ+
= ∫

π

dc2sinab2
2

2sin1
b2

2

2cos1
a2

15

2 222
2

0
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( ) ( )

( )






















φ+






 φ
−




















 φ
−φ+




















 φ
+φ

=

π
π

π
π

π
π

2
0

2
2

0

2

0

2
0

22

0

2
0

2

c
2

2cos
ab2                 

2

2sin

2

b
.2

2

2sin

2

a
.2

15

2
 

( )[ ]π+−−π+π= 2c11ab2b2a
15

2 222 ( )222 cba
15

4
++π= . Ans. 

Q.No. 4.: Find the value of dxdydzx
2

∫∫∫ , taking throughout the ellipsoid    

               
1

c

z

b

y

a

x
2

2

2

2

2

2

=++ using spherical polar co-ordinates.. 

Sol.: Let 
2 2 2

2 2 2

2

x y z
1

a b c

A x dxdydz

+ + ≤

= ∫∫∫  

Putting u
a

x
= ,   v

b

y
=     and     w

c

z
= . 

adudx =∴ ,      bdvdy =   and   cdwdz =  

2 2 2

2 2

u v w 1

A a u adu.bdv.cdw
+ + ≤

= ∫∫∫
2 2 2

3 2

u v w 1

a bc u du.dv.dw
+ + ≤

= ∫∫∫ = ( )dudvdw w v,,uf

vwuR

∫∫∫ . 

Now we have to solve this problem by changing rectangular co-ordinates (u, v, w) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (u, v, w) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinru , φθ= sinsinrv , θ= cosrw  and 

( )
( ) , , ,r

 w v,,u
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

ww

r

w

vv

r

v

uu

r

u

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2 . 

Then ( )dudvdw w v,,uf

vwuR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

2 1

3 2 2 2 2

0 0 0

A a bc r sin cos r sin dr d d

π π  
∴ = θ φ θ θ φ  

   
∫ ∫ ∫  
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φφ













θθ














= ∫∫∫

ππ

dcosdsin.drrbca 234
1

00

2

0

3 φφ
















θθ














= ∫∫

ππ

dcosdsin.
5

r
bca 23

1

0

5

0

2

0

3  

φφ











θθ= ∫∫

ππ

dcosdsin
5

bca 23

0

2

0

3

φφ











θ

θ−θ
= ∫∫

ππ

d.cosd
4

3sinsin3

5

bca 2

0

2

0

3

 

( )
23

2

0
00

a bc cos3
3 cos cos .d

20 3

ππ
π − θ 

= − θ − φ φ  
   

∫ ( ) φφ














 +
−+= ∫

π

d.cos
3

11
113

20

bca 2
2

0

3

 

φφ







−= ∫

π

d.cos
3

2
6

20

bca 2
2

0

3

φ
φ+

×= ∫
π

d
2

2cos1

3

16

20

bca
2

0

3

 

( )


















 φ
+φ××=

π2

0

2
0

3

2

2sin

2

1

3

16

20

bca

15

bca4
2

2

1

3

16

20

bca 33 π
=π×××= Ans. 

Q.No.5.: Evaluate dxdydz
zyx

1
222 ++

∫∫∫ throughout the volume of the sphere  

               
2222

azyx =++ using spherical polar co-ordinates.. 

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2 . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

φθ
θ

=∴ ∫∫∫
ππ

ddrd
r

sinr
8I

2

2a

0

2/

0

2/

0

φ













θ













 θ
= ∫∫∫

ππ

dddr
r

sinr
8

2

2a

0

2/

0

2/

0

 

φφ
−

= ∫
π

d.cos
3

218

20

bca 2
2

0

3
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[ ] φθθ= ∫∫
ππ

ddsinr8
a
0

2/

0

2/

0

φ











θθ= ∫∫

ππ

ddsinr8

2/

0

2/

0

a4
2

a8d8

2/

0

π=
π

×=φ= ∫
π

. Ans. 

 

Q.No.6.: Evaluate xyzdxdydz∫∫∫  throughout the positive octant of the sphere  

               
2222

azyx =++ using spherical polar co-ordinates. 

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2 . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

xyzdxdydz∫∫∫∴ φφφ













θθθ














= ∫∫∫

ππ

dsincosdcossindrr 35
a

0

2/

0

2/

0

 

φφφ













θθθ= ∫∫

ππ

dsincosdcossin
6

a 3
62/

0

2/

0

φφφ= ∫
π

dsincos
24

a62/

0

 

φφφ= ∫
π

dsincos
24

a
2/

0

6

φφ= ∫
π

d2sin
48

a
2/

0

6 2/

0

6

2

2cos

48

a
π

φ−
=  

48

a

2

1

2

1

48

a 66

=







+−+= . Ans. 

Q.No.7.: Evaluate the following integral by changing to spherical polar co-ordinates: 

                

( )

( ) ( )222

1

yx

x1

0

1

0 zyx

dzdydx

22

2

++
∫∫∫
+

−

. 
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Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

spherical polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and in this 

case 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

=
θ= sinr2 . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

Now
2222

rzy x =++ . 

The region of integration is common to the cone 
222

yxz +=  and the cylinder 

1yx
22 =+ , bounded by the plane z = 1 in the positive octant.  

Since z = 1 in the positive octant θ=⇒=θ⇒ secr1cosr .  

Hence, r varies from 0 to θsec , θ varies from 0 to 
4

π
, and φ varies from 0 to 

2

π
. 

∴The given integral becomes  

φθθ∫∫∫
θππ

ddrdsinr.
r

1 2
sec

0

4/

0

2/

0

φ













θθ=

θππ

∫∫ ddsin
2

r
sec

0

24/

0

2/

0

φ











θθ

θ
= ∫∫

ππ

ddsin
2

sec24/

0

2/

0

 

φ













θθθ= ∫∫

ππ

ddtan.sec
2

1
4/

0

2/

0

[ ]( )
/2

/4

0

0

1
sec d

2

π
π

= θ φ∫  

( ) ( )/2

0

2 1 2 1
d

2 4

π− − π
= φ =∫ . Ans. 
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(II) CONVERSION OF RECTANGULAR TO CYLINDRICALSYSTEM 

Q.No.8.: Evaluate the following integral by changing to cylindrical co-ordinates: 

              
dxdydzz

2
∫∫∫ , taken over the volume bounded by the surfaces 

222
ayx =+ ,  

              zyx
22 =+ and z = 0. 

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

cylindrical co-ordinates ( )z , , φρ . 

As we know, when we change rectangular co-ordinates (x, y, z) to cylindrical co-

ordinates ( )z , , φρ ,  

we have put   φρ= cosx , φρ= siny , z = z and 

( )
( )z , ,

z y, ,x
J

φρ∂

∂
=

100

0cossin

0sincos

z

zzz
z

yyy
z

xxx

φρφ

φρ−φ

=

∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂

=
( ) ρ=φ+φρ= 22

sincos . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) dzdd.z ,sin ,cosf

z  R

φρρφρφρ= ∫∫∫
θρ′

. 

22
a=ρ∴ ,  z

2 =ρ  and z = 0 

So hereρ varies from 0 to a, z varies from 0 to 
2ρ and φ varies from 0 to 2π . 

dxdydzzI
2

∫∫∫=∴ dzddz2

0

a

0

2

0

2

φρρ= ∫∫∫
ρπ

φ













ρρ













= ∫∫∫
ρπ

dddzz2

0

a

0

2

0

2

 

φ













ρρ








=

ρπ

∫∫ dd
3

z
2

0

3a

0

2

0

 

φ











ρ

ρ
= ∫∫

π

dd
3

7a

0

2

0
12

a
d

24

a
d

24

882

0

a

0

82

0

π
=φ=φ







ρ
= ∫∫

ππ

. Ans. 

Q.No.9.: By  transforming into cylindrical coordinates evaluate the integral 

             
( )dxdydzzyx

222 ++∫∫∫ taken over the region 1yxz0
22 ≤+≤≤ .                        
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Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

cylindrical co-ordinates ( )z , , φρ . 

As we know, when we change rectangular co-ordinates (x, y, z) to cylindrical co-

ordinates ( )z , , φρ , we have put   φρ= cosx , φρ= siny , z = z and 

( )
( )z , ,

z y, ,x
J

φρ∂

∂
=

100

0cossin

0sincos

z

zzz
z

yyy
z

xxx

φρφ

φρ−φ

=

∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂

= ( ) ρ=φ+φρ= 22
sincos . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) dzdd.z ,sin ,cosf

z  R

φρρφρφρ= ∫∫∫
θρ′

. 

( )dxdydzzyx 222

R

1

0

++∫∫∫ = ( ) dzrdrdzsinrcosr 22222
1

0

2

0

1

0

θ+θ+θ∫∫∫
π

 

where R: circular region bounded by the circle of radius one and centre at origin:

1yx
22 =+ , so that r varies from 0 to 1 and θ  varies from 0 to π2 . 

Thus ( ) dzrdrdzsinrcosr 22222
1

0

2

0

1

0

θ+θ+θ∫∫∫
π

( ) dzdrdrzr 23
1

0

2

0

1

0

θ+= ∫∫∫
π

 

dzdz
2

r

4

r
1

0

2
242

0

1

0

θ













+= ∫∫

π

dzdz
2

1

4

1 2
2

0

1

0

θ







+= ∫∫

π

dzz
2

1

4

1
.2 2
1

0









+π= ∫  

1

0

3

3

z

2

1

4

z
.2














+π=

6

5

6

1

4

1
.2

π
=








+π= Ans. 

Q.No.10.: By  transforming into cylindrical coordinates evaluate the integral 

                

( )2 2

v

x y dxdydz+∫∫∫ taken over the region V bounded by the paraboloid 

                 
2 2z 9 x y= − − and the plane z = 0. 

Sol.: We have to solve this problem by changing rectangular co-ordinates (x, y, z) to 

cylindrical co-ordinates ( )z , , φρ . 
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As we know, when we change rectangular co-ordinates (x, y, z) to cylindrical co-

ordinates ( )z , , φρ , we have put   φρ= cosx , φρ= siny , z = z and 

( )
( )z , ,

z y, ,x
J

φρ∂

∂
=

100

0cossin

0sincos

z

zzz
z

yyy
z

xxx

φρφ

φρ−φ

=

∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂

= ( ) ρ=φ+φρ= 22
sincos . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) dzdd.z ,sin ,cosf

z  R

φρρφρφρ= ∫∫∫
θρ′

. 

Now ( )2I dzd d= ρ ρ ρ φ∫∫∫  

Now 2 2z 9 x y= − − ,   2z 9= − ρ    and  z = 0 

At z = 0,  2 9 3ρ = ⇒ ρ =  

( )
292 3

2

0 0 0

I dzd d

−ρπ

∴ = ρ ρ ρ φ∫ ∫ ∫  

[ ]
2

2 3
9 3

0

0 0

z . .d .d

π
−ρ

= ρ ρ φ∫ ∫ ( )
2 3

2 3

0 0

9 . .d d

π  
= − ρ ρ ρ φ 

 
∫ ∫ ( )

2 3

3 5

0 0

9 d .d

π  
= ρ − ρ ρ φ 

 
∫ ∫

32 4 6

0 0

9
d

4 6

π  ρ ρ
= − φ 

 
∫

2

0

9(81) 81 9
d

4 6

π
× 

= − φ  
∫

243 243
2

4 2

π
= × π = . Ans. 

 

(III) CONVERSION OF RECTANGULAR TO ANY OTHERSYSTEM 

Q.No.10.: Using the transformation u = x + y + z , uv = y + z, uvw = z, evaluate the 

integral [ ]
1/2

xyz(1 x y z) dxdydz− − −∫∫∫  taken over the tetrahedral volume 

enclosed by the planes x = 0,   y = 0,  z = 0  and  x + y + z = 1.                        

Sol.: Here we use the transformation  

u = x + y + z                                                                   (i) 

uv = y + z                                                                       (ii) 

uvw = z                                                                           (iii) 

Solving (i), (ii) and (iii), we get 

x u(1 v)= −  
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y uv(1 w)= −  

z = uvw  and Jacobian = J = u
2
v 

According to the problem u, v and w vary from 0 to 1 each. 

So triple integral becomes: 

[ ]
1/2

xyz(1 x y z) dxdydz− − −∫∫∫ [ ]
1 1 1

1/2 2

0 0 0

u(1 v).uv(1 w).uvw(1 u) .u vdudvdw= − − −∫ ∫ ∫  

Integrating w.r.t. u, we get 

[ ]
1 1 1

1/21/2 3 2

0 0 0

I (1 v)v(1 w)(vw) .v u (1 u) u du dvdw
 

 = − − −  
 

∫ ∫ ∫  

1 1 1
1/2

4 7 1/2

0 0 0

v (1 v)w(1 w) dv.dw [u (1 u)] du ⇒ − − × − ∫ ∫ ∫ (iv) 

Let   2u sin= θ du 2sin d⇒ = θ θ  

So 

1 /2
1/2

7 7

0 0

u (1 u) du (sin cos )2sin cos d

π

 − = θ θ θ θ θ ∫ ∫  

/2

8 2

0

2.sin cos d

π

= θ θ θ∫ ( )
/2

8 10

0

2 sin sin d

π

= θ − θ θ∫  

7 5 3 1 9 7 5 3 1 7
2. . .

8 6 4 2 2 10 8 6 4 2 2 256

× × × π × × × × π π 
= − = × × × × × × × 

. 

Putting this in (iv), we get 

1 1
1/2

1/2 4

0 0

7
[w(1 w)] dw v (1 v) dv

256

π
 − × − ∫ ∫                                            (v) 

Let 2v sin= θ dv 2sin cos d⇒ = θ θ θ  

1 /2

4 1/2 5 2

0 0

[v (1 v)] dv 2 sin cos d

π

∴ − = θ θ θ∫ ∫  

( )
/2

5 7

0

2 sin sin d

π

= θ − θ θ∫
4 2 6 4 2 16

5 3 1 5 7 3 1 105

× × × 
= − = × × × × × 

. 

Putting this in (v), we get 

1

1/2

0

7 16
I [w(1 w)] dw

256 105

π
= × −∫  
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Let 2w sin= θ dw 2sin cos d⇒ = θ θ θ  

/2

2 2

0

7 16
I .2sin cos d

256 105

π
π

= × θ θ∫ ( )
/2

2 4

0

7 16
2 sin sin d

256 105

π
π

= × × θ − θ θ∫  

7 16 1 3 1
2 .

256 105 2 2 4 2 2

π π × π 
= × × − × 

27 16

256 105 8 1920

π π π
= × × =  

Hence  [ ]
2

1/2
xyz(1 x y z) dxdydz

1920

π
− − − =∫∫∫ . Ans. 

Q.No.11.: Using the transformation u = x + y + z , uv = y + z, uvw = z, evaluate the 

integral 2(x y z) xyz dxdydz+ +∫∫∫  taken over the tetrahedral volume 

enclosed by the planes x = 0,  y = 0,  z = 0   and  x + y + z = 1.                        

Sol.: Here we use the transformation  

u = x + y + z                                                                   (i) 

uv = y + z                                                                       (ii) 

uvw = z                                                                           (iii) 

Solving (i), (ii) and (iii), we get 

x u(1 v)= −  

y uv(1 w)= −  

z = uvw  and Jacobian = J = u
2
v 

According to the problem u, v and w vary from 0 to 1 each. 

So triple integral becomes: 

1 1 1

2 3 2 2

0 0 0

(u) u v w(1 v)(1 w).u vdudvdw− −∫ ∫ ∫
1 1 1

7 3

0 0 0

u v w(1 v)(1 w)dudvdw= − −∫ ∫ ∫  

( )
1 1 1

7 3 4 2

0 0 0

u v v (w w )dudvdw= − −∫ ∫ ∫
1 1 1

2 2 4 2

0 0 0

u du (v v )dy (w w )dw
  

= − −   
  

∫ ∫ ∫  

11 1 8
3 4 2

0 0 0

u
(v v )dv (w w )dw

8

  
 = − −    

∫ ∫ ( )
1 1

3 4 2

0 0

1
v v dv (w w )dw

8

 
= − − 

 
∫ ∫  

11 4 5
2

0 0

1 v v
(w w )dw

8 4 5

 
= − − 

 
∫

1

2

0

1 1 1
(w w )dw

8 4 5

 
= − − 

 
∫

1

2

0

1 5 4
(w w )dw

8 20

− 
= − − 

 
∫  
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( )
1

2

0

1
w w dw

160
= −∫

1
2 3

0

1 w w 1 1 1 1 1 1

160 2 3 160 2 3 168 6 960

   
= − = − = × =     

. Ans. 

Q.No.12.:Using the transformation u = x + y + z , uv = y + z, uvw = z, evaluate the 

integral ( )3
x y z

e dxdydz
+ +

∫∫∫   taken over the tetrahedral volume enclosed by the 

planes x = 0,     y = 0,   z = 0    and  x + y + z = 1.                        

Sol.: Here we use the transformation  

u = x + y + z                                                                   (i) 

uv = y + z                                                                       (ii) 

uvw = z                                                                           (iii) 

Solving (i), (ii) and (iii), we get 

x u(1 v)= −  

y uv(1 w)= −  

z = uvw  and Jacobian = J = u
2
v 

According to the problem u, v and w vary from 0 to 1 each. 

So triple integral becomes: 

( )3
x y z

e dxdydz
+ +

∫∫∫
3[u(1 v) 4v(1 w) 4vw] 2

e u vdudvdw
− + − += ∫∫∫  

3
1 1 1

u 2

0 0 0

e u vdudvdw= ∫ ∫ ∫
3

1 1 1

u 2

0 0 0

e u vdv dw dv
   

=   
   

∫ ∫ ∫
3

1

u 2

0

1
e u du

2
= ∫  

Put u
3
 = t 2 3 dt

3u du dt u du
3

⇒ = ⇒ = . 

When u = 0,  t = 0,   u = 1,   t = 1 

Then integral becomes 

( )3
x y z

e dxdydz
+ +

∫∫∫
1

t t 1

0

0

1 1
e dt [e ]

6 6
= =∫ 1 01 e 1

e e
6 6

−
 = − =  . Ans. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Evaluation of Double Integrals in Polar co-ordinates: 

 To evaluate ( ) θθ∫∫
θ

θ

drd ,rf
2

1

2

1

r

r

, we first integrate w.r.t. r between limits 1rr =  and 

2rr =  keeping θ fixed and the resulting expression is integrated w.r.t. θ from 21    to θθ . 

In this integral 21 r,r are functions of θ and 21  , θθ  are constants. Figure illustrated the 

process geometrically. 

Here AB and CD are the curves ( )θ= 11 fr  and ( )θ= 22 fr bounded by the lines 1  θ=θ and 

2  θ=θ . PQ is a wedge of angular thickness δθ . 

 

 

 

 

 P 

Q 

A 

C 

B 

D 

O 
x-axis 

y-axis 
r 

θ  

1θ  

2θ  

θ  

δθ  
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2

Then ( )dr ,rf
2

1

r

r

θ∫  indicates that the integration is along PQ from P to Q while the 

integration w. r. t. θ corresponds to the turning of PQ from AC to BD. 

 Thus the whole region of integrating is the area ACDB. The order of integration 

may changed with appropriate changes in the limits. 

 

Q.No.1.: Calculate θ∫∫ drdr3  over the area included between the circles θ= sin2r and                

                θ= sin4r . 

Sol.: Given circles are θ= sin2r   and    θ= sin4r , as shown in the figure. 

 

 

 

 

 

 

 

 

 

The area between these circles is the region of integration. 

If we integrate first w. r. t. r, then its limits are from ( )θ= sin2rP  to ( )θ= sin4rQ  and to 

cover the whole region θ varies from 0 to π . Thus the required integral is  

θ











=θ














=

θ

θ

πθ

θ

π

∫∫∫ d
4

r
ddrrI

sin4

sin2

4

0

3
sin4

sin20

θθ×=θθ= ∫∫
ππ

dsin260dsin60 4
2/

0

4

0

 

    π=
π

×= 5.22
2

.
2.4

1.3
120 .Ans. 

Q.No.2.: Evaluate θθ∫∫ drdsinr over the cardioids ( )θ−= cos1ar  above the initial line. 

Sol.: The cardioids equation is ( )θ−= cos1ar  

The integral θθ∫∫ drdsinr  above initial line is  

θ= sin2r  

θ= sin4r  

0=θ  π=θ  
O 

P 

Q 
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3

θ













θ= ∫∫

θ−π

ddrsinrI

)cos1(a

00

θθ













= ∫∫

θ−π

dsinrdr

)cos1(a

00

θθ













=

θ−π

∫ dsin
2

r
)cos1(a

0

2

0

 

 

 

 

 

 

 

 

  
( )

θθ
θ−

= ∫
π

dsin
2

cos1a
22

0

θ
θθ








 θ

= ∫
π

d
2

cos
2

sin2
2

2
sin2a

.

2
22

0

θ
θθ

= ∫
π

d
2

cos
2

sina4 52

0

 

  θ
θθ

= ∫
π

d
2

cos
2

sina4 5

0

2 θ
θθ

= ∫
π

d
2

cos
2

sin2.a4 5
2/

0

2

3

a4
1

2.4.6

2.4
2.a4

2
2 =×= . Ans.  

Q.No.3.: Sketch the region of integration of 

( )

( ) θθ∫∫
ππ

rdrd ,rf

2/

a/rlog2

ae

a

4/

 and change the  

                 order of integration. 

Sol.: Given Integral is 

( )

( ) rdrd ,rfI

2/

a/rlog2

ae

a

4/














θθ= ∫∫

π
π

 

The region of integration is bounded by the curve  

a

r
log2=θ , 

2

π
=θ , and   ar =  ,   

4/aer π=  .         

Also when  r =a 1
a

r
=⇒ , then  0)1log(2

a

r
log2 ==








=θ . 

  and when 
4/aer π= 4/e

a

r π=⇒  and  
a

r
log2=θ 2/e

a

r θ=⇒   

Then 
4/2/ ee πθ =  

2

π
=θ⇒ . 

 

0=θ  π=θ  θ  
axis  

( )θ−= cos1ar  
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4

 

 

 

 

 

 

 

 

 

 

 

Thus we change the order of integration r varies from ar =  to 
2/aer θ=  and θ  varies 

from 0=θ  to 
2

π
=θ⇒ . 

Hence, on reversing the order of integration, we get 

I = ( ) θ













θ∫∫

θπ

drdr  ,rf

2/ae

a

2/

0

. Ans. 

Q.No.4.: Show that 
3

a2
drdsinr

3
2

R

=θθ∫∫ , where R is the semi-circle θ= cosa2r above    

                 the initial line. 

Sol.: The given semi-circle is θ= cosa2r . 

The shaded semicircle shown in the figure is the region of integration. If we integrate first 

w. r. t. r, then its limits are from r = 0 to θ= cosa2r  and to cover the whole area of the 

semicircle θ  varies from 0 to 
2

π
. 

Thus the integral is  

θθ











= ∫∫

θπ

dsindrrI 2
cosa2

0

2/

0

θθ



























=

θπ

∫ dsin
3

r
cosa2

0

32/

0

θ











θ

θ
= ∫

π

dsin
3

cosa8 332/

0

 

D 

Q 

C 
P 

A 

B 

O 
x-axis 

y-axis 
r 

θ  

1θ  

2θ  

θ  

δθ  

r = a 

2/aer θ=  

θ =0 

2

π
=θ
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5

    ( )θθ
−

= ∫
π

cosdcos
3

a8 3
2/

0

3
2/

0

43

4

cos

3

a8
π











 θ−
= [ ]10

4

1
.

3

a8 3

−
−

=  

     ( )
3

a2
1

3

a2 33

=−
−

= , which proves the result. 

Q.No.5.: Evaluate 
22 ra

rdrd

+

θ
∫∫ over one loop of the lemniscate θ= 2cosar 22

. 

Sol.: Symmetry: Curve is symmetric about the pole as even power of the r. 

Limits: No position of the curve lies between 
4

π
=θ  and  

4

3π
=θ . 

Region of integration is the area bounded by the curve. 

r = 0,   θ= 2cosar     and    
4

π−
=θ ,    

4

π
=θ  

Thus 
22

2cosa

0

4/

4/ ra

d dr r
I

+

θ
= ∫∫

θπ

π−

θ




























+
= ∫∫

θπ

π−

ddr
ra

 dr r2

2

1

22

2cosa

0

4/

4/

 

             
( )

θ










 +
=

θπ

π−

∫ d
1

ra.2
.

2

1
2cosa

0

224/

4/

( ) θ





+=
θπ

π−

∫ dra
2cosa

0

2/122
4/

4/

 

             ( ) θ





−θ+= ∫
π

π−

da2cosaa
2/122

4/

4/

( )[ ] θ−θ+= ∫
π

π−

d12cos1a
2/1

4/

4/

 

              ( ) θ





−θ= ∫
π

π−

d1cos2a
2/12

4/

4/

( )[ ] θ−θ= ∫
π

π−

d1cos2a

4/

4/

 

              ( ) θ−θ= ∫
π

d1cos2a2

4/

0

[ ] 4/

0sin2a2
π

θ−θ=  

              






 π
−=







 π
−=







 π
−=

2
2a

4
1a2

42

1
.2a2 . Ans. 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

Volume of solids as triple integrals: 

 Divide the given solid by planes parallel to the co-ordinate planes into rectangular 

parallelopiped of volume zy  x δδδ .  

∴The total volume zy  xLt

0z

0y
0x

δδδ= ∑∑∑

→δ
→δ
→δ

dz dy dx∫∫∫= , 

with appropriate limits of integration. 

Q.No.1.: Find the volume of the ellipsoid 1
c

z

b

y

a

x
2

2

2

2

2

2

=++ . 

Sol.: Let A be the region bounded by the ellipsoid 1
c

z

b

y

a

x
2

2

2

2

2

2

=++ . 

( )












≤++=∴ 1
c

z

b

y

a

x
  :  z y, ,xA

2

2

2

2

2

2

 

1
a

x
1

c

z

b

y

a

x
2

2

2

2

2

2

2

2

≤⇒≤++∵ , 1
b

y

a

x
2

2

2

2

≤+   and  1
c

z

b

y

a

x
2

2

2

2

2

2

≤++  

22 ax ≤⇒ ,   













−≤

2

2
22

a

x
1by   and  

2 2
2 2

2 2

x y
z c 1

a b

 
≤ − − 

 
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2

axa ≤≤−⇒ ,  
2

2

2

2

a

x
1by

a

x
1b −≤≤−−  and 

2 2 2 2

2 2 2 2

x y x y
c 1 z c 1

a b a b
− − − ≤ ≤ − − . 

( )
2 2

2 2

2 2 2 2

2 2 2 2

x x
x,  y, z   :  a x a,  b 1 y b 1 ,  

a a
A

x y x y
                 c 1 z c 1

a b a b

 
− ≤ ≤ − − ≤ ≤ − 

 
∴ =  

 
− − − ≤ ≤ − − 

 

 

Hence the volume of the whole ellipsoid dxdydz∫∫∫=  

( ) ( )
dxdy dz8

222222 b/ya/x1c

0

  a/x1b

0

a

0 































= ∫∫∫
−−−

( )
( )

dxdyz8
2222

22

b/ya/x1c

0

a/x1b

0

a

0 















=
−−

−

∫∫
( )

dxdy
b

y

a

x
1c8

2

2

2

2a/x1b

0

a

0

22






























−−= ∫∫

−

 

( ) dxdyy
b

c8 22

0

a

0 












−ρ= ∫∫

ρ

    where, we put  ρ=













−

2

2

a

x
1b . 

( )
dx

y
sin

22

yy

b

c8

0

1
222a

0

ρ

−















ρ

ρ
+

−ρ
= ∫ dx

2a

x
1

2

b

b

c8
2

22a

0












 π













−= ∫  

dx
a

x
1bc2

2

2a

0













−π= ∫ 3

abc4

a3

x
xbc2

a

0

2

2 π
=












−π= . Cubic units. Ans. 

or 

Sol.: Volume of the ellipsoid dxdydz1

1
c

z

b

y

a

x

2

2

2

2

2

2

∫∫∫
≤++

= . 

Put 
x y z

u,   v,   w
a b c

= = = . 

The given region transforms into the region 

( ){ }.1wvu : w v,u,' D
222 ≤++=  

( )
( )

abc
 w v,u,

z y, ,x
J =

∂

∂
=∴ .      abcJ =∴  



Triple Integrals: Volumes of solids                         
Visit: https://www.sites.google.com/site/hub2education/ 

 

3

Volume of the ellipsoid dxdydz1

1
c

z

b

y

a

x

2

2

2

2

2

2

∫∫∫
≤++

= dudvdw.abc.1

1wvu 222

∫∫∫
≤++

=  

                                        dudvdwabc

1wvu 222

∫∫∫
≤++

=  

To change rectangular co-ordinates (u, v, w) to spherical polar co-ordinates ( )φθ  , ,r , we 

have put   φθ= cossinru , φθ= sinsinrv , θ= cosrw  and 

( )
( ) , , ,r

 w v,,u
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

ww

r

w

vv

r

v

uu

r

u

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2
 

Then ( )dxdydz wv,,uf

uvwR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

φ













θθ














=∴ ∫∫∫

ππ

ddsindrrabcV 2
1

00

2

0

φ













θθ














= ∫∫

ππ

ddsin
3

r
abc

1

0

3

0

2

0

   

       φ













θθ= ∫∫

ππ

ddsin
3

1
abc

0

2

0

( ) φθ−= π
π

∫ dcos
3

abc
0

2

0

[ ] φ−π−= ∫
π

d0coscos
3

abc
2

0

 

        [ ] ( ) abc
3

4
2

3

abc2

3

abc2
d1

3

abc2 2
0

2

0

π
=π=φ=φ= π

π

∫ . Cubic units. Ans. 

Q.No.2.: Find the volume of the tetrahedron bounded by the co-ordinate planes and    

                plane 1
c

z

b

y

a

x
=++ . 

Or 

                Find the volume of the tetrahedron bounded by the planes x = 0, y = 0, z = 0,   

                1
c

z

b

y

a

x
=++ , a, b, c are positive. 

Sol.: Let A be the region bounded by the four planes of the tetrahedron. 

( )








≤++≥≥≥=∴ 1
c

z

b

y

a

x
   and   0z 0,y ,0x:z y, ,xA  
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1
c

z

b

y

a

x
≤++∵  

1
b

y

a

x
  ,1

a

x
≤+≤⇒   and   1

c

z

b

y

a

x
≤++  

⇒ 







−≤≤

a

x
1by  ,ax   and  








−−≤

b

y

a

x
1cx  

( )
















−−≤≤








−≤≤≤≤=∴

b

y

a

x
1cz0    ,

a

x
1by0 ,ax0:z y, ,xA  

∴The required volume 

( ) ( )

dxdydz

b/ya/x1c

0

a/x1b

0

a

0


























= ∫∫∫
−−−

 

( )
( )

dxdyz
b/ya/x1c

0

a/x1b

0

a

0 












=

−−
−

∫∫
( )

dxdy
b

y

a

x
1c

a/x1b

0

a

0 




















−−= ∫∫

−

 

( )

dxdy
b

y

a

x
1c

a/x1b

0

a

0 




















−−= ∫∫

−

dx

b

1
2

b

y

a

x
1c

a

x
1b

0

2

a

0 







−




















−−

=









−

∫

dx
a

x
1

2

bc
dx

a

x
10

2

bc
2a

0

2a

0









−=




















−−−= ∫∫  

[ ]
6

abc
10

6

abc

a

1
3

a

x
1

2

bc

a

0

3

=−−=









−




















−

= . Cubic unit. Ans. 

Q.No.3.: Find the volume of the solid surrounded by the surface   

                1
c

z

b

y

a

x
3/23/23/2

=







+








+








. 

Sol.: The volume of the solid 1
c

z

b

y

a

x
3/23/23/2

=







+








+








 is 
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 dxdydz1V

1
c

z

b

y

a

x
3/23/23/2

≤







+








+









∫∫∫= . 

Put u
a

x
3/1

=







,  v

b

y
3/1

=







,   w

c

z
3/1

=







. 

∴The given region transforms into the region ( ){ }.1wvu : w v,u,D 222 ≤++=′  

333 w
c

z
  ,v

b

y
  ,u

a

x
===∴  

333 cwz   ,bvy  ,aux ===⇒  and 

( )
( ) w v,u,

z y, ,x
J

∂

∂
=

w

z

v

z

u

z
w

y

v

y

u

y
w

x

v

x

u

x

∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂

= 222

2

2

2

wvu abc27

cw300

0bv30

00au3

==  . 

dudvdwwvu abc27V 222

1wvu 222

∫∫∫
≤++

=∴ dudvdwwvu abc27 222

1wvu 222

∫∫∫
≤++

= .              (i) 

To change rectangular co-ordinates (u, v, w) to spherical polar co-ordinates ( )φθ  , ,r , we 

have put   φθ= cossinru , φθ= sinsinrv , θ= cosrw  and 

( )
( ) , , ,r

 w v,,u
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

ww

r

w

vv

r

v

uu

r

u

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2
 

Then ( )dxdydz wv,,uf

uvwR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

∴  φθθθφθφθ= ∫∫∫
ππ

ddrd.sinr.cosr.sinsinr.cossinrabc27V 222222222
1

00

2

0

 

        φθφφθθ= ∫∫∫
ππ

ddrd..sincos.cossinrabc27 22258
1

00

2

0
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        φφφ



























θθθ= ∫∫

ππ

dsincosdcossin
9

abc27 2225

0

2

0

     













=














=∫ 9

1

9

r
drr

1

0

9
8

1

0

∵  

        φφφ



























θθθ= ∫∫

ππ

dsincosdcossin2
9

abc27 2225
2/

0

2

0

 

        φφφ





= ∫

π

dsincos
1.3.5.7

1.2.4
.2

9

abc27 22
2

0

φφφ





= ∫

π

dsincos
105

16

9

abc27 22
2

0

 

        φφφ= ∫
π

dsincosabc
35

16 22
2

0

φφφ= ∫
π

dsincos
35

abc64 22
2/

0

 

        
22.4

1.1

35

abc64 π
×=

35

abc4π
= . Cubic units. Ans. 

Q.No.4.: Find the volume of the portion of the sphere 
2222 azyx =++ lying inside  

                the cylinder axyx 22 =+ . 

or 

               Find the volume cut off from the sphere
2222 azyx =++  by the  

               cylinder axyx 22 =+  

Sol.: The required volume is easily found by changing to cylindrical co-ordinates 

( )z , , φρ . 

To change rectangular co-ordinates (x, y, z) to cylindrical co-ordinates ( )z , , φρ ,  

we have put   φρ= cosx , φρ= siny , z = z and 

( )
( )z , ,

z y, ,x
J

φρ∂

∂
=

100

0cossin

0sincos

z

zzz
z

yyy
z

xxx

φρφ

φρ−φ

=

∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂

= ( ) ρ=φ+φρ= 22 sincos . 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) dzdd.z ,sin ,cosf

z  R

φρρφρφρ= ∫∫∫
θρ′

. 

Then the equation of the cylinder becomes φ=ρ cosa . 
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 The volume inside the cylinder bounded by the sphere is twice the volume shown 

in the above region for which z varies from 0 to ( )22a ρ− , ρ  varies from 0 to a φcos  

and  φ  varies from 0 to π . 

∴Required volume 

( )
φ

















ρρ
















= ∫∫∫
ρ−φπ

dddz2

22a

0

cosa

00

( ) φ













ρρ−ρ= ∫∫

φπ

dda2 22
cosa

00

 

                                ( )
a cos

3/2
2 2

00

1
2 a d

3

φπ
 

= − − ρ φ  
∫ ( ) φφ−= ∫

π

dsin1
3

a2 3

0

3

 

                                3 3 3sin sin 3
sin 3 3sin 4sin sin

4

φ − φ 
φ = φ − φ⇒ φ =  

∵  

                              

3

0

2a 3sin sin 3
1 d

3 4

π
φ − φ 

= − φ 
 

∫
32a 1 2

6
3 4 3

  
= π − −  

  

32a 4

3 3

 
= π − 

 
 

                              
( )43

9

a2 3

−π= . Cubic units. Ans. 

Q.No.5.: Find the volume cut from the sphere 
2222

azyx =++  by the cone    

               
222

zyx =+  above xy-plane. 

Sol.: The required volume dxdydzV

R

∫∫∫= . 

To change rectangular co-ordinates (x, y, z) to spherical polar co-ordinates ( )φθ  , ,r , we 

have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2
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8

 

 

 

 

 

 

 

 

 

 

 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) φθθθφθφθ= ∫∫∫
φθ′

ddrdsinr.rcos ,sinsinr ,cossinrf 2

R   r

. 

2222
azyx =++∴ 22 ar =⇒   and  

222
zyx =+ θ=θ⇒ 2222 cosrsinr  

⇒ r  varies from 0 to a, θ  varies from 0 to 
4

π
, φ  varies from 0 to 

2

π
. 

∴Required volume φθθ= ∫∫∫
ππ

dd drsinr4 2
a

0

4/

0

2/

0

 φθθ











= ∫∫

ππ

dd sin
3

r
4

a

0

34/

0

2/

0

 

                                 φθθ= ∫∫
ππ

dd sin
3

a4
4/

0

2/

0

3

[ ] φθ−= π
π

∫ dcos
3

a4 4/
0

2/

0

3

 

                                  = φ







−∫

π

d
2

1
1

3

a4
2/

0

3

22

1
1

3

a
4

3 π








−=  

                                 π







−=

2

1
1

3

a
2

3

( )π−= 22
3

a3

. Cubic units. Ans. 

Q.No.6.: Find the volume common to the cylinders 
222

ayx =+ and 
222 azx =+ . 

Sol.: The required volume dxdydzV ∫∫∫= . 

Since 
222 azx =+ 222 xaz −=⇒ . 

⇒ z varies from 22 xa −−  to 22 xa − . 

x-axis 

y-axis 

z-axis 

a 
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Also 
222

ayx =+ 222
xay −=⇒ . 

⇒  y varies from 22 xa −−  to 22 xa − . 

Now 
22 ax = , by putting y = 0 and z = 0 

⇒  x varies from a− to a. 

dxdydzdxdydzV

22

22

22

22

xa

xa

xa

xa

a

a 




























==∴ ∫∫∫∫∫∫

−

−−

−

−−−

dxdydz8

2222 xa

0

xa

0

a

0 




























= ∫∫∫

−−

 

       [ ] dxdyz8
22

22

xa
0

xa

0

a

0 














= −

−

∫∫ dxdyxa8 22
xa

0

a

0

22
















−= ∫∫

−

 

       [ ] dxyxa8
22 xa

0
22

a

0

−−= ∫ ( )dxxa8 22
a

0

−= ∫
a

0

3
2

3

x
xa8 −=  

        
3

a16

3

a
a8

33
3 =














−= . Cubic units. Ans. 

Q.No.7.: Find the volume bounded by the cylinder 4yx
22 =+ , and the hyperboloid      

               1zyx
222 =−+ . 

Sol.: The required volume dxdydzV ∫∫∫= . 

To change rectangular co-ordinates (x, y, z) to cylindrical co-ordinates ( )z , , φρ ,  

we have put   φρ= cosx , φρ= siny , z = z and 

( )
( )z , ,

z y, ,x
J

φρ∂

∂
=

100

0cossin

0sincos

z

zzz
z

yyy
z

xxx

φρφ

φρ−φ

=

∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂
∂

∂

φ∂

∂

ρ∂

∂

= ( ) ρ=φ+φρ= 22
sincos . 
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10 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then ( )dxdydzz y, ,xf

yzxR

∫∫∫ ( ) dzdd.z ,sin ,cosf

z  R

φρρφρφρ= ∫∫∫
θρ′

. 

Then the equation of hyperboloid ⇒=−+ 1zyx
222

 1z
22 =−ρ and that of cylinder 

4yx
22 =+ 4

2 =ρ⇒ . 

The volume inside the cylinder bounded by the hyperboloid is twice the volume above 

the xy-plane. For which z varies from 0 to 12 −ρ ,  ρ  varies from 1 to 2, and φ  varies 

from 0 to π2 . 

∴Required volume φ

















ρρ
















= ∫∫∫
−ρπ

dd dz2

1

0

2

1

2

0

2

φ











ρ−ρρ= ∫∫

π

dd12 2
2

1

2

0

 

Put 1t
22 −ρ= so that ρρ= dtdt . 

And as ρ  varies from 1 to 2;  and t varies from 0 to 3  

2 1 

O 

y-axis 

x-axis 

z-axis 
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∴Required volume φ= ∫
π

d
3

t
2

3

0

32

0

π=π××=  34 322 . Cubic units. Ans. 

Q.No.8.: Find the volume cut from parabolic 
22

yxz4 +=  by the plane z = 4. 

Sol.:  

 

 

 

 

 

 

 

The volume is given by  

dxdydz4v

4

4

yx

x16

0

4

0 22

2











































= ∫∫∫
+

−

dxdy
4

y

4

x
44

22x16

0

4

0

2





























−−= ∫∫
−

 

216 x
4 2 3

0 0

x y
4 4 y dx

4 12

−
  

= − −  
  

∫
( )

3/2
24 2

2

0

16 xx
4 4 16 x dx

4 12

 −  = − − −   
 

∫
 

( ) ( )
4

3/2
2 2 2

0

1 1
4 16 x 16 x 16 x dx

4 12

 
= − − − −  
∫ ( ) ( )

4
3/2 3/2

2 2

0

1 1
4 16 x 16 x dx

4 12

 
= − − −  
∫

 

( )
4

3/2
2

0

1
4 16 x dx

6

 
= −  
∫ ( )

4
3/2

2

0

2
16 x dx

3
= −∫  

Put θ= sin4x θθ=⇒ dcos4dx   and   
2

π
=θ ,   when  x = 4   and   0=θ   when  x = 0. 

( )
/2 /2

3/2 3 4

0 0

2 512 512 3.1
V 16 cos .4cos d cos d . . 32

3 3 3 4.2 2

π π
π

== θ θ θ = θ θ = = π∫ ∫  

∴Volume cut from paraboloid 
22

yxz4 +=  by plane z = 4 is given by π32 . Cubic units. 

 

 

O 

x
2 

+ y
2 

= 16 

x-axis 

z-axis 

y-axis 

4z = x
2 

+ y
2 
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Q.No.9.: Find the volume bounded by the elliptic Paraboloids 
22

y9xz +=    and 

                
22

y9x18z −−= . 

Sol.:  

 

 

 

 

 

 

 

 

 

 

The two surfaces intersect on the elliptic cylinder 
2222

y9x18zy9x −−==+  

                                                                           2 2x 9y 9⇒ + = .  

The projection of this volume onto xy-plane region D enclosed by ellipse having the 

same equation 
2

2

2

2

2

1
1

y

3

x
=+ . 

This volume can be covered as follows: 

z: from ( ) 22
1 y9xy,xz +=  to ( ) 22

2 y9x18y,xz −−=  

y: from ( )
9

x9
y,xy

2

1

−
−=  to ( )

9

x9
y,xy

2

2

−
=  

x: from ( ) 3y,xx1 −=  to ( ) 3y,xx2 = . 

Thus the volume bounded by the elliptic Paraboloids 
22

y9xz +=  and 
22

y9x18z −−=

is 

dxdydz  V

22

22

2

2

y9x-18

y9x

9

x9

9

x9

3

3





































= ∫∫∫

−

+

−

−
−

−

 

x-axis 

z-axis 

y-axis 

x
2 

+ 9y
2
=9 

Ellipse 



Triple Integrals: Volumes of solids                         
Visit: https://www.sites.google.com/site/hub2education/ 

 

13 

( ) ( ){ } ( ) dxdyy9x-9 2dxdy y9xy9x-18 22
9

x9

9

x9

3

3

2222
9

x9

9

x9

3

3

2

2

2

2

























−=

























+−−= ∫∫∫∫

−

−
−

−

−

−
−

−

 

( ) ( ) θθ==
















−= ∫∫∫
π

−

−

−
−−

dsin72dxx-9
9

8
dxy3yx-9y 2 4

0

2/32
3

3

9

x9

9

x9

32
3

3

2

2
,  where θ= cos3x  

π=






 π
×

×

×
×=θθ×= ∫

π

27
224

13
144dsin272 4

2/

0

. Cubic units. 

Q.No.10.: Find, by triple integration, the volume in the positive octant bounded by the  

coordinate planes and the plane x 2y 3z 4+ + = . 

Sol.: Equation of the given plane 432y2x =++
3

y2x4
z

−−
=⇒  

i.e. z varies from 0 to 
3

y2x4 −−
 and y varies from 0 to 

2

x4 −
 and similarly x varies 

from 0 to 4. 

Required volume dzdydx

R

∫∫∫=

4 x 2y4 x

4 32

0 0 0

dzdydx

− −−

= ∫ ∫ ∫  

dydx
3

y2x42

x4

0

4

0

−−
= ∫∫

−

dx
2

x4

2

1

3

2

2

x4

3

x

2

x4

3

4
24

0








 −
×−







 −
−






 −
= ∫  

dx
22

x8x16

3

1

6

xx4

6

x416 224

0
×

−+
×−

−
−

−
= ∫  

[ ] [ ] [ ] [ ] [ ]4024

0
34

0

4

0
24

0 x
2

1

62

8
x

3

1

62

1
x

62

16
x

2

1

6

4
x

6

16
×

×
+×

×
−

×
−×−=  

2

16

12

8

2

64

18

1
4

12

16
16

12

4
4

6

16
×+×−×−×−×=  

9

16

9

16

9

32

3

16

9

16

3

16

9

32

3

16

3

16

3

32
=−=+−−+−−= . Cubic units 
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Q.No.11.: Find, by triple integration, the volume of the region bounded by the paraboloid 

2 2az x y= +  and the cylinder 
2 2 2x y R+ = . 

Sol.: Given equation of the paraboloid 
22

yxaz +=
2 2x y

z
a

+
⇒ = . 

i.e. z varies from 0 to 
a

yx 22 +
, similarly, y varies from 0 to 

22
xR −  and x varies 

from 0 to R. 

Volume required dzdydx

R

∫∫∫=

2 2

2 2

x y

R R x a

0 0 0

4 dzdydx

+

−

= ∫ ∫ ∫ dydx
a

yx
4

22xR

0

R

0

22

+
= ∫∫

−

 

[ ] [ ] dxy
a3

1
y

a

x
4

22
22 xR

0
3xR

0

2R

0

−− += ∫ ( ) dxxR
a3

1
xR

a

x
4

2/32222
2R

0

−+−= ∫  

Putting θ= sinRx θθ=⇒ dcosRdx  

( ) ( )[ ] θθθ−+θθ−θ= ∫
π

cosR dsin1R
a3

1
cosRsin1Rsin

a

R
4V

2/322222
22/

0

 

θ













θ+θθ= ∫

π

dcos
a3

R
cossin

a

R 4
4

22
42/

0












 π
××+

π
×=

22.4

1.3

a3

R

22.4

1.1

a

R
4

44

 

a2

R

a4

R

a4

R 444 π
=

π
+

π
= .  Cubic units 

Q.No.12.: Find, by triple integration, the volume of the sphere of radius a. 

Sol.: Equation of the sphere of radius a 

2222
azyx =++ 2 2 2

z a x y⇒ = − −  

Required volume dzdydx8

R

∫∫∫= dzdydx8

22222 yxa

0

xa

0

a2/

0

∫∫∫
−−−π

=  

dydxyxa8 222
xa

0

a

0

22

−−= ∫∫
−

 

Putting θ= cosrx ,    θ= sinry ,  z = z,   

222
ryx =+  
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rJ =  

dydxyxa8V 222
xa

0

a

0

22

−−= ∫∫
−

θ−= ∫∫
π

d drrar8 22
a

0

2/

0

 

tdtrdrtdt2rdr2tra 222 −=⇒=−⇒=−⇒ . 

dtt8V 2
0

a

2/

0

−= ∫∫
π

[ ] θ= ∫
π

dt
3

1
8

a

0
3

2/

0
3

a4

2
a

3

8
da

3

8 3
33

2/

0

π
=

π
×=θ= ∫

π

. Cubic units 

Q.No.13.: Find, by triple integration, the volume bounded above by the sphere 

2 2 2 2x y z 2a+ + =  and below the paraboloid 
2 2az x y= + . 

Sol.: Equation of the given sphere is 
2 2 2 2x y z 2a+ + =  and equation of the given 

paraboloid is 
2 2az x y .= +  

i.e. z varies from 
2 2x y

z
a

+
= to 2 2 2

z 2a x y= − −  . 

Now  
2 2 2 2x y z 2a+ + =

2 2
2 2 2 2 a a 8a

az z 2a z az 2a 0 z 2a,  a
2

− ± +
⇒ + = ⇒ + − = ⇒ = = −  

Since we have to find volume bounded above by the sphere 
2 2 2 2x y z 2a+ + =  and below 

the paraboloid 
2 2az x y= + . Thus z = -2a (rejected).  

Thus equation of circle becomes 
2 2 2 2 2 2 2x y a 2a x y a+ + = ⇒ + =  

and y varies from 2 2y a x= − −  to 2 2y a x= −  and similarly x varies from x a= − to 

x a.=  

Required volume dzdydx

R

∫∫∫=

2 2 22 2

2 22 2

2a x ya a x

a x ya x

a

dz dy dx

− −−

− +− −

  
  

=   
  

  

∫ ∫ ∫  

2 2

2 2

a a x 2 2
2 2 2

a a x

x y
2a x y dy dx

a

−

− − −

  + 
= − − −  

   
∫ ∫

 

Put x r cos ,   y r sin ,   J r= θ = θ = , we get
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Required volume 
2 a 2

2 2

0 0

r
2a r rdr d

a

π    
= − − θ  

   
∫ ∫

2 a 3
2 2

0 0

r
r 2a r dr d

a

π    
= − − θ  

   
∫ ∫

( )
2 a 3

2 2

0 0

1 r
2a r ( 2r) dr d

2 a

π    
= − − − − θ  

   
∫ ∫

( )
a

3/2
2 22 4

0
0

2a r1 r
d

2 3 / 2 4a

π
  −  = − − θ     

∫

( ) ( )
2 4

3/2 3/2
2 2 2

0

1 a 1 0
2a a 2a 0 d

3 4a 3 4a

π     
= − − − − − − − θ    

    
∫  

( ) ( )
2 3

3/2 3/2
2 2

0

1 a 1
a 2a d

3 4 3

π     
= − − − − θ    

    
∫

 

2 3 3 3

0

a a 2 2a
d

3 4 3

π     
= − − − − θ     

    
∫

2 3 3

0

7a 2 2a
d

12 3

π   
= − + θ 

  
∫

 

3 3
7a 2 2a

2
12 3

  
= − + π 
  

3 37 2 2 4 2 7
2 a a

12 3 3 6

      
= − + π = − π   
      

. Cubic units. 

Q.No.14.: Find the volume bounded by xy z= , z 0=  and ( ) ( )
2 2

x 1 y 1 1− + − = . 

Sol.: Required volume dzdydx

R

∫∫∫=

( ) ( )2 2

xy

0x 1 y 1 1

dz dydx

− + − ≤

 
=   

 
∫∫ ∫

 

( ) ( )2 2
x 1 y 1 1

xydydx

− + − ≤

= ∫∫  

Let x 1 u− =  and  y 1 v− =  dx du,   dy dv⇒ = =  . 

Then the required volume ( ) ( )
2 2u v 1

u 1 v 1 dudv

+ ≤

= + +∫∫
 

Put u r cos ,   v r sin ,   J r= θ = θ = , we get

 

the required volume ( )( )
2 1

0 0

r cos 1 r sin 1 rdrd

π

= θ + θ + θ∫ ∫  
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( )
2 1

3 2

0 0

r cos sin r cos sin r drd

π

 = θ θ + θ + θ + θ ∫ ∫

( )
12 4 3 2

0 0

r r r
cos sin cos sin d

4 3 2

π  
= θ θ + θ + θ + θ 

 
∫

( )
2

0

1 1 1
cos sin cos sin d

4 3 2

π
 

= θ θ + θ + θ + θ  
∫ ( )

2

0

2 cos sin 1 1
cos sin d

8 3 2

π
θ θ 

= + θ + θ + θ  
∫

 

( )
2

0

sin 2 1 1
cos sin d

8 3 2

π
θ 

= + θ + θ + θ  
∫ ( )

2

0

cos 2 1 1
sin cos

16 3 2

π
θ 

= + θ − θ + θ  

 
( )

( ) ( ){ } ( )
0 0 1 1

0 0 1 1 2 0
16 3 2

 −
= + − − − + π − 
 

= π  Cubic units. Ans.

 
Q.No.15.: Compute the volume of solid bounded by planes, 2x 3y 4z 12+ + = , xy-plane       

                  and the cylinder 
2 2x y 1+ = . 

Sol.: Required volume dzdydx

R

∫∫∫=

( )

2 2

1
12 2x 3y

4

0x y 1

dz dydx

− −

+ ≤

 
 

=  
 
 

∫∫ ∫

 

( )
2 2x y 1

1
12 2x 3y dydx

4
+ ≤

= − −∫∫ ( )
2

2

1 1 x

1 1 x

1
12 2x 3y dy dx

4

+ + −

− − −

 
 = − −
  

∫ ∫
2

2

1 x1 2

1 1 x

1 y
12y 2xy 3 dx

4 2

+ −+

− − −

 
= − − 

 
∫

 

( ) ( )
2 2

2 2
1

2 2 2 2

1

1 x 1 x1
12 1 x 2x 1 x 3 12 1 x 2x 1 x 3 dx

4 2 2

+

−

    
− − −    

= − − − − − − − + − −    
    
    

∫

1

2 2

1

1
24 1 x 4x 1 x dx

4

+

−

 = − − −
 ∫

1

2 2

1

6 1 x x 1 x dx

+

−

 = − − −
 ∫

 
1 1

2 2

1 1

6 1 x dx x 1 x dx

+ +

− −

= − − −∫ ∫
( )

1
3/2

21

2 1

1
1

1 xx 1 1
6 1 x sin x

2 2 2 3 / 2

+
+

−

−
−

 −   = − + +    
 

 

[ ]6 0 0
4 4

 π π 
= − − + −  

  

2
6.

4

π
= 3= π  Cubic units. Ans. 

Q.No.15.: Compute the volume in the first octant bounded by the cylinder 
2x 4 y= −  and  
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                 the planes z y, x 0, z 0.= = =  

Sol.: Required volume dzdydx

R

∫∫∫=
y4 4 x

0 0 0

dz dydx

−  
=   

 
∫ ∫ ∫

[ ]
4 4 x 4 4 x

y

0

0 0 0 0

z dydx ydy dx

− − 
= =  

 
 

∫ ∫ ∫ ∫

 

( )

( )

2
4 x4 4 42

0 0 00

4
2 2

0

4 xy 4 x
dx dx dx

2 2 2

1 x 1 4 1
4x 4.4 16 8

2 2 2 2 2

− −  −
= = = 

 

   
= − = − = −   

   

∫ ∫ ∫

 

= 4 Cubic units. Ans.

 
Q.No.16.: Find the volume cut from the sphere of radius b and the cone ϕ = α . Hence 

deduce the volumes of the hemisphere and sphere (by triple integrals). 

Sol.: Volume x y z= δ δ δ∫∫∫  

We can solve this problem by changing rectangular co-ordinates (x, y, z) to spherical 

polar co-ordinates ( )φθ  , ,r . 

As we know, when we change rectangular co-ordinates (x, y, z) to spherical polar co-

ordinates ( )φθ  , ,r , we have put   φθ= cossinrx , φθ= sinsinry , θ= cosrz  and 

( )
( ) , , ,r

z y, ,x
J

φθ∂

∂
=

φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂
φ∂

∂

θ∂

∂

∂

∂

=

zz

r

z

yy

r

y

xx

r

x

0sinrcos

cossinrsincosrsinsin

sinsinrcoscosrcossin

θ−θ

φθφθφθ

φθ−φθφθ

= θ= sinr2
. 

Now 

b

2

0 0 0

V 2 r sin x

α π  
= × φδ δθδφ 

 
∫ ∫ ∫ ( )( )

3

0 0

b
2 sin

3

α π 
= φ δθ δφ 

 
∫ ∫  

            

[ ]
3

0

0

2b
sin

3

α
π

= θ φδφ∫ = ( )
3

0

2 b
cos

3

απ  − φ
 

 ( )
32b

1 cos
3

π
= − α ( )

32b
1 cos

3
= − α π  

For volume of the hemisphere, put  
2

π
α = , we get 

32b
V

3
= π . Ans. 
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For volume of the sphere, put 
2

π
α = , we get 

32b
V (1 cos )

3
= π − π

34 b

3

π
= . Ans. 

 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

Home Assignments 

 



 

 

 

 

 

 

 

 

Change of variables: 

 The evaluation of the double integrals is greatly simplified by a 

suitable change of variables. By changing the variables, a given integral 

can be transformed into a simpler integral involving the new variables. 

 

In a double integrals:  

 Let the variables x, y in the double integral ( )dxdyy ,xf

R

∫∫  be changed to the new 

variables u. v by the transformation 

( ) v,ux φ= ,  ( ) v,uy ψ= , 

where ( ) v,uφ  and ( ) v,uψ  are continuous and have continuous first order derivatives in 

some region v uR′ in the uv-plane which corresponds to the region y xR in the xy-plane. 

Then  

( )dxdyy ,xf

y xR

∫∫ ( ) ( )[ ] dudvJ v,u, v,uf

 vuR

ψφ= ∫∫
′

,                                                             (1) 

5th Topic 

Integral Calculus 

Double Integrals 

(Change of variables) 

 
Prepared by: 

Prof. Sunil 

Department of Mathematics and Scientific Computing 

NIT Hamirpur (HP) 

 



Double Integrals: Change of Variables

 

where 
( )
( )

v

y

u

y
v

x

u

x

 vu,

y ,x
J

∂

∂

∂

∂
∂

∂

∂

∂

=
∂

∂
=

co-ordinates. 

Particular case: 

CONVERSION OF CARTESION

A diagram illustrating the relationship between 

polar and Cartesian coordinates.

To change Cartesian co-ordinates (x, y) to polar co

we have put θ= cosrx , =y

( )
( )θ∂

∂
=

 r,

y ,x
J =

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

sin

cos

y

r

y

x

r

x

Then ( ) = ∫∫∫∫
θ′

fdxdyy ,xf

 ry x RR

Q.No.1.: Evaluate ( )yx

R

+∫∫

                   vertices (1, 0), (3, 1), (2, 2), (0, 1) using the transformation 

                  y2xv −= . 

Sol.: The region R, i.e. parallelogram ABCD in the xy

i.e. rectangle RSPQ in the uv

yxu +=    and  y2xv −=                                        

Change of Variables                                     

Visit: https://www.sites.google.com/site/hub2education/

)0( 

v

y
v

x

≠  is the Jacobian of transformation from (x, y) to (u, v) 

CARTESION TO POLAR SYSTEM 

 

A diagram illustrating the relationship between  

polar and Cartesian coordinates. 

ordinates (x, y) to polar co-ordinates (r, θ ),  

θ= sinr and  

θθ

θ−θ

cosrsin

sinrcos

( ) rsincosr 22 =θ+θ= . 

( ) θθθ d dr r.rsin ,cosr .  

) dxdy
2

, where R is the parallelogram in the xy-plane with  

vertices (1, 0), (3, 1), (2, 2), (0, 1) using the transformation xu =

e. parallelogram ABCD in the xy-plane becomes the region 

in the uv-plane, as shown in the figure, by taking  

                                                                                            

https://www.sites.google.com/site/hub2education/ 

2

of transformation from (x, y) to (u, v) 

plane with   

yx +  and    

plane becomes the region R′ ,  

                                                        (i) 
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3

 

 

 

 

 

 

 

 

 

 

 

From (i), we have ( )vu2
3

1
x += ,   ( )vu

3

1
y −= . 

( )
( ) 3

1

9

3

9

1

9

2

3

1

3

1
3

1

3

2

v

y

u

y
v

x

u

x

 v,u

y ,x
J −=−=−−=

−

=

∂

∂

∂

∂
∂

∂

∂

∂

=
∂

∂
=∴ . 

Thus 
3

1
J = . 

Hence, the given integral dudvJu2

R

∫∫
′

= dvduu
3

1 2
4

1

1

2













= ∫∫

−

21v.
3

u

3

1 1

2

4

1

3

==
−

. Ans. 

 

 

 

 

 

 

 

 

 

 

 

x-axis 

y-axis 

O A(1, 0) 

B(3, 1) D(0, 1) 

C(2, 2) 

u-axis 

v-axis 

O 

R(1, 1) S(4, 1) 

P(4, -2) Q(1, -2) 
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Q.No.2.: Evaluate ( ) dxdyyx
2

R

+∫∫ , where R is the region bounded by parallelogram   

                0yx =+ , 2yx =+ , 0y2x3 =− , 3y2x3 =− . 

 

 

 

 

 

 

 

 

 

 

 

 

 

Sol.: By changing the variables x, y to the new variables u, v, by the substitution 

(transformation) uyx =+ , vy2x3 =− , then the region R, i. e. parallelogram ABCD in 

the xy-plane becomes the region R′ , i. e. rectangle RSPQ in the uv-plane, as shown in 

the figure, by taking   uyx =+ , vy2x3 =− .                                                                 (i) 

From (i), we have ( )vu2
5

1
x += , ( )vu3

5

1
y −= .   

( )
( ) 5

1

25

5

25

3

25

2

5

1

5

3
5

1

5

2

v

y

u

y
v

x

u

x

 v,u

y ,x
J −=−=−−=

−

=

∂

∂

∂

∂
∂

∂

∂

∂

=
∂

∂
=∴ . 

Thus 
5

1
J = . 

Since, 0yxu =+=  and 2yxu =+= . Thus u varies from 0  to 2.  

Also since 0vy2x3 ==− , 3vy2x3 ==− . Thus v varies from 0 to 3. 

Thus the given integral in terms of new variables u, v is ( ) dxdyyx
2

R

+∫∫ dudvJu2

R

∫∫
′

=  

O 

u-axis 

v-axis 

v = 3 

u = 2 

v = 0 

R S 

P Q 

O 

x-axis 

y-axis 

x + y = 0 

3x - 2y = 3 

3x – 2y = 0 

x +  y = 2 

A 

B 

C 

D 
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5

dvduu
5

1 2
2

0

3

0













= ∫∫ 5

8

15

24
v.

3

u

5

1 3

0

2

0

3

=== . Ans. 

Q.No.3.: Evaluate 
( )

dxdye
22 yx

00

+−
∞∞

∫∫  by changing to polar co-ordinates.  

                Hence show that 
2

dxe
2x

0

π
=−

∞

∫ . 

Sol.: To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ),  

we have put θ= cosrx , θ= sinry and  

( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

Then ( ) ( ) θθθ= ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

 ry x RR

.  

The region of integration being the first quadrant of the xy-plane, r varies from 0 to ∞  

and θ  varies from 0 to 
2

π
. Hence,  

 

 

 

 

 

 

 

 

( )
dxdyeI

22 yx

00

+−
∞∞

∫∫= θ= −
∞

=

π

=θ
∫∫ rdrde

2r

0r

2/

0

( ) θ












−−= −
∞π

∫∫ ddrr2e
2

1 2r

0

2/

0

 

   θ−=
∞

−
π

∫ de
2

1

0

r
2/

0

2

4
d

2

1
2/

0

π
=θ= ∫

π

. Ans.                                                                        (i) 

x-axis 

y-axis 

r θ  
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Also  

2

x

0

y

0

x

0

dxedyedxeI
222













=×= −
∞

−
∞

−
∞

∫∫∫ , when y = x .                                         (ii) 

Thus, from (i) and (ii), we have 
2

dxe
2x

0

π
=−

∞

∫ . Ans. 

Q.No.4.: Evaluate the integral by changing to polar co-ordinates  

                

( )
( )dxdyyx 22

ya

0

a

0

22

+∫∫
−

. 

Sol.: We have to evaluate the integral 

( )
( ) dydxyxI 22

ya

0

a

0

22
















+= ∫∫

−

, 

by changing cartesian co-ordinates to polar co-ordinates.  

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

Also when x = 0, r = 0;   22 yax −= , r = a 

y = 0,  0=θ ;   y = a, 
2

π
=θ  

( )
( ) dydxyx 22

ya

0

a

0

22
















+∴ ∫∫

−

θ













= ∫∫

π

drdr.r 2
a

0

2/

0

θ











= ∫∫

π

ddr.r3
a

0

2/

0

θ= ∫
π

d
4

r
a

0

42/

0

 

                                            θ













= ∫

π

d
4

a42/

0

θ













= ∫

π

d
4

a
2/

0

4

8

a
0

24

a 44 π
=








−

π
×= . Ans. 

 

 

 

r θ  

x-axis 

y-axis 
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Q.No.5.: Evaluate the integral by changing to polar co-ordinates 
22

2a

y

a

0 yx

dxdyx

+
∫∫ . 

Sol.: We have to evaluate the integral 
22

2a

y

a

0 yx

dxdyx
I

+
= ∫∫ , 

by changing cartesian co-ordinates to polar co-ordinates. 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

 

 

 

 

 

 

 

 

Also when x varies from y to a,  r varies from  0 to 
θcos

a
,   [ ]θ= cosrx∵  

And as y varies from 0 to a, θ  varies from 0 to 
4

π
. 

dydx
yx

x

22

2a

y

a

0














+
∴ ∫∫ θ

θ
= ∫∫

θπ

rdrd
r

cosr 22cos/a

0

4/

0

θθ











= ∫∫

θπ

dcosdrr 22
cos/a

0

4/

0

 

                             θθ=

θπ

∫ dcos
3

r 2

cos/a

0

34/

0

θθ













−

θ
= ∫

π

dcos0
cos

a

3

1 2

3

34/

0

 

                             θθ= ∫
π

dseca
3

1 3
4/

0

[ ] 4/

0

3

tanseclog
3

a π
θ+θ=  

r θ  

x-axis 

y-axis 

4

π
=θ

0=θ  

x=a 

x = y 
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                             ( ) ( )[ ] 4/

0

3

01log12log
3

a π
+−+= ( )21log

3

a3

+= . Ans. 

Q.No.6.: Evaluate the integral by changing to polar co-ordinates  

                dxdy
yx

yx
22

22y

a4/y

a4

0 2 +

−
∫∫ . 

Sol.: We have to evaluate the integral dxdy
yx

yx
I

22

22y

a4/y

a4

0 2 +

−
= ∫∫ , by changing Cartesian 

co-ordinates to Polar co-ordinates. 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now 
θ+θ

θ−θ
=

+

−
2222

2222

22

22

sinrcosr

sinrcosr

yx

yx
θ=

θ
= 2cos

r

2cosr
2

2

. 

r θ  2/π=θ  

ax4y2 =  

x-axis 

y-axis 
y = x 

A (4a, 4a) 

S 
R 

O 

4/π=θ  
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Since ax4y2 = ( ) 0cosa4sinrrcosar4sinr 222 =θ−θ⇒θ=θ⇒  

0r =⇒  and 
θ

θ
=

2sin

cosa4
r . Thus 

θ













θ= ∫∫

θθπ

π

drdr2cosI

2sin/cosa4

0

2/

4/

θθ











=

θθπ

π
∫ d2cos

2

r

2sin/cosa4

0

22/

4/

 

   ( ) θθ−θ
θ

θ
= ∫

π

π

dsincos
sin

cos
a8 22

4

22/

4/

2 ( ) θθ−θ= ∫
π

π

dcotcota8 24
2/

4/

2  

   ( ) ( )[ ] θ−θ−−θθ= ∫
π

π

d1eccos1eccoscota8 222
2/

4/

2  

   ( )[ ] θ−θ−θ−θθ= ∫
π

π

d1eccoscoteccoscota8 2222
2/

4/

2  

  ( ) [ ]













θ−θ−−θ−θ−











 θ
−= π

π

π

π

π

π

∫
2/
4/

2
2/

4/

2/

4/

3
2 cotd1eccos

3

cot
a8 ( )[ ] ( ) ( )[ ]













+

θ
=θθ′θ∫

+

1n

f
dff

1n
n

∵  

    

2/

4/

3
2 cotcot

3

cot
a8

π

π










θ+θ+θ+θ+

θ−
=  

    















 π
++

π
++

−
−







 π
++

π
++=

4
1

4
1

3

1

2
0

2
00a8 2  

  














 π
++−−π=

2
2

3

1
a8 2 2a

3

5

2
8 








−

π
= . Ans. 

Q.No.7.: Evaluate ( ) dxdyyxxy
2/n22 +∫∫ over the positive quadrant of 4yx 22 =+   

                supposing   03n >+  by changing to polar co-ordinates. 

Sol.: We have to evaluate the integral ( ) dxdyyxxyI
2/n22 += ∫∫ ,  

by changing cartesian co-ordinates to polar co-ordinates. 
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To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

Also in +ve quadrant of 4yx 22 =+ , r varies from 0 to 2 and θ varies from 0 to 
2

π
. 

( ) ( ) θθθ=+= ∫∫∫∫
π

drd.r rsinr  .cosrdxdyy xxyI n
2

0

2/

0

2/n22

( ) θθθ











= +

π

∫∫ dsincosdrr 3n
2

0

2/

0

 

θθθ
+

=
+π

∫ dsincos
4n

r
2

0

4n2/

0

θθθ
+

=
+π

∫ dsin.cos
4n

2 4n2/

0

θθθ
+

= ∫
π+

dsincos
4n

2
2/

0

4n

 

2

1
.

4n

2 4n

+
=

+

=
4n

2 3n

+

+

. Ans. 

Q.No.8.: By using the transformation uyx =+ ,  uvy = , show that    

               
( ) ( ).1e

2

1
dxdye yx/y

x1

0

1

0

−=













+

−

∫∫  

Sol.: We have to evaluate  
( )

dxdyeI yx/y
x1

0

1

0













= +

−

∫∫ , by using the transformation  

uyx =+ ,  uvy = . 

 

 

 

 

 

 

 

x-axis 

y-axis 

x + y=1 

O 

u-axis 

v-axis 

u=1 

O 

v=1 
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Since we have given uyx =+  and  uvy = ( )v1ux −=∴ ,  uvy =  and  

( )
( )v,u

y,x
J

∂

∂
=∴

v

y

u

y
v

x

u

x

∂

∂

∂

∂
∂

∂

∂

∂

= uuvuvu
uv

uv1
=+−=

−−
= . 

Since uyx =+  and v
u

y
= v

yx

y
=

+
⇒ , then 

When y = 0, v = 0;  x1y −= , u = 1, 

When x = 0, v = 1; x = 1, 0
v

y
u == . (because at x = 1: y = 0) 

Thus u and v varies from 0 to 1. 

∴ ( )
ududvedxdyeI v

1

0

1

0

yx/y
x1

0

1

0

∫∫∫∫ =













= +

−

dveudu v
1

0

1

0 










= ∫∫   

       
1

0

vv
1

0

v

1

0

21

0

e
2

1
dve

2

1
dve

2

u
=== ∫∫ ( )1e

2

1
−= . Ans. 

Q.No.9.: Show that 3log
yx4

dxdy
22

π=
−−

∫∫ , over the region between the concentric  

                  circle 1yx 22 =+ and  3yx 22 =+  by changing to polar co-ordinates. 

Sol.: We have to evaluate the integral 
22 yx4

dxdy
I

−−
= ∫∫ , 

by changing cartesian co-ordinates to polar co-ordinates. 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

Thus θ














−
= ∫∫

π

d
r4

rdr
I

3

1

2

0
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Putting 
r2

dt
drdtrdr2tr4 2 −=⇒=−⇒=− . 

∴The limits changed from 3    to   1  and   1   to   3. 

θ











−=∴ ∫∫

π

d
r2

dt

t

r
I

1

3

2

0

dttlog
2

1
1

3

2

0









−= ∫

π

θ= ∫
π

d3log
2

1
2

0

θ= ∫
π

d3log
2

1
2

0

 

       [ ] πθ= 2
03log

2

1
3log2.3log

2

1
π=π= , which is the required proof. 

Q.No.10.: Evaluate dxdy
yx1

yx1
2/1

22

22

R 











++

−−
∫∫  by changing to polar co-ordinates, over the  

                  positive quadrant of the circle 1yx 22 =+  by changing to polar co-ordinates. 

Sol.: The region for integration is bounded by the curves. 

x = 0, x = 1, y = 0, y = 1,   and   1yx 22 =+ . 

We have to evaluate the integral dxdy
yx1

yx1
2/1

22

22

R 











++

−−
∫∫ , 

by changing cartesian co-ordinates to polar co-ordinates. 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

In the integral, we have 

dxdy
yx1

yx1
2/1

22

22

R 











++

−−
∫∫ θ













θ+θ+

θ−θ−
= ∫∫ rdrd

sinrcosr1

sinrcosr1
2222

2222

R

 

∴Limits required are   r = 0,   r = 1    and   0=θ ,    
2

π
=θ  (positive quadrant). 

Thus, we need to evaluate  
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( )
( ) θ













θ+θ+

θ+θ−
= ∫∫

π

rdrd
sincosr1

sincosr1
I

222

2221

0

2/

0

θ
























+

−
= ∫∫

π

drdr
r1

r1
2

21

0

2/

0

. 

Substitute φφ−=⇒φ= dsinrdr2cosr2 . 

∴New limits are  

at   r = 0 
2

0cos
π

=φ⇒=φ⇒ ,       r = 1 01cos =φ⇒=φ⇒ ,       . 

So the value to be integrated is  

( ) θ













φφ−









φ+

φ−
= ∫∫

π

π

ddsin
cos1

cos1

2

1
I

2/10

2/

2/

0

 

   θ



















φφ
















φ

φ

= ∫∫
π

π

ddsin

2
cos2

2
sin2

2

1

2/1

2

2
0

2/

2/

0

                      











=− ∫∫ dx)x(fdx)x(f

b

a

b

a

∵   

    θ











φ







 φφφ
= ∫∫

ππ

dd
2

cos.
2

sin2.
2

tan
2

1
2/

0

2/

0

θ











φ

φ
= ∫∫

ππ

dd
2

sin2
2

1 2
2/

0

2/

0

 

    ( ) θ











φφ−= ∫∫

ππ

ddcos1
2

1
2/

0

2/

0

[ ] θ







φ−φ= π

π

∫ dsin
2

1 2/
0

2/

0

θ







−

π
= ∫

π

d1
22

1
2/

0

 

     [ ] 2/
0

2

2

2

1 πθ






 −π
= ( )2

822

2

2

1
−π

π
=

π







 −π
= . Ans. 

Q.No.11.: Evaluate 
( ) dxdye

22

22

yx
xa

0

a

0













−−

−

∫∫  by changing to polar co-ordinates. 

Sol.: Let 22222 xayxay −=⇒−= 222 ayx =+⇒ ∴  The graph is a circle. 

We have to evaluate the integral 
( ) dxdye

22

22

yx
xa

0

a

0













−−

−

∫∫ , 

by changing cartesian co-ordinates to polar co-ordinates. 
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To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

θ=∴ −
π

∫∫ rdrdeI
2r

a

0

2/

0

θ= −
π

∫∫ rdrde2
2

1 2r
a

0

2/

0

θ




−= −

π

∫ de
2

1 a

0

r
2/

0

2

θ




 −−= −

π

∫ d1e
2

1 2a
2/

0

 

      θ




 −−= ∫

π
− d1e

2

1
2/

0

a2

[ ] 2/
0

a 1e
2

1 2 π− θ




 −−=

2
1e

2

1 2a π





 −−= −






 −

π
−= − 1e

4

2a . 

Q.No.12.: Evaluate 
22

a

y

a

0 yx

xdxdy

+
∫∫  by changing the polar co-ordinates. 

Sol.: The region of integration is the area of integration is the area bounded by the curve, 

x = a,  y = 0, y = a. 

We have to evaluate the integral dydx
yx

xd
22

a

y

a

0














+
∫∫ , 

by changing cartesian co-ordinates to polar co-ordinates. 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 

∴ In polar co-ordinates area of integration is bounded by curves 

θ=⇒=θ secaracosr  

00sinr =θ⇒=θ   and   r = 0 

4
cosrsinr

π
=θ⇒θ=θ . 
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dydx
yx

x
I

22

a

y

a

0














+
= ∫∫ θ

θ
= ∫∫

θπ

d.dr.
r

cosr
2

2seca

0

4/

0

θθ= ∫∫
θπ

d.dr.cos

seca

0

4/

0

   

    θ











θ= ∫∫

θπ

ddrcos

seca

0

4/

0

[ ][ ] θθ= θ
π

∫ drcos
seca

0

4/

0

( ) θθ×θ= ∫
π

dseccos

4/

0

 

    [ ] a
4

aad
4/

0

4/

0

π
=θ=θ= π

π

∫ . Ans. 

Q.No.13 .: Evaluate 
22

xx2

0

2

0 yx

xdydx
2

+
∫∫
−

 by changing to polar co-ordinates. 

Sol.: Let dxdy
yx

xd
I

22

xx2

0

2

0

2















+
= ∫∫

−

 

Taking xx2y −=                                                                                                           (i) 

( ) 222
1y1x =+−⇒  which is the equation of circle having its centre at (1,0) and a radius  

of 1 unit, we can draw the curve represented by the given integral as shown in Fig. 1. 

Comparing the given integral I with the general form represented by dxy) ,x(f
2

1

2

1

y

y

x

x














∫∫ , 

we can conclude that the units of variable ‘y’ are given in terms of ‘x’ and hence the 

integration should be first carried and on dy, taking an elemental ship parallel to y-axis. 

We have to evaluate the integral 
22

xx2

0

2

0 yx

xdydx
2

+
∫∫
−

, 

by changing cartesian co-ordinates to polar co-ordinates. 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

( ) ( ) θθθ=∴ ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

ry x RR

. 
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Using (i) and (ii), we write r in terms of  θ , 

θ−θ=θ 22 cosrcosr2sinr   

( ) θ=θ+∴ cosr2cossinr 222  θ=⇒ cos2r .                                                                    (iii) 

Thus Fig (i) can be redrawn as in Fig. (ii) 

Using (ii) and (iii), the integral 

dxdyy) ,x(f
2

1

2

1

y

y

x

x

∫∫  can be changed to  

( ) θ








θ
θθ∫∫

θ

θ

drd
,r

y,x
Jrsin  ,cosr

2

1

2

1

r

r

. 

θ+θ

θθ
=∴ ∫∫

θπ

2222

cos2

0

2/

0 sinrcosr

drd xr .cosr
I θ












θ= ∫∫

θπ

ddrcosr

cos2

0

2/

0

 

      θθ= ∫
π

dcos2 3
2/

0

                                                  

















+
=⇒

−=

A

Acos3A3cos
Acos     

Acos3Acos4A3cos

3

3
∵

 

       ( ) θθ+θ= ∫
π

dcos33cos

2/

0
3

4

2

sin3

6

3sin
2/

0

=






 θ
+

θ
=

π

. Ans. 

Q.No.14.: Transform the following to cartesian form and hence evaluate    

                θθθ∫∫
π

drd cossinr3
a

00

. 

Sol.: We have evaluate the integral θθθ= ∫∫
π

drd cossinrI 3
a

00

,  

by changing polar co-ordinates to Cartesian co-ordinates.  

To change polar co-ordinates (r, θ ) to Cartesian co-ordinates (x, y), we have θ= cosrx , 

θ= sinry and 
( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 



Double Integrals: Change of Variables                                     

Visit: https://www.sites.google.com/site/hub2education/ 

 

17 

( ) ( )dxdyy ,xfd dr r.rsin ,cosrf

y xr RR

∫∫∫∫ =θθθ∴

θ′

.  

xydxdyrdrd.cosr.sinrdrdcossinrI

22

22

ya

ya

a

0

a

00

3
a

00

∫∫∫∫∫∫
−

−−

ππ

=θθθ=θθθ=∴   

                                                             [Here we suppose that the strip is parallel to x-axis] 

ydyxdxI

22

22

ya

ya

a

0 















= ∫∫
−

−−

ydy
2

x

22

22

ya

ya

2a

0 















=

−

−−

∫       

( ) ( )[ ] 0dy0ydyyaya
2

1
a

0

2222
1

0

==−−−= ∫∫ . Ans. 

Q.No.15.: Evaluate 
D

(y x)dxdy−∫∫ , where D is the region in xy-plane bounded by the 

straight lines 
1 7 1

y x 1,      y x x,     y x ,    y x 5
3 3 3

= + = − = − + = − +  using the 

transformation u y x= −  and 
x

 v y
3

= + . 

Sol.: Given transformations are u y x= −  and 
x

 v y
3

= +  

4
x u v

3
⇒ − = − , 

4 1 3 u
y u v y v

3 3 4 3

 
= + ⇒ = + 

 
 

Here 
( ) 3 / 4 1/ 4x, y

J
3 / 4 3 / 4(u, v)

−∂
= =

∂

9 3 12 3 3
J

12 16 16 4 4
= − − = − = − ⇒ =  

As given, y x 1− = ,  y x 3− = −  

                      u 3,    v 1= − =  

3 u 1,     − ≤ ≤  

Again, 
1 7

y x
3 3

+ = ,  
1

y x 5
3

+ =  

                    
7

v
3

= ,   v = 5 

7
v 5

3
≤ ≤  

We will now integrate,  

( )
D

y x dydx−∫∫
5 1

7/3 3

u J dudv
−

= ∫ ∫
15 2

7/3 3

u 3
dv

2 4
−

   
=    

  
∫ [ ]

5

7/3

8 3
v

2 4

 
= − × 
 
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8 3 7
5

2 4 3

 
− × × − 

 
 = 8− . Ans. 

Q.No.16.: Evaluate ( )
y1 1 x

x y

0 0

e dydx

−
+

∫ ∫ , using the transformation x y u+ =  and y = uv. 

Sol.: Given transformations are x y u+ =  and y = uv. 

Here 

x x

1 v uu v
J u J u

y y v u

u v

∂ ∂
− −∂ ∂

= = = ⇒ =
∂ ∂

∂ ∂

. 

ve ududv∫∫
1 1

v

0 0

e udu dv
 

=  
 

∫ ∫
11 2

v

0 0

u
e dv

2

 
=  

 
∫

1

v

d

1 e 1
e dv

2 2

−
= =∫ . Ans. 

Q.No.17.: Evaluate ( )
1/2

D

xy 1 x y dxdy − − ∫∫ , where D is the region in bounded by the 

∆  with sides x = 0,  y = 0, x + y =1 using the transformation 

u x y and uv y= + = . 

Sol.: Given transformations are x y u+ =  and y = uv. 

( )x uv u x u 1 v+ = ⇒ = −  

( ) ( )
1/2

D

u 1 v uv 1 u ududv− −∫∫ ( )( )
1 1

1/22

0 0

u 1 v 1 u vdudv= − −∫ ∫

( ) ( )
1 1

1/22 2

0 0

v v dv u 1 u du
 

= − − 
 

∫ ∫ ( )
11 2 3

1/23

0 0

v v
u 1 u du

2 3

 
= − − 

 
∫

( )
1

1/23

0

1 1
u 1 u du

2 3

 
= − −  
∫ ( )

1
1/23

0

1
u 1 u du

6
= −∫ ( )

1
1/23

0

1
u 1 u du

6
= −∫  

Put 
2 3 6u sin ,        u sin= θ = θ  

du 2sin cos d= θ θ θ  

1 20,       
2

π
θ = θ =  

( )
/2

6

0

1
sin cos 2sin cos d

6

π

= θ θ θ θ θ∫
/2

7 2

0

1
sin cos d

3

π

= θ θ θ∫  

1 6.1 1 6 2

3 9.7.5.3 3 9 105 945

   
= = =   ×   

. Ans.  
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Q.No.18.: Evaluate ( )
4 x y

R

x y e dxdy+−∫∫ , where R is the square with vertices at (1, 0), 

(2, 1), (1, 2), (0, 1)  using the transformation x + y = u,   x y v− = . 

 

Sol.: Given transformations are x + y = u,   x y v− = . 

Solving above two, we get 

u v
x ,

2

+
=   

v v
y

2

−
= . 

Now Jacobion 
( )

x x 1 1

J x, y 1 1 1 1u v 2 2

y x 1 1(u, v) 4 4 2 2

u v 2 2

∂ ∂

∂ ∂
= = = − − = − =

∂ ∂
−

∂ ∂

. 

Plotting graph taking x and y as coordinate axes 

Now plotting graph taking u and v as axes. 

 

 

 

 

 

 

Now ( )
4 x y 4 u

R(x,y) R(u,v)

x y e dxdy v e J dudv+− =∫∫ ∫∫
3 1

4 u

1 1

1
v e dv du

2
−

 
= × × 

 
∫ ∫

13 5
u

1 1

v 1
e du

5 2
−

= ×∫
3

u

1

1 1 1
e du

5 5 2

 
= + × 
 

∫
3

u

1

2 1
e

5 2
= × =

3e e

5

 −
 
 

. Ans.  

Q.No.19.: Evaluate ( )2 2

R

x y dxdy+∫∫ , where R is the region shown in figure 

 

 

 

 

 

 

(x,y) (u,v) 

1, 0 1, 1 

2, 1 3, 1 

1, 2 3, 1−  

0,1 1, 1−  

1 

x-axis 

y-axis 

1 

-1 

0 
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Sol.: Point in (x, y) coordinates (0, 0), (1, 1), (2, 0), ( 1,1)−  

Let x + y = u   and  x y v− =  

So point in u v−  coordinates (0, 0),  (2, 0), (2, 2), (0, 2) 

u v
x

2

+
=   and  

u v
y

2

−
=  

( )
x x

1/ 2 1/ 2x, y u v
J 1/ 2

y y 1/ 2 1/ 2(u, v)

u v

∂ ∂
∂ ∂ ∂

= = = = −
∂ ∂ −∂

∂ ∂

. 

so J 1/ 2=  

Now ( )2 2

R

x y dxdy+∫∫
( )

2 2

R

x y (x y)
dxdy

2

+ + −
= ∫∫  ( )

2 2

2 2

0 0

1
u v J dudv

2
= +∫ ∫  

( )
2 2

2 2

0 0

1
u v du dv

4

 
= + 

 
∫ ∫  

22 3
2

0 0

1 u
uv dv

4 3

 
= + 

 
∫

2

2

0

1 8
2v dv

4 3

 
= + 

 
∫

2
3

0

1 8 2v
v

4 3 3

 
= + 

 
 

1 4 8 8

4 3 3

×
= × = . Ans. 

Q.No.20.: Evaluate 

xe

0 x

f (x, y)dy dx

β

α

 
  
 

∫ ∫ , using the transformation x u uv= − and y uv=

Sol.:. Consider x u uv= − ,  y = uv 

Since from the given integral, we have 

x = 0,  x = e  and  y x= α , y x= β . 

Substituting the values of x, y we get the values of u, v as 

0 u(1 v) u 0= − ⇒ =  

e
e u(1 v) u

1 v
= − ⇒ =

−
 

Now ( )x uv u uv uvα = ⇒ α − = v
1

β
⇒ =

+ β
 

Finally, x uvβ = ( )u 1 v uv v v v
1

α
⇒ α − = ⇒ α − α = ⇒ =

+ α
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Also Jacobian  

x x

1 v vu v
J

y y v u

u v

∂ ∂
− −∂ ∂

= =
∂ ∂

∂ ∂

u uv uv u= − + =  

( )
x /1c e/1 v

0 x /1 0

f (x, y)dydx f u uv,uv ududv

β β +β −

α α +α

∴ = −∫ ∫ ∫ ∫ . 

Home Assignments 

Q.No.1.: Evaluate 
R

xydxdy∫∫ , where R is the region in the first quadrant bounded by the 

hyperbola 
2 2 2 2 2 2x y a ,  x y b− = − =   and the circle 

2 2 2 2 2 2x y c ,  x y d ,+ = + =   

0 < a < b < c < d, using the transformation 
2 2x y u− =  and  

2 2x y v+ = . 

Hint: Put 
2 2x y u− = ,   

2 2x y v+ = ,  J = 8xy 

R* : rectangle 
2 2 2 2a u b ,         c v d≤ ≤ ≤ ≤  

Answer: ( )( )2 2 2 21
b a d c

8
− −  

Q.No.2.: Evaluate 
( ) ( )x y / x y

D

e dxdy
− +

∫∫ ,   D is the triangle bounded by x = 1,   x = 1,   y = x, 

using the transformation x v uv= −  and  y = uv. 

Hint: Use x v uv= −  and  y = uv to transform the double integral 

Answer: 
2

e 1

4e

−
 

Q.No.3.: Evaluate 

c b

0 0

f (x, y)dydx∫ ∫ , using the transformation x u uv= − and y uv=  

Answer: ( )

b c

c b b c 1 v

0 0 0 0

f (x, y)dydx f u uv,uv ududv
+ −

= −∫ ∫ ∫ ∫ ( )

b

b v

b 0

b c

f u uv,uv ududv

+

+ −∫ ∫ . 

Q.No.4.: Evaluate 

( )

2 2
2xy

2
2 2

0 0

x y
e dxdy

1 x y

∞ ∞
−+

+ −
∫ ∫ , using the transformation 

2 2u x y= − ,   

and v = 2xy.  
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Answer: 

( )

2 2
2xy

2
2 2

0 0

x y
e dxdy

41 x y

∞ ∞
−+ π

=
+ −

∫ ∫ . 

***   ***   ***   ***   *** 

***   ***   *** 

*** 



 

 

 

 

 

 

 

 

Area enclosed by plane curves: 

Cartesian co-ordinates: 

Case1a.:  

Consider the area enclosed by the curves ( )xfy 1= , ( )xfy 2=  and the ordinates 

21 x x,xx == . Divide this area into vertical strips of width xδ . If P(x, y), 

( )yy ,xxQ δ+δ+  be two neighbouring points, then the area of the small rectangle 

yxPQ δδ= . 

 

 

 

 

 

 

 

 

 

x-axis 

y-axis 

O 

x = x1 
x = x2 A B 

K 

L D 
C 

P      Q 

xδ
yδ

6th Topic 

Integral Calculus 

Double Integrals 

 [Area enclosed by plane curves] 

 

Prepared by: 

Prof. Sunil 

Department of Mathematics and Scientific Computing 

NIT Hamirpur (HP) 
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∴Area of the strip yxLimKL
0y

δδ= ∑
→δ

. 

Since for all rectangles in this strip xδ in the same and y varies from 

( ) ( )xfy  toxfy 21 == . 

∴Area of the strip 
( )

( )

( )

( )

dyxyLimxKL

xf

xf

xf

xf
0y

2

1

2

1

∫∑ δ=δδ=
→δ

. 

Now adding up all such strips from 21 x  xto xx == , we get the area ABCD 

( )

( )

( )

( )

dydxdy.xLim

xf

xf

x

x

xf

xf

x

x
0x

2

1

2

1

2

1

2

1

∫∫∫∑ =δ=
→δ

( )

( )

dxdy

xf

xf

x

x

2

1

2

1

∫∫=  

 

Case1b.: Similarly, dividing the area DCBA ′′′′  as in the figure, into horizontal strips of 

width yδ , we get the area DCBA ′′′′

( )

( )

dxdy

yf

yf

y

y

2

1

2

1

∫∫= . 

 

 

 

 

 

 

 

 

 

 

Case2.: Polar co-ordinates: 

Consider an area A enclosed by a curve whose equation is in polar co-ordinates. 

Let ( ) ( )δθ+θδ+θ  r,rQ  , ,rP   be two neighbouring points. Mark circular areas of radii r 

and rr δ+ meeting OQ in R and OP (produced) in S. 

Since arc δθ= rPR and rPS δ= . 

 

M N 

xδ
yδ

y = y2 

y = y1 

'A  

'B  

'D  

'C

x-axis 

y-axis 

O 

P 

Q 
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∴Area of curvilinear rectangle PRQS is approximately r . rPS . PR δδθ== . 

If the whole area is divided into such curvilinear rectangles, the sum 

rrδθδ∑∑ taken for all these rectangles, gives in the limit the area A. 

Hence, drrdrrLimA

0
0r

θ=δθδ= ∫∫∑∑
→δθ
→δ

, 

where the limits are to be so chosen as it cover the entire area. 

Q.No.1.: Find, by double integration, the area of a plate in the form of a quadrant of the  

               ellipse 1
b

y

a

x
2

2

2

2

=+ . 

Sol.: Here we suppose that the strip is parallel to the y-axis, therefore y varies from K(y = 

0) to 



























−=

2

2

a

x
1byL  and this strip slides from x = 0  to x = a . 

 

 

 

 

 

 

Q 

S 

R 

P rδ  
δθ

θ

O 

x-axis 

O            K                X 

M                          N 

L B(y = b) 

A(x = a) 

yδ

xδ
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∴The required area [ ] dxydxdy
22

22

a/x1b
0

a

0

a/x1b

0

a

0









=
















=

−
−

∫∫∫ ( )dxxa
a

b 22
a

0

−= ∫  

Now put tsinax = ,   dtcosadx =  and when x = 0,   t = 0;   when x = a,  
2

t
π

= . 

Hence the required area ( ) tdtcosatsinaa
a

b 222
2/

0

−= ∫
π

  

                                       tdtcosa
a

b 22
2/

0

∫
π

=
4

ab

22

1
ab

π
=







 π
×= . Square units. Ans. 

Second Method: Here we suppose that the strip is parallel to the x-axis, therefore x 

varies from M(x = 0) to 



























−=

2

2

b

y
1axN  and this strip slides from y = 0 to y = b. 

∴The required area [ ]
22

22

b/y1a
0

b

0

b/y1a

0

b

0

xdydxdy
−

−

∫∫∫ == ( )dyyb
b

a 22
b

0

−= ∫   

Now put tsinax = ,   dtcosadx =  and when x = 0,   t = 0;   when x = a,  
2

t
π

= . 

Hence the required area ( ) tdtcosatsinaa
a

b 222
2/

0

−= ∫
π

 

                                       tdtcosa
a

b 22
2/

0

∫
π

=
4

ab

22

1
ab

π
=







 π
×= . Square units. Ans. 

Remarks: The change of the order of integration does not in any way affect the value of  

                   the area. 

Q.No.2.: Show, by double integration, that area between the parabolas ax4y2 = and  

               ay4x2 =  is 2a
3

16
. 

Sol.: Solving the equations ax4y2 = and ay4x2 = , it is seen that the parabolas intersect 

at O(0, 0) and A(4a, 4a). Here we suppose that the strip is parallel to the y-axis, therefore 
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y varies from P to Q  i. e. from 
a4

x
y

2

=  to ( )ax2y =  and this strip slides from x = 0 to 

x = 4a. 

 

 

 

 

 

 

 

 

 

 

 

∴The required area 

( )

( ) dx
a4

x
ax2dxdy

2a4

0

ax2

a4/x

a4

0 2 










−=














= ∫∫∫  

                                 222

a4

0

3
2/3 a

3

16
a

3

16
a

3

32

3

x
.

a4

1
x

3

2
.a2 =−=−= . Square units.  

 

 

 

 

 

 

 

 

 

 

 

 

4a 

x-axis 

y-axis 

O 4a 

P 

Q 
A 

ax4y
2 =

ay4x
2 =
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Q.No.3.: Calculate the area, by double integration, included between the curve  

               ( )θ+θ= cossecar  and its asymptote. 

Sol.: The curve is symmetrical about the initial line and has an asymptote θ= secar . 

Draw any line OP cutting the curve at P and its asymptote at ' P . Along this line, θ is 

constant and r varies from  Pat    seca ′θ to ( )θ+θ cosseca  at P. Then to get the upper half 

of the area, θ varies from 0 to 
2

π
. 

 

 

 

 

 

 

 

 

 

 

 

 

∴The required area 

( )

θ= ∫∫
θ+θ

θ

π

rdrd 2

coaseca

seca

2/

0

( )

θ











=

θ+θ

θ

π

∫ d
2

r
 2

cosseca

seca

22/

0

 

                                 ( )
4

a5

4

1
1a

2
.

2

1

2
.2adcos2 a

2
222

2/

0

2 π
=
















+π=







 π
+

π
=θθ+= ∫

π

. 

Square units. Ans. 

Q.No.4.: Find, by double integration, the area lying between the parabola 
2xx4y −=   

               and the line y = x. 

 

 

 

 

O 

0=θ  

2

π
=θ

θ

r = a θsec   

( )θ+θ= cossecar   

P 
'P  

a 
2a 
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Sol.:  

 

 

 

 

 

 

 

 

  

 

The required area dx dy

2xx4

x

3

0













= ∫∫

−

[ ] dx y
2x-4x

x

3

0

∫= ( )dxxxx4 2
3

0

−−= ∫  

                            ( )dxxx3 2
3

0

−= ∫
3

0

32

3

x

2

x3












−=  

                            5.4
2

9

6

27

3

27

2

27
===−= . Sq. units. Ans. 

Q.No.5.: Find, by double integration, the area enclosed by the curves 
( )2x

x3
y

2 +
=  and  

               
2xy4 = . 

 

 

Sol.:  

 

 

 

 

 

 

 

x-axis 

y-axis 

O (0. 0) 

y = x 

(3, 3 ) 

2xx4y −=  

x-axis 

y-axis 

O  (0, 0) 

P 

Q 

A (2, 1) 

2x

x3
y

2 +
=

2xy4 =
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Let us suppose that the strip is parallel to y-axis. Then integrate w. r. t. y first and then 

w. r. t.  x. 

The required area 

( )
dxdyA

2x/x3

4/x

2

0

2

2 












= ∫∫

+

[ ] ( )
dxy

2x/x3

4/x

2

0

2

2

+
∫= dx

4

x

2x

x3 2

2

2

0













−

+
= ∫ . 

Let 2xt 2 += xdx
2

dt
xdx2dt =⇒=⇒ . 

∫ ∫ ∫ ===
+

∴ tlog
2

3

t

dt

2

3

t

2

dt
3

dx
2x

x3
2

. 

At x = 0, t = 2; x = 2, t = 6. 

∴

( )
dxdyA

2x/x3

4/x

2

0

2

2 












= ∫∫

+ 2

0

36

2
e

12

x
tlog

2

3












−








= [ ]

12

8
2log6log

2

3
ee −−=   

        







−=

3

2

2

6
log

2

3
e 








−=

3

2
3log

2

3
e  . Sq. units. Ans.  

Q.No.6.: Find, by double integration, the area of lemniscate θ= 2cosar 22 . 

Sol.:   

 

 

 

 

 

 

 

 

The required area ×= 4A [Area in the first quadrant] 

                                 θ













×= ∫∫

θπ

drdr4

2cosa

0

4/

0

θ











=

θπ

∫ d
2

r
.4

2cosa

0

24/

0

θθ= ∫
π

d.2cosa
2

4 2
4/

0

 

                                 







−

π
=







 θ
=

π

0sin
2

sina
2

2sin
a2

2
4/

0

2 2a= . Sq. units. Ans. 

0=θ  

2

π
=θ

4

π
=θ

O 

θ= 2cosar 22  

θ
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Q.No.7.: Find, by double integration, the area lying inside the circle θ= sinar and  

                outside the cardioid ( )θ−= cos1ar . 

Sol.:  

 

 

 

 

 

 

 

 

The required area 

( )

θ













= ∫∫

θ

θ−

π

drdrA

sina

cos1a

2/

0 ( )

θ











=

θ

θ−

π

∫ d
2

r
sina

cos1a

22/

0

 

                                 ( )[ ] θθ+θ−−θ= ∫
π

dcoscos21asina
2

1 2222
2/

0

 

                                 ( ) θθ−θ+−θ= ∫
π

dcoscos21sin
2

a 22
2/

0

2

. 

                                 











θθ−θθ+θ−θθ= ∫∫∫∫

ππππ

dcosdcos2ddsin
2

a 2
2/

0

2/

0

2/

0

2
2/

0

2

 

                                 ( ) 














 π
×−×+







 π
−






 π
×=

22

1
12

222

1

2

a2

 

                                 







+

π
−= 2

22

a2








 π
−=

4
1a2 . Square units. Ans. 

Q.No.8.: Find the area between the curve ayx =+   and the axis. 

Sol.: Since the x and y are under radical sign, x and y can take only positive values, 

therefore the curve lies in the first quadrant. 

Now for x = 0,   y = a    and   y – 0,    x = a (here it is important that a is also positive) 

O 

0=θ  

2

π
=θ

θ= sinar

( )θ−= cos1ar
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Also 
4

a
yx == , satisfy the equation of the curve. Thus the curve can be plotted as shown 

in the figure. 

To find the area, we have to calculate the following integral. 

( )
dxdyA

2
xa

0

a

0 















= ∫∫
−

[ ]( )
dxy

2
xa

0

a

0

−
∫= ( ) dxxa

2
a

0

−= ∫  

    ( )dxax2xa

a

0

−+= ∫
a

0

2/3
2

xa
3

2
2

2

x
ax












×−+=  

     
6

a
a

3

4

2

a
a

2
2

2
2 =−+= . Square units. Ans. 

Q.No.9.: Find, by double integration, the smaller of the areas bounded by the ellipse 

2 24x 9y 36+ =  and the straight line 2x 3y 6+ = .   

Sol.: Equation of the ellipse 1
4

y

9

x 22

=+ . 

Area required dxdy
4

y936

2

y36

2

0

2

∫∫

−

−

 

( ) ( ) dyy36y36
2

1
A

22
2

0




 −−−= ∫ dy

2

y36
dyy2

2

3
2

0

22
2

0

−
−−= ∫∫  

      

2

0

2
2

0

12 y
4

3
y3

2

y
sin

2

4
y4

2

y

2

3






−−





+−= − [ ]36

2
2

2

3
−−




 π
×=  

       ( )2
2

3
3

2

3
−π=−

π
= .  Square units. 

Q.No.10.: Find, by double integration, the smaller of the areas bounded by the circle 

2 2x y 9+ =  and the line x y 3+ = .   

Sol.: Equation of the circle 
222

3yx =+ . 

Area required dxdy

2y9

y3

3

0

∫∫
−

−

= ( ) dyy3y9 2
3

0




 −−−= ∫  



Double Integrals: Area enclosed by plane curves     

          Visit: https://www.sites.google.com/site/hub2education/ 

 

11 

3

0

23

0

1

2

y
y3

3

y
sin

2

9
y9

2

y












−−





+−= − ( )2

4

9

2

9

4

9

2

9
9

22

9
−π=−

π
=








−−

π
×= . Sq.units. 

Q.No.11.: Find, by double integration, the area bounded by the parabola 2y x=  and the 

line y 2x 3= + .   

Sol.: Required area  

dydxA

3x2

x

3

1 2

∫∫
+

−

= ( )dxx3x2 2
3

1

−+= ∫
−

[ ]
3

1

3
3
1

3

1

2

3

x
x3

2

x
2

−

−

− 










−+












=  

( ) 







+−++





−=

3

1

3

27
133

2

1

2

9
2

3

2
10

3

32

3

28
20

3

28
128 ==−=−+=  . Square units. 

Q.No.12.: Find, by double integration, the area bounded by the parabolas 2y 4 x= −  and 

2y 4 4x= − .   

Sol.: Area required dxdy

R

∫∫=  

dxdyA

2

2

y4

4

y4

2

2

∫∫
−

−−

= dy
4

y4
y4

2
2

2

2 























 −
−−= ∫

−

dy
4

y4y416 222

2

+−−
= ∫

−

 

dy
4

y312 22

2

−
= ∫

−

[ ] [ ]232
2 y

34

3
y3

×
−= − ( ) ( ) 841288

4

1
223 =−=+−+= . Square units. 

Q.No.13.: Find, by double integration, the area bounded by the circles r 2sin= θ  and 

r 4sin= θ .   

Sol.: Area required θ= ∫∫ rdrd2

R

θ= ∫∫
θ

θ

π

rdrd2

sin4

sin2

2/

0

θ











=

θ

θ

π

∫ d
2

r
2

sin4

sin2

22/

0

 

θ
θ−θ

= ∫
π

d
2

sin4sin16
2

222/

0

θθ= ∫
π

dsin62 2
2/

0

. 

π=
π

××=θθ= ∫
π

3
22

1
12dsin12 2

2/

0

 Square units. 

Q.No.14.: Find, by double integration, the area outside the circles r a=  and inside the 

cardioids ( )r a 1 cos= + θ .   
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Sol.: Required area θ= ∫∫ rdrd2

R

 

( )

θ= ∫∫
θ+π

rdrd2A

cos1a

a

2/

0

( )

θ











=

θ+π

∫ d
2

r
2

cos1a

a

22/

0

( )[ ] θ−θ+= ∫
π

dacos1a
2

2 222
2/

0

 

      ( ) θ−θ+θ+= ∫
π

d1cos2cos1
2

a2 2
2/

0

2

θ+θ= ∫∫
ππ

cos2a2cos
2

a2
2/

0

22
2/

0

2

 

    [ ] 2/
0

22

sin2
2

a2

22

1

2

a2 π
θ×+

π
××= ( )8

4

a
a2

4

a 2
2

2

+π=+
π

= . Square units. 

Q.No.15.: Find, by double integration, the area of the curvilinear quadrilateral bounded 

by four parabolas 2 2 2 2y ax,  y bx,  x cy,  x dy= = = = . 

Sol.: Area required 
R

dxdy= ∫∫
 

Given parabolas are 

2 2 2 2y ax,  y bx,  x cy,  x dy= = = =  (i,  ii,   iii,   iv)    

Now substituting    y
2
 = u

3
x      and x

2
 = v

3
 y 

Now from (i) we know 

ax = u
3
x,      u

3
 = a     and x = 0    u = a

1/3
                          (A) 

Also from (ii) 

bx = u
3
x,      u = b

1/3
                                                           (B) 

and from (iii) 

cy = u
3
y,      v = c

1/3
                                                           (C) 

From (iv) 

dy = v
3
y,      v = d

1/3
                                                           (D) 

Considering b > a    and  d > c 

Now from A, B, C and D 

x x

(x, y) u v
J

y y(u, v)

u v

∂ ∂

∂ ∂ ∂
= =

∂ ∂∂

∂ ∂

2

2 2 2 2 2 2

2

v 2uv
u v 4u v 3u v

2uv u
= = − − . 

2 2
J 3u v⇒ = . 
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1/3 1/3

1/3 1/3

d b

2 2

c a

A 3u v du dv
 

∴ =  
 
 

∫ ∫
1/3 1/3

1/3 1/3

d b

2 2

c a

3 u v du dv
 

=  
 
 

∫ ∫

1/3
1/3

1/3 1/3

bd 3
2

c a

u
3 v dv

3

 
=  

 
∫

1/3

1/3

d

2

c

3
(b a)v dv

3
= −∫ ( )

( )( )
1/3

1/3

d
3

e

b a d cv
b a

3 3

− − 
= − = 

 
. Square units. Ans. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 

 

 



 

 

 

 

 

 

 

 

Evaluation of Volume by double integrals:  

Consider a surface z = f(x, y).   (i) 

Let the orthogonal projection on xy-plane of its portion 'S  be the area S given by 

( ) 0y,x =φ .   (ii) 

Now (ii) represents a cylinder with generators parallel to z-axis and guiding curve given 

by (ii). Let V be the volume of this cylinder between S and ' S . 

Divide S into elementary rectangles of area y x δδ by drawing lines parallel to x and y-

axes. With each of these rectangles as base, erect a prism having its length parallel to OZ. 

∴ Volume of this prism between S and the given surface z ( )y ,xf= is ( )y x  z δδ . 

Hence, the volume of the solid cylinder on S as base, bounded by the given surface with 

generators parallel to the z-axis 

yx  zLtV

0y
0x

δδ= ∑∑
→δ
→δ

zdxdy∫∫=  = ( )dxdyy ,xf∫∫ , 

where the integration is carried over the area S. 

Remarks:While using polar co-ordinates, divide S into elements of  area r  r δδθ . 

∴ By replacing dxdy by drrdθ , we get the required volume drzrdθ= ∫∫ . 

7th Topic 

Integral Calculus 

Double Integrals 

 [Volume of solids by double integrals] 

 

Prepared by: 

Prof. Sunil 

Department of Mathematics and Scientific Computing 

NIT Hamirpur (HP) 
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Q.No.1.: Find the volume bounded by the cylinder 4yx 22 =+ and the planes   

               4zy =+ and z = 0. 

Sol.:The required volume = ( )dxdyy4zdxdy −= ∫∫∫∫ ,  

where the integration is carried over the area of circle 4yx 22 =+ .  

Let us suppose strip is parallel to x-axis, then to cover the whole circle, x varies from 

2y4 −− to 2y4 − and y varies from 2− to 2. 

 

 

 

 

 

 

 

 

 

∴ Required volume dxdy)y4( 

2

2

y4

y4

2

2

−= ∫∫
−

−−−

( )
( ) dydxy42

2
y4

0

2

2 















−= ∫∫
−

−

 

( )[ ] ( )
dyxy42

2y4
0

2

2

−

−

−= ∫ ( ) ( )dyy4y42 2
2

2

−−= ∫
−

 

( ) ( )dyy4y2dyy442 2
2

2

2
2

2

−−−= ∫∫
−−

 

( ) 0dyy48 2
2

2

−−= ∫
−

. 








function.  oddan  is integrand

 theas  vanishes termsecond The
 

Put θ= sin2y  so that θθ= dcos2dy . 

And as y varies from 2− to 2, θ  varies 
2

π
−  to 

2

π
. 

y-axis 

z-axis 

x-axis 

2−  2+  

4yx 22 =+
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∴ Required volume θθθ= ∫
π

π−

dcos2.cos28

2/

2/

θθ=θθ= ∫∫
ππ

π−

dcos64dcos32 2
2/

0

2
2/

2/

 

π=
π

××= 16
22

1
64 . Cubic units. Ans. 

Q.No.2.: Find the volume bounded by the paraboloid azyx 22 =+ , the cylinder  

               ay2yx 22 =+  and the plane z = 0. 

Sol.: The required volume dxdy
a

yx
zdxdyV

22 +
== ∫∫∫∫ ,  

over the circle ay2yx 22 =+ . 

 

 

 

 

 

 

 

 

 

 

 

 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ),  

we have put θ= cosrx , θ= sinry and  

( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

Then ( ) ( ) θθθ= ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

 ry x RR

.  

∴ Paraboloid azyx 22 =+ ⇒
a

r
z

2

=  and the polar equation of the circle is θ= sina2r . 

ay2yx 22 =+  

y-axis 

z-axis 

x-axis 

O 
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To cover the circle, r varies from 0 to θsina2  and θvaries from 0 to π .  

∴ Required volume dr d r.
a

r
dxdy

a

yx 2sina2

00

22

θ=
+

= ∫∫∫∫
θπ

θ













= ∫∫

θπ

ddrr
a

1 3
sina2

00

 

θθ=θ













= ∫∫

πθπ

dsina4d
4

r

a

1 4

0

3

sina2

0

4

0

θθ= ∫
π

dsin2.a4 4
2/

0

3  

2

a3

224

13
a8

3
3 π

=






 π
×

×

×
×= . Cubic units Ans. 

Q.No.3.: Find the volume bounded by the xy-plane, the paraboloid 22 yxz2 +=  and   

                the cylinder 4yx 22 =+ . 

Sol.: Required volume is found by integrating 
2

yx
z

22 +
=  over 4yx 22 =+ . 

i. e. dxdy
2

yx
zdxdyV

22

4yx 22

+
== ∫∫∫∫

≤+

 

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ),  

we have put θ= cosrx , θ= sinry and  

( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

Then ( ) ( ) θθθ= ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

 ry x RR

. 

Paraboloid 22 yxz2 +=
2

r

2

yx
z

222

=
+

=⇒ and  

cylinder 4yx 22 =+ 4r2 =⇒ ,  2 ,2r −=∴  (Rejected) 2r =∴  

To cover full circle, r varies from 0 to 2 and θvaries from 0 to π2  

θ













= ∫∫

π

drdr
2

r
V

22

0

2

0

θ













⇒ ∫∫

π

ddrr
2

1 3
2

0

2

0

θ= ∫
π

d
4

r

2

1
2

0

42

0

θ= ∫
π

d4
2

1
2

0
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π=π×=θ= ∫
π

422d2

2

0

. Cubic units. Ans. 

Q.No.4.: Find the volume enclosed by the cylinders ax2yx 22 =+ and ax2z2 = . 

Sol.: The required volume dxdyax22zdxdy2 ∫∫∫∫ ==  

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ),  

we have put θ= cosrx , θ= sinry and  

( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

Then ( ) ( ) θθθ= ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

 ry x RR

. 

Now  ax2yx 22 =+ [ ] 0cosa2rrcosar2r2 =θ−⇒θ=⇒ . 

So r varies from 0 to θcosa2   and  θ  varies from 0 to π . 

∴ Required volume dxdyax22∫∫= θθ= ∫∫
θπ

rdrdcosar2  2

cosa2

00

 

( )

θθ= ∫∫
θπ

drdrcosa2  4 2/3
cosa2

0

2/

0

 

θ
















θ=

θ

π

∫ d

2

5

r
 cosar24

2acos

0

5/22/

0

( )[ ] θθθ= ∫
π

dcos2a 
5

2
 cosar24 2/52/5

2/

0

 












θθ= ∫

π

dcosa
5

2 3
2/

0

3
6

13

2
.

5

a64 3

×
= 3a

15

128
= . Cubic units. Ans. 

Q.No.5.: Find the volume of the cylinder 0ax2yx 22 =−+ , intercepted between the                    

                paraboloid and the xy-plane. 

Sol.: The required volume dxdy
a2

yx
zdxdy

22 +
== ∫∫∫∫  

To change cartesian co-ordinates (x, y) to polar co-ordinates (r, θ ),  

θθ











= ∫∫

θπ

dcosa2dr r 4 3/2
cosa2

0

2/

0

az2yx 22 =+
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we have put θ= cosrx , θ= sinry and  

( )
( )θ∂

∂
=

 r,

y ,x
J

θθ

θ−θ

=

θ∂

∂

∂

∂
θ∂

∂

∂

∂

=

cosrsin

sinrcos

y

r

y

x

r

x

( ) rsincosr 22 =θ+θ= . 

Then ( ) ( ) θθθ= ∫∫∫∫
θ′

d dr r.rsin ,cosrfdxdyy ,xf

 ry x RR

. 

Since ax2yx 22 =+ [ ] 0cosa2rrcosar2r2 =θ−⇒θ=⇒  

To cover the circle r varies from 0 to θcosa2 and θ  varies from 0 to π . 

∴ Required volume θ= ∫∫
θπ

drd r
a2

r2cosa2

00

θ=

θπ

∫ d
4

r

a2

1
cosa2

0

4

0

θθ×= ∫
π

dcos
4

a16

a2

1 4

0

4

 

4

a3

224

3
a4dcos2a2

3
34

2/

0

3 π
=

π
×

×
×=θθ×= ∫

π

. Cubic units. Ans. 

Q.No.6.: Find the volume of the region bounded by 22 yxz += , z = 0,  ax −= ,  x = a,    

               and ay −= ,  y = a. 

Sol.: Required volume zdxdy∫∫= ( )dxdyyx 22
a

a

a

a

+= ∫∫
−−

dx
3

y
yx

a

a

3
2

a

a −−

+= ∫  

dx
3

a
ax

3

a
ax

3
2

3
2

a

a













+++= ∫

−

dx
3

a
ax2

3
2

a

a













+= ∫

−

 

a

a

33

x
3

a
a

3

x
2

−

+= ( )4444 aaaa
3

2
+++= 4a

3

8
= . Cubic units.  Ans.  

Q.No.7.: Find the volume V of a solid bounded by the spherical surface  

              
2222 a4zyx =++  and the cylinder 0ay2yx 22 =−+ . 

Sol.: zdxdyV

R

∫∫= . 

R is a region defined by 0ay2yx 22 =−+ . 

Putting ( )222 yxa4z +−=  
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( )2 2 2

R

V 4a x y dxdy= − +∫∫ . 

Putting θ= cosrx ,          . 

( )
r

,r

)y,x(
J =

θ∂

∂
=  

( )
2asin

2 2 2 2 2

0 0

V 2 4a r cos r sin rdrd

π θ

= − θ + θ θ∫ ∫ θ−= ∫∫
θπ

rdrdra44 22
sina2

0

2/

0

 

Putting tdt2rdr2tra4 222 =−⇒=−  

( ) θ−= ∫∫
θπ

dtdtt4V

cosa2

a2

2/

0

θ










−
=

θπ

∫ d
3

t
4

cosa2

a2

32/

0

( ) [ ] θθ−= ∫
π

dcos1
3

a2
4 3

32/

0

 

θθθ×−θ×= ∫∫
ππ

dcos.cos
3

a8
4d

3

a8
4 2

2/

0

32/

0

3

[ ]











θθθ−−







 π
= ∫

π

dcossin1
3

a8

23

a8
4 2

2/

0

33

 












θθθ+θθ−

π
= ∫∫

ππ

dcossin
3

a8
dcos

3

a8

2
.

3

a8
4 2

2/

0

32/

0

33

 

























 θ
+−

π
=

π 2/

0

3333

3

sin
.

3

a8

3

a8

2
.

3

a8
4 








+−

π
×=

3

1
1

23

a8
4

3

 









−π=








−

π
×=

3

4

3

a16

3

2

23

a8
4

33

. Ans. 

Q.No.8.: Find, by double integration, the volume of the ellipsoid 1
c

z

b

y

a

x
2

2

2

2

2

2

=++ . 

Sol.: The volume of the required ellipsoid is equal to 8 times the volume of ellipsoid in 

any one octant    (say XOY). 

1
c

z

b

y

a

x
2

2

2

2

2

2

=++
2 2

2 2

x y
z c 1

a b
⇒ = − − . 

For plane XOY: z = 0,  
2 2

2 2

x y
1

a b
+ =

2

2

x
y b 1

a
⇒ = − . 

θ= sinry



Double Integrals: Volume of Solids                           

 Visit: https://www.sites.google.com/site/hub2education/ 

 

8

Required volume =  zdydxydx8

b
2a

2
x1

0

a

0

∫∫

−
2

b
2

x
1

a x 2 2

2 2

0 0

x y
8 c 1 dydx

a b

−

= − −∫ ∫  

Putting t
a

x
1

2

2

=−  

dxdy
b

y
tc8V

2

2
2

bt

0

a

0













−= ∫∫ ( ) dxdyybt

b

c
8 22

bt

0

a

0













−= ∫∫  

( ) ( )
dx

bt

y
sin

2

bt
ybt

2

y

b

c8
bt

0

1
2

22












+−= − ( )

dx
22

bt

b

c8
2a

0 









 π
×= ∫ dxt

22

b

b

dc 2
a

0

2

∫
π

××=  

dx
a

x
1

4

bc8
2

2a

0













−π×= ∫ dxx

a

bc2
dxbc2 2

a

0
2

a

0

∫∫
π

−π= [ ]
a

0

3

2

a
0

3

x

a

bc2
xbc2











π
−π=  

abc
3

4

3

abc2
abc2 π=

π
−π=  Cubic units. 

Q.No.9.: Find, by double integration, the volume of the tetrahedron bounded by the 

coordinate planes and the plane 
x y z

1.
a b c

+ + =  

Sol.: 1
c

z

b

y

a

x
=++  is the given equation of tetrahedron. 









−−=⇒

b

y

a

x
1cz  

For plane XOY: z = 0,   1
b

y

a

x
=+  

Volume zdydx

)
a

x
1(b

0

a

0

∫∫

−

= dxdy
b

y

a

x
1c

a

x
1b

0

a

0


























−−= ∫∫









−

 

dx
a

x
1b

b2

c

a

xb
b

a

cx

a

xb
bc

2
2

a

0 


















−−








−−








−= ∫  

[ ] [ ] [ ] [ ] [ ] [ ] [ ] 















−

×
−−++−−=

a

0
2a

0
3

2

a
0

a

0
3

2

a

0
2a

0
2b

0 x
a2

bc
x

a32

bc
x

2

bc
x

a3

bc
x

a2

bc
x

a2

bc
xbc  
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







−

×
++−−=

2

abc

32

abc

2

abc

3

abc

2

abc

2

abc
abc ∓  

2

abc

32

abc

2

abc

3

abc

2

abc

2

abc
abc +

×
−−+−−=  

2

abc

6

abc

2

abc

3

abc

2

abc

2

abc
abc +−−+−−=

6

abc
= .   Cubic units. 

Q.No.10.: Find the volume common to the cylinders 222 ayx =+ and 222 azx =+ . 

Sol.: 
22 xaz −= ,   22 xay −= . 

Required volume zdydx8∫∫= dxdyxa8 22
xa

0

a

0

22

−= ∫∫
−

 

[ ] dxyxa8
22 xa

a
22

a

0

−−= ∫ ( )dxxa8 22
a

0

−= ∫ [ ] [ ]a03a
0

2 x
3

8
xa8 −=  

3
3 38a 16

8a a
3 3

= − = .   Cubic units 

Q.No.11.: Find, by double integration, the volume common to the sphere  

                  
2222 azyx =++  and the cylinder 2 2x y ay+ = . 

Sol.: The required volume is the part of the sphere 2222 azyx =++  lying within the 

cylinder 222 xyaz −−= . On the account of symmetry of the sphere, half of it lies above 

the plane XOY and half below it. 

∴ Required volume 2 zdydx= ∫ ∫ , 

where  ( )2 2 2z a y x= − −   , and the region of integration is the area inside the circle 

2 2x y ay+ = . 

On the account of symmetry, the volume above the two parts of circle 2 2x y ay+ =  in the 

first and the second quadrants are equal.  

Total volume required ( )2 2 2

R

2 2 a y x dydx= × − −∫ ∫  

where R is half of the circle 2 2x y ay+ =   lying in the first quadrant. 
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Changing to polar coordinates by putting θ= cosrx ,  θ= sinry  so that 2 2 2x y r .+ =  

Equation of the circle 2 2x y ay+ =   becomes 

2
r arsin r a sin= θ⇒ = θ  

Thus the region of integration is bounded by r 0, r a sin   and  0, .
2

π
= = θ θ = θ =  

∴ Required volume θ−= ∫∫
θπ

drd r  ra4V 22
sina

0

2/

0

 

2 2 2Now  put  a r t rdr t− = ⇒ = −  

θ−= ∫∫
θπ

dtd)t(t4V 2/2
cosa

a

2/

0

θ= ∫∫
θπ

dtdt4 2
cosa

a

2/

0

[ ] θ−=
θ

π

∫ dt
3

4 cosa

a
3

2/

0

( )
/2

3 3 3

0

4
a cos a d

3

π

= − θ − θ∫ 




 π
×−×−=

2
a

1.3

1.2
a

3

4 33 [ ]43a
9

2 3 −π= .  Cubic units 

Q.No.12.: Find, by double integration, the volume common to the sphere  

                 
2222 azyx =++  and the cylinder 2 2x y ax+ = . 

Sol.: The required volume is the part of the sphere 2222 azyx =++  lying within the 

cylinder 222 xyaz −−= . On the account of symmetry of the sphere, half of it lies above 

the plane XOY and half below it. 

∴ Required volume 2 zdydx= ∫ ∫ , 

where  ( )2 2 2z a y x= − −   , and the region of integration is the area inside the circle 

2 2x y ax+ = . 

On the account of symmetry, the volume above the two parts of circle 2 2x y ay+ =  in the 

first and the second quadrants are equal.  

Total volume required ( )2 2 2

R

2 2 a y x dydx= × − −∫ ∫  

where R is half of the circle 2 2x y ax+ =   lying in the first quadrant. 

Changing to polar coordinates by putting θ= cosrx ,  θ= sinry  so that 2 2 2x y r .+ =  

Equation of the circle 2 2x y ax+ =   becomes 
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2
r ar cos r a cos= θ⇒ = θ  

Thus the region of integration is bounded by r 0, r a cos   and  0, .
2

π
= = θ θ = θ =  

∴ Required volume 

/2 a cos

2 2

0 0

V 4 a r   r drd

π θ

= − θ∫ ∫  

/2 a cos

2 2

0 a

4
V a r ( 2r)drd

2

π θ

= − − θ
− ∫ ∫

( )
acos

2 2/2

0
a

a r
2 d

3 / 2

θ
π  −

 = − θ
  

∫

( )
/2

3 3 3

0

4
a sin a d

3

π

= − θ − θ∫ 




 π
×−×−=

2
a

1.3

1.2
a

3

4 33 [ ]43a
9

2 3 −π= .  Cubic units 

Q.No.13.:Find, by double integration, the volume bounded by the cylinder 2 2x y 4+ =

and the hyperboloid 2 2 2x y z 1.+ − =  

Sol.: 1yxz 22 −+= ,    2x4y −=  

Volume zdydx2

R

∫∫=

22 4 x

2 2

0 0

2 x y 1dydx

−

= + −∫ ∫  

Putting xcosr =θ ,    ysinr =θ and rJ =  

222 ryx =+  

Also 2r4r4yx 222 =⇒=⇒=+ . 

θ−= ∫∫
π

rdrd  1r2V 2
2

1

2

0

. 

Putting 22 t1r =− tdt2rdr2 =⇒ . 

θ











⇒θ= ∫∫∫

ππ

d
3

t
dtdt2V

3

0

3

0

2
3

0

2

0

π=θ= ∫
π

34d32

2

0

.  Cubic units. 

Q.No.14.:Find, by double integration, the volume under the plane z x y= + and above the 

area cut from the first quadrant by the ellipse  2 24x 9y 36.+ =  

Sol.: Given yxz += ,   .36y9x4 22 =+  
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Required volume zdydx

R

∫∫= ( )

236 4x

3 9

0 0

x y dy dx

− 
 

= + 
 
  

∫ ∫

( )
dx

9

x436

2

1

3

x436
x

223

0












 −
+

−
= ∫ ( )

3 3

2 2

0 0

1 1
x 36 4x dx 36 4x dx

3 18
= − + −∫ ∫  

                                       I                                 II 

For I,  putting 22 tx436 =− ,     dt
4

t
xdxtdt2xdx8 −=⇒=−  

[ ] [ ]
0 62 2

33 3

0 0
6 0

1 t 4 1 1 t 4 1
V dt 2 x x dt 6 27

3 4 18 3 3 4 18 3
 = − + − × = + − × ∫ ∫  

1 1 4 1
6 6 6 6 3 3 3 6 6 2 10

12 3 18 3
= × × × × + − × × × × = + − = . Cubic units 

Q.No.15.:Find, by double integration, the volume bounded by the plane z = 0, surface 

2 2z x y 2= + + and the cylinder  2 2x y 4.+ =  

Sol.: Given 2yxz 22 ++= ,   4yx 22 =+  

Volume of required region zdydx4

R

∫∫=  

22 4 x

2 2

0 0

V 4 x y 2 dy dx

− 
  = + +  
 

∫ ∫ [ ] [ ]
22 2

2
4 x4 x 4 x2 3

0 00
0

1
4 x y y 2 y dx

3

−− − 
 = + +  

 
∫  

( )
2

3/2
2 2 2 2

0

1
4 x 4 x 4 x 2 4 x dx

3

 
= − + − + −  
∫  

               I                     II                       III 

 

For I and II  

Putting θ= sin2x ,   θθ= dcos2dx  

( ) 2
2

0

2/32
2/

0

22
2/

0

x442cos2sin44
3

4
dcos2sin44sin44 −×+θθ−+θθ−θ= ∫∫∫

ππ

 

= 





+−+θθθ+θθθ −

ππ

∫∫ 2

x
sin

2

4
x4

2

x
8dcos2.cos8

3

4
dcossin164 123

2/

0

22
2/

0
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




 π
×+θ×+θθθ= ∫∫

ππ

2
28cos2

3

32
dcossin64 4

2/

0

22
2/

0

 

π+
π

××+
π

××= 8
22.4

1.3

3

64

22.4

1.1
64 π=π+π+π= 16844 .  Cubic units 

Q.No.16.:Find, by double integration, the volume bounded by the cylinder 2 2x y 1+ =

and the plane  x y z 3.+ + =  

Sol.: Given 3zyx =++ yx3z −−=⇒  

222 x1y1yx −=⇒=−  

Volume = ∫ ∫ zdydx4

R

ydydxx34

2x1/R

0

1

0

−−= ∫∫
−

[ ] [ ] [ ] dxy
2

1
yxy34

2
22 x1

0
2x1

0
x1

0

1

0

−−− −−= ∫ ( )dxx1
2

1
x1xx134 222

1

0

−−−−−= ∫  

                                                                              I                II              III 

For II, tdtxdxtdt2xdx2tx1 22 −=⇒=−⇒=− . 

1

0

32
0

1

1

0

12 x
3

1
x

2

4
dtt4xsin

2

1
x1

2

x
3.4V 





−−−−





+−= ∫

−  







−−












+




 π
×=

3

1
1

2

4

3

t
4

22

1
3.4

0

1

3 4 4 3 2.4 8
4.3 4. 3

4 3 3 4 3 3

π π
= × − − = − = π −   Cubic units 

Q.No.17.:A rectangular prism is formed by the planes whose equations are ay = bx, y = 0 

and x a= . Find, by double integration, the volume of this prism between the 

plane z = 0 and the surface z c xy= + . 

Sol.: Volume = ∫ ∫ zdydx4

R

 

( )dydxxycV

x
a

b

0

a

0

+= ∫∫ [ ] [ ] dxy
2

x
yc a

bx

0
2a

bx

0

a

0













+= ∫ dx

a2

xb

a

bcx
2

32a

0













+= ∫  

[ ] [ ]a04

2

2
a

0
2

x
4

1

a2

b
x

2

1

a

bc
×+×= 4

2

2
2

a
a8

b
a

a2

bc
×+×=  
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( )abc4
8

ab

8

ba

2

abc 22

+=+= .  Cubic units 

Q.No.18.: Find, by double integration, the volume of the sphere 2 2 2x y z 9+ + = . 

Sol.: Required volume will be equal to 8times the volume of XOY,  z = 0 

22 yx9z −−=  

Volume zdydx8

R

∫∫= dydxyx98 22
x9

0

3

0

2

−−= ∫∫
−

 

Put θ= cosrx ,    θ= sinry  and rJ =  

222 ryx =+  

Volume θ−= ∫∫
π

rdrd r98 2
3

0

2/

0

 

Put tdtrdrtdt2rdr2tr9 22 −=⇒=−⇒=−  

θ=θ−= ∫∫∫∫
ππ

dtdt8dtdt8V 2
3

0

2/

0

2
0

3

2/

0

[ ] θ=θ= ∫∫∫
ππ

dtdt8dt
3

8 2
3

0

2/

0

3

0
3

2/

0

 

[ ] π=
π

××=θ= ∫
π

36
2

3
3

8
dt

3

8 33

0
3

2/

0

.  Cubic units 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 



 

 

 

 

 

 

 

 

 

 

Volumes of solids of revolution: 

 

Cartesian co-ordinates: 

 Consider an elementary area y x δδ  at the point P(x, y) of a plane area A. 

As this elementary area revolves about x-axis, we get a ring of volume 

( )[ ] y x y2xyyy
22

δδπ=δ−δ+π= ,  

nearly to the first powers of yδ . 

Hence, the total volume of the solid formed by the revolution of the area A about x-axis 

ydxdy2

A

π= ∫∫ . 

Similarly, the volume of the solid formed by the revolution of the area A about y-axis 

xdxdy2

A

π= ∫∫ . 

Polar co-ordinates: 

In polar co-ordinates, the above formula for the volume becomes  

8th Topic 

Integral Calculus 

Double Integrals 

 [Volumes of solids of revolution] 

(Cartesian and Polar co-ordinates) 

 

Prepared by: 

Prof. Sunil 

Department of Mathematics and Scientific Computing 

NIT Hamirpur (HP) 
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drrd.sinr2

A

θθπ∫∫ = drd.sinr2 2

A

θθπ∫∫ . 

Q.No.1.: Calculate by double integration, the volume generated by the revolution of  

                the cardioid ( )θ−= cos1ar about its axis. 

Sol.: In polar co-ordinates, the formula for evaluating the volume of revolution is  

drrd.sinr2

A

θθπ∫∫ = drd.sinr2 2

A

θθπ∫∫ . 

Here ( )θ−= cos1ar . 

 

 

 

 

 

 

 

∴Required volume 

( )

θθπ= ∫∫
θ−π

drdsinr2 2
cos1a

00

( )

θθπ=

θ−π

∫ dsin
3

r
2

cos1a

0

3

0

 

                                  ( ) θθθ−
π

= ∫
π

dsin.cos1
3

a2 3

0

3

. 

Put tcos1 =θ− , so that dtdsin =θθ . 

And when 0=θ , t = 0, and when π=θ , t = 2. 

∴Required volume of revolution dtt
3

a2 3
2

0

3

∫
π

=  

                                                       dt
4

t

3

a2
2

0

43











π
=

3

a8 3π
= .  Cubic units. Ans.  

Q.No.2.: Prove, by using a double integral that the volume generated by the revolution  

                 of the cardioid ( )θ+= cos1ar about its axis is 
3

a8 3π
. 

Sol.: In polar co-ordinates, the formula for evaluating the volume of revolution is  

0=θπ=θ  θ
axis
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drrd.sinr2

A

θθπ∫∫ = drd.sinr2 2

A

θθπ∫∫ . 

Here ( )θ+= cos1ar . 

∴Required volume of revolution

( )

θθ













π= ∫∫

θ+π

dsindrr2 2
cos1a

00

 

( )

θθ











π=

θ+π

∫ dsin
3

r
2

cos1a

0

3

0

( )
θθ












−

θ+
π= ∫

π

dsin0
3

cos1a
2

33

0

 

( ) θθθ+
π

= ∫
π

dsincos1
3

a2 3

0

3

. 

Put tcos1 =θ+ , so that dtdsin =θθ− . 

And when 0=θ , t = 2, and when π=θ , t = 0. 

∴Required volume of revolution dtt
3

a2
dtt

3

a2 3
2

0

3
3

0

2

3

∫∫
π

=
π

−=  

                                                       dt
4

t

3

a2
2

0

43











π
=

3

a8 3π
= .  Cubic units. Ans.  

***   ***   ***   ***   *** 

***   ***   *** 

*** 

Home Assignments 

Q.No.1.: Find, by double integration, the volume of the solid generated by revolving the 

ellipse 
2 2

2 2

x y
1

a b
+ =  about the y-axis. 

Ans.: 24
a b

3
π . Cubic units. 

Q.No.2.: Find, by double integration, the volume of the solid generated by revolving the 

ellipse 
2 2

2 2

x y
1

a b
+ =  about the x-axis. 
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Ans.: 24
ab

3
π . Cubic units. 

***   ***   ***   ***   *** 

***   ***   *** 

*** 

 


